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NPEJUCJIOBHE BN
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Hacrosumas kHura sphseTcs BTOpOH yacTbio yueGHHKA
¢AJreGpa u Havala aHa/H3a», HANHCAHHOIO B COOTBETCTBHH
G HOBOA IpOrpaMMoii Mo MaTeMaTHKe JJIf CPeXHHX CheluaJb-
HBEIX y4eOHLIX 3aBEACHHH. 3ech HSJIOXKEHA TeOPHs KOMILJIEKC-

"HHIX YHMCEeJ, NpOCTeHIHe MeTOAB "HHTErpHPOBAaHHS, SJEMEHTH!

KOMGHHATOPHKH . B TEODHH BEPOSTHOCTEH M TEOpHA [IpOCTeii-:
X ApddepeHnpadbHEX YPaBHEHHA NepBOrc M BTOPOTrO MO+
pAnKoB, MHOro BHHMaHHS yHeJaseTcf NpPHJOXKEHHAM HHTEr-
panau nu(;)q)epenunaubnmx YPaBHEHH# K PEILeHHIO Kouxpe'mux
¢u3NYECKHX 3ajad. .

Bo -BTOpOM u3faHHH, KpOME TEOPHH UHCJOBBIX H CTel'leH-

-HBIX pANOB, H3Jaraercs €le H TeopHs TPHIOHOMETPHUECKHX

psanoB ®ypve. Hoas raaBa «DPyHKUUSA MHOTUX MEPEMEHHBIX
M KpaTHEE HHTErpabl» COAEPKHT SJIeMEHTH Audxpepenmrap-
HOTO H HMHTETPAILHOTO HCUHCJICHHH A q)yummﬁ MHOTHX
nepeMeHHBIX. TeopeTnueckuii MaTtepHan NOJKpeniseTcs pas-
GopoM  MHOTOYMCJEHHHIX MpHMEPOB. B Koulle Kaxxoro

naparpada NpUBEEHB! ynpaXHeHHs A camocromenbuon -

paboThl yyalnuxcs.

. ABTOpHI CYHTAIOT- CBOHM npna-muM llOJ!l"OM BHIDA3HTB
6narozaprocTs hpogpeccopy 1.0 C. Byrposy u 8aC/1yKEHHOMY
yuuresmio wxonsl PCOCP JI. A. Kimoepo#t, BHUMaTEIBHO -
MPOYHTABIIAM PYKONHCh H CIENABIIEM PAA uennux saMmeya-
Hufi. -

N ~
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Fnasva I
KOMIJNEKCHBIE YHUCJIA N

hY

§ 1. Onpenenenne KOMIJEKCHBIX 4HCeN

1. Mpensaputensubie sameyanusi. Bo MHOTHX pasfenax
MaTeMaTHKH H €€ NPHJIOXEHHA HEBO3MOMKHO OrpaHHUYHTHCA

' pacCMOTpeHHeM JIMIIb AeHACTBHTEJbHBIX uHces. [lompebHOCTH

3THX PAa3jeJOB 3acTaB/slOT OFOOWMTL MNOHSATHE uACAa H
BBECTH B PacCMOTpEHHE MHOXKECTBO KOMILIEKCHBIX gHces,
6oJtee o6umpﬂoe MO CPaBHEHHIO C 'MHOXKECTBOM JieHeTBH-
TEJbHHX YHCEJI.

" Cama_ wupes pacmupeﬂua MHOXeCTBa paccmarpnsaemux
UHCeJl He SBJISETCH . HOBOH: NPH H3YYeHHH MAaTEMATHKH Mbi

_HEOJIHOKPAaTHO BCcTpeuaeMCa ¢ Hedl. Hame npepncrasienne o

qucle M3MeHSieTCsl [0 Mepe pacCIIHpeHHs] Kpyra 3ajad, KOTo-
pbie Heo6xomuMO pemaTb. EcaM s cueta OTACNBHBIX Npel-
METOB HaM XBaTaeT HATYpa/nbHBIX 4HCel, TO, Hanpumep, 1A
pewenus, ypaBHenu#i px+4g=0, rie pEN u g€EN, Ha-
TYPaJIbHEIX  YHCeJ MaJIo — HYXKHBl' palHOHaJbHBIE YHCJA.
B cBolo® ouepenp palMOHANBLHRIX YHCEJ OKas3hiBaeTCsi HENO-
CTaTOYHO JMfi H3MepeHHus JIHH OTpe3koB. UToGhbL moGoMy
OTpe3Ky MOXHO GbUIO NpHOHMCATh JIHHY, HeoGXoIuMO n00a-
BHTh K PamHOHA/bHEIM UHCJaM 4YHCJA HppaUHOHAJbHHIE,
T. e, JI0J, YMCJOM NOHUMATh -AeHcTBHTeNbHOE ymcao. Orpa-

- HHYHBIIIHCH paccmorpeﬂuem ‘TOJIBKO PalHOHAJBHLIX YHCE,

HEBO3MOXKHO OblIO Obi PeIHTh YypaBHeHHe x®—2=0, TaK
KaK B MHOKECTBE paunonanbnux gHCesl 3TO ypaBHEHHE He
HMEET pellleHHH.

Ho # geficTBHTE/NbHBIX UHCEA OKAa3bIBaeTCs HENOCTa- °
TOUHO AJs pelieHus anre6paudeckux. ypaBHeHuit. Bexp B
MHOXECTBE JEHCTBHTE/]bHBHX UHCEJ HE MMEIOT pellleHHH
KBaJpaTHBe ypaBHEHHs C OTPHUATEJbHHIM ' JMCKpHMHHAH-
TOM, B TOM 4HCJe npocTeHluue KBajpaTHble YPaBHEHHS c -
HaTyPaJlbHEIMH KO3GM(HUHEHTAMH, HanpHMep: x”+1 =0,
x+4x+41=0. , ‘
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Beuio 6Bl BeCbMa mMeYatbHO, eciu Obl KaXIelll pas A
pewenusi Bce GpJiee CJOKHBEX ypaBHEHHH MPHXONMIOCH BBO-
JUTh HOBHIE, Bce Gosiee cjoxHble uHcaa. K cuacroio, STOrO
Ienath He HyXHO. Jlasi TeopHH anreGpaudecKHX 'ypaBHEHHA
JajabHedee o6GoOmmenHe TMOHATHA YHCJIA, BBENCHHE YHCEJ
Gonee OOMMX, YeM KOMIJIEKCHHe, He Tpebyercss *). Oxasw-
BaeTcsl, YTO B MHOXKECTBE KOMIIIEKCHBIX 4YHCEJ COlepXKaTcs
He TOJIbKO BCE PelIeHHs] KaXJOro KBaIpPaTHOTO YpaBHEeHHS,

HO H BCe pellileHHs a/ireGpaHyecKHX YypaBHEHHH Ji0GOH

CTeneHn ¢ .ueﬁcmu'renbﬁumn ‘HJH KOMIJIEKCHEIMH KO03(dH-
IHeHTaMH.

KomnJekcHbe 9YHc/la 9acTo HasHBAlOT MHHMEIMH. OTO

HasBaHHe He BMNOJHE yHayHO, TAK KaK MOXeT- co3jaTb npel-
CTaBJleHHe O KOMINJEKCHHIX UHC/JaX KaK O YeM-TO Hepealib-
HoM. OHO OOGBACHfETCS] TeM, YTO, XOTH KOMIVIEKCHHE YHC/A
craau ynotpeGasTeca eme B XVI Beke, OHH Jlo/ro mpofos-
XaJl KasaTbC# Jake BHAIOIMMCA MaTeMaTHKaM 4YeM-TO
peasbHO ‘He CYHIECTBYIOUIEM, MHHMBIMH B GYKBA/LHOM CMEI-
cle srtoro ciosa. Onmiomy Hs cosuatenefi -auddpepeHnHanD-
HOTO H HHTErpajibHOTO HCYHCJ/ICHHH, HEeMeKOMY MaTeMaTHKY
I'. Jlefi6uuny (1646—1716) npunaanexar, HanpHMep, TaKHe

‘cnoBa: «<KOMINIEKCHOE YHCJIO —3TO TOHKOE H MOpasHTENIbHOE
cpeAcTBO GOXKeCTBEeHHOro AyXa, moutH amubHs Mexny Obi-.

THeM M HeGuTHem», Cefiuac or Bceli 9TOf MHCTHKH He OCTa-
JIOCh sHHYEro, Kpome, mokajy#, HasBaHHs «MHHMBIE UHCJIa».
Yxe Bo Bpemena K. Taycca (1777 —'1855) 6uito fano reo-
METPHYECKOE HCTOJKOBaHHE KOMIJIEKCHHX YHCEN KaK TOYeK
nnockoctd. Tpynaflm srpaiomuxcs marematukop X1X peka
O. Kou, B. Pumana u K. Befepmtpacca Ha Gase Komm-
JIEKCHBIX 4uHCeJs .GBpljla MOGTPOEHA ONHA H3 CAMHIX KPaCHBEIX
MaTeMaTHYeCKHX JMCHMIJIHH —TeopH GYHKIHA KoMIJeKc-
Hofi mepeMeHHO.

IMpexxpe uem JaBaTh OMpelieieHHe KOMINIEKCHBIX quceJ!,
o6GcyauM CcJIeRylomHAe BOMPOCH: KAaKHMH CBOFACTBAMH JIOJIK-
HH 06JajlaTh HOBBIE YHCJIA, KakHe ONepalliH KeJaTesbHO
BBECTH /U1 HHX, KaKHM 8aKOHaM JOJDKHHI- MOAYHHSATHCS BBe-

. IeHHbIE OMepalHH?

Tpexpe Bcero BCTIOMHEM, 4TO NP MePeXofie OT HaTy-
PaJIbHEIX YHCEJl K IEeJNBM, OT HEeJHX K PallHOHANbHBIM, OT

palHOHANbHHX K JIEACTBHTEJbHHIM KaXIHH pas BHIMOMHA. .

.

T ’

*) Takme uHCN8 CYIIECTBYIOT=—35T0 TAE HASHIBAEMHE IHIEPEOM-

NJEKCHLE YACJA, OHH. HAXONAT NpPHMEHEHHEe B HEROTOPHX BONPOCAX reo- -

MeTpHR (ocoﬁeimo HeeBKJIBJOBO#H) n MeXaHHKH.
10 i :
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JIOChb YCJOBHE: HOBOE ' PaCUIADEHHOE MHOXKECTBO YHCed CO-
Iepxajo B ceGe mepBoHayasbHOe MHOXecTBO. Llesmie uHcaa
coliepKali HaTypajbHbie, . B MHOXKECTBO palHOHAJbHHIX
qHCel BXOXWJH LieJible, MHOMKECTBO AECHCTBHTEJIBHHIX YHCEN
cojJiepxKaJio B¢e panHOHaJbHHEE uHcja. [Ipn BBemeHHH KoMI-
JIEKCHBIX YHCeJ STO YCJIOBHE TaKxkKe JOMKHO COGJIIOAAThCS.
MHOXeCTBO KOMIIIEKCHHIX YHCeJl JOJ/DKHO BKJIOYaTb B cefs
KajKl0e NEeACTBHTE/NLHOE YHCJIO.

Jlns1- HOBBIX uHCeN HEOOGXOAMMO BBECTH MNOHSTHE paBeH-
cTBa. JO/KHE GBITb ONpEAE/eHbl CJOXKEHHE M- YMHOXEHHe
HOBbIX 4YHCeJ, NPHYEM TaK, YTOGH /IS STHX omepauuii HMe-
JIH MeCTO KOMMYTATHBHbE, aCCOLUMATHBHbIC H JHMCTPHOYTHB-
Hell 3aKoHH. B ToM ciyuae, Koria KOMIIEKCHEE uHCJia
COBMAjAlOT C AEHCTBHTENLHBIMH, HOBHE OJI€PAllUH CJAOXKE-
HUSl M yMHOXEHHsl JOJIKHBI npeBpauxa'rbcﬁ B H3BECTHhIE
onepailii CJAOXKEHHSl H YMHOMXEHHS NEeACTBHTEJBHHX YHCEJ.

ITocko/bKy MBI XOTHM, YTOOH B MHOXKECTBE KOMILIEKC-
HEIX 4HCeJ ypaBHEHHe x’+l=0 HMEJIO pelieHHe, HYXHO

BBECTH HEKOTOPOe HOBOE HHCJO H CYHTaThb €FO pElleHHeM

sToro ypaeHeHus. Dyaem o603HauaTb 5TO HOBOe YHCJIO CHM-
Bosiom (GykBoit) i. Takum o6Gpasom, jjs uHcha { crnpaBel-
JHBO ,paBeHCTBO i*~1=0 HJH, NOCKONBKY MBI XOTHM,

‘'gTo0bl “ MM HOBBIX WYHCENT NpaBHJa MpeoGpa3oBaHHsA pa-

BEHCTB OCTaBAJHCh NPEXHHMH, ' -
i*=—1. ‘

=

Ilanee, cienyer NOMNOJHHTb_MHOXECTBO nencrame.nbﬂux
YHCes] HOBHIMH 4YHC/AaMH bi, HX Ha3HBAlOT MHHMEIMH HJIH
YHCTO MHHMBIMH H CUYHMTAlQT TNPOHMSBEJCHHSMH JIEHCTBUTE/b-
HHIX uHcesq b Ha gucio i. Hakowen, cymMmy JeACTBATE/NbHOTO
4HCJa @ H MHHMOro uHcaa bi GyleM 3amHCHIBaTh B BHAE
a-}bi.

N5 0603HAUEHHS -CJIOXKeHHSH YHOTPEGJAT SHAK <-»,
MDA 3aMHCH TpPOM3BEJCHHS COMHOXHTEJH MHIIYT DSAJIOM,
oIrycKas TOYKY —3HAaK YMHOXKEHHS. PaBHHE KOMILTEKCHEIE
4luc/a COeJHHAIOT OGLIYHBIM 3HAKOM PABEHCTBA « =),

Cymmy uHcen a;-+bii B a,-+b,i ecTecTBeHHO ornpefe-

JHTb CJIeYIOIAM oGpasom: .
(a;+byi) + (a, =+ byi) =0;+4a, =+ (b + by)¢.

_ YMHOXeHMe JBYX - KOMIVIEKCHHX uuceld a;+bi u
a,+b,i XKenaTeJbHO ‘ONpefieIMTh TaK, YTOOGH €r0 MOXHO

OLIO BHIMOJIHHTD [0 OGEIYHOMY NPAaBHJAY YMHOXEHHS JBY-
4JIeHOB - ,

i
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Tpumensis sto npasu.no, nonyuaem
(ai +bll) (a,+ bz’) =a,a, -+ a,b,i -+ ab,i + b,b,i*
'WIH, B cuIy paBeHctBa i*= —1, - ‘
(@b (et bei) = a,a,—b,b, + (a;b, +a,by) .

- .

: Hrak, HOBOE MHOXKECTBO uHCeJ JO/KHO BKJIOYdTH B

. . ce0si MHOXECTBQ JEHCTBHTEJBHBIX YHCEJ; B 3TOM MHOXECTBE

' IO/IXKHEL GHTH ONpeNie/ieHbl ONEpAlHH CJOKEHHS M YMHOXe-

Y - HHfl, TORYMHAIOWHKECSH OOBIYHLIM aare6paHyecKHM SaKOHaM;

BBeJIeHHHIE OMepalud He JOJKHH NPOTHBOPEUHTH ~ Ollepa-

OMAM CJIOXKEHHA. H YMHOMEHHS JEHCTBUTEJbHEIX 4HCeJ.

B crenyiomem mnyHkre GyleT MOKa3aHO, 9TO BceM‘~s'ruM
K TpeGOBaHHAM MOMKHO YIOBJETBOPHTE.

2. Onpenenenué KomnJekcHoro wuciaa. Csoficrea onepa-°

uufi Hal KOMNJEKCHLIMH YMCJAaMH. KoMnaekcHuMNU HucAGMUL-

o ° HasSHBAIOTCH BHIpaXeHHs Buia a--bi (¢ m b— neicrsu-

TeJIbHBIE 4HCJa;~ i — HEKOTOPHI CHMBOJI), JUISl KOTOPHIX cJe-

' JylomMM o6pasoM BBOIHTCS MOHSATHE PAaBEHCTBA H OlEpaluH .

CJIOXKEeHUS H YMHOXEHHA:

: ' a) JBa KOMNJEKCHHIX YHCJA ai+b1t H a,+bi PaBHH

~ = ~TOrZia H TONBKO TOTAa, KOTAA ay==a, H b;=0,; .

Lo . 6). cyMMOii uucen a;-b,i ¥ a,+-b,i HasbiBaercs: UHCIO

' c toe al+as+(b!+bs)i

B) npomsselenneM uncen a;--bi B a,Fbi Hagh-
B4€TCA UHCJIO0 A ‘

" aya,—bsby ¥ (agh, + aby)i.

- TakuM 06pasoM, CAOKEHHE H YMHOMEHHE KOMIJIEKCHBIX
: qycesl MPOH3BOAATCS COTJIAcHO, hopMysam

- @b+ @b =ata G0 (1)
(ai+bii)(a,+bl)=a,a,—b by+ (a.b,+ab)i.  (2)
. KOMn.nexcnue giicaa "acTo ©GOSHAYEIOT onHo¥ GyRBO#, \

. MpHYeM OGHYHO ~HCMOJBSYIOT LJisi- 3T0r0 GYKBH 2 H/H W,
MHOTZAa C WHJAEKCAMH, HaNpHMep: 2j, 2, W,. PaBeHCTEO
z=a-bi Kak pas M O3ygauaer, 9YTO KOMINJEKCHOE 'IHCJIO

. a-+bi o6osHauenO GyKBOH 2. -

= Jlerko y6emuThes B TOM, UTO BBEIEHHHIE onepamm cJoxe-

mus (1) » ymHOXKeHHS (2) 06/1a)aI0T CJICAYIOIHMH CBOACTBAMH.
- 1. KoMMyTaTHBHOCTDL CIOKEHHSI: - . . .-

P - -

eyt 2z,=2+42.



~

-~ 2. ACCOU.HaTHBHOCTb Cﬂo};{eﬂﬂﬂ ’ -
(zf + 22) T+ 23 =12, 4 (2, + 2).

" 3. lnd. moObix KOMIVIEKCHHIX GHCEN 2; H 2, cymecmye'r
KOMILJIEKCHO® YHCJIO 2 Takoe, 4T0 2, -+2=2,. ITO YHCJIO
Ha3bIBaeTcs pasnocmbro uicen z, M 2; H o6o3Hayaercy

_.z‘. ' - .
4 KoMMYTaTHBHOCTb yMHOXKeHHS: . =~ - . -
o 22, =22,
5. ACCOUMATHBHOCTb YMHONEHHS:  °
- (212)) 2= 21 (2,2;)- )
6. Ilns /MmOGHX KOMIJIEKCHBIX- 4HCel 2;5%=0-4-0i u 2,

‘CYLIECTBYeT UHCJIO 2 TaKO€, 4TO 2;2==Z,. DTO UHCJO Ha3H- _

Baercs uacmubm KOMIVIEKCHEIX GHEeN 2, H 2; H 06o3Ha-
l!ae'PCSl . Ileslene Ha KOMIUIEKCHOE 9HCJIO 040z, KoTOpOE

, Haabmae'rc;l HyaeM, HEBO3MOXKHO., N

7. IncTpuGyTHBHOCTE: : \
4 (2 +2) = 212, 21%.
Bce nepeunciennee cBoficTBa onepauiai’t CJIOXKEHHA H

\ . yMHOXeHHA BrTekaior u3 dopmya (1) u (2), Aawomux on-

pelle/ieHHe STHX Omepauyil, © PaBEHCTBA KOMIUVIEKCHEIX YHCEJ.
Iokaxem cpofictea 3, 6, 7; NPOBEPKY OCTaNbHEIX CBOHACTB -

PEKOMEHAYETCA NPOBECTH CAMOCTOATEJIBHO.

HokasareawrctBo cBoiictBa 3. Ilyets 2,=a, +
+ b, z,—a,—i—b i v z=x+4yi. Tor,ua PaBeHCTBO z,+z—zz
sanuiueTcs TaK: . )

) (al +byi) +(x+yi)=a,+byi. o
Cornacro opmyae (1) No/y4aeM o . ‘
ai+x+(b't+y)i=aa+bsia‘ ' __
OTKYZAa c.nenye'r, 9T0. X H Y 06s3aHH ynos.ne’raoparb cHrTeMe
IByX ypaaaeﬂnn _
, { a; + x= a,,
b ty= bs~

31'8 cncreMa HMEeT OJHO H TOJleO OIIHO pemex—me X =
=a,—a, Y= b "'bl'

- . 13
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Urak, pasHOCTb KOMILIEKCHBIX UHCeN 2, M 2, BCeria
CYlllecTByeT, MpHUEM :

23/—-2, = (a,—a,) + (b,—by)i. 3).

®opmyaa (3) ~11ae'r NpaBH/JO BLIYHTAHHS KOMILIEKCHHIX YH-
ceJ. -

INoxasateabcTBo cBofictBa 6. Ilyecte 2;=gqa, 4+
+ by, z,=a,+b,i u z=x-+yi. Toria paBeHCTBO 2z,2=2,
3anHIeTCs Tak: ) ’

(@ +by0) (x4 i) = ay+-b,i. p

Corsia¢uo <popM)}ne (2) mosnyuaem
ax—by+(a,y+bx)i =0 + by,

OTKyZa cllefyeT, 4To X H y 06A3aHBl YAOBJETBOPSATH CHCTEME
IBYX JIMHEHHBIX yDaBHEHHH

{ a,;x—by=a,,
bix+ay=b,
Onpenennrens 3TOH CHCTEMEI
al —bf _ aﬂ + b2
b1 af -« 1 )

HE paBeH HYJIO, TaK Kak IO . MPeANOJOXKEHHI a;-b,i ==

=04 0i. IlosToMy cHcTeMa HMEET OIHO H - TOJNIBKO OJHO

pellieHHe, KOTOpOe JIErKO HaXQAUTCA:
_ 10z +bibs §= a1bs—agby

a+b ’ ai+ b} ,

TakuM 06pasom, 9acTHOE JABYX KOMIVIEKCHHX UHCeJ MpH
YC/IOBHH, 4YTO JEJHTEJb OTJIHYEH OT HyJif, BCeria cyiie-
CTByeT, npHueM .

S .z _m0adbiby, arba—asdy
2 alppd
@opmyna (4) faer NpaBWIO AEAEHHS KOMIVIEKCHBIX 4HCeJI.

HokasareabcTBo cBoficTBa 7. Ilyeth 2z;=a, +
+ byi, z,=a,4b,i, z,=a,-}-byi. Buuncasem JIeBYIO YacTb
paBeHCTBa: ' \

21 (23 -+ 25) = (a1 + byi) (a5 +- a5 + (b, +b,) §) = .
= @, (@, +a5) —b; (0,4 bs) + (b1 (a3 +a5) + a; (b, +b,)) i =
= a,a, +a,a, —b,b, — b,b, 4 (b,a, +b1a_x +ab, +ayb,) L.

X

ra
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Beryucasiem npaaym 4acTh:

ziz, + zizs = (a;+bsi) (a, +b2‘) =+ (a; +bll) (as +b, ‘) =
= a,a,—b,b, 4+ (a,b, + b,a,) i + a,a, —bib, + (a,b, +blas) i=
= a,4a, + a,a, — b,b, —b,b, + (b,a, +b1as +a,b, +aby) i.

PaBeHCTBO 2; (2, + 2;) = 242, -+ 252, JOKasaHoO.

CnpaBeJIHBOCTb CBOHCTB | —7 O3HayaeT, 4TO CJIOXKEHHE
H YMHOXEHHE KOMIUIEKCHBIX 9YHCeJ MOAYHHAIOTCA TeM. XKe
3aKOHaM, YTO H CJOXKEHHE H YMHOXEHHe JeHACTBHTE/]bHHIX
YHCeJT.

BoJiee TOro, BBEIeHHbIE OTIEPALHH CJIOKEHHS H YMHOMXe-
HHSl MO3BOJISIIOT PacCMaTPUBATb KOMILIEKCHBIE YHC/IAa Kak
ofoGienne IeHACTBHTE/NBHBIX 4HCes], a Ha. JefACTBHTE/IbHBIE
qicia CMOTPeThb KaK Ha YaCTHHIE ciydall dmces KOMILIeKC-
HHX. B caMoM Jene, pacoMOTPHM He BCe KOMIJIEKCHHIE
9HCJa, a TOJbKO KOMIUIEKCHHe 4Hciaa BuAa- a--0i.

Hs dopmya (1) —(4) nerko ycmarpuBaercsi, 4T0 B pe-
syJIbTaTe CJIOXEeHHS, YMHOxeHHs, BHUHTAHHA H AGNIEHHS
(a=0) TakuX uHce] BCeria MNOJyd4aloTC 9HCJIA TAKOrO. XKe
Buja. Kpome Toro, BWIHO, YTO NpaBujia AefiCTBHE C KoOMI-
JEKCHHIMH 9ucaaMu BuAa a-+0i 0OMHOCTHIO COBMANAIOT C .
COOTBETCTBYIOUIMMH MNpaBHJaMH JIeHCTBHH ¢ JeACTBHTEb-
HBIMH YHCJaMd. DTH JBa OOCTOATEJbCTBA H JAlOT BO3MOXK-
HOCTb OTOXKJAECTBHTb KOMIUIEKCHOe 4HC/IO a--0i ¢ ZHeficTBH-
TeJbHLIM YHCJIOM @ H CYHTaThb, YTO a+0i_a. Hanpﬂmep,
040i=0, 14+0i=1, —140i=—1.

Takum obpasoM, MHOXKeCTBO' IeiCTBHTE/bHEIX YHCEN SIB-
JSIeTCs” MOJIMHOXECTBOM MHOXKEeCTBa KOMIVIEKCHHIX 9HCeJ.

3ameruM eme, 9to uucia 0} bi HaA3LIBAIOT 4UCMO MHU-
Mbimu ¥ 0603madaoT mpocto bi.

Hanpumep, 0—2i=—2i, 04 li=1i.

Ileucmme.nbﬂoe YHCJIO @ HashiBaeTcs OeticmaumeabHot
4aCMel0” KOMIJIEKCHOTO 4yHcaa a'-bi. JleficTBUTEJNbHOE 4HC-
Jo b maswiBaeTcss MHUMOL 4acmel0 KOMIJIEKCHOTO 4HCJIA
a+bi.

KowmmnekcHoe 4ucio i npHHATO HA3HBATh MHUMOL edu-
Huyed.

CornacHo onpenejieHHI0 KOMMJIEKCHBIX YHCEN JBa 4HCAA
zi=a;+bi U z,=a,+b,l paBHH TOrZa H TOJbKO TOTZa,
KOTAa a;=a,, by=">,, T.e. KOrlla.paBHH M NEHCTBHTEJbHEIE
¥ MHUMBIE YaCTH KOMIUVIEKCHHIX uuces. O6patuM BHUMaHHe
Ha TO, YTO OJHO paBEHCTBO 2;=2, KOMIVIEKCHBIX YHCEN
PaBHOCHJIBHO JABYM paBeHCTBaM a;=4a,, by=0>b, Jefcrsu-
TeJBHBIX YHCeJ.. 3aMeTHM elle, 4YTO MNOHATHA «GOJbILe»,
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- «MEHBLIE» JJIsi KOMIJEKCHHIX uHcen He onpenensiorcs. -3a-
- mey z2>0, 14+i<2 v un nonoGHble .JHWEHB BCH-
'KOTO CMBICJA. )
Bepuemest .x dopmyae (2), onpeﬂe.nmomeﬁ YMHOKEHHE
© KOMIVIEKCHHX uuces. [losoxuB' B Helt a;=a,=0, b=
N = b, =1, moslyuyum BaxKHOe COOTHOLIEHHE -

: : L it=—1,
AJAH, NpUMEHAS AJd npoasaeneﬂm il coxpamex-moe 0603113-
_ ueHMe ii=i{8, _ !
- ) , ’ ‘ [§=_1; ) (5)

‘ TakuM o6pasoM, onpeneleHHe YMHOXeHHs, -JlaBaeMoe
dopmyaofi (2),. oGecnermBae'r CyLIeCTBOBaHHE pemerma ypas-
HeHus xi41=0,

OrmernM eme, uTo ¢opmysia (2) He HyxJlaeTcsi B ‘sano-
MHHaHMH, TaK KaK [OJy4aercsi aBTOMarHueCcKH, eciH ¢op-

MaJIbHO MEPEMHOXKHTD ABYWIeHH aj-+bsi v a,+b,i no OObY- -

HOMY NpaBHJy YMHOXEHHS IBYWIEHOB H SaTeM B COOT-
BETCTBHH C (opMyJiofi (5) samenutd i* Ha —I.
" TNpumep 1. Haiih cymmy u fipousBerenue KOMIIJIeKC-
. HHIX 4yHcesl 23=2+45l u z,=—14-Ti. .
l'Io dopmyane (1) naxomum T

21+2,= (2+45i)+(—1 +7l)= 1 + l2t. .
[IpousBenenne Haxoaum q)Opma.anuM nepeMHOXeHHeM

Iliayqneﬂos 245t u —14+7i ¢ NOCJIEAYIOMHAM YIETOM COOT-
Homenus-(5): ¢

22, = (24 5i) (—1 +7z)=-2-|:14z—51+35¢ — 3705,

- Mpumep 2. Hafitu cymmy u npousBellenie KOMMJIEKC-
HEIX uuce] zy=x-+yi u Z,=x—yi. ) -
Cymmy naxomum no ¢opmyae (1):

S zi+z,—-(x+yi)+(x—yt) = 2x. ‘
TlpoHsBeleHHe HAXONHM 0O NpABHAY YMHOMEHHS IBY-
4/ICHOB: ‘

ZiZE= (x+!/i) (X—yl)—xz—xyi-[-xyt_yﬁlw_xz_l_J

‘»lnc.na x4yi W X—yi, T.e. UHCJ2, OTJMYAIOLIHECS

TOJBKO 3HAKOM MHHMOH Y4acTH, HasbIBaloTcs CONPANCCHHBIMU
* KOMNACKCHOIMU ‘illC/laMlt LIHCJIO, CQIlpﬂ)KEHHOG ‘IHCJIy 2,

_o6o3HayaeTcs 2. [lpumep 2 noxasuBae'v, 9TO0 CyMMa 2+ z
16



CONPSIKEHHBIX UHCe] eCTh BCerla YHCAO neficTBHTENBHOE, 8

‘MpUM3BeleHHE 2z —4HCAO AefiCTBUTEnbHOE H, 6ojiee TOTO,
HeOTpHlaTe/IBbHOE.
Mpumep 3. Jlanbl KOMIJEKCHBIE HUHCIA zi-—l +61

~

m 2,=2-5i. Hafitn pasHOC‘l‘b 2,—2; H YaCTHoe - 2
~ Io ¢opmyze (3) HAXOLHM
2y —29=(2+45i)— (—l+61) 3—1.

YactHoe HaxXoAM Mo dopmyae (4)
2z 245 (—l)‘2+6-5_,_(—l)-5—-2-6 [ 817,
zr —1461  (—=1)°+62 ' (—=I)2F68 - 37 371 "
B cnenyiomewm naparpade 6yxe'r yKasas GoJiee npoc'roﬁ cno-
. COG JeJIeHHA KOMINIEKCHHIX YHCeN, He Tpeéyiomlm 3arnomH-
}. . Hauug ‘dopmyan (4). .
[Ipumep 4. Halith KoMIJIekcHOe 9HCIIO
_(+d(d=2)
A - 84 ¢
IlepeMHomuB 4Hcaa, CTOSIIME B ‘UHCIHTEJE, no.nyun
l—-2¢'+1-—2ﬂ 3—i
- 84 I T
Ianee MoxHO Bocno.nbsoBaTbcx ¢opmysofi (4), HO y106-
Hee nocrymm: HHave. YMHome UHCAHTeNb H SHaMEHa- .

Fe

2=

're.m: Apoﬁu +: Ha' 4HCJIO, COHpﬂ)KeHHO& BHaMeﬂgTeJllO, ’
2y T.e. Ha 3—i, Toraa moayunm \ .
: é’=‘(3—{) (3—1) =9—-3i—-3t+[’_ 8—6i__4 3 i
YT (8410 (3—0) - 941 10 5 b
1. Ynpaxuenus - .
N 1.1 Hafifute cyMMy M mpousBefieHHEe KOMIVIEKCHHX WHCeX 27 H 24

€CJIH . -
a) zi=b5--4f, g ==—24-31;
6) 2=0,5—~3,2!, 23=1,5—0,8i;
'B) Zy=—8—Ti, g=-3i;

) z,_5+l/"'i 2 =5— V3L

%] 1.2. Hainure paSHOCTb 2—2; 4 9acTHOE -—!- , €cJd

a) zl==1+¢, Za=1—1i]
6) 2;=1+42i, ’ 2, =>5;



‘a) z—l+

B) z1=—1+V3 L a=—V24+VE4 . _
re=a—Vbi z=a+t+ Vbi. .

1.3. Buuucanre:

2 (1-11)=(F+3)+ (3-8

g Ik =i

=157} L ' \ |
23(r+ 55 ) (< o
9 (_1_|_2£V§ i)”; ) 84 18§16 g T, T \.

1.4. Hajigute neficTBUTENbRYIO YacTh KOMILJIEKCHOTO UHCJA:
. .
a) z=£’iﬂ+ i“;
5420  3—4i 1

1.5.-HafizuTe MHEMYIO 9acTb KOMIVIEKCHOTO umcJial

) 2=@—iF Q+11D; O 2= 2=38L 4, “ .

14-4i

1.6. Haﬁnm‘e KOMILIEKCHHE THCAA:

61+l ) g (2R,
T=7¢ Y =@ —g+ne’

Y]

B) 2=@+0)% 1) 2= 58"'_162: _%(12-:.2;) .

1.7. Pemnte ypapuennus:

a) (i—z)(l+2i)+(l—iz’)‘(3—4i)=l+7ia
6) 223 z=0

1.8. Ilpu kaxux neﬁcTBu'reerHux SHaYeHHSAX X H g7 KOMILIEKCHLIE

uncna 2y =x*—Tx+4-Oyi 0 2,=y%+4-20i—12 paBHH?
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1.9. TIpn Kakux JIeficTBHTEIbHBX SHAUeAHAX t H § KOMIJIGKCHHE -

uHcna 2y =9y?—4—10xi u 2,=8y%-}-20i" aABASOTCA COMPSKEHHHMHU?

1.10. Jlokaxure paBeticTBa:
3 atn=2+2 0 nun=22z
L11: Pemmure cncremy ypaBHeHui: -

" y2z=1 +l
32zi-izg=2-3I.



MOXHO B3ATb JIOOO# paBubid eMmy Bektop. OueBuiHo, 4TO

§ 2. leomeTpuyeckass HHTEpNpeTaLus )
KOMIJIeKCHBIX uuces. Moayib u aprymemu '
"KOMIJIEKCHOT'O 4HCJIa .

1. Komnaexchas NA0CKOCTS. Xopolo - uU3BeCTHO, YTO
MEXAY MHOXXECTBOM JEACTBHTEJIBHBHIX YHCE] H MHOXECTBOM
TOYEK NMPSMOA MOXKHO YCTaHOBHTh B3aHMHO GAHO3HAUHOE CO-
orBercTBHe. CyliecTBOBaHHE TaKOro COOTBETCTBHS NO3BOJISET
HCIOJb30BaTh B aare6pe M aHaaM3e reoMerpHyeckné coobpa-
XeHHsI," KOTOpple 4aCTo OKasblBalOTCS BeCbMa IOJIESHLIMH.
[eomerpuueckylo  TEpMHHOJIO- .
THIO H TeoMeTpHYecKHe coobpa- Y\
KeHHS MOXKHO C ycmexommc- =~ M(a:d) |
MOJIb30BaTH H NPH H3YueHUH
KOMINJIEKCHBIX UHCe1, eCJIH yCTa-
HOBHTb B3aHMHO OJiHO3fa4HOe
COOTBETCTBHE MEXIY MHOXKECT-
BOM KOMIUIEKCHHIX HHCeJl H - -
MHOKECTBOM TOYEK KOOpAHHAT- —— 5(0:0) >

HOH TIUIOCKOCTH. ¥Y'KasaHHOe CO-  °
OTBETCTBHE MOXKHO YCTaHOBHTbH

caenylomuM ob6pasom. Kax-

AOMY KOMIJIEKCHOMY HHCJY a—l—bt NOCTABHM B COOTBETCTBHE
Touky M (a; b) Koopzmua'mou IJIOCKOCTH, T.e€. TOYKY, abc-
[HCCa KOTOPOH paBHa AeHCTBHTENbHOH 4acTH KOMILTeKcHoro
yHcJaa, a op;InHara—MHumon yactu. Kaxnoil Touke-M (a; b)
KOOpDAHHATHOH MJIOCKOCTH IIOCTaBHM B' COOTBETCTBHE KOMII-
JeKcHoe 4HCc10 @ -+bi (puc. 1). OueBHIHO, 9TO mMmOJaydaeMoe
IPH 3TOM COOTBETCTBHE HABJAETCS -B3aHMHO ONiO3HAUHAIM.
Ono naer BO3MOXKHOCTD HHTEPNIPETHPOBATH KOMIJICKCHbIE THC-
Jla KaK TOYKH HEKOTOPOH IJIOCKOCTH, Ha KOTOpPOH BhiGpaHa
cucreMa Koopauxar. CaMa KOOpAMHATHasl IIOCKOCTh Hash-
BaeTCsl MpU 3TOM KomnaekcHot naockocmeio. Ock abcuuce Ha--

Puc. 1.

3BIBAETCA Oeticmeumensbnoli ocolo, TaK KaK Ha HeH pacrmono- . -

JKeHHl TOUKH, COOTBETCTBYIOIHE KOMIJIEKCHbIM uucaaM a -+ 0i,

T. €. COOTBETCTBYIOIIHe AeHACTBHTEJNbHBIM yHcaaM: Ocb opiu-

HaT Ha3blBAeTCH MHUMOU OCbl0—Ha HeH JeXaT TOYKH, CO-

OTBETCTBYIOIIHE YHCTO MHHMEIM KOMILIEKCHHIM uucaam O - bi.

He meHee BakHO! M yNOGHO# fBJSIETCS ' HHTEpIPeETALHs
—_

KOMIIJIEKCHOrO uHcaa a--bi Kak Bektopa OM (puc. 1), T.e.
BEKTOpa, HCXoAfiero u3 Hadana koopaunar O(0; 0) u uay-
—_—

mero B To4kKy M (a; b). Pasymeercs, BMecro BekTOopa OM
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KaXJOMy BEKTOpPY MJIOCKOCTH ¢ HadaaoM B Touke O (0; 0),
KoHLIOM B Touke M (a; b) COOTBETCTBYeF KOMIJIEKCHOE YHCJIO
a-bi, u.nao6opor.. HyneBoMy BEKTOpY COOTBETCTBYET KOM-
AJekcHoe uucjo 0+ 0:. ) : -, .
CoOTBETCTBHE, YCTAHOBJEHHOE MEXKAY MHOMECTBOM KOM-
IVIEKCHBIX YHCeJ, C ONHON CTOPOHHL,-H MHOXE€CTBaMH TOYEK
HIH BEKTOPOB MJIOCKOCTH, € ApYrod, MO3BOJSIET KOMIJIEKC-
Hble YHC/2 Ha3biBaTh TOYKAMH HJH BEKTOPAaMH H TOBODHTb,
Hampumép, o BeKkTope a-bi uiau Touke a--bi. ‘
H3o6paxenne KOMNJIEKCHBIX YHCEJ ‘BEKTOpAMH NO3BOJISET

JaTh MPOCTOE TeOMETpHYeCKoe HCTOJIKOBaHHE ONepauusiM Hak

Puc. 2

.

KOMILJIeKCHBIMH 9uciaMH. OcraHoBuMCSA MOKa TOJBKO Ha CJIO-
MeHUH H-BHYHTAHHH KOMIUIEKCHBIX 4Hcea. I'eomerpuuecKuit
- CMBICJ YMHOXKeHHs! OyJeT BHISICHEH MO3Xe.

Ilpu cnoxkennn umcen z;=ay-+byi u z;==0a,+b,i ckaa-
HBIBAIOTCS MX JeHACTBHTE/bHblE M MHHMBbIE 4acTH (P'f‘& 2). Ipu

C/TOKEHHH COOTBETCTBYIOWHX MM BektopoB OM; u OM, ckia-

IbBalorcsl MX KoopAuHaTH. [losToMy npH ycCTaHOBJIEHHOM
COOTBETCTBHH ‘MeXNy KOMIIGKCHHIMH 9HCJaMH M BEKTOpaMH
CyMMe 232, UHCeN 2; B 2, GYeT COOTBETCTBOBATh BEKTOP

Oﬁ, paBHBIi CyMMe BEKTOPOB C-)Xfi u O—Iﬁ,. Takum oGpasom,

_ CyMMa KOMINIEKCHBIX YHCEI IEOMETPHYECKH MO)KCT 6GBITb HC- .

TOJIKOBaHA KaK BEKTOp, PaBHBIH CymMMe BEKTOPOB, COOTBET-
CTBYIOIIHX €JIaraeMbiM KOMINIEKCHEIM 9HCJIaM. CoBepllIeHHO
aHAJIOTMYHO YCTAHABJIHBAE€TCS; UYTO PAa3HOCTE WHCEN 21—2,

COOTBETCTBYET BERTODY _ﬁ,Mi (_l_&im 6TV), PaBHOMY PasHOCTH
O-M,»—OM, BekTopos OM,; u OM, (puc. 2).
20
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2. MopyJib KOMNJEKCHOro auncaa. l'lepeﬁ}xeM K paccMorpe-
HUIO TOHATHA MONYJS KOMILIEKCHOTO UHCJA.

‘Onpexenenne. Modyrem KOMNAEKCHO20 4uCAQ HasHl-
BaeTCs- JVIMHA BEKTOpA, COOTBETCTBYIOUIETO TOMY HHCAY.

Ins MonyJis ¢ucaa z ucrnosbayercss obo3Hauenue |z|.
Yacro momy/ab o6osnauaior Takxke Oyksoft r. [lo “Teopeme
IMucparopa (cm. puc. 1) Aas mMoayAst KOMIMIEKCHOTO dHCJIa
z=a--bi nerko nonyuaercsi cieiyomas BakHas (bOpmy.na'

12 |=V @+,
BLpaXalolas MOJyTb 9HCAA tepes ero ZeACTBHTEIbHYIO B’
- MHHMYIO 4acCTH. .

Jns neficTBUTENILHOIO YHCAA 2=a -l—()i MO)Ileb COBnanae'r
c aGcomomou BeJIHYHHOMN yncsIa;

lz |—|a+Oz|—l/a"f=|a|

Conpsixennse yncia z=a--bi n z= a—bi nmem, oue-
BHIHO, OIHHAKOBbe MOAYJH. .

Pe3syJibTar, no.nyqeﬂﬂuﬁ B npumepe 2 § 1, Tenepb Moxmo
8anmHCcaTh TaK:

) zez=|zP=|z[
‘ ) ’
T.€. npouseedenue CONPATERNBIX  UUCeN PABHO kgadpamy ux
M00yAs.
OrMeruM Tenepn, 9TO ANs Aenemm KOMIIJIEKCHBIX amcen
MOXHO He sanoMHHaTb GopMyay (4) us § 1.

Coornowienue -
) - - - . -
o, Bu zmz _ , p
] 22y . lal

3

Haer BOSMOXHOCTh CBECTH JeJleHHe uncen 2, 1z K yMHox(e-
HHIO YHCEN 2, U 7; W K IENeHHio NPOM3BENeHHs 2,2, HA -
CTBHTe/ILHOE NOJOXKHTENbHOe YHCao |2, [*. B npumepe 4 § 1
MBl YXKe NOJIb30BAJIHCh STHM MPHEMOM. l'lponemonc'rpnpyem
“9TOT MpHeM elne Ha ONHOM npmaepe ap

Ilpumep 1. Haiitu uactHoe 4 T N

YMHOKHB YHCAHTEND H snamena're.nb llpo(m Ha 9uCio, Co-
npmxelmoe snameHa’remo, NOJyYHM .

’

i—1 _ (i—1)(446) _ 4i4-502—4a—5i 9 1,

A5  G—BN@+5) 1648 4 d L
‘ ‘ 21
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B sak/odeHHe STOro MyHKTa OCTAHOBHMCS ele Ha reo-
METPHYECKOM CMbIC/IE MOAYJsSl PasHOCTH ABYX KOMILIEKCHBHIX
qucel. :

Cor/iacHo onpeneseHHIO MOAYAS |23 —2,| €CTb AJIKHA BeK-
Topa 2;—2,. Bekrop 2; —2z, H3o6paxeH Ha puc. 2. 1O Bek-
—

Top ON, H ero AnuHa Naer paccTosiHHe MeXAy TOukamuH M,

u M,. Takum o6pasom, 100y

4 . pastocmu 08yX  KOMNIAEKCHOLX

f+i 4uCen ecmb PaccmoaHue Mexcoy

MouKamy. KOMNAEKCHOU naoc-

Kocmu, - Komopele cOOmeemcmey-

. 10m SMuUM 4ucAasm. ATo NoJe3Hoe

reoMerpHYeckoe HCTOJIKOBaHHE

MOJyJ/ifl Pa3sHOCTH JOBYX KOM-

NJIEKCHEIX YHCeJ IO3BOJISIET

NpH pElIeHHH HEKOTOPHIX 3a-

Puc. 3. ~ lay HCHOJb30BAaThb  NPOCTHE

. reoMeTpHYecKHe ¢aKTHI.

[Ipumep 2. Kakoe MHOMKECTBO TOYEK KOMILIEKCHOI

IVIOCKQCTH 3ajaercsl YCJAOBHEM:

a) [z—1—i|=|2414i],
6) |z4i|=1, ‘ N
B) 1< |z242|<2? :

a) Ycaosuio

&Y

~1-f

2= (140 =] 2—(—1—1)]

- YAOBJIETBOPSIOT T€ H TOJBKO T€ TOYKH KOMIJIEKCHOH I1JIOCKOCTH,
KOTOpBbie OIMHAKOBO YJaJieHHl OT ToueK 2;=1-4i u 2, =
= —] —i. MHOXeCTBO TOUEK ILJIOCKOCTH, PaBHOYAAJEHHBHIX
OT JIBYX 3allaHHbIX TOuYEK, MpPeACTaBAsieT CO0OH mnpsiMyio,
NepNeHJNKYAsPHYIO OTpe3KY, COeAHHAIOIEMY JaHHbIe TOYKH,
H mpoxoisimyio uepe3 ero cepeauny. Ha puec. 3 m3obpaxena
npsmas [, nawolas HCKOMOe MHOXeCTBO.

6) CoorHomeHHIO )

lz¥+i|=1 ‘

YIAOBJIETBOPSIIOT T€ H* TOJNBKO T€ TOYKH xox_wn’.hexcuoﬁ mio-
CKOCTH, KOTOpHIE YAaJeHBl OT TOYKH 2; = —Ii H4 pacCTosHHe,
paBHOe epuHuue. ‘TakHe TOUKH JieXKaT HA OKPYXKHOCTH €lH-
HHYHOTO pajHyca.C LeHTPOM B TOuke z;=-—i (pHC. 4).
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B) M3 reomerpuueckoro UCTOJKOBaHHA MOAY/S PasHOCTH
'IBYX KOMIVIEKCHBIX yHCeJ CJelyeT, YTO KOMIJIEKCHHE 9Huciia
2, YIOBJIETBOPSIOUIHE YCJIOBHIO

I+ 2|2,

pacnoJIOKeHH BHYTPH M Ha IPaHHIe KOJbla, o6pa30BaHHOTO

4

3 -2
Puc. 4.

IBYMSl KOHIEHTPHUECKHMH OKDYXHOCTSIMH C IEHTPOM B TOUKe
z;=—2 W ¢ paauycaMH, paBHbiIMH 1 u 2. Ha puc. 5 ncko-
MO€ MHOXECTBO TOYEK SalUTPHXOBaHO. ..

8. ApryMeHTH KOMMIJEKCHOro uucaa. KoMmnjekcHuie
yneJia 2, MMEIOMHE OIHH H TOT K€ MOLYJb |2|=r, cOOT-
BETCTBYIOT, O4€BHAHO, TOYKaM KOMIJIEKCHOH IJIOCKOCTH, pac-
TMOJIOXKEHHBIM HA OKPYXKHOCTH paiM- - Y
yca r ¢ meHTpoM B Touke z=0 (puc.

6). Ecam |2|5£0, To cymecrByer,

A

cJ1e/l0BaTeIbHO, - GECKOHEYHO MHOTO SR z=athi
gHCeN ¢ JaHHBIM MonyaeM. Monyas, -/

paBHBIH HYJIO, HMEET TOJBKO 'OIHO - (&
KOMIJIEKCHOE WHCJIO, 8 HMBHHO- 2= 0, 7 a Jr 7z’

leoMerprueckH ©OYEBHAHO, Y9TO
IS TOoro, 49roO6nI M3 MHOKECTBa
KOMIJIEKCHHIX YHCEN ¢ JaHHHIM MO-
‘AyneMm |z|=r==0 BLZeJUTH KaKoe- Prc. 6
JH60 KOHKPETHOE 9YHCJIO, OCTaTOYHO_ . -
sana'rb!: HanpaBJ/IeHHe BEKTOpa 2 (HanpuMep, 8alaTh Yroa ¢, CM,
puc. 6). ° . :

Onpeneanenue, Apzymenmon KOMIJIEKCHOro uncsa 2540
HaspiBaeTcsl BeJMYHHA yIjla MEXKAY NOJNOXHTENLHEIM Hanpa-
BJIeHHeM JIefiICTBUTENILHON OCH H BEKTOPOM 2, NPHYEM BeJIHIMHA
yriia cUHTaeTcs MOoJIOKHTEJILHOMN, €CJIH OTCUET BeAeTcH NpOTHB
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qacosoit crpe.mm, H mpnuarenmoﬁ ec.rm OTCYeT MpOH3BO-

" -IMTCS 7O .4acoBOH cTpeJke.

~ Ilaa oGosHaueHHs apTyMEHTOB KOMILJEKCHOTO 9HCJIa 2=
=q-}-bi HcnoMb3yercs ©6603HAaUeRHe argz HJH arg (a+0bi).
3ananueM MOAyJsi M apryMeHTa KOMILIEKCHOE HYHCJIO Ompe-
ZensieTcss OxHosHAuHO. [lns yucna z=0 aprymeHT He ompe-
JelsiéTcs, HO B-9TOM H TOJBKO B STOM Ci1yuae UHCIO 3ajaercd
TOJNBKO CBOHM Mony.neM

Puc.. 7. ‘

- AprymeHT KOMILUIEKCHOTO 9HC/Ma, B OT/IHYHE OT Mony.na,
ornpezensercs e oAHosHauHO. Hanpumep, aprymemanm gucaa

~1+4i-sBasiores C/IeAYIOMHe YKL (pl-.—-, cp,——--l-2a,
@5 == —3—-—2u (pue. .7) u, BoOGIIE, xambm H3 ymos Q=

—+ 2nk ke Z. JlioGrie npa. aprymem'a Komn.nexcaoro
uHC/a OTIHYATCA APYT O .upyra CllaraeMbiM, KpaTHHM 2m.

anaxnenml . -, .

1.12. Tocrpoiite Bex'ropﬂ =342, _5—4i, 2=—6+430;

==—1=—1, 2=c0s30°—isin30°, 2z=cos150°4isin150°, . z=—2,
2=i."

1.13. Ha koMnJeKcHOA NNOCKOCTH AaHHl TOYKH 2i, 23, Zg, SIBJNIO-
myecsi TpeMs [I0C/AeNIOBATEJbHLIME BepIDHHAMH HEKOTOPOTO Mapajiielios
rpamma. Haiigute geTBepTyio BepwHHY STOrO NapaJuie/orpaMma;

- Ha xoMIIeKcHOHi IMIOCKOCTH = NaHH- TOUKH 2j=6-}8i;
2§==4-—3i Hafigute XOMIJEKCHBHIE YHC/JA, COOTBETCTBYIOUIHE TOYKaM,
JeXalliuM Ha GHCCeKTpHCe YIVIa, 06Da3oBaHHOTO BEKTOpaMH 2j H 23, *

1,15, Haiigure MOAyJb KOMILIEKCHOIO UHCJA:

a) g==3, 6)z——i B)z2=T7;, 1r)z=1—i;" - ,

n) 2=cos n—l—ism M, €) z==~5—2V.60i

1.16. Pewnre ypapHeHHS:

a) |2|—iz=1-2i;- 6) z’+3lz|—

B) 234 z;’=0 R -

1.17. Pemnute ¢ucTeMy ypalmennﬁ . .
|z+l—-t|—|3+2i—-zi—]z+i| .

.
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1.18. Kakoe MHOXeCTBO TOHEK KOMMJEKCHON NJIOCKOCTH Saiaercs

ycTIoBHeM: -
) lz|<l; 0) |z]=2 8) |2—i|<O0; - .
| ) |z4+2|<[z2=2} n) le+1]| < |z2—i]; . - e

o) |2 4+2i—1(<2 % 2 |e—13+2| < 3;
8) sin|z| > 0; u) lgjz—10/| <1; -
K) | 2[24-324-82=07 . .

1.19. Pemnre’ cucremy y'panueuim

. { lz41]=| 2421
Y 18249 =|52-+10i |

1.20, Halizute aprymMeRTH KOMILIEKCHOrO dHcJa:
a) z=i; ©) e=1-1; B) e==I;
1y 2=8; 1) e==—3i; ¢) 2=2-—-2i,

-1.21. Kikoe MHOXECTBO TOUER.' KOMIJIEKCHO IVIOCKOCTH 8afaeTcs
ycnopHeMm:’ - :

a) OfMH W3 apryMeHTOB UHC/JA ¢ PaBeH HYJIO;

7
6) onMH M3 apryMeHTOB paBeH 7 ;

- ) 57t
B) ONMH H3 3PTYMEHTOB DaBeH -5 :
) OlHH U3 apryMeHTOB @ yIOBJCTBOPsieT HepaseHcTBaM 27 < @ < 3%;
- K) onmH H3 apIyMEHTOB () YAOBJETBOPsieT HepaBeHcTBaM 0 <S¢ < 217
1.22, Kakoe MHOXKeCTBO TOUEK KOMIJIEKCHOM INIOCKOCTH Sajaercs
geaoueM . G : :

o

agz=@ntln, n€Z ’

=

. 1,23, Cpexn KOMIUIGKCHBHIX UHCEN 2, YNOBJETBOPSIONX YCJIOBHIO
|2+41—i|< 1, Hafinure unucio, MMeioUlee HAMMEHBINHA MOJOXHTENbHBbIA
apryMesr, ; ‘ T

: 1.24. CpelH KOMIVIEKCHBIX 4HCe] Z; YAOBJETBOPAIOMHX YCJIOBHIO
lz—5i |« 3, nafnure umci0, HMelollee HAHMEHBIIHH MOJOXHTENbHE
dpryMeHT, ° B - -

- § 3. Pasmuunbie .opMbl 3aNHCH KOMMJIEKCHBIX 4HCeJ.
Onepanun Haj KOMNJEKCHBIMH MHCJIAMH - - N

. 1. AareGpanyeckass M TPHUrOHOMETpHu&cKas ¢opmb 3a-
1 "NIACH KOMILIEKCHOr0 4YHcCja. 3amuch KOMIUIEKCHOrO 4Hcia 2
B Bule a-bi HasuBaerca aszebpauteckol gropmotd sanucu
KOMNAEKCHO20 wucAQ. - . )
IMomumo anreGpanueckoii (JOPMBI HCIONBSYIOTCA H APY-
_TrHe (OpPMBEL SamHCH KOMIJIEKCHLIX 4YHCEJ — TPUIOHOMETpH-
" yeckas ¢opMa H noKasarejbHas ¢opma.

23
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PaccmorrpnM TPHFOHOMETPHYECKYIO (OpMy 3amHCH KOMI-
JIEKCHBIX 4nced. O nokasarenbHod ¢opMe samucu GyZer
_pacckasaHo B m. 6.

JIefiCTBHTEIbHAA M MHHMas YacTH KOMILIEKCHOTO 9HC/IA

Z2=aq-bi BHIpaxaloTCA uepe3 ero MOAYJb |z|—r H apry-
MEHT @ CJefylomuM 0o6pasoM:

a=rcosg,
b=rsine.

OTa CBA3b JIErKO YCTaHaB/HBaeTCs NpPH  PacCMOTPeHHH
puc. 6. KoMnnekcHoeé guciio z MO)KET OLITh, CJIENOBATENbHO,
8anucaHo B BHJe

z=r(cos@--isin q>). .
3necy r —wMoayb KOMIL/IEKCHOTO tmc.na, ¢ —oxnuH (ymoGofi)

H3 ero apryMeHTOB. .
Samx(:b KOMI/IEKCHOTO 9HC/a B BHJe

z—-r(cosrp+tsmq>)

. ) BN
HasBIBAETCSl MPUZOHOMEMPULECKOL: qbopuod sanucu.

Tpuronomerpuueckas ¢opMa 3anHcH KOMIIEKCHBIX YHCEN
BO MHOTHX cJyyasiXx OKashkiBaeTcsi. 6osiee yHOGHO#H; ueM
anre6panuecKasi.

IOasa Toro uyro6Hl nepem‘u or a.nreépauqecxoﬁ ¢dopmet
3alHCH KOMINVIEKCHOIO ‘YHCJIa 2=a--bi K TPHUTOHOMETpH-
uecKofl, IOCTaTOYHO HAHTH ero MOXYJb H OIHH H3 apryMeH-

“10B. Monysp onpenessiercs mo ¢opmyJe

r—Va" b — -
3Has MONYJb 7, apryMeHT HaXOJAHM H3 CHCFEMbI

COsSQ =
' (1)

C. b .
. . sin@Q== i)

Ve , —
IMpumep 1. 3anucate uncno z=1-{ B TpHTrOHOMET-
puueckoii ¢opme.
Haxonum moxyab

|z]_r..V"1" ) (—“ 1")=—V2
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Ve

I apryMenta ¢ nojayyaeM CHCTEMY
coscpas-l—,. :

ﬁ

Sin Q= @z

e
OxHuM H3 pemennit aToft cHcTeMbl “Oyler, Hanpumep,

7 . .
@=-7, H, CIeIOBATeJbHO, JAaHHOE KOMINIEKCHOe 9HCJO B
TPUTOHOMETPHYECKOH (hopMe 3amHIIeTCs TaK:

1—i=V72 (cos—+ism—)

T pnroaome'rpmxecxoﬁ ¢opmoit sanncn éyne'r, OueBHJHO, H
TaKas 3alHCh:

1 -—i—'——V“fj(cos (---;1) +isin (—-5’4-‘-))

3amerum, 9to uHCAO |—i MOXer GHTH SamHCaHO uepes
SHAYeHUsl TPHTOHOMETPHYECKHX (YHKUMH M JApYTHMH cno-
cofamu, Hampumep: - :

1—i=V2 (cos T-l-isin (—-~4-))
I . ;
1—1=V72 (cos -’i‘-—isin -f:—) -

Xors 9T . mpeicTaBienHst uHcaAa 1~ BepHbI, BaXHO
TNOHUMATh, 4TO OHH He ABAAIOTCA TpanOMeTpuqecxoﬁ‘ ¢op-
Moft 3anucH yucaa 1 —1. -

INonuepkneM eme pas, uro Ans samucH wucaa a--bi
B TPHTOHOMETpPHYeCcKofl (opMe- He HYKHHL Bce pewenHs cH-
creMul (1). JlocTaToOYHO 3HATh OAHO pellEHHE.

" 3ameuanue l. H,.rm pemennsi cucremsl (1) Bo MHO-
THX ClydafX yAOGHO mepefTH K ypaBHEHHIO

tg q>—-?— : @)

Oro ypaBHenHne suBaAfercA chaeacTBHeM cucreMbl (1). Ono
nosyuaercs B pesyJabTaTe IOUYIEHHOTO JeJNEeHHS BTOPOTO
YpaBHeHHs CHCTeMbl Ha nepBoe. Kaxjoe pelieHne CHCTEMHI
(1) aBaserca pewmenneM ypaBHenus (2). OGpaTHoe yTBep:K-
JleHHe HEBEPHO, H, CJEAOBaTeNbHO, ypaBHeHHe (2) He paBHO-
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canbHo cHcTeme (1). Ho ecaw pewenus ypaBHeHHA - (2)
HafileHsl, TO BHIOpaTh H3 HHX Te, KOTOphbie- yIOBJETBOPSIOT
cacreme (1), odeHp npocTo. ILna STOTO HAJO NOCMOTPETH,
B KaKOM KBaJipaHTe KOMIJIEKCHOH IIOCKOCTH HAXOAUTCH
TOuKa z=a-bi. U3 anre6panueckoit ¢opmMu samutu Komn-
JIEKCHOTO YHC]Ia 9TO BCeria JIeTKO YCMaTpHBaeTcs. Paccmor-
PHM COOTBETCTBYIOIMA Npumep. .

TIpumep 2. 3amucate umciO z—--—l—-l/—i B TPHIO-
HOMeTpHYecKo# ¢opme.

Haxozum monyne nanHoro umcaa

r=|—1=V3i|=V (—1p+(—V3) =2.

AprymeHTH uHclIa 2. 06sI3aHB YIOBJIETBOPATDH ypaBHeﬂmo

tfo=V3 o
Pemenus storq ypaBhenus: h .
n .
o= §+ nn, ne€Zz.
Tak Kak uuca0 z=—1—} 31 pacnonoxeHo B TpeTbeM
KBaJpaHTe KOMILUIEKCHOH NJIOCKOCTH, TO SHauYeHHs
¢=3%+2nk, k€ z, .

) c.nenye'r o1~6pocxm>. OHH He ynos.ne'raopmor cucreme (1).
B KauectBe aprymem'a uncna z=—1—J3i moxHo B35Tb,
HanpHuMep, q>--—+n. h '

Hraxk, -~ “,

—1 -V 3i=2 (cos —+zsm 4;‘)

3ameqauue 2. Pasymee'rca NEPEXOAHTb OT CHCTEMBI
(l) K ypaBHeHHi0 (2) chefiyeT- ne Bcerna. Hampumep, npu-
=0 3TQ He TOJLKO He HYXHO, -HO H HEBO3MOMHO. B stoM

caygae oqun,uHo, uTo agrymeﬂ'rom uncaa Gyaer Jmﬁo

to] a

(ec.rm b> 0), Jm60 q>=— (ecin b <0).

T 2. YMHOKeHHE -H JejleHHEe KOMIJIEKCHBIX YHCeJl, 3aNHCaH-
HBIX B TpUroHometpuueckoir dopme. Tpuronomerpuueckas
¢opMa 3anucH KOMIVIEKCHHIX YHCEJ OKa3biBaeTcs OueHb |
yAOOHO! NpH YMHOXEHHH H JejeHuH uHcea. [Tycthb

2y=rg(COSQ+ising) B 2z, =r,(cOSQy+ising,)
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— IBa HHCAa,- sanucam{ux B -rpuroaome'rpnqecxoﬁ q)opme
Torna-

2123 =141y (COS @4 COS @y — sin Pi sin @, +
- + isingcos @, + icosq;sin (p,),
HIH . L

2,2, =13, (cOS (@; -+ @,) +lsirl (q>f+q>.))- - (D) A

TarmM o6paaom, CNpaBeLJIHBO cnenymmee yTBepKIAEHHE:

MOOYrb  npouseedeHus 0BYxX. KOMNAEKCHBIX WHUCEA PAGEH
npoussedenuro modysell sMuxX Hucer, CYMMa QpeYMeHmos
COMHOJCUmeneil A8ASeMCA apeYMeHmoM npouseedenus.

s gactHOro, yMmHOMXas UHCJHTENb H SHaMeHaTelb Ha
YHCJIO €OS @y — i Sin s, TOTYUaEM

a1__n (cos q>,-+l sin (pl) (cos pa—1 sin (p,)
2 ' T (cos @g-}-isin P2) (cos pa—i sin q>2)
= (cos @i cos g +sin Qi sin @ -}~ sin @7 cos q);—i cos @i sin qaz)
T (cos? @g +sin? @,)

HIH

a-a P— + tsin @—0). SR

~

" CniefioBareibHO, Moay/zb 4aCMH020 aeyx KOMNJCKCHBIX -

‘4ycen pasen wacrinomy modyaell Smux 4ucen, pasHocmb apey- . -

“MEHMos8 Jeaumozo u 6e/lume/m ApASLMEA apeymenmom uacnl-.
Ho20. -

. Mpumep. 3anucats B 'rpnrOHomeTpuqecxoi sopme
KOMILJIEKCHO® 9HCIIO. - :

(cos 3--1 sm—) (Vs +1)
=1 .

.

2=

Uncno z¢= cos-g-—t Sm HMeeT MOZLYJIb, paBHHi 1, apry-
MEHT q)i=—-!‘—;' z,—V 31 mmeer Momyap 2, apryMeHT

q>,==-’-‘-, z,==l—l HMEeT MOAYJIb Ve, apryMeHT q>,,--3—"-.

B [
l'losromy |z|=.|iil.lz_'z’.!._;/:_ 2, aprymest

o n 3m - ll

(p_(pi+(ps_q38=_.§.+.€-’-4—-= 12
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CuiefioBaTeNbHO,

VT (con () 15 ~1hn)).

®opmyaa (1) mosBosisieT AaTh reOMETPHYECKOE HCTOJKO-
BaHHE ONEpalUH YMHOMXKEHHS KOMILIEKCHOrO 4YHCIa 2 Ha
KOMIIJIEKCHOE 4YHCJIO0 2, IlponsBeseHHe 4Hcel 2 H 2, €CThb
BEKTOp, KOTOpPHIAi MOXKeT GHITb MOJydeH NOBOPOTOM BEKTOpA
2 Ha yroJi, paBHBIA apry-
MeHTY . UHc/Ia 2, H pac-
TSJKEHHEM (C2KaTHEM) ero

B |2,| pas (puc. 8).
. YacTHeIll caydal -
R yMHOXEHHe YHCJIa 2 Ha
MHHMYIO “eIUHHLY -
O3HayaeT IOBOPOT BEK-
TOpa 2z NPOTHB 4acoBOA

7T
CTpeJIKH Ha yToJl 3

3. Bo3senenune B cre-
Puc. 8. neHb M M3BJEYEHHE KOPe
us, Popmyaa (1) m. 2

Y

AJis1 TIPpOH3BENEHHSA llByX KOMIUVIEKCHBIX HYHCEJ MOXET OHITH

obofuieHa Ha caydai B comHoXHTeNef. Mcnombsys Merox
MareMaTHYecKoll = WHAYKIUH, JIETKO INOJYYUTh c.nenymmnﬁ
pesyJbrart:

MODYAb “NpOUIBEDEHIR N KOMNACKCHOLX 4ICEn pagen npo-
usgederuro modyaell ecex CoOmMHoxcumeneld, Cymma apeymenmos
6cex COMHOICUMenell SEAACMCS  APLYMEHMOM Npou3eedeHus
KOMNACKCHbLY HUCeA.

Orciofia Kak 4aCTHHIH cayyail nosnyuaercs ¢opmyia

(7 (cos @ +- i sin @))* = r* (cos ng 4 i sin ng), Mm.

Jaoiiasi  NPaBHJIO  BO3BEJGHHS]  KOMIIEKCHOro  9Hcia
r(cosp-+ising) B neayio no.nox(me.nbayto CTEeNeHb!

npu 6036e0eHUl KOMNAECKCHOZ0 HUCAQ 8 CMeNneHb’ ¢ Hamy-
parvroim  noxasamenem ez20 moOyav 603800umcs 6 cmenero
C mem e noxKasamenem, a QPRYMEHM YMHONCAEICA HA NOKa-
sarneab cmenenu. )

ITpumep 1. BosBecTH B JAeBATYIO CTeneHb KOMILJIEKC-

HO€ 4HuCJIO
z=) 3—I.

80
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Moayab uMcna 2 paBeH -2, a OINHHM H3 apryMeHTOB
i 2
ABJSETCA Q= —-, TO3TOMY MOAYJb 4YMCHa 2° paser 29,

a aprymeHT 4Hcjaa 2° paBeH 9<p=—%n. C.nelloaare.nbﬂo,

V 3—i) =2 (cos(——)+tsm(—-3—2-)) 5l2t

[NepefineM K omepainuH WU3BJICUEHHS xoprm JaHHOH cTe-
fIeHH H3 KOMIJIEKCHOTrO 4YHCJIA.

UHC/IO 2 HA3LIBAETCR KOPHEM CMENeHU N U3 HucAd w
(o6o3Hauaercs /w), ecnn 2*=uw,

V3 1auHOTO Onpelie/ieHHs BHITEKAeT, YTO Kamoe peme-
HHEe YpaBHEHH 2"=w dBJfAercs KOPHEM CTeNeHH n H3
gucaa w. Ipyrumu cjoBaMH, LS TOFO 9TOOLl H3BJedb KO-
peHb CTenedd n U3 WHCAA W, JOCTaTOYHO PElIHTh ypaBHEeHHe
I=w.

Ecin w=0, To npu JMio60M n' ypaBHEHHe 2"=w HMeeT
OIHO H TOJBKO omHo pemenue z=0. Ecau w=~0, TO H
250, a clenoBaTeNbHO, M 2 H W MOXHO NpEICTaBHTh B
TPUTOHOMETpHUecKol dopMe:.

., z=r(cos@+ising), w= s{(cosPp--Isin).
VpaBHenne 2*=w npumer BuL
r (cos ng + i sin ng) = s (cos P+~ I'sin ).

IlBa KOMIIEKCHHIX 4YHC/JAa PaBHbl TOTAa H TOJMBLKO TOrZa,
KOrZa paBHH HX MOAYJIH, a apryMeHTHl OTJIHYaioTCs cJjara-
eMbIM, KpaTHBIM 2n. CielloBaTeqbHO,

rm=s 4 nep=1y+42mR,
WK

r=Y5 w o=%+ 2k kez.

Witak, Bce pellieHHS YpaBHEHHA 2" =uw MoryT GHiTh 3amH-
CaHbl CJENYIOUHM 06pasoM:

2= /5 (cos (£4 22 6) pisin (T4 222)), @
k=0,1, 2, ..., n—1.

B camoMm sene, npunaBas B MOMy4YeHHORH q;opmy.ne uncay k
ue/able 3HayeHHs, OTJIHYHbIE OT BHIMHCAaHHHX (R=0,1,2, ...
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vy n—1), MBI He nonquw Apyrux KOMHJIEKCHHX qHCed.

Hanpumep, npu k=n nonayuaem
“z,=1Vs (cos ( +2u) +isin (1+2n>)

- . =V (cos ¥ risin® ):——-zo.
TaKHM ofpasom, eclii wx~0, TO CyUeCTByeT POBHO 7 KOp-

Hefl cTemeHH £ M3 UYMC]d W; Bce OHH Cofiepikatcs B ¢opMmyJe
(2). Bce KOpHH CTemeHHM 7 H3 UHCJAa W.HMEOT OAHH.H TOT

Ke MOoAyJb VS, HO pasHble aprymeHTHI, OTHanlOL!iHeCH .

- . . £11
c/araeMEM, KpaTHHM uHcay —-. Orcioa crelyer, —49to

KOMIIJIEKCHbIE qucaa, sABJdlonHecs KOpHHl\WH CTEMEHH 7 U3 .

KOMILJIEKCHOTO UHCJ/Ia @, COOTBETCTBYIOT - TOUKAM KOMILIEKC-
HOM" IIOCKOCTH; PacloJIOXeHHHM B BePUIHHAX MPaBHJLHOO
n-yroJbHHKa, BIHCAHHOrO B OKpYXHOCTh pamayca /s o
leHTpOM B TOuke z=0. - 4

CrenaeM elne OXHO 3aMeuaHNe OTHOCHTENBHO 0GO3HaUEeHHS

V/w Cuvson }/w He HMeeT .OIHO3HAYHOrO cMeicia, Ilo-

'STOMY, ymoTpeGJsia ero, cllelyeT 4eTKO MPeACTaBJATH cebe,

9TO MOA S5THM CHMBOJIOM neApasymeBaerca. Hanpumep,

HCIIONBb3Y A 33HHCB l/ clenyer no3a6oTHTBC O TOM,
uTo0hl OLIO SICHO, nonumaercx JH NOJ 5STHM CHMBOQJIOM Napa
KOMIVIGKCHBIX uucen § H —i HJH([ O&HO, H €CJIH OJHO, TO
KaKoe HMEHHO.

Npumep 2. Haittu Bee snaveHus ,‘/ —16.
anumeM gucio w=—16 B Tpuroaomerpnqecxoﬁ topme:

w——16_.16(cos:rr+ismn)
CI)opMyna (2) B HameM cJyuae Aaer
. 2 b
: z,,‘= (cos (T+T k)+lsm (%—-l-'—f— )),
- k=0,1, 2, 3. '
Cnenoparenbno, ,

(cos +isin ) V2+zl/2
(cos——+zsin—)-—V2+tV2
(

=2(

Il
www

cos—+i81nﬁ)=—V 2—iV?,
cos—+isnnT)¥V_§—iV§:
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"Yji€Ha G IMOCJEAYIOUHM pas-

Ha pﬂC. 9 mu3obpakeHH Bce YeTHpe SHaueHHs 3/ —I16.-
ToukH, COOTBETCTBYIOWHE UHCIAM 2o, 2;, 2;, 23, HAXOAATCA
B BeplIHHAX KBaJipaTa, BIMCAHHOTO B OKPYKHOCTb pajHyca
2 ¢ ueHTPoM B TouKe 2=0. . .

4. Ksagpatume ypasuenus. B~ xkypce aare6pm VII
KJ1acca pacCMaTpHBANUCh KBalpaTHhie YDaBHEHHS

— ; ax*+bx+c=0, az=0, M

. ¢ HefiCTBHTeNbHHME Ko>(¢uuuentamu a, b, ¢. TaMm Gruio
N0Ka3aHo, 9YTO ec/lH JHUCKPHMHHAHT D-.b’-4aa ypaBHEHHsA
(1) Heorpuuarened, To pe-

LIEHHS TAKOro ypaBHEHHs 7 .
Jaorca ¢opmydioi _ )
P % VD (9 5, £ A
% a : R

- B cayuae, ecin D'<0,
TOBOPHJIOCh, 9TO YpaBHEHHE
He HMEeT pelleHHH:

Ina BuiBoda q)opmym:l ) 2, Z3 -
(2) ucnoabsoBajci OpHeM .
BBIJieJIeHH s KBajipara ' ABY-

xz

JIOXKEHHEM JIeBOH  49acTH Pug, 9. .

ypaBHeHHSI Ha JHHEHHbe MHOXHTENH, T. €. ypaBHexmex
sauncusanocs clelyiomuM 06pasom: .

ax‘*’ +bx+c=a ((x-{-z—a)'-—-;%) = ]
(g ) (e D)0

~

OTKyAa H moaydanach ¢opmyna (2). OueBuaHO, 9TO BCe
STH BHIK/I3JAKH OCTAalOTCs CNpaBeJIMBBIMH M B TOM cCJydae,
Koria a, b; ¢ ABARIOTCS KOMIVIEKCHBIMH GHCJIaMH, 8 KOPHH
ypaBHEHHs OTHICKHBAIOTCA B MHOXKECTBE KOMILIEKCHBIX YH-.
cea. Qopmyna (2) Aaer, e/elOBaTeNbHO, pelleHHs KBajpar-
_HOrO YypaBHEHHs H TOrla, Koria kosdduUHEeHTH ypaBHe-
HHA — KOMIIeKcHBIe 9ucaa  [JocKosabKy B MHOXeECTBE KOMIT-
JeKCHEIX YHCe] onepaius H3BJEYEHHS KBaAPATHONO KOpHs
HMeeT CMBICA VIS JIIOGOro KOMIIEKCHOrO 4YHcJa, OorpaHuge-
HHe D > 0 éranoBurcs usaumHuM. Bosee TOro, ono BooGiie
TepPSAET CMLICH, TaK KaK AHCKPHMHHAHT D MOXeT OKdSaThcs
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/
‘YACAOM He JeHCTBUTEJBbHHIM, a JJIS TaKHX YHCE/ HOHATHA
«fosibine», «MeHbIIe» HE ompejeneHbl. TakuM o0pasoMm, B
MHOXKECTBE KOMIJIEKCHHIX YHCEJ YpaBHEHHE

z’+bz+c—0 (@, b, c— KOMIIEKCHbBIE -mc.ua, a=£0)

Bcera paspemmo

Ecin D=0b*—4ac=0, To ypaBHeHue HMeeT OJHH KO-
peHb; ecan D=0, To ypaBHeHue uMeeT ABa KopHs. Bo Bcex
cay4asx AnA KOPHEH KBAaAPATHOrO ypaBHEHHA CHpaBejinBa
(opmyaa )

2 ;_‘i;';L-B . A3)

(ameck mon VD nozpasymeBaioTcs Bce SHAueHHS KOpHSA).
Mpumep L. Pewntt ypasuenue
] 224-3243=0.
o ¢dopmyne (3) Haxonum

—34-V9=12_ —34+V =3
z= 2 == 2 -

Jlerko Buzerb, uto V' —3= =+ i}/3, nosromy
V3 3_¥3, !

zl=—-—- -5 2= —a—5 i

I[MIpumep 2. Pewwts ypaBHenue
2 (24 i) 2= 14Ti=0
Mo ¢opmyae (3) umeem
_2+itV (2+i)'+4u—7i)=2+i+ | A
= 2 - 2 .

4

Ilas onpeenenusi Beex snavemufi /' 7—24i nozoxHu
V7—24¢ x+yi.
Torzna
728 =24 2l —
H, CACAOBATENBHO, X H ¥ YAOBJAETBOPHIOT ClCTEME

x’_y2=7’




npHueM X H ¥ — NeSICTBUTEALHEE YHCAA. Cucrema mMeeT JBa

JefiCTBUTEIbHEIX pellenusi: ¥ =4, y= —3 H x= —4 y=3.
ITosTomy ,
4—3i i} —443 .
e z,;-=—————2+i S ’=_—1+2¢.

5. KomnaekcHas cTeneHb 4yucaa e. DBBeneM mnoHsTHE
KOMIVIEKCHOA ~cTeneHH uHcia e. Omepauus BosBefieHHs
ypcaa e B KOMIUIEKCHYIO CTeNeHp 2= x+ i ompepeasercs

.. opmy .10

e*=e* (cosy+isiny). R ¢))
l'Ipnmep 1. Boasecm 9HC/I0 € B CTEHEHB 2, ec/m )
a) z=141, 6) Z—-—l, B) z=ui.

2
ITo ¢opmyne (1) Haxomam:
a) e1+l=e(s:os!+isin 1), .

Tt

-—1 .
6) e =cos 3 4ising=i,
B) eM=cosn-tisinn=—1,

Ipumep 2. Halita MOAyAD ® aprymentH umcia
e? =¥ty JleficTBUTeNbHAA M MHHMAasi YacCTH KOMIJIEKCHOTO
YHCJIa €% COOTBETCTBEHHO PABHHL €¥COSy U e*sin y Cﬂeno-
BaTeJIbHO,

| e L= ]/Le" cos y)2 F(e*sinyP=Ve= =e*.

ApryMeHTHl HaXoOAHM H3 CHCTEMB

“ . cosp=—,

sing=

.

~Se ~|a )

dra cHCTEMa B pacCMaTpPHBaeMOM CJIyYae NpHHHMaer
BHI -
e*cos y
e*

sing== ——-e 7Y =siny.

cos ¢ = =cosy,

Ee pewennsi-¢=ygy42nn, n€ Z.
Hrak,

. : e =e,
arge*=y+42nn, nc Z.
2"' L . ”



OrMerHM OCHOBHLIE CBOHCTBA KOMIUVIEKCHOH CTENEHH
yHcaa e. .

1. 7a) e*1+% = e:e?%s, 6) ez|=3,=:’7: , T. e. 1nna e* coxpa-
HAIOTCA OOLIYHBIE CBOHCTBA CTENEHH.
Hokaxem cBoiicTEO a). ITycTb 2;==x;4ysi, 23= %X, 4,
TOrZa . -
%1% = e* (C0S y; - i Sin y,) e%s (cos y,—+i siny,) =
= e%e*2 (COS Y, COS Yy, — Sin y; sin y, -+
-+ i (sin y, cOs y, -+ c0s y; Sin y,)) =
=€+ %2 (cos (Yy + ¥a) +i8in (4, 1 4,)) =
= X1 F Xt W +33) — X+ H Xy Yol 21 H2,,
CpoiicTBO 6) JOKa3bIBaeTCsi aHAaJOTHUYHO.
. 2. Ina nedcTBUTEJbHMHX SHa4yeHHH z2=x - 0i
A 6% =¥+ =%,
T.e. KOMILIEKCHAA CTeMenb 9YHCAAa e MpeBPallaeTcs B 9TOM

c/lydae B CTeneHb € AeHCTBHTEJbHHIM NOKa3aTeJeM.
3. dasa kaxpmoro n€ Z. cnpaBeijiiBO PaBEHCTBO

el = |,
‘B camom zente, no dopmyae (1) nomydaem
el —=cos 2nan 4 isin2nn=1.
4, Ina moGoro KOMIIJIEKCHOrO YHCJA - 2  CNpaBedJHBO
- PaBEHCTBO i '
vt —e2 ncZ. .
IeficTBuTe/bHO, MO CBOMCTBY 1 MOXeM samucarh ~ -
; e+ el — gzgannt, ]
" Tenepb, yunThiBas CBOACTBO 3, moJydaeM
ezt emnl — g3,
CrofictBa 3 H 4 NPHCYILH TOJNLKO CTENEHAM C He Jefi-
CTBHTEJIbHEIMH NOKa3aTesfiMH. . '
6. IMokasaTtenpHas Gopma 3aMUCH KOMIUIEKCHOrO 4HCAA,

[Monoxum -8 dopmyae (1) n. 5 z=ip, ¢€R. -Torza nomy-
YHM : o

'e‘°’=cosq>+’isinq>.
Sra BaxHaa (oOpMy/Ia Ha3HIBACTCS ¢6pmyxz,oﬂ ilrepa.
36 " . ' '
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Panee GBLIO NMOKAa3aHO, YTO KaXKJAOE KOMIUIEKCHOE HUHC/IO
2#0 MOXHO TNpEACTABHTb B TPHTOHOMETPHUYECKOH opMme: -.

2=r(cosp-+ising). ‘

Orciofa u u3  GopMyJIEl Su.nepa ClenyeT, 4YTO Kaxkjioe
KOMIUIEKCHOe 49HC/I0 2=0 MOXHO samucath u B TaKoi

cpopme.

z2=rel®,

3anHuch KOMILUIEKCHOIO 4HCJIa B BHAE 2=re'® HasbiBaeTcs
nokasamenasHol opmod 3anucu, “30€Ch r — MOAYJb KOMIJIEK- .
CHOTO 4HCJay, a ¢ —oONHH (Mo6oil) u3 ero apryMeHToB,

Mpumep 1. IlpeacraButh B mnoKasaTeJbHOH Gopme
KOMIJIEKCHOE 4HCJIO

~ 2= —

3 -gl.
Haxoaum moayab uucia.
h ]/3"1 1
Izl=V gta=7 ..
M OIMH H3 €ro apryMeHTOB
g = ——=, o= — .
2P V-:-;' Q. s ;

(Tak KaK 2 Haxo,umca B UETBEPTOM xsanpanre) C.neuoaa~

TEJIbHO,

1 - )
Z=TB ‘ s,

[NokasatenvHas ¢opMa 3anHCH KOMIUIEKCHOIO YHCJa $iB-
asgercd Gosiee KOMNakTHOH no cpaBHeHmo C TPUIOHOMETpH-
yeckoft.

YMHOKEHUE . 1 neneaue KOMILUIEKCHBIX 4HCEN, a TaKKe
BO3BeJ€HHE B HATYpaJbHYIO CTeNeHb H H3BJIeYeHHE KOpHS,
KaK NpaBHIO, YAOOHO NPOBOAHTE, MPEIBAPHTE/NLHO SalHCaB
KOMIIEKCHEIE UHCJa B MOKa3arteJabHOR ¢Qopme.

[ycTb 2;=r,'" H z,==r.e', TOrAA

2izy = rygur g = 1,700 o0, ()

I3

3)1ecx: MBI BOCIIOJIb30BAJHCh JIOKA3aHHHIM BHILIE CBOHCTBOM
l1a) KoMRJeKcHOI cTeneHH umcaa e.
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Hcnonpsysa ceofictBo 16), Jierko nouyuaeMm

z 1’
it SRS 4

t(qz-tp)
L @

I[ITpaumep 2. 3amucaTh B NOKasaTeNbLHOH qupue KOMII-
JIEKCHOE " YHCJIO

(—]/".]_i)(cos——zsmw) . | -

z= T—i .

Kaknoe u3 wncen —V/ 3-+i, cos

n s e I
1z —isin 4z, 1—1 npen-
€TaBUM B noxasaTeJIbHoﬁ ¢dopme: .

5n

-—V3+l"-2e O
T
cos 15; isin —= 12 = coS (—- )—]—zsm( m)-—e-tﬁ,
ﬂ
1—i=V2 .
chonbsya q;opmy.nm (1) n (2), nonyvaem
"5—:' -1 6m_m a;)
2=2e______1/§e( W) =Y e,
-l.—
V2e ¢ ) .

3nas ¢opmyny Oinepa, MOXKHO nepenHcatb ¢opMyay
IJis1 BO3BeJeHUs KOMIUIEKCHOIO. 4HC/a B HAaTypalbHYIO CTe-
NeHB cjenyiomuM o0pasoM:

(re/@yr=rreine, 3)

dopmyna, Eaoinas Bce pellieHHs YPaBHEHHAR 2'=UW,
Gnaropaps ¢opuyae Diaepa’ Takke MOXeT OHTb MepenH-
cana B GoJee KOMMAaKTHOM BHJE:

IS

(2 g
) Zk—'vu V—e (Il+fl ) k—o 1’,-.-,ﬂ—l (4)
TIpumep 3. Hpe;xc‘rams B noxaaa'renmou ¢opme
KOMILIEKCHOE YHCI0 2=(— | 4-i)3.
3anuchiBaeM B TNOKasaTeabHOH dopme OCHOBaHHE CTe-
newH H mpumensieM dopmyay (3):
(—1+ip= (V‘e‘ : )'—4V‘§e

‘us - _a_
=42 ¢
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v ’ ‘ ‘
Tpumep 4. 3amucaTh Bce 3HaYeHHs KOpHA ]/V-3+i
B NOKa3aTesIbHOH dopMe.

Ipencrasnsiem wucio '3 4i B nogasarembroi dopwme
H TIpUMEHSIEM ¢opmyay (4):

V 3+1—V2e =2 (o ,;k), k=0, 1, 2, 3,

Ynpaxnenus

+.25. IlpeacraBbTe B TpHroHoMeTpuueckofi (opMe KOMIZIEKCHOE
YHCI0:

a)z=V3—i; 6) z2=—2; B) 2=I;

r) z=i% 1) z'-—-—cos_"s_.]_isinfs_;

€) 2= _%_gi; X) z—-l+cos.l.0i+t sinlgi‘- .

1.26. IpexcrasbTe B anreGpan4ecKOid H B TPHIOHOMETPHYecKo# ¢op-
Max KOMIIEKCHOE: YHCIO:

i( cos iﬂv—l—l sin 3n
8) 2= 3 37, 6 2= !
- ? - dn

7
cos—+¢ sin ' cos-E-—-lsm—a— .

)

. 5nm 5m
—Cos 'ﬁ"‘i sin—ﬁ-

i
B) 2= I) 2= ¥
T+ B o 1
. cgs VR isin 3
T . T 1 V3
B (cos —3-—1 sin T) (—2—+i-—2—)
n) 2= — 7 .

‘1.27. l'lpegcrame B TPUTOHOMETPHUECKOA (opMe KOMIIEKCHO® THC/IO:

2 25008 100° ¢ sin 100°) i

" 3(cos 40°—isin 40°) ’
I 2n

sin ?-I-t (l—cos—s—,)

i—1 ] ‘-

6) 2=

F14 ! .
1.28, Ilpu mosopore Ha yroa 5 mo 9acoBOfi CTpeike H YANHHEHHH

B B2 pasa BeKTOp 2z, =2-}-5i NepexoNHT B BeKTOp 2p, Mafinure Komm-
JIEKCHOE YHCJIO, COOTBETCTBYIOIlCe BEKTOPY 23.
1.29. Bektop 2= —2-}-3i nosepuyT Ha 180° u yanuuen B 1,5 pasa,
Hafizute KoMmnirexcHOe YHCAO, COOTBETCIBYIOMEE NOJMYUABLUEMYCS BEKTODY.
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1.20. BanumuTe KOMIJEKCHOE YHCIO B ‘ailregpanqecxoﬁ dopme:

- w 72 -7
€08 =<} sin—=
e 12 12); 6 e _;__L:j) ;o
8 5\8
B) z=(cos 31° +i sin 31°}=1%; 1) z—(‘ +[3—{‘);

(20" (a+i° i
S a7 A U

1 3! 3anumuTe KOMIIEKCHOE. YaClO B Tpuronome‘rpnqecxoﬁ dopwme:

a) e=(V3—i*%; 6 (V—i+l)

2n 42
B)2=-8—i—-??”7,1-, nEN; 1) 2=(lg 104

5
1) z=(tg2—10)% e) 2= (sip-?q-i (l ~-cos %ﬂ—))" .
1.32, Tpn KBKUX LeJHX SHAUCHUSAX n cﬁpaWuso.panencmo-
()= (1=

N

1.83, Hafignte Bce sHaYeHHs 1'7 E, ecJIB
8) W=w—i, a=2; '~
6) we=—1; a=3;
B) w=8{, n=3
N we=l, =5,
. 1.84, Pewnte: ypaBHenus:
8) feml=i; 6) —i=1,
B) R=1=i}Y3=0; I z°+64==0
1,25, Pemnre ypaBHemns:
a) e2=224-5=0; 6) 23—21275=0;
_ B) = (54-20) 2421 +i=0;
1) 3w 8z3iz413+4131=0, -
1.36, Sanumure 9nCAO

]/5+'"12";+ V5=12
- o 5+12-—V5-12" -

B-ajreGpangeckol ¢opme npn yCJIOBHH, 9TO neﬁmmeabuue 9acTH

V5120 u Y5—12i orpuuaTeNbiH., N
1.87. Hafinate KopHH ypaBHeHus ‘

g0 002=0, S
efiCTBETeAbHNE YaCTH KOTOPHX OTPHIUATENbHH,
w0 ) :




1.38. [peacrasbre B a.nredpanqecxoﬁ (hopMe KOMILIEKCHOE YHCJIO:

a) z=e2~?;
-‘s—al-n- 127
6) z=e -
8+ 7+gm--£t
_B) z=¢ .. ;

1.39. [pencrasore B TIOKa3aTeNbHOR tdopme kKoMmIeKCHOE YUCAO
a) z=— V' 12—=2i; 6) z= ~cos 7-!-1? sin 77- . ~

1.40. 3anumure B noxasa‘re.rrbﬂoﬂ HB anreépanqecxoﬁ ($popMax Kom-
KCHOE 9HCJIO:

i PSS  5m 51
a) z="5e 4.0,2 ° (cos 12—“"" 12)
-3

6) z=(-‘2-e"'ﬁ) i oB) z=(V3=i)%
| 1. - *(1+V‘t)'¢

) 2= (cos 1"°+i sin l2°)5 Y 7=t

141 Hcnonbsysa dopmyry (4) o, 6, uaﬁnu're Bce saaqemga l/-‘z’o

_ecnn
a) w—l, n=3; 6) w=—1, n=4; . !

B) w=—4+ V8Bi, n=3 1) w_-l—-]/_i n=4



Fnesall
HEONPEJAEJIEHHBIA HHTEFPA.H

§ 4, Anddepennnan dynxunn .

- 1, Onpenenentie audepenunana (bynkunu, CoraacHo
OnpezesieHHIo NPOH3BOAHOA (YHKIMH f B TOYKE X, HMEEM

* (s)= lim 2509 0

Hcnoansysi ' cBOACTBO npefena, paseHcTBO (1) MOXKHO
samucaTb B BHIE

A8 = [ (x)+a (B), | | #
rae o (Ax) — 0 npu Ax — 0. Hrak, ’
, BF(x)=f*(x,) Ax+a(Ax)Ax. @

Hs dopmysnt (2) caepyer, uto ecau ¢yHKUHA -f Hmeer
NPOH3BOJHYIO B TOUKE X,, TO MpHpAIleHHe 3Tafi QYHKUMH B
X, COCTOHT M3 JBYX CJIaraeMbix. {

Myets f*(x,) 0. Torna nepBoe caaraemoe f*(x,)Ax B .
¢opmyae 2) npoNOpIHOHAIL.HO Ax, Tak kax f*(x,) He saBu-
cuT or Ax, T.e. OHO JIHHEHHO OTHOCHTéNBHO Ax.

ITocKOMBKY A)l‘im~f5 (x,):Ax=0, To mepBoe csiaraemoe ecTb

. -> 0

GeckoHeyHo Manas npu Ax — 0. Bropoe caaraemoe B ¢op-
MyJe (2) Takxe ecTb GecKoHeuHO MaJjas .npu Ax— 0, npu-

~ o (Ax) Ax
yeM ’faKaﬂ, ,'ITOJUTHOUICHHC Tm—x—
Manas npu Ax— 0, 6o

BHOBB €CTh 6€CKOHEYHO

o (Ax) Ax
-+ Jdim o) Ax 0.

Hosromg nepsoe caaraemoe ' (x,)Ax sBasiercs B cayuae,
Korfa f*(x,)s=0, IJIaBHOM YacTbi0 NpHPALLEHHs QYHKUHU B
TOUKE X,. - )
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On peleenue. Econ dyrkums f(x) B TOUKE X, HMEET
npousBozHyo f'(x,), To npoussenenue f°(x,)Ax HaspBaercs
Oupepenyuarom pynkyuu f B TOuke X, H oﬁosuaqae'rca df (x,).

Takum o6pasom,

df (xo) =F' (x,) Ax. '

3amerus, uto dx=x' Ax=Ax, onpenennM mubdepeHLHan
HE3aBHCHMOH [I€pPEMEHHOH Kak-ee mnpHpauieHne. Toraa moay-
uuM, 410 Auddepeninan GyHKIHH/ B TOYKe Bhipaxaercs (opMmy-
Jo#t

~

df (o) = f* (o) . \

Ecin  ¢ynkuus f(x) Hmeer npOHSBO.ZIHYIO B Kaxao#
ToYKe uHTepBana ]a; b[, to :

o df (1) =F ()d. . @
. Hs noc.ne,zmerp paBEeHCTBa CJEAYET, 4YTO .
f (X) df (x) N

T. €. MPOH3BOJHAA (YHKIHH €CThb YacTHOE OT JeJeHHs Aud-
Gepennmana stoii QyHKIMH Ha nu(depeHUHan aprymenTa.
Q@opmy.ia- (3) mo3sosisier BHMHCAATE AdfipepeHuHans ¢yHk-
IMHA, €CJH H3BECTHH MX NPOH3BOAHHE. Tak, ﬂanpnmep, dc=
= (¢)"dx=0-dx=0, rae ¢— nocrosiHHas, .

! dx® = (x?)' dx=2x dx,
dBP+4x+4+T)=(3x*+4x+7) dx= (9x’+4)dx
d(sinx 4 x®) = (sin x4 »*)* dx = (cos x 4- 3x%) dx,
d (e* -+ cos 3x) = (e* + cos 3x)" dx = (e* —3sin 3x)dx,

dInx = (lnx)'dxad—’-‘.

2. Teomerpuuecknii cmbicn auddeperuuana. Paccmorpum
pudpepenunpyemyio QyHKUHIO y={(x), x€]a; b[, rpadux
KoTopoi H3o6paxken Ha pHc. -10.

HUs A MKL nveeM

‘ |[KL|=|ML|tga.

Tak Kak IML]_-Ax utga=f(x), To |KL|=* (xo)Ax.
CuenosartedibHO,

-

dy=|KL|,



PR " i s Bl el

Tlocnennee paBeHCTBO NO3BOMSIET HaTh CJefyloliee T eo-
- MeTpHuYecKoe HCTONKOBaHHMEe AHQOpepeHumana:

ecau (DYHKIMA f HMEET TPOHSBOAHYIO B TOUKE X,, TO AH(D-

¢epenunan QyHKIMH [ B TOUKE X, DaBeH NPHPALICHHIO

OpAMHATHl KacaTeJbHOH, npoBefieHHON K 'TpadHKy AaHHOM
*  QHKUMH B TOUYKe C aGeunccot - -X4y MpH mepexolie OT TOYKH
‘ kacamm B 'roqu c aﬁcumcon (x‘,+Ax)

.yx o
' VY
- - K/
. - =
. 3 "
_ ) ) M 3 ﬁ :
o ' Az [ .
. \ { : ) .
/) a. .- @g . .‘D,f-Al:b R g

Pue. 10. .

3ameuanue. Jlerko Bumerb (cM. puc. 10), uro mud-
depennman ¢pynkuun B Touke, Booﬁme rosops, He COBNAajaer
. © TpHpallleHHeM STOA (QYHKUHH B TOA XKe TOUKe:

-dy == Ay, TaK Kak _]KLI_%-INL,I.

OnHako mpu Ma/nsiXx sHaueHHsSX Ax npupaienue ¢yHk-
OHH DpHOJHXEHHO paBHO. AudpepeHuuany ¢yHKUHH, T. €.
Ay=~dy. 3ro npubAHKEHHE IUHPOKO HCIOJIB3YETCH Kak
B CaMOHl MaTeMaTHKe, TaK H B €€ MpPHJOXKEHHAX, TaK. Kak
.'OHO, NO3BOJIfiET JIETKO BHLIYHCAATh OpHpAlleHHe (QYHKIHH

¢ HeGOBILON norpemHocTbio. [eoMerpuyecku 3ameHa Ay
Ha dy o3Hayaer sameHy Ayru KpHBoii MN orpeskoM mnps-
-moit MK. CnenoBatesibHO, Ha HEGOJILIIOM YJaCTKe H3MeHe-
HHS  aprymMeHTa B8CsKYio HeJHHEHHYIO nmp(pepenuupyenylo
(yHKUHIO MOXKHO paccMaTpPHBaTh KaK JIMHEAHYIO. :

B sakJsioue ue samerum, 4to RuddepeHmHan naﬂeunoﬁ

dyHKIHH coBnazaer c ee npnpameﬂuem. B camom rexe,

d (kx4-b) = (kx +b)' dx = kdx,
A (kx +b) = [k(x+Ax)+b]—(kx+b) kAy= kdx

T.e. ‘
d(kx+b)=A(kx+b).
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3. l'lpmlox(eﬂue nud)d)epenuuana K .NPHOAMKEHHBIM BbI-
uyucnenusms M3 onpenenenns nn@xbepennuana GbyHKUHH
B TOUKE X, CJAeAyeT, YTO ’

Af (%) —df (xo) =(Ax) Ax,

rze lim a (Ax)=0. -

Ax—>0

C.nenoaa‘rem:uo, df (x,) sBnsieTca npuGaHKeHHeM™ Af (X,)
B TOYKE X,, NpHYEM aGCOMIOTHAS TMOrPEMHOCTh TAaKOro NpH- -
6nuXKeHHS CTpeMHTCs K Hymo Iipy Ax—0. Bonee Toro, -
ecau f'(x,) 0, TO OTHOCHTeJbHasl MOTPEIIHOCTb TaKXKe
CTPEMHTCHI K HYJIO NpPH Ax—»O .

B camoM zere, ,

~

. Af (xo)—df (xo) a (Ax) Ax
J‘To ~df (x I A;lclTof(xo)AX_ =0.

Bce ckasaHHoe O3Hauaer, 4TO- LSl ,umpqﬁpenunpyemoﬁ.
B Touke X, Qynkuuu f, y Koropoir f’(x,)7 0, mpu Bcex
JOCTaTOYHO MaJHX Ax HMeeT MecTo cJeAylomas ¢opmyJaa:

MR T M () @An (1)

dopmyaa (1) aBasercs OCHOBHOH JU11 NPOCTEAWHX npu-
GJIMIKEHHHIX BBIYHCJICHHH.,

Mpumep L. Iyers [(x)-;/x, x€]0; +oof.
Tak 'kak ana x==0

1’ i1 - B
- f'(x)=ix7-l—-'/—x-

I} . . T T

TO, HCIOJB3Yys dopMyay (l), no.nyth st xﬁeo H Becex
IOCTaTOYHO MaJibiX Ax .

" Af ()= /xo+Ax—1/xo~ ‘/_ Ax.

Takum oGpasoM, .zum BCeX JIOCTATOYHO MajiuiXx Ax _
{'/x,+Ax¢~'|"/x.,+ ‘/M: Av. . 70 @

- Tlonwsysace q)opmy.noﬁ (2) BLIYHCJIHM ’l/'3 998:

V308 =V I ooc>2~1/‘-1-“’°"2 Ve.®
Z 20,0005 = 1,9995.
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Has Buqncnennn ;/ 243,45 Taxxke BOCNOJAb3yeMCH (pop-
MyJoi (2):

0,45.,/ 243
3/543,45 =}/ 243 10,45 =~V 243+-T}z{3— =
-, =3+%22 % 3,001.

Hpumep 2. Nycrs  f(x)=sinx, x€R. HspecTHo,
aro. {' (x)=cosx. IlosroMy, mucnosn3ys d¢opmyay (1),
monyunM  Ans Jo6oro XxER u Bcex AOCTATOUHO  Ma-
Jeix Ax

AF (x,) ; sin (x, + Ax) —sinx, & cos x, Ax.
Hraxk, 1is BceX AOCTATQUHO MaJHX Ax ‘
sin (x, + Ax) & sin x,4cos x,Ax. A - 3)
B uacrHocTH, HpH _3:., =0 us qu‘pMleu (3) nosyaum
| sinAx ~ Ax

IS BCeX JOCTaTOYHO MafAHiX Ax.

Ecan B dgopmyne (3) moAcxuth x—T, TO MOJYYHM

sin (%+Ax) z‘i‘:—% (14 Ax)
N8 BceX NOCTAaTOYHO Maauix Ax.
NMpumep 3. Ecm f(x)=Inx, xE]O + oof,
F (x)—-:tl- . Toatomy nas x,>0 cornacao dopmyse (1)
AJs BceX JOCTATOYHO MaabiX Ax OyzeM HMeETb

Af (%) =10 (%54 Ax) — In x, & ﬁ-: ,

!n(x,+Ax)'~;lnxo+£ ‘ (4)

i B qac'mocm, npu x,=1 u3 ¢opmyasl (4) c.neﬁyer
N In(14Ax)~ Ax
I8 BCEX HAOCTATOUHO Maablx Ax.
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ynpaxueliu

2.1. JloxaknTe, 9T0 AJis BCEX JOCTATOUHO MAABIX SHAUCHHN X HMEIOT
MecTO caepyiollie npHOGAHKeHHbe GopMyJbl:

a) e ~ I+x; 6) tgx =~ x; B) arcsinx x x; r) arctgx =~ x.

2.2. Hafinure npuGamKeNHEe SHayeHAs: ’

a) V90Z 6)3/3 8 /26 0 Y3 13 e YN
2.3. BoiuscauTe npHGAMIKEHHO:

2) /85 6 'Y/1006; =) /1251324

r) sin29°% 1) Int,05; e) cos9l1°;

X)) tg 44°; s) In(e}-0,1);" u) 1n0,97,

§ 5. Heonpesesenubifi HHTErpas H €ro cso#cTsa

1. lNepsooGpasnan u neonpenetenHbi mHTerpan. B mud-
(epeHIHANbHOM HCYMC/IEHHH MBI pellajH 3ajadyy Haxoxie-

HHSI MPOHM3BOXROH MM AuddepeHurana 3ajaHHo (yHKIHH. -

IlparRTHKa nOKasbiBaeT, 9TO YacCTO NPHXOAMTCA MO 3aNaHHON
npoussofHo#l F' (x)=F(x) nau, 4TO TO ke, MO 3ajAHHOMY
Juddepenunany dF (x)=F(x)dx, HaxomuTb QYyHKUHIO, OT

KOTOpO# OHlIa B35Ta NPOH3BOIAHAA, T. €. pellaTh 3alady,

obpatHylo sapaue audepenunposanus. Hanpumep, ecsmn
HaM H3BeCTHa CKODOCTb U JBHXKEHHS MaTepHAJIbHOH TOUYKH,
T.e. v=0(f), t€fa; b], a My NOMKHE y3HaTb OyTH s,
NpOMJileHHbIl 3TOH TOYKOH, TO, 3HAA,-4TO- %-_-.-v. MBI KakK
pa3 u Jo/xHH ~OyleM 1O sSalaHHOA  NPOH3BOIHON
ds '

57 =0 (), mam ds=v(t)d!, naitw ¢yuxknuio s. Haxox-
AeHRe ()YHKIUHH 00 €e MPOH3BOJHON HAH AudxpepeHumany
paccMaTpuBaeTci B HHTErpajibHOM HCuHc/JeHHH. DyHkumio,
BOCCTAHABJIMBAEMYI0O WO 3aJaRHOH ee NPOH3BOAHOH WJAH

nubdepedunany, Ha3HBalOT nepeoobpasHoil. -

‘Onpenenenne. Iudbdepenunpyemas pysxuus F (x),

X € Ja; b[, HasmBaerca nepsoobpaswol dynkyuel (MK NPOCTO
nepeoobpasroli) Aaa ¢yHkuuu f(x) Ha uHTepBasie Ja; b,
ecau F' (x)={f(x) ana kaxnoro x€ a; &f. .
3ameuanne. [lnn ¢yakuul, MMEOUAX DPOUIBOAHYIO
Ha OTpe3Ke, NMNOHATHE NePBOOCPA3HOM BBOAMTCS aHANOrHYHO.
" Ias Qynkums f{(x)=3x%, x€ R, uepBocoGpasnoif BO
BceX Toukax JelcTBUTENbHOH ocH Oyner ¢yHkuus F(x)=
=x% TaK Kak F'(x)=38=f(x) ana kaxmoro x€R.

. Bamern™, aro Fi(x)=x%+1, wm F,(x)=x*—5, unam
az

[



FL ]
Boobme F,(x)= x"-l-C rie C-—npoasso.nbnaa KOHCTaHTa,
fIBAAIOTC  NepBOOoOpasHbIMM A QynkuuH  f(x)=3x%,
x€ER, Tak KaK 9TH QYHKUHH MMEIOT OIHY H Ty Xe npous-
BOAHYIO, PaBHYIO 3x2.-

Paccmorpennblii npuMep noxasmsae'r, 4ro q)yHKlJ.PIﬂ,
-HIMelomasi NepBoo0pasHYio, - HMEeT HX GeCKOHeYHOE MHOMKe-
ctBo. TlokaxeM, Kak HalTH Bce- nepsoodpasnble 3allaHHON
¢yHKIHMH, SHad OIHY H3 HHX.

Teopema. Ecau dJymcuun F (x)' sgasemcs  nepsood-
pasHoil 0an ynxyuu f(x), x€la; bl, mo mnomecmso scex
nepeoobpasHbLx - 0A d)ymcuuu f sadaemcs  ghopmyaoi
F(x)4+C, CER. . .

Iloxasa're.nbc'rao Jlerko Buiers, uto ni06as QyHK- -
uusi Buna F(x)+C, rae C-—HeKOTOpasi NOCTOSHHas, SB-
asiercsl nepBooOpasHof s f (x). I.Iencrsmenbno, :

~ FW+Cf=FwW={. S

 Jlokaxem Tenepb, 9o moGas me epBooGpasHast Aas [
npeicraBumMa’ B Buie F (x)+C, rae C—HekoTopoe 4ucio.

Oycrs @ (x) —nepeooGpasnas aas “f(x), T.e” @' (x) =
=f(x) a8 Kaxpaoro x€ Ja; b[. Pacemorpum Bcnomora-
. TeJpHy0 QyHKumIO @ (x)=Q0 (x)—F ), - x€la; b, u mo- -
KaXkeM, 9TO OHA SBJAETCS NOCTOSIHHOM.

[lyeTs xy H x3—/Be NPOH3BOJBbHEIE TOUKH HHTEpBaja
Ja: Y[, u nmycrs, Hanpumep, x; < X,.-Ilo Teopeme J'Iarpamxa
nafiiercs TOUKa e xf Takas, W0 :

Q (X)) — @ (x9)= ‘P’(E)(xs—xl)

- Tak xag @ (x)=0" (x)—-F’(x) f(x) f(x) =0 s
Bcex %€ la; b[ u, B uactoctH, ¢‘(E)=0, TO @(x5)=
= @(xg). HTaK, @(x)= q>(:;[) aas '.moﬁux Xy U X3 H3

e ....‘.'.xxm.‘,s. SR s

Connla iy -

’ . N :
) CJlelIOBaTeJ]bHO, ¢(x)=C, rze C—HeKOTOpOe UHCJO, .
T. €. .

(.D(x) F(x)+C X€ ]a, b,

' 49TO H ﬂoxa:abmae'r TEOpEMY.
COBOKYNHOGTH “BCEX uepaooﬁpaannx QJyHKmm F (%) Ha
uuTepBade Ja; b[ HaseiBaeTcs HeonpedeAeHHbiM uUHMEZPANOM
or qmyummn [ na nutepBase Ja; o u oﬁosuaqae'rca CHMBOJIOM -

- o fryar. M
. |



DTOT CHMBOJI' UHTAETCH: «unrerpan OT 5} OT HKC IO I3 HKCY,

CumBon S Ha3HIBAETCH SHAKOM UHKMe2paid, f(x)-—noabm-
meeparsroll @ynkyuel, [ (x)dx— noOoinmezparstom esipa-
gceHuem, X — NepemeHtol URMezpuposanus.

Ecmn  F(x), x€la; b[,—xakas-nubyn nepsooGpas-
Has QyHKuHH f(x) Ha unTepBaje Ja; b[, TOo mmuyT

Sf(x)dx=F(Jf)+C. @
rze C — npousBo/bHAA KOHCTAaHTA. -

- Haxoxnenne ¢yHKuHH 10 ee nponasonnoﬁ HJH 1o ee
IudpdeperHunany HasbBaeTcs unmezpuposaruen pyHkyuu. -
HurerpupoBanue — Jieficteue, ofpaTHoe ' AuddepeHUHpOBa-

.~ Huio. [IpaBHIBHOCTL HHTETPHPOBAHHS nposegae'rcx z;acpcpe
penuuposanuemM. Hanpumep,

-

h%+am #43x+C,

»

TaK Kak
- (x’+3x+C)=2x+3

2, Ocnonuue cBo#icTBa Heonpene.neﬂnoro uﬂ'rerpana By-
JeM npejamojaraTb, yro Bce (QYHKUHH B Kaxno# H3 dop-
Mya 16 onpeneneHs Ha OXHOM H . TOM e mﬂepnane "
HMEIOT Ha STOM HHTepBa/e nepaooépasuue.

L (Sf(x)dx) =fe: T ,~
2. d(§fwar)=tmar | N
a (Pwa=fw+c
¢ §dw=Im+C. .
5. Saf (x)dx=a S f (¥)dx, vae a5%0 —nocrosmﬂaa.'
" 6. S(f(x)itp(x))dx-—Sf(x)dtiScp(x)dx~

te

Cnpaaelmnsoc'rb cBOficTB 1—4 JerKo ycma'rpusaema H3
onpezesieHHs. uHTerpana. ‘B eamom Aese, mycts F—onHa us
uepBooﬁpasaux ¢yHKOMH f, TOrAa No onpeie/eHHIO '

ft@ar=Fw+c, _
S 49




S
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1

rae F* (x)= fx) ;wm dF (x)= f(x‘)dx. C_Jlenoaarenbao; .
(Sfn i) =F@+o'=F @m=fw,
d(§Fdx) =d(F ) +O=dF )= () ax.

Ceofictea 1 m 2 Jokasanwul. JloxaxeM cBofictBa 3 u 4.
Tak xak df (x)=[' (x)dx H [ sBasercs mepBooGpasHOi
Ias CBoeii MpomusBoAHOK f, TO MO ompeje/eHHIO

§ df () =Sf’ (x) dx=f (1) +C.

Ananoruuso JIOKa3kIBaIOTCS cBoiicrga 5 u 6.

" 8. TaGnuua HeompeAeJEeHHBIX WHTerpanos. 13 onpezese-

HHS HHTErpajia CJlefyer, 410 BCAKas cpopmy.na LIS Npous-
BOAHOA KOHKDETHOR (QYHKIMH, T.e. cbopuy.rra Buga F' (x)=

= [ (x), MO¥Xer -ObITb 3anucaHa B BHAE HHTErpaJbHOH Gop-

MYJIBL:
§fyae=F e +c.

Hcnoabsys 310 coobpaxkenve W Tabauiuy NpOH3BOIHHIX, CO-
CTaBUM Ta0JHIly HeomnpelesleHHbX HHTErpaJioB

1. SOdgc=C, C —goHcranta.

2. faxr=x+c
- xOH-l : .
3. Sxaax=m+-c, @ss—1. .

4, S =In|x]4C.
5. Sa"dx--——-[—C a>0, a#l
B uactHOCTH, Se" dx=e*4-C.
\6.’,Scosxdx’=/sinx+C._

- 7. Ssinx‘dx=—cosx-!-.c.
8 (oar—tex+C

dx .
S Ssin?x = —ctg x+C.
10. f 2 —aresin24C, [#|<a




-

‘11, S-Ez-j%,=iarctgi+0,. a0,
12. Sx,,“"a, 2|22 +C, a0,
In]x+Vx* a’|+C a=,é0

3. (s

NpHYEM €CJId MOoJ KOpHEM CTOMT Bupaxceuue x*—a?, TO
npennonaraercs |x|>|al.

3amerum, 910 QOpMYJILI 4, 8 9 lO 12, 13 cnpane;muabl
JMIb JUIS TeX SHAYeHHH X, NPH KOTOPHIX HE MPOHCXONHMT
o6palléHns B HyJb 3HameHnatens. CnpaBelJHBOCTh KaXIOH
U3 npuBeleHHHIX GOPMYyJ ‘MOXHO YCTaHOBHTb AHepeHuHu-
posauuem. ITpoBepuy, Hanpumep, dopmyay 4.

3lech Haflo PaccMOTPeTb ABa CJaydas:

1) I'chn: x>0 “Toraa |x|=% u qxopmyna 4 npumer
BHI

»

i‘;-‘= Inx+C.

Ilnc;xf)epeﬂnnpyﬂ, ‘noNyyHM
(nx+0) =5 +0= 1.
2) Nycrs x <0, Toraa | x| =— x u popmysa 4 HMeeT BHL
Sd;x,=ln(‘—-x)+C.

Huddepenunpys, Gyaem rmeﬂ; ‘
(=) +C) === 0=~

Huterpasnsl, - npuBeieHHEIe B PacCMOTpPEeHHOH BHure Ta6-
Juie, MOJYYHAH HasBaHHE MADAUYHLIX UHMEZPAAOS. -

§ 6. Meronu 'limerpuposaunn

1. Tpumepbl ReNOCPEACTBEHHOr0 HHTErpHPOBanusa. [He-
nocpedcmeeHHbIM  UNMeE2PUPOSaHUEeM HA3HIBAETCS TaKo# Me-
TOJ BLIYHCJAEHHS MHTErpajioB, NPH KOTOPOM OHH CBOAATGS
K TabNHYHLIM fyTeM NPUMEHeHHN K HMM OCHOBHEIX CBOHCTB
HeonpeleeHHbIX HHTErpajioB. ’

‘
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l'[pmuep l »
S(3x=+x+1)dx_S3x=dx+Sxdx+de-_—. ;
=3 4Pt +C= P42 4 ptC

Hpnmep 2.

9 2dx dx A
S‘(-{-x)dx S S 257+S¢x=_21n1x|,+x+c.
Mpamep 3. ’

- 2 dx d (44-32%)°
L TR S IR
I'Ipn_Meli 4.-

Scos’xdx SMM——S(I +cos 2x) dx =
=z (de+$cos2xdx) -—(x+ - sin 2x)+C=

. _+sm 2x+c..
I'Ipnmep 5. _ )
! Seudx=.;_seaxd(7x)='_;.§7x+c. -
Mpumep 6. _
x’dx 34x2 -3 34 x2 —3dx .
Fa ) T3+ -dx"S3+x2d"+S‘3+xf\—

_de 3S3+ =X — 3o7_—arctgv_+c_..
_.x—l/__arctgy_-l-c

: l'Ipumep 7.
Ssx 4% = S(s 16)”dx_S48"dx-.l o +C.

Mpumep 8. )
1 dx

S25+4x""s (25+x,) =7 @7;_;—2=

= —

4 — —
2- 2

1 x 1 2x'
.Tarctg -5—+C=Tﬁarctg-5-+0. )

MMMW



]S’ N dxﬂ =_%_al-CS[n +Q=-—;—ar03in3x+C-
V=

Mpumep 10.. ' o
' dx 1 ‘
e 53.(**-‘3') gk ,(/V") S

RIS N ol A i PP

TwWE RVl

o S T ""‘l/_
o LA +1/—
IIpumep 11 \

- dx . dx - ’
= =5?,77-f;—z=-

S e Kyoy 1/—'— -y |+ e =3+

Mpumep 12. Buunconts

N
dx .
sinxcos x °

Pemenune, Tak kak sinfx--cos*x=1, To

1 sin? x4-cos?x _sinx sinx cos x
sinxcosx sinxcosx  cosx ! sinx’

" ITostomy

- dx sin x cosx

S §in x.cos x S cos x dx+ S sin x

’ -d (COoS x) d (sin x)
cos x S sinx

’ =—lnlcosx|+ln|sinx|+C—ln]tgx|+C
.53




. 1

- JEHHBIX HHTErpaJoB.

[Ipumep 13. Haiitu muterpan

. dx
jl/i_l+10x-—x'2,' ’
Pemenune. TakKak 11 +10x— x2=36 — 25+ 10x — x?==
= 36— (x—5)% TO
dx =__' dx . d(x—=5)
SV—H—}-‘IOx—x% S V36—x—52¢ JV6—(x—52 "

/ =arcsin x_—ﬁ_—é 4-C.

Mpumep 14. BuluncauTh MHTErpas

) dx )
. SV 17—4x— £
Pewenne. Tak Kak 17 —4x—x?=21 —4—4x—x*=
=21 —(x+2)% 10

dx. - dx
f VY 1T —dx—x2 —5 Vil—@x+2¢
' dE+2) s X+2
. = \——=t=——=arcsin —=+C.
TS csin m+C

Boobme npu BHIYHCJIEHHH HHTErpajioB NOJIE3HO COOTBeT-
CTByIOLMM 006pasoM npeo6pa3oBaTh MNOAHHTErpajbHOE Bhl-
paxeHHe, a 3aTeM BOCMO/Nb30BaTbCA TaGaHuUed Heonpele-

RSN S

[lpu BHIYHC/ICHHH HHTErpajioB BHAa

: S sinmx cos nx dx, S sinmx sinnxdx

Scosmxcosnxdx ‘ AR

-

yIOOHO HCMO/B30BAaTh  CJEAYIOmHEe TPArOHOMETPHUECKHE
dopmyJiE, TpeoGpasyiolue MpOH3BE/ieHHE B aAre6pautecKyio
cymmy: ] .

sinmx cos nx = -;— (sin {(m— n) x 4 sin (m - n) x),
sinmx sin nx--—--;- (cos (m —n) x —cos (m+ n) x),

COS Mx ¢OS NX = -é- (cos (m—n) x +cos (m + n) x).



Mpumep 15.
Ssin3xc032xdx= : ‘
A=Sl(gin(s—Q)x+sin(3+2)x)dx'-¥ ,

2 sinxde 45 Ssin5xdx_.

=?(— cosx)+ 35 S sin 5x d(5x) =

1 1
= = C0S X — 15 COS 5x+4C.

A

Mpumep 16.
SsinAx sinbx dx=S—;- (cos (—x) —cos 9x) dx =

=-1—Scosxdx—lSc059x‘dx= :

-;z-sm x—2—9 costd(Qx)— sin x——sm9x+C

Mpumep 17. ,
S-cos 3xcos.5xdx =S-;—(cos (—2x) 4~ cos 8x) dx =
Scostdx-i-?ScosSxdx_. —_ .
S cos 24 d(2%) + 5 8Scos 8x d(8x) =
. ——sm2x+16sm8x+C

2, HH'rerpupoaaHue MeTOoOM samenu nepemMeHHoll (me-
TO}X NOACTAHOBKH), B OCHOBEe MeTGAAa NOACTAHOBKH (HJH
METOJZla 3aMeHbl. IEPEMEHHON) BHIYHCJEHHS HEOmpeAesieHHBIX
HHTErPAJIOB JIEKMT CJeLyiolee YTBEpXKJeHHe, ABJsiomieecs
clIeACTBHEM npamma AupepeHUHPOBAHHA CAOKHOA (YHK-
147121

nycms Oarot qbymcuuu f(x), x€la; B[, u o@), te
€l df, u nycms cywecmsyem” croocras Gynsyus [ (@ (),
1€]Je; dl. Ecmu ¢ynryusn  [(x) umeem nepsoobGpasnyro .
F(x), a ¢ynkyus @(!) Ouppepenyupyema, mo @ynxkyus
F (g (1) ssanemca nepsootpasnoti dan Gymuus f (@ (1) 9 o,
1€ Je; d[, u nosmomy

(@@ e ) d=F@@)+C.



INpumep F Buuncautb wuTErpan S cos 5x dx.
Pewenne. CrenaeM 3ameHy mepemeHHOM t =5z,

. forna x=21u dxﬁﬂ' C.nenoaaTe.ano,

5
ScosSxdx Scos 55costdt== '

T _-——smt+C lsm5x+C
l'Ipnmep 2 BulyncuTh HHTErpan S—— _:'dx.
Pewenne. I'Io.noxmm t= l, TOra X = -;- u dx=

=-—§% . T‘aan obpasoMm, ‘
Jetace o () - Jea-
— ‘ =,-e‘+C=—;-e-’l7+C,

- puMep 3. Buuncautb uuterpan S x V_l — X dx.

-

Pewenue. CheraeM NOACTaHOBKY "#=I'—x?, TorKa’

dt =—2xdx, T. e xdx-—-—--g- l-’Iosmmy

feV=Ranfri(- #)-—4jvia-

~

1+—
1t

21+—

+C—-——t3/°+C———(l—-x’)*’/2+C

Mpume p 4. Haiiru uaterpan (arcsin x)?dx

Yi=s
dx
Pemen e, l'lomomnm t_.arcsm X, Toraa dt ==
—X

TaxuM o6p asoM,

v

(arc_lsm x): 5‘ /s dt _ —-——I-C— (arcsm x)? (aresin®® 4 ¢.
Yi—x2

. 2 2)3 '
Mpumep 5. BbIYHCHTD ° yHTerpan j‘—x@—rc—c“—x)—d"—

V1i—xt
$6




S

——

Pemwenue. ITonoxum #=arccosx?, Toraa

2% dx -
dt =—H2E '
, Vi
TTosToMy . .

=—— (arccosx’)‘ + C.

I'I pumep 6. Buuuciuts muTerpan S sinxcos’ xdx..

Pemenune. Ho.noxﬂ;M t=cosx, Toraa dt——-—smxdx
CnenoBatesbHoO, .
Ssmxcos’xdx=_f.stzdt=__‘g_+c=_a_ﬁcozij_i_c.
I \ 7. Hai ' : j' 'eV—‘E.
puMep aiid uuTerpan |} — Vs dx

Pemenne. PaCCMOTpnM NOACTaHOBKY t =V x. TorAa

' dt =

- zV“ V‘
V.
f V_dxagge‘dt——e’-i—c——-e"——l-c

———==2dt. TaKHM oﬁpasom, .

Npumep 8. Buqnc.nmb HHTErpain SVYlTx—ﬂdx
(1%1<2). S . .

Pewenue. [lonoxum x—2sint(|t| “)A HJH
sint-Q--, -roma dx=2cost dt " t.-arcsm— C,uenosa-
TeJIBHO, -

Vi-x*=V 44— 4sin’t_2l/l—-sm’t—2cost
Takum oGpasoM,

Sl&l x’dx==g2cost 2costdt_4Scos'tdt._

- . =QS(l+cos2t)dt=2t—|-sm2t+C.
" Tak Kak B ’
, sin2t=2sintcost—-2smtl/l-sm’t—

2.3 1/1 Gy -zvi=s,
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TO

(Vimpa=2aresin 5+ 5 VT=2+C..
3. Huterpuposanue no yacrsm, CorniacHo mpasaiy AHG-
depeHuMpoBaHNs NPOUSBELCHHS HMeeM
d(uv)y=vdu-udv.
INostomy 4 .
u dy=d(uv)—vdu.

Ecnu npoussofnbie (MM, 4TO TO Xe,— Auddepennua-
Jbl) ABYX GYHKUHA paBHH, TO KX HeONpeje/eHHBIE HHTe-
rpanul cosmagnaior. [Tosromy

S udv= S d(up)—S vdu.
Hcnoansys cBoficteo 4 Hednpenenenﬂbrx un’rérpa.ﬂon:_
S d(uv)-% uv+C,
noayuum dopmyay ‘
Suav=uw=foa. M

-

Sta qupmy.qa HasLIBaeTca  hopmy Aol URMezZpUpPOBanUs 1o ’
Hacmsam.

[Mpumep 1. Bm:chme MHTErpan S xe* dx.
Pemenue. Ilonoxum
u=x, dv=e*dx,

TOTZa . «
du=dx, v=e".

-Takum oGpasom, ucnosnbsys ¢opmyay (1), 6yrem nme'rb“
Sxe*dx=xe"—§e"dx=xe"—e"+0 -

ppmep 2. Hafiru HHTerpan S In x dx.
‘ﬁ; enne. Ionoxum

u=Inx, dv=dx,

-




TOrZa ) .
dx
du-;-, v=2x.

Orciona, cordacHo ¢opmyae (1),

Slnxdx xlnx—Sx——xlnx——de=s
—xlnx—x+C x(lnx—1)~+C

IMpumep 3. Bouucautsb mnerpan S xcosxdx
Pemwmenue, Ilonoxum

u=x, dv=cosxdyx,
TOTHA ’
du=dx, v=sinx.

[MosToMy, ucrnonssys dopmyay (1), uMeem
\ ~ -
S x¢os xdx=xsinx— S?inxd;r=xsinx+cosx+0; -

Ilpumep 4. Hafitu unterpan S (arcsinx)?dx.
Pemenune, Ilonoxum

u=(arcsin x)?," dv = dx,
TOTAA -

2 arcsin
du==25T% gy, v=x.

Vi=x

CJlenoaa'reano, HCNONAb3Y @opmy.ny (l), ‘IOJYIHM

S (arcsin x)? dx = x (arcsin x)? — 2x arcsin xdx.

V'l_-—_x'

Has Haxomemm nocjieJHero nH’rerpaJla eme pa3 HPK-
MEHHM METOA HHTErpHpOBaHHA IO YACTAM. -

INoaoxuM } .
) . - X dx
u=arcsinx, dv=-———r
' V 1—x¥ !
TOrAa ; '
. du=—Z ., o=V T—m.
Vi—x" :



‘ ITosTomy

fVT__’:_’CEarcsin'xdx=]/1-x“afcginx—gdx;
) =V 1—x?arcsinx—x+C.

Hrak, ‘ : -
-S (arcsin x)?dx = x(arcsin x)? + 2 Vi —-‘x’ arcsinx—2x4-C: -

Ipu wuenonp3oBanun  (GOPMYJB* HHTErPHUPOBAHHS MO
yacTsM JUii HAXOXKAEHHS WHTErpajioB OT IPOM3BEIRHHS
TPYZHO ZHaTh ofuiee mpaBujo XS oOnpejeNeHHs TOTO, Ka-
KOH COMHOXHTE/Ib B MOJLHTErPajlbHOM BHIPAIKEHHH CJEAyeT
of6osHauaTh uepe3 u H Kakoil yepes dv. Bmecre ¢ Tem mpu
HaxXOXJAeHHH WHTErpaJoB HEO0X0AMMO, ~ 4TOOH dx 06s3a-
" T€BHO BXOIHJIO B BHIpaxeHHe A dV M 9TO BhIpaXkeHHe .
GLLIO JIErKO HHTErpHpYeMbIM, *a TaKXKe. YTOGhl HHTErpal 1

gvdu 6uin mpomte ucxomnoro. Tak, manpumep, ans uater- . !
paJioB BHIa SP(x)e‘“‘dx SP(x) smmxdx SP(x)cosmxd.x
8a u. mpUHEMaercsi MHorouieH P (x), a ANd HHTerpasos
BHJa SP(x) In x dx, SP(x)arctg xdx, SP(x)arcsmxdx- sa
u npHHHMAETCA COOTBETCTBeHHO Inx, arctg x, arcsinx,

Ecan B uuTerpanax, nepsoro BuAa wMuorouwieH P (x)

Bhillle NePBOA CTENeHH, TO ONEPauuio HHTErpHPOBaHHA 10
YacTsM CJeNyeT NpH:IeHATh HECKOJBKO pas. :

Mpumep 5. Haittu unrerpan S (x*—5x -+ 3) sin 4x dx.
~Pewenue. Tlonoxum u= x3—5x+3 u dv =sin4xdx,
Toraa du=(2x—>5)dx u v= — cos4x. Tloatomy

7
S(x’—5x+3)5i“4{‘dx= - '
=———-——-"’—i"+3 cosdx +%§(2x—5) cos 4x dx.

IMocrennnf’ nn‘rerpa.n Hafiliem nﬂrerpnposaﬂueM no YacTsaM.
[Tonaraem Tenepb u=2x—5 u dv=cos4x dx, TOrZa

‘du=2dx u v——-sm4x
60. ¥



ChnenoBarennHo,
S(zx—s) cos 4xdx——sin 4x——Ssm 4xdx=
| z =-2-T-sin4x+'§cps4xil-c. g
TaruM 06pasom, o B

{ (1 —5x-+3)sindxdr =

o _
=--”-—-gf‘i-3-cos 4+

sm4x+32cos4x-f-C—

—8x? -|— 40x —
= 32

cos4x+ l; sind4x+C.

IMpumep 6. Haiitu unrerpan Sxarctg xdx..
Pemenue l'lo.noxmm u=arctg x u do=xdyx, Toraa
dx
dit = ——— l T ' v-—-2— CnenoeaTe.nbno,

x2dx

1
Sxarctgxdx——arctgx EARER

Briuncaum: orme.nbno noc.nemmit mnerpa.n'

x%d 14x2—1"
lx_l_;g‘f'—' t-l’ix“ dx= de S~l+ z—x arctgx+C
Hrak, ~ -

Sxarctg xdx = -’;larctg x;i;-+ Larctg x+C‘=
’ x +l

arctg x-———+C .

®opmyiia HHTCI‘pHpOBaHHﬂ mo  HactaM npumeauma.
W A8 HaXOXKIEHHS um‘erpa.non BHla Se“sinbxdx H

Se“” cosbxdx. [lpu HAXOM/EHWH YKA3aHHHIX HHTErpaJioB

dopMysia HHTETPHPOBAHHSA [0 YacTAM NPHMEHSETCS ‘nocJje-
JoBaTeJbHO JBa pasa, npuyeM o6a pa3a sa u BhIOHpaercs
JHGO MOKasaTedabHad (yHKIHA, JM60 TPUTOHOMETpHYECKas.
Tlocae ABYKDATHOTO HHTETPHPOBAHHSA 0O 9acTaM Moay- -
yaeTcss JIHHEAHOe YpaBHEHHE OTHOCHTENBHO HCKOMOTrO HH-
Terpana. . i N .
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* TloacTaBuB 3TO BLIPaXX€HHE B PAaBEHCTBO (2), MOMyuHM

" Jbl MHTErpHPOBAHHA [0 9YacT#M. Ha MpPHMEPe HAXOXKAEHHS

‘TMpumep 7. Buuncauts unTerpan S e** sin 2x dx.

Pemenne. Ilonoxim u=e* u do=sin2xdx, orkyia
, du=3¢*dx u v=—%cos 2x, Tlostomy -

Se‘”‘sm2xdx————e""cos2x+ 5 Se“xcos2xdx 2

Ilns HaXOoXIEHHS NOCJelHero nmerpa.ua NPHMEHHM elle
pa3 ¢opMyJay HHTEIDHPOBAaHHS HO YaCTAM: ’

u=ed* B dv=cos2xdx;

du=3e*dx u- =4;—sin2x.

-

Torna : .
S e cos2xdx=—12—e’“ sin 2x——23-5 e sin 2x dx.

S ¥ sin2x dx = .
= —Le”‘ cas 2x +i‘é‘-’." sin %— Se""sin 2x dx
T 4 4
C.nelxofsa'renbno, ‘
Se“"sm2xdx———e’ cos2x+ e”‘sin?x+C

Paccmorpu eule OJMH CJyyail HCOOJB3OBaHHA GOpMY-

yHTerpasa BREA SVx’ a’dx
[Ipumep 8., Halitn unrerpan SVx’+a’d.x.. )
Pemenne, Iosokum u=) *+a* n do=dx, Toraa
xdx .
=
Caeaosaresbo,

jﬁ?a? VAT (R

’

V=X.




p

Tak Kak

x2 — (xz+az)___a2 — _2_— a® .
Vata Vata Veta Ata’
TO ’
P (Ve Tode—at [ —2
T 5Vx Faldx—a f T

SVx’ a® dx —a? ln|x+ Vx2+a2|

[Moacrasus nonyqenﬂoe BhIpaxeHue B paBeHCTBO 3),
GyzneM HMeTb

SVdeﬁxVﬂ—}—d”—S Vi +atde+
+athn|e+VeFad..
Takum oGpasom,

SVx’-&-a’dx —Vx’+a,“ 5 ln]x+ Vx a“]+C
AHAOTHURO MOXHO BHUHCANTL  HHTErPand  BHAA

S‘V at—x2dx. B
" 4. MuTerpuposanve HEXOTOPLIX PAMMOHAMLHBLIX (YHKUHI.
PaccMoTpuM cHayaJa HHTErpajnl BHAA

§ oo

JlAs HaXOXACHHA YKa3aHHHX HHTErpaloB HEOOXOAUMO
CHayana mnpeo0pasoBaTh SHaMeHaTedAb X'--px--q B pas-
HOCTb KBaJparoB (eCiH p*—4¢g > 0) WM B CyMMy KBaipaToB
(ecmu  p*—4q <0), a satem BOCHOALIOBATHCS Ta6aHned
HeonpeleeHHEIX nﬂ'rerpanon

fpumep 1. Hajirn HH'rerpa.n S_“-I%-ﬁ ,

Pemenne. Tak ®ak p*—4g=64—28= 36>0 TO
x’+8x+7—(x+4)’—9 [Tostomy

S d(x+4) .
Sx2+8x+7 (x+4)“‘—9 =) Tw+ai—9

~bu|zEd somtilz] e
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dx
215"
Pemenue. Tak kak pr—4g= 4— 20__—16<0‘ o,
»4+2x4+5=(x+ l)2 +4. CaenosatenbHo,

iad A+l 1 241
Sx2-|—2x+5 (x+1)2+4—' (x+1)2+4_ arctg +C,

l'lp HMep 2. Hadru HHTErpain S

PaccMorpuM Tenepb HHTerpabi BHla .
ll(x) dx
S‘ Qa (%)
rae P, (x) u Q, (x)—MmHorouensl, n B m(n < m)—CrenexH
MHOFOWLIEHOB. I[.rm Buqucneﬂna TaKHX HHTErpajoB HeobXxo-

JAHMO TpeACTaBHTb ApO6b o 8 B BUJAE CYMMBI 60.nee npoc-

THX JpoGeii. He ocTaHaB/uBasich HA pPelleHHA STOM sajaun
* B o6ieM BHJe, PAacCMOTPHM PSiA YaCTHHX cJydaeB. -
N ‘ xdx :
. x3—5x46°
Pewenne., Tak KaKk KOpHAMH 8HaMeHaTeJasl SBJSIOTCH
x3=2 H X3=38, T0 SHaMeHaTe/b PaCK/IalbBaeTcs Ha MHO-
IKUTEJH

Mpuwmep 3. Haitu uurerpan S

x’—5x+6=(x—2) (x--3).

IIpencraBuM Tenepsb Apo6b B BHIE cleAyiomeil CYMMBI:
. x- "
xa—5x+e=x-2+x—3' .
B HaiiZeM xoaq@ﬂunemu A u B. Ilpusenem" Apoﬁu B Opa-
.BOH yacTH K ofilleMy SHaMEHAaTeMIo:
X A(x—-3)+B(x—2)
-—5x+6 *=2)x=3

Tak kak 9TO—TOXIEGTBO, TO, NPHPABHSAB quc.mnenu, no-
JAy4dnm

x=A(x—3)+B(:é—2) N

gm © 4 . ' )
$=(A+B)x—34—28.

2

I'Ipupéaumsaa K03$dHUMEHTH - NP  QIHHAKOBHIX CTelle-

ULTOTITVISPINUNDIITY P Sy - U

HAX X B OOGHX 4aCTAX TOXAECTBA, COCTAaBHM CHCTEMY ypaB-




HeHH#
A4B=1,
—34—-2B=0. ' -

PewB 3Ty cucremy, noayuyum A=—2, B=3.
Taxkum oGpasoMm, -

x —
x’!—‘-5x+6~x——-2+x—-3°

Urak,

xdx
Sx“‘——5x+6= ~ x—‘7+35
-——21n|x 2I+3ln|x—-3|+C
dx
IIpumep 4. BoiuuciauTb HHTErpai Sx_sl'T
Pemwmenune. Tak kak x*—1l=(x—1)(x2+x-+1), 1O
npeactaBuM ApoOb B.BHAE C/eNylOLled CYMMBL:

1 A Bx+4-C
B—1 ~x—l+ x4

T. €
1 A@4x+ D)+ Bx+0) (x—1)
©B—1 ®k—1) (2 x+1)
HIIA
‘ | _(A+B) 0+ (A—B+0 x+(A— C)
Bs—1 x—=1 (x2+x+|)
Hrak,

1=(A+B)x*+(A—B+C)x+(A-C). -

[IpupaBHuBas KO3(GULHEHTH NpPH OLHHAKOBHIX CTere-
HAX X B OGEHX HacTAX TOXKIECTBA, COCTaBHM CHCTeMYy ypas-
HeHu#

( A+B=0,
iA—B-[—C:O, ~
A—C=1.
1 1 2
Pewns cucremy, noayuum A=—3-, =—=, C=—3.
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CJxezlosaTe.ano,

x+2
x“—l 3Sx-—l 3Sx3+x+l
1 2x+41
——lnlx ll Sx“-l—x—]—l Sx“-l—x-]—l
_ d(x‘+x+1)
——?’—lnlx—ll—-gs———

xz+x+..25( N

= ! in |x—1 |—-—ln (x4 x + l)—V— arcth‘;/'%l +C.
(x—1)dx

Mpumep 5. Haiitu unsterpan Sm

Pemwenne. Hailinem pasnoxenue NOJbIHTEr paIbHOM
Jpobn Ha npocrei’uuue‘
. x—1 E
B x—2) (x+1)2E * + +x-——2+(x—|-l)2 1
TlpuBenem mpaByro uwacTb K oflleMy 3HaMEHaTeal0 H MpH-
PaBHAEM YHCJIATEJH:
x—1=Ax—2)(x+12+Bx(x—2) (x+ 1)+
+Cx2(x4+124+Dx2(x—2)+ Ex?(x+1) (x—2).
[pupaBHAB KO>QdHUMEHTH NpH OAWHAKOBLIX CTEMEHAX X
B 00€HX uacTAX TOXMIeCTBa, NOJYUHM CHCTEMY YpaBHEHHI
( B+C+E=0,
A+2C+D—E=0,
—3B+4C—2D—2E=0,

R —34—92B=1,
| —24 = —1.
1 5 1 2
PewiuB cucremy, noay4nM A=?, B=_T' C=3—6, D=-5-,

gl

Taxkum obpasom,

x—1)dx
S x2(x—2) (x+1)2 =

1 dx 5 (Cdx dx 11 dx
=7 S +36 — 2+3S(x+1)2+9 P2
1
=~—2——--—l |x|+36ln|x 2|— 3(x+|)+
3ln|x+l|+'C.
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5. Npumepn «HeGepymuxca» uHrTerpanoe. Beime Mmul no-
SHAKOMHJIHCh C HEKOTODHIMH NpPHEMaMH BBHIYHCJEHUs Heorpe-
JieIeHHBIX HHTerpaJios. 3ameTHM, 4TO He Y BCSIKOH 3JeMeH-
TapHoi#l pYHKIHH NepBOOGpasHas ecTh 3/1eMeHTapHas dyHKuHA.
B tom cayuae, Korjla nepsooGpazHas HeKOTopon 3JeMeHTap-
HOil (YHKUHH [ ABAAETCA 3/eMeHTapHON (yHKUMeH, rOBOPAT,

yTO MHTErpan Sf(x)dx BbIDAXKAETCSE Yepe3. 3JeMEeHTapHhIe
(YHKLIHH WJH YTO 3TOT HHTErpaj BbIYHCAsETCS, «Gepercsy.
Ecan ke umiTerpan ne BhIpaXaeTcs uyepes iemeHTapHble
(YHKIHH, TO TOBOPAT, YTO HHTErpajl «HeNb3fl HaHTH» HJH
«He Gepercsi». Tak, Hanpumep, CYLHeCTBYIOT HepBOOGpasHELIE
ciefylomHuX QyHKIHMA:

sinx cos x

2 2 .
ex, e~ ¥, xtgx, = sin x2,

ViF¥x, T+, Vsinx

' Tnx’

HO OHHM He ABJATCA 3JeMeHTapHeIMH (yHKuuaMH. Hoaromy
npo HHTErpafbi

Se"dx s e=* dx, gxtgxﬂ Ssmx
Scozxdx, Ssinxzdx, Sl/l+x’dx,
(VTFwar, [Veinzar, (2

rOBOPSAT, YTO 3TO — «He(epYIHecss» HHTErpabi.

YnpaxHeHnue

2.4. Hafizure nTerpan:

1) Sx‘dx; 2)55x7dx; 3) g.xfi%;

9 (p—na 5 { @toran

6) S (T—3t—3)dt; 7) S (2u3 —5u2—Tu—3) du;
8) S(%-p-%) a9 S( i— ;71—?-) at

1) { (@x'+ 620 tcx*tdx+eV 2 +/) dx;

1) S x3—3x;s——x+l . 12)3' (x41) (x2—3)d
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13)5 4 V’ 3 g 14)S4xax;

lS‘Sb"ax b>0, b#1), 16) S<t7+7‘)dt;
dx+1

17 5‘2,.3»:: B axn 18) S

P42 5413 x
to) [ SRR Ras @ 20 Sm:

dt dx
21 ————— ——— 2 —_———,
)S Vs —x’ ) S a3 » .ng’—ls
dax
24)5“‘—'/9‘_ = O S'5-2x='

26) S (3e*-|;5sin x -3 cos x+ 4) dx;

sin2x dx
N S sinx ax 28) Ssin*xco's’x !

29) S sin 3x'sin 10x dx;  30) S sin 7x cos 3x dx;

31) S sin x sin 3xdx; 32) S cos 8x cos 3x dx;

33) S sin7xdx; 34) S sin% x dx;

35) S cos 10x dx; 36) S‘cos % dx;

37) s (sm 11x+cos 6x + sm'-;ml-cos-%-x) dx; 4
36) S“’""";x’ ax; 39) { ex+oay,

40 (ex—nrax 4 a4

(6x+7) dx x®dx
42)qu2+7x+4’ 43) S7x°+l’

44)5(;+5‘,’)’ 45)Sx_l/ 3x2—1dx;

46) Scos°xsmxdx; _47) S {’/H-cosx sinx dx;

48) S cos? x dx; 49) S sin?x dx;

50) S Vat—x2dx; 51) S x3ex% dy;

3ax
€os x . T o arnig o °
e

) (: xa-rl-cftgfx dr; 85) y Vs




59 5 V'z7-x2+6x P oo §x2+10x+4l
58 ; 59) | ——=:
)ij—x ) ij2~.L4x+7

dx
)gy-z_l-&—y 61) ‘s\x2+GX+25"
63) lenxéx;

62) Sx3+5x+9 !
64) Sx’ siny dx; 65) S (335-4) In x dx;

66) arctgxar; 67 § (2x —5) e=3* 13
. 68) s arccos xdx; 69) S x c0S & dx.

70) $(2x—3) sin 5 d'x; 71_} S xle=*dx;
72) S V=2 dx; 73) Sarcsm x dx;

74) S e*cos xdx; 75) S % sin x dx;

76)Sm’ ™ § e

. (x+3) ax |

) S x2+7 19 x4
(x+2)dx . 2x 42
80) tr+1' 8” Sx3+2x3—8x

xdx dx | dx
o (55 o (o {emerrere



Fnasa IIL
CONPEJEJIEHHBIH UHTEIPAN

§ 7. Naowanpy KpuBOJAHHEHHOH Tpaneunu

PaccmoTpHM KaKylo-HHOYIb HEOTPHLATENbHYIO HENpephiB-
Hyo ¢yukuuio f(x), x€[a; b].

Qurypa AabB (puc. 11), orpaHndeHHass OTpe3KOM OCH
abcumnce, OTpe3KaMH BEPTHKAJBHBIX NPAMBIX X=a H X=b

B y F

< -

a b =z ol ¢ z =z, z; b <
Puc. 11. Puc. 12.

H rpaduKOM 3aJaHHON QYHKIHH, HA3LIBAETCS KPUBOAUHELHOL
mpaneqgued.

Ipyrumu cj0oBamMH, KPHBOJIHHEHHAs Tpaneuds —sT0 MHO-
ECTBO TOYEK MJIOCKOCTH, KOOPJAMHATHl KOTOPHIX X, y YIO-
BJAETBOPAOT ycaoBUsiM: a< x <b, 0Ty < f(x).

Hailigem naomaas sTofi KpuBoJHHeHHOH Tpaneuuu. s
3TOro OTpesoK [a; b] Toukamu
b—a.,

L

i=0,1,. .,n,
n

X;=a-+

pa3o6beM Ha n PaBHBLIX MO AJHHE OTPE3KOB
[a; %] [*4: x2)s -+ -y [Xp—13 O]

Yepes m; n M, o603nauuM COOTBETCTBEHHO HaHMeHbllee
H HanGonbllee 3HaueHHA QyHKUHH f (x) Ha oTpeske [x;_,; x;],
reedi=1, ..., n.

Kpusoanueitnas Tpaneuus AabB pasobeercsi Ha n dgac-
tefi (pnc. 12). OueBurHo, nJaomaib -l 4acTH He MeHblue
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my(x;—%;-1) W He Goavie M, (x;—x;_;). CresosatensHo,

nJoiafb BCeil KPHBOJNHMHEHHOH Tpaneund AabB ue MeHbuie

CYMMBI
n
mAx, 4 ... +m,Ax, = 2 m;Ax,,
i=1 .
rae Ax;=Xx;—X;_,, H He GOJablle CYMMBI
n
M Ax,+ ... +M, Ax, = M, Ax,.
=1 .

O603HayHB 3TH CYMMbl COOTBETCTBEHHO S, U S,, MOJNyuHM,
4TO Saass YAOBJIETBOPSIET. HEPABEHCTBaM

S, < Saws < S,.

-*3llech c/neBa CTOMT MJOWIaAb CTYneHYaTQH (HUryphl, KOTO-
pasi CONEpXKHTCA B JaHHOH KpHBOJHHEHHOH TpaileuuH, a
crnpasa — nJolians cTynquaToﬁ durypnl, KOTOpas CONEPHHUT
AaHHYI0 KpHBOJMHeHHYyo TpaneuHto. [1pn aocTtaTouno meakoM

pasGueHun OTpesKa [a; b], T. e. npH NOCTAaTOYHO GOJBIIOM 11,

MIouaAd 3THX GUryp Majao OTJHualTCA APYr OT Apyra H
OT TMJOWlaH KpHBOJHHeHHOH Tpaneunn. CneloBaTesbHO,
MOXHO CYHTaTb, YTO MNOCJIENOBAaTeNBLHOCTH (S,) U (S,) HMeloT
OIMH H TOT XKe npele] M 9STOT Npeles paBeH MJIOWANM
¢urypst AabB.

JT0 yTBEepXKAEHHE MOJIyYyeHO B MPEANOJIOXKEHHH CyIlecT-
BOBaHHMA MJIOUWAAH y paccCMaTpUBaeMOH KPHBOJIMHEHHOH Tpa-
NeuxH, OJHAKO HHrAE - elle He JAaHO onpejeneHHe 3TOro
nouatua. [IpoBeleHHbIe paccyXAeHHNA [ENAIOT eCTeCTBEHHLIM
caelyloliee onpeieneHue.

Onpenenenue. [lyctb 3aflaHa HenpephiBHasi HeOTpH-
uareanHas ¢yukuusa f(x), x€[a; b]. Toraa, ecnu npenessr
nocsexoBaTenbHOCTeH (s,) ¥ (S,) CYLULECTBYIOT H PpaBHbI, TO
Ux ofliee 3HaueHHE HAa3bIBACTCH MAOWA0LI0 KpUBOAUHELHOU
mpaneyuu ’

(o Pla<<x <o, Oy <<KF (0}
B § 8 Gyner cthopmynupoBano yTBepKIEHHE, 'H3 KOTO-

poro cJjenyer, 4ro Jiobas KpHBOJHHEHHAsA TpalneuHs HMeer

nJotanep.
[Mpumep 1. [lokasaTh, YyTo MJOMWANb NPAMOYTOJLHOIO
TpeyroabHuKa (puc. 13) ¢ Bepmuunamu B Toukax (0; 0), (a; 0)

1
H (a; b) corjacHO JaHHOMY oOnpeJeJIeHHIO paBHA —2—ab, T. €.
BHIYMC/ISIETCA MO H3BECTHOH GopMmyJe. )
: 71




" \ - o Dadeadabao i -

-
-

"Pewenwue. Hauuni TPeyroNbHUK SBJASETCH KPHBO/H-
HefiHof TpaneuHeid ans GyHKLHH

RN e,

foy=—x, x€[0; a]. —

a . .
Orpesok [0; a] Toukamu x;=—1i, i=0, 1, ..., n, pas-

IeNUM Ha N OTPEeSKOB JJIHHBI %. Torna (cM. puc. 13)

tay=f (xper) == (i— 1),
Ml"—_‘, (xl)=%t’

H NO3TOMY

Orcioza BHIHO, YTO  —

- : b
lim s,= lim S,,=£2-.

n— o N>

Takum ofpasoMm, KokasaHo, 4TO MJOMIalb JGHHOTO TPEYroJb-
HHKa paBHa +ab

2 ' .
3 p P
“
. = .
. |
\ 7 |

a1 a x 0 & z

Puc. 13. . i Fuc. 14.

. Ipumep 2. Halitu naomans ¢urypel, orpaHuueHHOH
4aCTbiO NapaGoJibl ¥ = x® W OTpe3KaMu npaMelXx y=0wn x=a,
rae a> 0 (puc. 14). .
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Pemenwue. Kar u nnpumepe 1, orpesox [O a] roukamH
Xy=- —t t=0,1, ..., n, pasaequm Ha n O'gpesxos n.rmet—n-.
Torna

n n- ’
sn=%zxi—x=%za—l)2' : !

i=| isl
rﬂ
S, ——Zx i,
i=1 < i=|

Bn 7 § 6 u. I 6uio nokasano, 8TO

ii2=n(n+l)(20+l)'

“ 6
CnenoBaTtesibHO, B
. s,,=‘f—; m—%ﬁ-ﬂ__(,_,_ )(""?’;)
S,,—-%- (n—l)nb(2n—l)__3_(]__'|r) (l 2_|_)
U N03TOMY

. . a3
lim s, = lim §, =—
n=> oo n-> o

. . ' 1
TakuM ofipasom; nJiomwaib 3aiaHHO# GUrYPH paBHa ﬁa’.

3amevyanune | PaccmoTpuM cHoBa KpHBOJIHHEHHYIO
Tpaneumio AabB u, Kak H 0ObIYHO, OTpe30K [a: b] Toukamu
x;, i=0, 1, ..., n, paso6beM Ha n OTPE3KOB PaBHOH IJIHHBI.
Ha kaxnoM otpeske Ex,-,; X;] MpOH3BO/IbHEIM O6Pa30M Bbi-
GepeM HEKOTOpYlo TOUKY H 0003Hauum ee E,

Ecan, kak u Boiwe, m, u M, —Haumenbuiee H HaHGONE-
wee 3HaYeHHs PyHKUHH [ Ha oTpe3Ke [x;_y; X;], TO, OUEBHAHO,

<FEI<SM,,

rae i=1, ..., n. YMHOXHMM KaXIOe H3 3THUX HepPaBeHCTB
Ha Ax,—x,—-x, i W TO/NyueHHble HEPABEHCTBA MOYJIEHHO
cnoxuM Toraa nonyuuM caenyiouiee HepaBeHCTBO: )

n

Y- m, Ax, < Zf(g,)Ax, zM Ax,.

i=1
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Orciora cnexyer, 9To npenen

n
lim X fE) Ax
n—> oo i=\
CYLIECTBYeT, He 3aBHCHT OT Bbi6opa Touek &, u Bceria paseH
njomwann ¢urypn AaebB.
Taxkum o6pasom,

lim 24 F(Ed) Bx; =S 508- (1)

n—>ooi=l

3ameuanue 2. Bumwe orpesok [a; b] pasGupaaca Ha
n paBHbBIX NO JJIHHE OTPe3KOB. MOXHO J10KasaTb, 4TO (Op-
myaa (1) ocraerca cnpaBelJUBOH H B TOM cJllydae, ecji OTpe-
30k [a; b] pas6uBaTh Ha n OTpe3KOB NMPOH3BOJBLHON IJIHHBI,
HO TakHX, 4TO HaWOOJAblIash M3 JJIHH STHX OTPe3KOB CTpe-
MHTCA K HYJIO NpPH n— oo,

Ynpaxnenns

3.1. Buuncaute njowanas ¢HryphH, orpanuqennoﬁ qacn:o npsaMoit
y=Xx W OTpesKkamu mnpamulXx y==0 4 x=

3.2. Bmiuscaure naowanp GHrypH, orpauuqenﬂoﬁ 9aCcTbIO NPAMOA
y=2x B OTpe3KaMH NpPsMBIX x=a U x=b, rne a > 0, b > a.

3.3. BriuncauTte nJiowazb KPHBOJMHEHHOH Tpameuun, onpeieasemol
rpadnkoM yHKUHU y==e* Ha oTpeske Ol x < |

3.4. logaxkuTe 9YTO ONOMIAAbL KPHBONWHEWHOH TPaNelHH, onpejeJses
MOfi wacTbio napabodm g=1—x3 (0 x < 1), paBHa 2/3.

§ 8. Onpenesennbii uHTErpan

1. Onpepenenne muterpasa. PaccMorpum ¢yHkumio f(x),
onpegenenHyio Ha orpeske [a; b). Kak u B § 7, orpesox
[a; b} Toukamn

b
xy=a+=>=, i=0,1, ..., n,
paso6peM Ha n paBHLIX NO LJMHE OTPE3KOB.

B kaxnom Ws sTuX OTpesKOB [x;-f; X/), i=1, ..., n,
OpoU3BOJIbHEIM O6pa3oM BuibepeM O OAHOH TOYKe U 0603Ha-
YHM ee E[. E,G[x,-i, x,]

Torza cymma

f(gi)Axi-t' e +f(§n)Axn= '_gl' f@i)Axh

rae Ax; = x;— x;.1, HA3LIBACTCSH UHME2PANLHOU CYMMOIL DYHK-
uud |
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OueBuano, 5Ta CyMMa 3SaBHCHT M ©T TOTO, Kaxk pasGur
orpezok [a; ], n or Tero, Kak BHOpaHH ToukH ;.
Onpenenenune. Ecau npenea

n
lim 3 f &) Ax,
R>wi=]l
CyLIeCTBYeT M He 3aBHCHT OT BuiGopa Touex §;, TOdyuxuan
[ muasbiBaetcsl unmezpupyemoil Ra orpeske {a; b], a npenea
HA3bIBAETCS ONnpedeseHHbIM UHMezpasom OT GYHKUHH [ Ha
orpeske [a; b] m oGosHagaercs

b .
§Fxax.

dro o603HauEHHE YHTAETCS: «HHTErpad oT @ Ao b oT ¢yHK-
uuH f(x) mo dx» nam, Kopoue, «MHTErpaa or a o b ot f (x) dx».
3Hak S HAasbIBaeTCs 3HAKOM Urmezpara, PyHKuus f — nodoin-
mezpaavtoli QyHKyuell, nepeMeHHas X — repemenHol unmespu-
posarus, Bhlpaxenue f(x)dx — nodeimezpasbHolm 6bipasice-
Huen. Uncaa a v b Ha3BIBAIOTCSA npedeiamu Usmepuposanus,
COOTBETCTBEHHO, HMJKHHM H BEpXHHM.

Takum o6pasoM, COIVIaCHO ONpPENEEHHIO

b n
I @dr=1lim 3 f@E)Ax;.

3ameruM, 4TO WHTErpaj He 3aBHCHT OT TOrO, Kakoil GyK-
BOii 0603HAaueHa MepeMeHHas WHTErPHPOBaHHSA, TAK YTO, Ha-
npumep,

b b b
Crwar=(faydr = (f@yde.

[TpumMepbl HENMOCPEACTBEHHOTO BBIYMCJ/IEHHS ONpele/eHHbIX
HHTerpanoB {HCXOAS HENOCPEACTBEHHO U3 onpeAesieHUus) Oblin
Jaubl B § 7 (cMm. npumepnt | H 2).

2. Teopembl 06 uHTerpupyemMocTH GYyHKIHHA Ha OTpe3ke.
[NpuBeneM Ge3 NoKasaTesbcTBA CJEAYIOIHE TEOPEMh.

Teopema 1. Ecau pynxyus f (x) MoHomonna na ompesxe
[a; b], mo ona unmeepupyema Ha smom ompeske.

Teopema 2. Ecamu ynxyus f(x) HenpepoisHa na om-
pesxe [a; b], mo ona unmeepupyema na 3mom ompeske.

Koneuno, ecan f{(x) ¥ MOHOTOHHa M HenpepbiBHA Ha{a; b],
TO OHa HHTerpHpyema Ha [a; b].
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3ameruM, 4TO OFpaHuueHHBle (YHKLHH, BCTpedalolyecs
Ha NpaKTHKe, KaK MPaBHJIO, HHTETr PHPYEMbI Ha JIOGOM OTpe3ke,
Ha KOTOpDOM OHH S8alaHBl.

3. Mpumep nemnTerpupyemoit pynkuun. Ha orpeske [0; 1]
paccMorpum ¢yHKLHiO Jlupuxne. Oua pasHa 1 B panHoHanb-
HBIX TOYKaX H HYJIO B HPpauHOHAJBbHHIX TOYKaxX. Ilostomy,
ec/i¥ B MHTErpalbHBHIX CYMMaX B KauecTBe Touek £; BHIOHPaTh
HppauHOHAJLHBIE TOYKH, TO

. ‘gn fE)Ax,= 23‘ 0-Ax; =0,

H, CJelOBaTeNbHO, Npelen STHX cymM npH n— 0 pased 0.
A ecau B kauecTBe &; BHIGHpAThb pauHOHAJbHBIE TOYKH, TO

2 @) A= 2.} 1-Ax; = Z" Ax, =1,
il - im) - =

H, CJENOBaTeqbHO, Mpeles 3THX cyMM paBeH 1.

Taxkum o6pasoM, ias GyHkuun Jdupuxae na orpeske [0; 1]
npenes HHTErpasbHBIX CYMM SaBHCHT OT BhIopa Touek &,.
310 u o3navaer, 4TO ¢ynkuus Ilnpuxne He aBAsETCA HHTEr-
pupyemoii na [0; 1].

§ 9. CsoiicTea OnpenefeHIIbIX HHTErpaios

1. OcHoBHWe CBOWCTBA OnpejejieHHbIX MHTErpasos.
1. [ast 06020 OUCMBUMEALHOZ0 4UCAQ O

Sadx=cc(b—a). (1)

B camom nene, ans n06GOA HHTErpaspHOR CyMMB! GYHKUHH
[(x)=a, x€|a; b], umeenm :

2 1E)Ox, = 2‘1 alx;=a 2' Asy=a(b—a),
ie) = i= .
H TO3TOMY npeses TAKHX CYMM TpH n— oo paBeH a (b—a).
2. Ecau gpynxyus | (x) unmeepupyema na ompeske [a; b},

mo 0aa 06020 O€riCmeumenbrozo uucaa o GyHKKUA of (x)
makxce unmeepupyema na [a; bl u

' b
Sai (x) dx=c'.Sf(x)dx,. 2




M. e. NOCMOSAHHBIL MHOMWUMENd MONCHO BbIHOCUMb 3@ 3MAK
(Hmezpaiq.

[JeiicTBUTENbHO, AN9 Mo60#H MHTErpajbHOA CyMMHE (yHK-
uun of (x) umeem

n n )
‘%‘I af ;) Axl=°‘i2:l f € Axy,
4 TO5TOMY

lim Z,af ) Ax,=o lim zf@,)Ax,_an(x)dx

n->oe (=l

a 9TO M oO3Hauaet, uTo ¢yHKUHSA af (¥) WHTerpupyema Ha
[a; b] n cnpaBemuBa dopmysa (2).

3. Ecau @ynkyuu f(x) u g(x) unmeepupyemot Ha ompesxe
{a, b]] mo ux cymma f(x)+ g (x) maxie unmezpupyena Ha

S(f(x)+g<x»\dx=§f(x)dx+Sg(x)dx, @

m. e. UHMeE2Pan om CyMmb. PAGeH CYymme uumeapa/toa
JeficTBuTEIBHO,

S(f<x>‘+g<x»ax= lim -3 ¢ €)+g @) Ax,=

llm Z f € Axl‘l‘ hm 24 g Ey) Ax,=

= 1w art S ax

4. Ecau na ompeske [a; b] ¢ynxyuu [ (x) u g(x) urme-
epupyemot U,

fFo<g®, ' )
mo cnpasedAuso HepaseHcmeo
b b ) v =
S f(x)dr< S g (x)dr. (5)

B camom pene, H3 HepaBeHcTBa (4) cJaenyer, 4To s
JMOOBIX  HHTErpajbHBIX CyMM JJ4 qaym(unnf(x) H g(x)
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BLHIOJHisieTeST HePaBeHCTBO:
iz, [ @) Ax< 1241 g €) Ax,,

M3 KOTOpPOro B Npejese MPHU 7 — 0o H NOJYYaeTcsi HepaBeH-
ctBo (H). . .

5. Ecau ¢yuxyus [ (x) unmeepupyema na ompesxe [a; b],
Mo OHQ uHmMezpupyema Ha A060M ompeske, COOepHcAUEMCS
6 [a; b]. Kpome moeo, ecau dynxyus f(x) unmespupyema na
ompeske [a; ¢] u unmezpupyema na ompeske [c; b], mo ona
unmezpupyema Ha ompesxe [a; b] u

b c b
Srwdr=(Foart (F e ar. 6)

310 CBOHCTBO MBI IOKa3bBaThb He OyleM.
2. CiaeacTBHSl M3 OCHOBHBIX CBOMCTB:
Cnencrsue 1. Ecau na ompeske [a; b] pynxyuu f (x),

g (x) u @ (x) snmezpupyems: w ,

m@ (x) < f () < Mg (%),
mo.
) b b b
m§owdr< (furde<M § g ax )

B wacmuocmu, ecau m<Xf ()< M, mo

b
mp—a<{fa<Mp—a. @

HepasencrBo (1) sBnseTcs HENQCpeACTBEHHAIM CJIEACTBYEM
cpoiictBa 4, a HepaBeHcTBO (2) caemyer u3 (1) ans ¢ (x) =
='g(x)=1 u cpofictBa 1.

. CnencrBue 2. Ecau na ompeske [a; b] ¢ynxyuu f (x)
u g(x) vnmeepupyemor u

If(x)| < Mg (%), 3

b .
<M gnax. 0))

b,
Sf(x)dx

a




B -uactroetH, ecau |f (x)| <M, TO

b
§fma|<Mp—a). | ®)

Jleficteutensto, H3, (3) clelyer, 4To

~Mg(0)<f)<Mg(),

d MO3TOMY .
b b b
~Mf g ax<§Fwar<M [ g ax,

a 370 n O3HayaeT, YTO BLINOJIHAEFCS HEpaBeHCTBO (4), Tak

Kak M S g(x)dx>=0. Hepasencrso (5) aBasiercs yacTHHIM

c.nyqaeM HepaBeHcTBa (4) npu g(x)=1.

3. Hekoropbie o6oGmenusi. Brie Ghla paccMOTpeH onpe- .
JieJIeHHEIA HHTerpaJl B cllydyae, KOrjia HHXXHHN [pelie]] HHTErpH-
poBaHHs MeHbllle BepXHero. Ha nmpakTHKe Takoe orpaHnueHue
BbISHIBaeT HeKoTOphie HeynobcrBa. YUToO6H OCBOGOAHTHCH OT
5TOr0 OrpaHHYEHHs, BBeleM Clelyiomiee onpe.ue.nenne.

Onpene.neane. Ecmn a= b TO Sf(x)dx 0.

Ecau a<b, 10

a b
- JFwdr=—{F0ds. .

IMocnennsis dopmyna osHauaer, 4TO €CJH B HHTErpaje
NOMEHATh MECTaMH INpelieNbl HHTErPHPOBAHHSA, TO HHTErpas
H3MEHHT 3HaK.

Jas TakuX HHTErpajoB CIpaBelJ/IMBHI BCe CBOMCTBA onpe-
Ile/leHHBIX HHTETrpaJioB, KpoMe cBoOficTBa 4 M CJIEACTBH#l U3
HETO.

CrofictBa 1, 2 u 3 mnpensaraercd YHTaTe/MO AOKa3aTh
CaMOCTOSITeJIBHO.

CsoiicTBO 4 1/15 HHTErpaJoB, Y KOTOPHIX HHIKHHI mpeneJ
HHTErpupoBaHusa GoJibiue BEpXHEro, dopmyaupyercs ciaenyio-
KM o6pasoM:
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Ecau na [a; b] dynkyuu f(x) u g(x) unmeepupyesiol u
f(x) < g(x), mo cnpasedaugo Hepceercnieo .

Sf(x) dx> S g (x)dx.

3ro HepaBeHCTBO nonmyuaercss u3 HepaseHctBa () m. 1
yMHOXeHHeM Ha —I1.

CooTseTcTBYIOUMM 06pasoM H3MEHATCHA H HepaseHcTBa (1)
u(2) o 2.

Kak u pam;me, ecam |[F(x)|<M Ha [a; b] T0

<M (b—a).

CeoficTBo 5 npH "TakoM OGOCLIEHMH HHTErpaja. TaKKe
ocTaeTcsi clpaBelJIuBhHIM.

Bonee Toro, mia moGbIX TpeXx TOYEK ¢y, £, H C; U3 06J1aCTH
onpezieieRH ¢ynkuuu f(x) cnpaBeanuBa ¢dopmyJa

Sf(x)dx= {fmast Sf(x)dx._ (1)

Ecnn ¢, < ¢, < ¢, TOo 310 —(hopmyaia (6) us n. 1. Ecun,
Hanpumep, ¢, < ¢; < ¢, TO

§f(x)dx = 'S‘f(x)dx + S‘f(x)'dx

HJIH

-~

Cs <y Ca
§iwdr=— §fwax+ §fwar.
€y Cs Cy

INomensB MecTaMH npenesisl HHTErPHPOBAHUS C; U €5,  TIO-
ayunm gopmyay (1).

OCTaJIbHBIX CJydasnx opmyaa (1) ZIOKa3bIBAETCS aHa-
JIOTHYHO.

4. Teopema o cpepnem. Jl15 HenpepsIBHON yHKUHH Crnpa-
BelVIMBA CJENYIIIAs WHTEPeCcHas TeopeMa, KOTopas Hasbl-
B2CTCS MeopeMoli 0 cpedHem Oas ONPe0eseHH020 UHMe2Zpaia.

Teopema Ecau ghynxuus [(x) Henpepoiera Ha ompesxe
[a; b], mo cywecmsyem Ha [a; b] maxaa moura &, amo

Sf () dx=F (&) (b—a). . m, 1




HokasaTtenabcTBO. 3aMeTuM, 4TO ecaH a=b, TO
paBeHcTBO (1) oueBuino. B 3TOM ciyyae B HeM M CjieBa H
cnpaBa CTOHT HYJb, TaK YTO COJEPXaTeNbHbIM SABJSETCA
aub caydad a < b. ’

[Myctp Teneps a < b. Uepes m u M o6o3nauum cOOTBET-
CTBEHHO HaHMeHbllee H HauGoJibluee 3HayeHHs QYHKIHH [ (X)
na orpeske [a; b]. Torna m<f (x) <M ans moGoro x u3
[a; b], u noatomy

b
- me—a)<[fwdr<Mb—a)

-a

Pasge/nB MOYJEHHO 3TO HepaBeHCTBO Ha b—a > 0, moay-
ydM HepaBeHCTBO

b
mgb—_‘_an(x)dng.

Orciona u caenyer gopmyaa (1). JleiicTeutensHo, Tak KaK
f (x) nempepniBHa Ha [a; b], TO OHa npuHMMaer JioGoe 3Ha-
yeHue M3 OTpe3ka [m; M], W MO3TOMY CyLIeCTBYeT TaKas
Touka &€ [a; b], uTo -

b
F& =5 | fyax.

Teopema nokasana.

Ilna HeoTpuuatesnbHON (QyHKIHH TEOPEMA O CpeLHEM HMeeT
NpOCTOe reoMeTpHUeCcKoe HCTOJIKO-
BaHne B Hem yTBepxknpaercsi, uTo Y N
njowanb KPHBOJIHHEHHOH Tpane- /
LIHK, COOTBETCTBYIOWEH (HYHKLHH
f, paBHa nnomwans npsaMOyroJib-
HHKa, Yy KOTOpPOr0 OCHOBaHHE

pPaBHO OCHOBaHMIO TpamneuwH, a ~ gl g z bz
BbICOTA pPaBHAa OAHOMY H3 3Haue- =

HU#l  HHTerpupyeMol  yHKIHH Puc. 15

(puc. 15). : ‘

3ameuanue. Popmyaa (1) cnpasesinBa He TONBKO Ansl
HHTErpaJioB, Y KOTOPHLIX HHXHHHA npejej HHTErpUPOBaHHA
MeHblIe BepXHero, HO W JJIl HHTErpasoB, y KOTOPHIX HHX-
HHI npelen 6GOJibIIE BEpXHEro.
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IeficTBHTEABbHO, NMYyCTh (yHKUHSA f (X) YROBAETBOPSET BCEM
YCJIOBHAIM TOJBKO ¥TO JOKa3aHHOH TeopeMul. Toraa

§f(x>dx=-—,§f(x)dx=—f(§)(b—a)=f(§) (a—b),

tae E€fa; b].

5. OnpenenieHHbli HHTErpaj C nepeMEeHHbLIM BEPXHUM .Mpe-
genom. IMyerb ¢yHkuus f(x) HenmpepeiBHa Ha orpeske [a; b].
Toraa ona uHTErpHpyeMa Ha Jio6oM orpe3ke [a; x], rae
x€[a; b]. PaccMorpaM $yHKRA )

m(x)=Sf<t)at,’ x€fa; b]. | (1)

3ra QyHKUHA HasbIBaercs UHMEEPAAOM C NePeMeRHLLM epx-
Hum npedesom.

3ameruM, uro B (1) nepemennas uHTerpupoBaHus 06o-
3HayeHa GykBofi £, Tak Kak GyKBoil x 3Jiecb 0603HaueH Bepx-
HWA [peJieNl MHTErpajsa (slech OH SABJACTCA HE3aBHCHMOW
nepemeHHo#t ¢ynkuuu @).

Teopema. Ecau gyuxyus f{x) nenpepoiera na ompesie

[a; b], a<b, mo @ynkyus (1) umeem npouseodnyo na [a; b]

u® ()=F (x), m.e.
=lioa=iw. @

OueBuino, B TOYKAX a H b HMeeT CMBICJ TOBOPHTBH JIHIIb
06 ONHOCTOPOHHHX MNpOUsSBOAHBIX (yHKUHH D (x).

dra Teopema HasbIBaeTca meopemoil o dughpepernyuposaruu
uxmeepasa no eéepxHemy npedeny.

HoxasatenbcTBO. Hs _onpeiesienns byHknHU (D(x)
U CBoiicTB mHTerpasa (cM. cBOMCTBO ) cienyer, uro

owW—0u) = fOa—{ foa={fou

Xo

Ias moObiXx x ¥ X, u3 [a; b]. K nocnennemy unrerpany npu-
MEHUM TeOpeMy O CpelHeM (CM. TaKxKe 3aMeyaHue B KOHIE
n 4). Torza ’

O (x) =D (x)) =F ) (x—X,),
rme E€[xo; x], ecan x, <x, B EE[x; %], ecnn X< Xy
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Takum oGpasoM, Aad mobOro x =% x, HafifleTcs Takoe g,
fexaillee MeXAy ¥ H X,, UTO
- ‘ D (x)— D (x) =f (g)

. x—Xq

Tak kak ¢yHkuus f(x) wenmpepsiBHa Ha [a; b], a cueno-
BaTeIbHO, H B TOUKe X, € [a; b], TO
D (x;) = lim 2O=PE)_ [im § &) =F (x,).
X = Xo X=X X > Xo

OueBujHO, B ToUuke x,=a y @ (x) Gyaer npasas IPOU3BOX-
Hasg, a B TOYKe X,=b—JeBasi Npou3BoAHas. TeopeMa JAOKa-
3aHa.

31y TeopeMy KOpPOTKO ‘MOXKHO C(OpMYJIHPOBaTh CJenylo-
mwuM 0o6pasoM: 041 HenpepvigHoil (yHKyuL npoussoOHas UH~
meepasa no eepxHemy npedeay pasna camoi PyHryuu.

B nuddepennnanax dopmysa (2) HMeer BUK

@y di=Fmdx, 3)

T. €. aupdepeHuUHan OT HHTEFpana MO BepXHeMy Mpeleay
paBeH MOIBLIHTErPaNbHOMY BHIPAXKEHHIO.

M3 poxasaHHO# TeopeMHl caelyer, 4To y Jio6oi HernpepriB-
HOH (YHKUHH uMeeTcss nepBooOpasHas, KoTopas sABJsercs
ofipefle/IeHHEIM HHTEPPaJioM C NepeMeHHbLIM BEpXHHM Hpele-
JOM OT JAaHHOH (PYHKUHH.

»
-

§ 10. MeTtonbl BbIUMCAEHUS OMPeEAeHHbIX- HHTETPANOB

1. ®opmysa Hbiotona — Jleit6uuna. Hamomuum, bdyHK-
uus F(x) HaseiBaeTcs nepBooGpasHoit A4f ¢yHKuHH f(x) Ha
OTpe3sKe L‘a; b), ecan F(x) umeeT MpOM3BOAHYIO Ha OTpe3Ke
[a: b] u F' (x) =f (x).

Teopema. Ecau gpynxyusn f(x) Henpepoisra ra ompesxe
la; b], a ¢ynxyusa F (x) sersemcs nepecoGpasanot 0as [ (x)
Ha [a; b], mo cnpasediusa gopmyia )

b
{faxr=FO)—F@. M)

dra ¢opmysra HasmiBaerca gopmymd Hetomona— Jleii6-
Huya
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IHoxaszatenbctBo M3 Teopemn o mndpdepenunposa-
HHH HHTErpana No BepxXHeMYy npeleay chelyeT, 4TO GyHKUHA

1 4

® 0= ft)at

a

siBasiercs nepBooGpasHoil 4as QyHKUMH [ (x) Ha “oTpesKke
{a; b} Tax kak u ¢yHkuHs F(x) sBaseTcs nepBooGpasHoi
s f(x) Ha [a; b] To pasHocTk P (x)— F(x) pasHa Heko:
Topoli noctosHHoil C Ha Bcem oTpeske [a; b], T. €

D(x)=Fx)+C.
l'Io.noxmB_ 3lech CHauala x=a, a 3aTeM x=>,, NOJYyUUM

®(a)=F (a)+-C,
@ (b)= F (b)+C.

Tak kak @ (a)=0, T0 C=— F (a), H NO3TOMY
@ (b) = F (b) —F (a),
i (3

b
@ b)={ f (x) ax.
Teopema noKa3sana.

. Yacro Bmecto pasuoctu F(b)—F(a) nHwyT F(x)[,,, H
TOrJa cpopmy.na (n npnﬂnmae'r BUI .

Sf @

Ora dopMyna uynTaeTcs TaK: <«HHTerpa’a OT a 0 b or f(x)
no dx paBeH MOACTaHOBKe OT a Jo b ot F(x)».
b

Tak kak f(x)dx=dF(x), T0 BMmecTO Sf (x)dx nunyr

SHF () u rosopsT: «nn’rerban oT a no b or nndxbepenuna.ua-

dF (x¥)» um, Kopoue, «HHTerpaa OT a@ JO b or dF (x)».
Taxum obpasom,

‘Sf(x)dx_=SdF<x)=F<x)'j=F.(b>—,F(a),
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T. e. HHTErpan ot a JO b or aubdepeHnnana HeKoTopoh
(yHKIMH paBeH Da3HOCTH €e sHaueHui B TOYKax b U a.

Kak yxe ormedanoch, ¢opmyaa (1) naswbiBaercs opmy-
aoii Hpiorona — Jlefi6uuua. Ona HasBaHa B 4ecTb ABYX BeJH-
Kux cosfarenedl quddepeHnHaNbHONO H HHTEr paJibHOrO HCYHC-
nennfi M. Heotona u I'. Jleit6uuua, IIBa ncuucnenns, andg-
(epeHIlHaNbHOE W HHTErpajbHOe, Pa3BHBAEMBIE HE3aBHCHMO,
¢ -moJiyyeHHeM 3TOH (GOpMYJbl OKasbBAOTCA TECHO CBfA3dH-
HbIMH H .OGBEIHHSIOTCS B €AHHYIO TEOPHIO — MaTeMaTH4eCKul
aHain3, Tak urto dopmyna Heiworona —JlefiGuuuna no npasy
MOXeT OblTb HasBaHa LEHTPaJLHON TeopeMoft MaTeMaTHuec-
KOTO aHaJ/u3a.

®opmyna HbioTona —JlefiGuHa nosBossieT BHYUCAATD
onpeleneHHble HHTErpanbl 6€3 HHTErpajbHHIX CYyMM H npe-
LeNBHOTO Mepexofa B TeX CcJyuyasfX, KOorja H3BecTHa XOTH
Gbl OlHA NnepBoOGpa3Has NOABIHTEr paisHOl GyHKIUM. MeToMib
OTHICKaHHA NepBOOGpasHbIX GbliM pasBHTH panee, B ra1. 1.

PaccMoTpHM HECKOJBKO NpHMEPOB Ha BBIYHUCJEHHE OIpe-
JeJIeHHBIX HHTErpajoB ¢ IoMollbio ¢opmyas HbioTona —
Jleiitbuuua.

1
[Npumep 1. Bouncaum Sx”dx. .
0

Tak kak ¢yHkuua —;-qc" ABJAsieTC nepsBoo0pasHoOf Ans
¢yukunu x2, 70 no dopmyne HoioTona — JlefiGunua
] .

§x’dx=—]-x‘ ‘

L
3 o 3°

. ] .
Mpumep 2. Bruucaum S(x-l—sinx+x‘°)dx.
-l

Tak Kagk uHTErpas OT CyMMbl paBeH CYMMEe WHTErpaJioB,
I, |
a ¢ysKLHHY ?x’, —COS X, l—lx“ ABJAAIOTEA 11€pBOOOPa3HLIMH
COOTBETCTBEHHO JAd X, Sinx v x'°, TO

1 | |
§ (xtsinx+x9dr= xax+ (sinxaxt § xoax=
-l ! -1 -1

==-;-xie|'_' -|.(—-cosx)_,‘_l +|'_]xu I'.l___.
=%(1—1)+(-°051*cos(—1))+ﬁ(1 +1)-_—.%,
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1
ClieRoBaTENBHO, S {x +sinx +x*)dx = %
-1

2 _
MMpuwmep 3. Bbmucaxmgf(x)dx, rae f(x)=e*, ecau

o
x€{0; 1], n f(x)=2x, ecun xegl; 2].

aK Kak yHrerpaia or 0 Ao 2 paBeH cyMMe HHTErpaJjioB
or0Oao{iuworl ao 2 10

2 . 1 9
Sf(x)dx=Se"dx+S 2xdx=ex];+x‘ﬁ =
0 i
O =e—1+4—1=e+2.
2
CaenobarenbHo, S F)dx=e+2.
0

2. BouncjeHue onpefesieHHbIX HHTErpaA0os METOAOM MOA-
ctanoBku. IIpn BhiuKMC/eHHH onpeliesIeHHBIX HHTErpajioB, KaK
M HEONpeJe/JieHHbIX, IIHPOKO HCMONb3yeTcs MeTOH MNOACTa-
HOBKH HJIH MeTOJ 3aMeHhl NepeMeHHOH HHTerpHpOBaHHUS.
Cchopmysupyem u J0KaxeM COOTBETCTBYIOILYIO TEOpEMY.

Teopema. IMycms pynxyus f(x) Henpepvisra 8 w060l
mouke x=q(t), 2de t€|[a; P, u nyemo a=e¢(x), b=0 ).
Tozda, ecan ynryus @{t) umeem HenpepoisHy1O npPoOUsEo0-
HYto, mo cnpasedausa credyrouian dopmyia:

b ]
(fwde={ Fo@ e @ . (3)

Ora ¢dopMysa HasbIBaeTCS (POPMyA0ll 3ameHbL nepemerHod
UHmMezpuposarus 6 onpedereHHom uHmezpae.

HokasateanncTBo. Tak Kak ¢ynkuusa f(x) Henpe-
pLIBHA, TO OHa 00A3aTeNbHO HMeeT nepsoobpasHyw. O6o3na-
uuM ee F (x). Torna caoxuas pynkuus F (p{¢)) 6yzer nepso-
obpasnoit jnsa ¢yukuun f (9 (¢)) ¢’ (9).

BuiuncanM Tenepb uHTerpanst or ¢ymknm#t f(x) u
f (9 (¢)) @' (#) no dopmyne Hpiorona —JlefiGHuua:

b .
. Sf(x)dx=F(b)—F(a), ©

<]
(o) e ) dt=F@@)—F @©). 3)
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[To .ycnoBuio h=q (B), a a =@ (a), ¥ NO3TOMY npabBbie YacTH

B (2) u (3) paBun. CienoBaTenbHO, PaBHBLI M JIeBble 4acTH,

1. e. cnipasesnuBa ¢opmyna (1). Teopema Eokasana
Qopmyay (1) MOXHO 3anucaTh B CJedyloieM BHIE:

b [|]
(rmax={f@a)dew. )

Takum o6pa3oMm, npu saMeHe NepeMeHHOH HHTErpHpoBa-
uus x=@(f{) caenyer, BO-NepBHIX, NMOJ 3HAKOM HHTErpa’ia
BCIOAY 3aMeHATH X Ha ¢ (f) H, BO-BTOPbLIX, COOTBETCTBYIOMHM
06pa3oM H3MEHHTBb NpeNeJH HHTErPHpPOBaHHA

[lpn BhIYHC/EHHH ONpelesieHHBIX HHTErpanoB (GopmyJsl
(1) ¥ (4) NpHMEHSIOT He TOJLKO CJieBa HanpaBo, HO U CIIPaBa
HaJIeBo.

I0BOMIBHO 4AacTO BHIYMC/IEHHE HHTErpada oT f (@)@’ cBa-
IAT K BblYHCJEHHIO uHTerpasa oT [ B srom cayuae ¢op-
myasl (1) u (4) yro6Ho mepenucaTb B CJeAylollleM BHJE:

X))

[
(feuwe wa= § @ a, ®)
o ola)
‘B ®(B)
(o dem= § Fway (6)
o Q)

(3mecn u3meHeHB 0603HaueHHs NepeMEHHbIX HHTErPUPOBAHHAL
{ HAa X, a X HA Y.)

Taxum ofpasoM, eciu MOABHTErpasbHOE BbIpaXeHUe
umeer BUI f (@ (x))do (x) ua¥ OPUBOAMTCS K 3TOGMY BHAY, TO
MOXHO JefaTh saMeHy y=¢(x). Ias 3TOro HyXHO non
3HaKOM HHTerpaia BCIOAY BMECTO @ (x) MOACTaBHTDL ¥, a Npe-
JeNbl MHTErPHPOBaHHS @&, P SaMEHHTb COOTBETCTBEHHO Ha

?@), @)

2
Mpumep 1 Beiuncaum chosx’dx.
1

I[lpumenum ¢opmyay (1), nonoxus x=V{. ona sroro
Hallo BClOAy X 3aMeHHTb Ha }/'¢{ u cooTBercTByionuM obpa-
30M H3MEHUTb Mpele]bl HHTErpHpoBaHHA. 3lech {=x3%, u
MO3TOMY B HOBOM HHTErpaJjie MpeAejiaMH HHTEIPRPOBAHHA
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Gynyr 1 n 4. Taxnwm oﬁfaasoM,
2

8 L}
' choéx’dx=g VicostdV'i =SVt_cosl—-]—_dt=
i A i 2V

1 | . ! . .
= costdt=~2-sm{||=3(sm4—-sml).
1

[MokaxeM, KaK STOT HHTErpaJj MOXHO BbLIUHCJHTb C MO-
mouibio ¢Gopmydsl (6):
2 2

2
chosx’dxé%Scosx’ 2xdx=%‘$cosx’d(xﬁ)=

4-
=1 Scosydy -smyl =—(sin4-—sml)

31ech crenana NOACTAaHOBKa y= x2.
2

Mpuwmep 2. Bruucaum S xsin x?dx.
Tax " kax

2
Sx'sin x’dx=% sin x*d(x?),
-l

L:”M

TO nojoxuM y=x2 Torzna

2 4

stmx’dx smydy——(—cosy)l =
21

='—,1,—(cos 1 —cos 4).

3ameTnM, uTo 37ech zenath 3ameny x=V/{ uenw3s, Tak
kKak }/t >0, a B JaHHOM uHTerpajie x NPHHAMAET U OTpHU-
HaTesJbHBIE 3HaYeHHs. “
. '3
I[Tpumep 3. Boiuncaum unterpan ot 0 no 5 OT QyHk-

Uy etin * cos x.
* MMeem
n/2 /2.

Se"‘“‘cosxdx— Se""*d(smx) Se”dy e’l =e—1"
0 0

3mech clenaHa MOACTaHOBKA y=sinx.




3aneTuM, YTO STOT HHTErpas, Kak W WHTerpajbl u3 npH-
mepoB 1 H 2, MOXHO BHIYHCJAHTL €3 SaMeHbl NepeMeH:of
unterpuposanusn. llefcTButenno, -
n/? n/? n/2 :
S esn 3 cosx dx = S e xd(sin x) = S d(esn*)=
0 0 0

=egsin x [:’2 =eg~1.
n/2

[Tpumep 4. Bruucaum ax

I4+cosx®
. 0
Ilna Haxem/leHHs HeonpeleseHHOro HHTerpaja or q)ym(- :

gz fd} f(x)=m BOCIMOJIb3yeMCSt OACTAHOBKOMH tg ==1,
Tounee, chnenaem cieayioulylo saMeHy mepeMeHHOH nmerpu-
pOBaHUSA: ’
x=2arctg ¢.
V3 ¢opMy] TPHFOHOMETDHH CJELyeT, UTO
. .
—tg2
cosx—I By _1-n
_-_—-=—2-,
14 tg2 2 1422
. - 2 -
H [03TOMY A
1 __ 1 142 141
14cosx - | —12 l+t’-}-1-—-t2 2 °
Ry
IToacuntaem Temepnb dx: -
dx= 2 (arctg t)’ dt—H_t,dt

Hakonen, Tak kak tg 7-—-0 tgﬁ—tg——l TO B HO-

BOM HHTerpaje IpelesaMH HHTErpHpOBaHHA HYXKHO OpaTh
Owul. .
Taxkum o6pa30M,

1.

!
412 2 _
ISH—cosx S l+t’ é\dt_l'

0.

/2
Mpumep 5. Bruncaum

2 cosx’
0




Monoxum tg 3-=¢. Torza

cosx=1=8 gx=-—2_at

TR 14t

H HHTerpaa mno d¢ HyxHo Gpath otT 0 mo 1.
C.nezlosaTe.ano,

/2 1 1
e 142 2 .2
§2+cosx_§2+2t3+l—t’ 1+t2dt “§3+t2dt'

Tenepb .cllelaeM HOBYIO 3aMeHy t=V§y:
t 1/V3 . vy

/
2 = Ay
bgmd‘" OS V3= S o

Takum oGpasom,

:u/2 X i3
dx dy 2 arct ws
2)2+cosx V3 ) TFAT V3 gy =
2 1 2 n n
V3R YT YIs Ty

3. Boiuncnenue onpejeseHHbIX HHTErpajoB METOLOM HH-
TerpupoBaHus no uactaM. Kak usasecTHo, ¢opMyJia HHTErpH-
pOBaHHA MO YacTAM A Heonpele/NeHHBIX MHTErpaJjioB AOKa-
3bIBA€TCSI HHTETPHPOBaHHEM pPaBEHCTBA .

(uv) =uv’ 4-vu'. 03]

AuanoruuHo JokasbiBaercsi u (OpMysa HHTErDHpPOBAHHS
N0 YacTSM IJs ONpejeseHHBIX HHTErpaJjos.

Teopema. Ecau gpynxyuu u(x) u v(x) umerom Henpe-
poigrbie  npoussodHvie - Ha ompeske [a; b], mo cnpasediusa

dopmyra . \
gu(x) v (x)dx=u(x)v(x) iZ—S v(x)u’ (x)dx. 2)

n

KopoTko sta ¢opmyna sanucbiBaeTcsl Tak:
. b 5 b
Sudv=uv|a —Svdu. 3)
a a

®opmyaa (2), kak u dopmyna (3), HasuBaeTcs Popmyrol
URMP2PUPOBAHUL . NO HaCMAM LJ5i ONpEleJeHHOro MHTEerpaJja.

L
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IlokaszaTteabcTBo. . M3 pasenctsa (1) caeayer, uro
) :

b b
S (uv)' dx = S uv' dx + S vu' dx,
a a a
b
a Tak Kak HHTerpal OT (uv)’ paBeH MOACTaHOBKE V|, TO

uvl Suv dx+Svu dx. -

Orciona u caenyer ¢opmyaa (2). Teopema jnokasana.

QopmMyJia HHTErpHPOBaHHA MO YacTAM CBOJHMT BHIYHCJIE-
HHe OJHOro HHTerpana K BBIYHCJEHHIO APYroro HHTerpaja.
EctecTBeHHO, CTpeMATCA K TOMY, 4TOObI MOJYy4YeHHbIH HHTE-
rpas OblI Ipolle HCXOAHOro ujau Gojiee yNOOHBIM A H3Y-
yeHHS.

3
l'IpHMep 1. Beruucnum Slnxdx

[Tpumenum dopmyay uu'rerpnposaﬂna IO YacTfM, MOJoO-
XKuB u=Inx, dv=dx. Torna

3 . 3
§ lnxdx=xhixlj—§xd(lnx)=

3 3
=31n3—5x%dx=31n3—5dx= 3In3—2.

MMpumep 2. Bobuncaum S x2cos xdx.

TosoxuM 4 — =x2, cosxdx=dv, T. €. v=sinx, n npume-
“HHM (opmyaty (2):-

k13 LN I
. T . .
Sx’ cosxdx=x2sinx lo —S 2xsinxdx = —2Sx sin x dx.
K nonyueHHOMYy HMHTErpany CHOBa NpHMEHUM dOpPMYJy HHTE-

TPUPOBAHUA MO 4aCTHAM:
T

stinxdx=§xd(—cosx)=
0 0
E1
FL3 . £
= —xcosxlo +Scosxdx=n+smx , =
0
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Takum o6pasom,

S x2cos x dx = —2m.

[Tpuwmep 3. Bouncaum unterpan or 0 10 3 or dyHk-
. LHH f(x), koropast pasua x* Ha [0; I[, x na [I; 2] u

e"-l-— Ha [2; 3].
I/lmeem }
3 1 2 3
: Sf(x)dx:Sx’dx+$xdx+§ e”-l-
0 0
=g o) ol e +p =

=%+%M—U+é—ﬁ+%=§+?+é—ﬂ+%=
' =%I--|—e"-—e"+-é-=2+e”—e’

YnpaxHenus

3.5. BuiuncanTe HHTErpajbl:
¢
2

3
a>Sﬂm;6)5(ﬁ+$)m:

1 .
/e n -
s sindxdx; n) S sin 2x dx.
0

4
B) Slfx_ dx; 1)

8.6. Brhiuucaute uHTErpaJjs:

2” w2 n/2
. . ; cos x
a) S(2x+ 1)dx; 6) S sin 2x dx; B) S P dx.
0 -~ n/6

x? npt 0<Zx <<y
8.7. Hlana ¢yuruus i(x)={ Vi oupn l<r<?

2 .
Buiuncaute S f (x) dx.
0

3.8, Buiuncaute uHTerpa.nhr

1 . )
a) SV——;_%—_-. 6) Se’xdx B) 6S‘x(&—.x)dx:




.

2 x. 4 +1 |
e dx
r) Sm dax; n) SJV‘ST_—;; e) Sr_rx—zdx

3.9. Buqnc.nme UHTer pabl’

SV' w: 6’577’1—%7‘;‘;

xdx

8) X(ex-l)d e*dx; 1) S(x2+ )ER

3.10 BuuncHHTe WHTErpadbL:

vy .
S Vi=das o) S RV E—Rdy; -
3

V3 4 2
dx . ”'S dx dx_
8) S i(__(l-k}ﬁ)s, J —————1+V.x—, I) Sx'/'xz_‘—'l. _
; \

3 ——
3.11, Ilouemy B nnm‘rpa.ne Sx |/ 1 —x2dx He/lb3s NPHMEHHTH MOA-

2
CTaHOBKY X =sin {7
3.12. BbluuciHTe HHTETpaJbi:

/2 3 | -
nx
a) Ssin“xcosxdx; 6) \ —ax.
0 .
8.13. BhiuncauTe HHTErpaJbi:
1 n/2 n/2

a)Sxe"dx; 6) stinxd,y; B) Sx’sinxdx;
0 0 .

n/4 <1
r Ssin V xdx; 1) len (k2 1) dx;
0 - h .
u/3
e)SV T=Ade ) 5' xdx
) sin? x

. § 11, MpuGauxenHble METORB! BHIYHCJIEHHS
onpeféNieHHbIX WHTErpajos

Ha npakrtuke uacto TpeGyercs BHIYHCAATDL ONpeNeaeHHbIe
UHTErpajbl OT (YHKIMH, I/ KOTOPHIX He_ ylaercss HaHTH
nepBooGpa3HbIX. B Takux ciayyasix, Kak nNpaBWJIO, OTpaHu-
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YHBAIOTCA HAaXOXAeHHEM JHIIb MNPHUGIHXKEHHOTO 3HAYeHHS
paccmaTpuBaeMoro HuTerpana. Ilaxe B Tex cayuasx, Koria
H3BECTHa MepBooOpa3Has, Ha NpakTHKe ObiBaer uHoraa Gosee
YAOGHO HaXOAHTb NPHOJHKEHHOEe 3HAYEHHE MHTErpaJa He Mo
t¢opmyne Heiotona — JlefiSuuua, a no popmyJam npubJuxKeH-
HOTO HHTErpHpOBaHHUA. .

B stom naparpade npusemem ABe mpocreiiine GopMyJibl
NPHUGJNKEHHOTO BBIYUCJIEHHS OMNpeleNeHHbIX HHTerpaJjoB —
¢dopmyay npsMOYroqbHHKOB H (OPMYyJy Tpaneuuil.

1. ®opmysa npsmoyromsuukos. I1ycTb TpeGyercst BbIUHC-
JUTh HHTETpan or a fo b or ¢yukuuu f(x). Kak u o6muHO,
orpesok [a; b] Toukamu

" x=a+%i i=0, 1, .., Q)

n

paso6beM-Ha n paBHBIX MO JJHHE OTpe3KoB. B kaxaoMm mo-
JIyueHHOM OTpe3Ke [x;_,; ¥;] uepe3 E; 0603HAaUHM CepelHHY

sTOTO pTpeEsKa: §,="L‘—l2-+—x‘, i=1,...,n, H COCTABHM HH-~
TErpabHyl0 CyMMy

gf@»AxF”—;—“gf@i» ‘ @

Ecau ¢ynkuus f(x) uaterpupyema Ha oTpeske [a; b], To

| n@ﬁé‘.‘f,@o Axi=a§f<x> d. ®

[MosTomy npu JocTraTouHO GOJIBILOM 7@ HHTETPAJbHYIO CyMMY
(2) MOXXHO NPHHATL 3a NPHOJHMKEHHE HCKOMOrO HHTerpaJja:

ff(x)dxz"‘;—“gf("f—*g'ﬁ). e

3ameTHM, 9TO paBeHCTBO (3) cnpaBelNHBO IS JI06OMH
HHTEerpajbHOR. cyMmul. OJHAKO MOXHO [0KaaaTb, 4YTO:- B 00-
IeM cyyae HauJy4lHe NPUOJIHIKEHHs. AT HHTErpajbHbie
CYMMEI, B KOTOPBIX B KauecTBe TOYeK §; B3ATbl CEpeAuHBI
OTpesKoB [x;_,; x;], i=1, ..., m

Takum o6pasoM, otpesox [a; b] Touwwamw x;, i=0, 1,...
..., N, pasbuBaeTcA Ha n  PaBHHIX MO [/IHHE ~OTPE3KOB
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[%1-5 %
b : Y *;
gf<x)dx=z { Far,
i=1 X
" Kaa{llblﬁ MHTErpan Ha mpesxe [%;-1; x;] 3amensiercs npo-
nspenenueM f ;) Ax,, T.

‘Xi

{ Fwar~FE)ax,
LI
rae &;—cepenuHa orpeska [X;_g; ¥;].

Ilns HeoTpHuaTenbHbIX (PyHKUMHA 3TO O3Hagaer (puc. 16),
YTO HHTErpaJ Ha [x;_,; x;], paBHBIH MJIOMANH COOTBETCTBYIO-
meli KpHBOJWHEHHOH Tpamenuy,
3aMeHseTcss TUoWaibio  npsmo- Y
yroJbHHKa C TeM e OCHOBaHH-
em u Boicoroil f(E;). Iloaromy
¢dopmyna (4) HaswbiBaercs ¢hop-
MYsol  NPAMOYLOALHUKOE IS
npuGJIHKEHHOTO BHUYNCJIEHHS Oll-
pgnenenﬂux HHTErpasoB. ol a 5’ % gﬂzg’q" bb oz

Cnenywomas TeopemMa  Jaer Puc. 16.

OlLIEHKYy a6Co/IIOTHOH  morpet- .

HOCTH NpPHOJHXKEHH, NOJY4aeMoro no ¢opMyJe TIpsMOYrOMb-
HHKOB, 115 QYHKLMH, HMEOWHX HEeNpephlBHYIO BTOPYIO Mpo-
H3BOJHYIO.

Teopema. Ecau pynkyus f(x) umeem Ha ompesxe [a; b]
HenpepoiBRYrO 6MOPYr0 NpPoU3BOOHYI0, Mo

b n
Sf () dx—2223 f ("‘“;’”‘)
a i=1
2de M — nauborowee snauerue gynxyuu |f" (x)| na[a; b].

Ary Teopemy Mbl JOKa3nBaTh He GyAeM.
Hs ¢opmya (1) crenyer, uyro

x,_,2+x, a_l_b—a(‘ ;)

CnenosaresbHo, (GOpMysay NpsIMOYFOJbHHKOB MOXHO 3a-
nucaTth B CIEAYIOIIEM BHJE: ‘

b ‘ a
~b—a b—a(y 1
§f(x)dx~ 7 Z:,f(“"‘ = (i—1))-

M (b—a)?
<Tmr. ®




2. Popmyna tpaneuuit. Ilycrs, kak u Bhime, TpeGyercs
BBIYHC/IHTL HHTErpas oT a Jo b or ¢ynkuuu f(x). Orpe3ok
[a; b] Toukamu >

b—a ., .
x1=a+-Tz, i=0,1,...,n,

pa3o6beM Ha 1 PaBHBIX MO JJHHE OTPE3KOB W COCTaBHM HH-
TerpaJjibHble CyMMBI

DICANLE =283 Fxica)s (1)

X ) A =203 (). )

i=1 i=1

Ecmn ¢ynxkuua f(x) uuterpupyema Ha otpeske [a; b], To
n - n b

. . d

lim 3 (-0 Ax, =lim 3 f (x;) Axy = { f (x) d.

n=>o g=q n—>oi=1 . .
[MosToMy npH 10CTATOYHO GOJIBILIOM 1 KaXKAYIO H3 HHTErpaJib-
HeIX cyMM (1), (2) MoxKHO NpHHATH 32 NpHGJHIKEHHE HCKO-
moro Huurerpana. OmHako B ofiieM ciayyae Gojee TOYHOE
npubaniKeHUe JaeT cpelHee apH(PMETHYECKOE 3THX CYMM:

b—a i~ [ (5o H] ()
n 2.:1 ]2 .

Takum o6Gpasom, umeer mecto ¢opmyna

n

b
' b—ago fxi-)+F )
Sf(x)de —o 3 Liny .

2 .
i=1

dra ¢opMyaa HaspiBaeTcs opmyrolk mpaneyull AN npH-
O/HKEHHOTO BLIYMC/ICHHS ONpefeseHHbIX HHTerpaJios.

Ona neorpuuatenpHoii GyHKUHH
fi(x) sta cdopmyna umeer mnpocroi
reoMeTpuueckuii cmeica.  HmenHo,
oTpe3ok [q; b] pasbuBaercsi Ha n
PaBHBIX MO AJIMHE OTPE3KOB, H nJo-
IaAb KaX/JI0ro KyCouKa KpHBOJHHEH-
HOH Tpanemny 3aMeHseTcs nJoulaabo
Ol a z, z, 3 & < Tpaneuuu C OCHOBaHHAMH | (X;_,),

Puc. 17. f(x;) u Bricooil ”—:9 (puc. 17).

g
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Crenytomas Teopema 1aeT OUEHKY aGCOJIOTHOH MorpewHo-
cTH NPUGIHKEHUS, noJy4aemoro mo ¢opMyJe Tpaneuui.

Teopema. Ecau ¢ynkyus [ (x) umeem na ompesxe [a; b]
HENPEPbIBHYIO 6MOPYI0 N pOU3EOOHYI0, MO

b— [ — f(x; M (b—a)?
le(x)dx— naZ/(xl 1)2"' (x{) < ( a)
a i=1

12n2  ?

e0e M — naubonswee 3snauenue ¢ynxyuu |f" (x)] na [a; b].
dra Teopema npmaoxmcs 6e3 0Kas3aTesIbCTBa.
Tak kak

g F_)=F@+7 ()4 .o +F (x50

i;f(x.-)=f(x1)+...+f(xn-1)+f(b), .
TO

n n-1
[xi—)+fx) _ [(@+](0)
2 = 2 = 2 + 2 f(x;).

i=| . i=1

Takum ob6pa3oM, (opMmysay Tpanenuidi MOXKHO 3anHcaTh
B CJenyoolleM Buie:

b n-—1t

frmac~ g2 (1@ +i0+2 5,1 (a+5520)).

a i=1
{

[Mpumep 1. Bruucaum Se“dx ¢ TOYHOCTBIO no 0,01.
0

3nech ‘
Fary=e, [ (x)=2xe*", J" (%)= 4x2e*" + 2e*°,
Ha orpeske [0; 1]
IF" (x)] < 6e.
Cnauana anMeHPIM‘ (depMysTy npAMOYrOJIbLHHKOB. 3a1laH-
HbIi MHTErpaJj HYXHO BHIYHCJMThL ¢ TouHOcThio no 0,01,

sromy orpesok [0; 1] Hy)HO pasIe/HTb Ha CTOJBKO npome-
KYTKOB PaBHOH JUIKHBI, YTOGbI BHIMOJIHSJIOCH HEPaBEHCTBO

. o< 0,01, 3)

4 Anre6pa, u. 2 : 97




H3 KOTODOrO CJIEAYeT, YTO
n=5Ve"

Tak kak e < 2,89=(1,7)%, TO 3aBEJOMO 1 = 9 ynoBJseTBOpAET
HepaBeHCTBY (3)
C.uenoaa'renbno

et £ (5 (—4) -
~S{ )+ (3) 1 (3) 1)+

+1 () +1 (1) +7 () +7 (&) +7 () }

¢ ToyHocthio no 0,01,

YroGel MOJIYYHTb OKOHUYATEJbHBHI OTBET, HYXHO €lie BHI-
YHCJHTb 3HaueHHe (YHKIMH.f(x)=e* B yKasaHHBHIX TOUKaX.
B wurore moayuum 1,46.

IIpumenum Temepp ¢opMyay Tpaneuuii. B stom cayyae
JOJIZKHO BBINOJIHATHCS HepaBEHCTBO
A

l2n2\ <001,

T.e. n>10 ]/% 3TOMY HepaBeHCTBY yJoBJerBopsier n=12,

CuenoBsatenbHoO,
1 11
e~ 1 [1te i ~
Se dxr E~<T+fsz (,—2)>~ 1,46
0 = -

¢ Toynocrbio o 0,01.
1

[Tpumep 2 BuiuncauM S Vx’-l— Isinxdx c zTO‘H-lOCTb!O
. 0

Jo 0,01.
3neck f(x)=V 2—;—lsinx. Haxozum

" () = —*

'

sin x.

Hanee,

. ST 1
1< Vﬁ?+—<11x2)3< V d=amt!Is<

<Vi=ori=V3<.
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»

CrenosatesibHO, B (GopMyJe NPSIMOYTOJbHHKOB 7 JOJKHO
yAOBNETBOPSATb HEPABEHCTBY

V3
o < 0,01,

n> 00Y3__ 5 _.
Vevs
Jlerko BUIETb, 4TO 7=23 YIOBJIETBOPAET 5TOMY HepaBeH-
cTBy Takum o6pasom, ¢ Touroctsio 10. 0,01

SVx’—l—lsmxde : Zf( (z__)) -
=‘;‘{f(—6')+f('§)+f(%)}z0,56.

B dopMy.ie Tpaneunii n 101:KHO YLOBIETBOPATD HepaBeHCTBY
5
>,
V3
DroMy HepaBeHCTBY yAoBjeTBopsieT n=4. CjenoBatenbHo,

1
Sl/x’-i-lsinxdxz
0

<V T4 (1) 41 (2) 41(3) o0

W3 paccMOTpeHHBIX NPHMEPOB MOMKHO CAEJaTh BbIBOL:
CJIOXKHOCTb BHIYHCJEHHH 1O ¢QopMmyJaM MNpSAMOYroJbHUKOB H
Tpaneuui NpHMepHO OJIHHAKOBas.

~

\

YnpaxHeHus
1
3.14. Hatinure npnﬁnnmenuoe SHaYeHHe HHTerpana I_Sl T

= |n 2 =~ 0,69315 no q;opmy.ne NpAMOYrOJIbHHXOB H MO q)opmy.ne Tpane-

lum npu n=10
1

3.15. Buuucaure no Gopmyse Tpaneunii WHTErpan Se"“ax ¢ Tou-

0
Hoctbio mo 0,001.
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3.16. l43bmnc.vm're ABYMst cnoco6amMu NpHOJHIKEHHOe SHAYEHHEe HHTe-
rpana | = g x? dx=i3i ~ 21,23, ucnoabsys ¢opmyay nps;MOYroJbHHKOB
H qaopmy.n;)r Tpaneunfi nas n=lg.

3.17. Briuncaute uH'rerpa.nSd;x no ¢opn;yne Tpaneuu#i, pas6us npo-

0
MEXYTOK MHTErPHPOBAHHR Ha 4 vacTh.




“

© Guryp. ) -

Fnasa _IV
NMPUJIO)XEHUSA ONPEAEJIEHHOIO HHTEIPAJIA

§ 12, Bouucaesaue naowanet naockux ¢uryp
C MOMOIbIO ONpefeseHHOro MHTerpana

Hcnosb3ys nousTHe onpelesieHHOro HHTErpana, AaiuM ob-
MUl Mero] BhIYHCJAeHHS mJowageii naockux- ¢uryp. Kak
M3BECTHO, ONpejeseHHbli HHTerpaJ OT HEOTPHLATEeNbHOH He-
npepLBHOH QYHKUHH €CTb MJOLLaAb COOTBETCTBYIOIIEH KPHBO-

“MHefiHON Tpameuwn. B saToM saksiouaeTcsi reoMeTpHYecKHit

CMBICJI ONPEeeNEHHOT0 HHTE-
rpaja, Ha 3TOM OCHOBaHO ¥
ero MpHMeHeHHe K BblUHC- A

JIEHHI0  nJlowanell MAOCKHX #(z)

. Paccmotpum  kpuBOJIH-

HefiHyl0 Tpaneuuio aABb,

OrpaHu4YeHHYI0  rpadukoM
HeorpnuaTeJleoﬁ Henpe-
phHIBHOH QyHKuHH y={(x),
x€[a; b], orpeskom [a; b] Pac. 18.

ocu Ox, oTpeskamH mps- w
MbiX x=a u x=b (a <b) (puc. 18). BaTom c.nyqae nJomanb
KPHBOJIHHEHHO# Tpaneuuu KaK HM3BECTHO, BBbIYHCJAETCH MO

dopmysie

b

={fwar. (1)

a
[Ipumep 1. BoluucauTs - owaip mIocKod GUIYpHI,
OrpaHHYeHHOA MUHHAMU Y =f (X) =x*—2x+ 2, x=—1,x =2

' orpeskoM [—1; 2] ocu Ox (puc. 19).

Pewenwue. JlanHaa niockas ¢urypa npeiacrasisieT co-
Goit KpUBOJMHEHHYIO Tpaneuuio, NO3TOMy e€e IJomaAb Bbl-
yhcasierca no gopmyae (1):

2 -~
S= S(x’—2x+2)dx=%i|:—x’ 2_‘+2x|2_l =6.
-1
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Mycts Teneps QyHKuUMA y=f (X), x\E[a; b], —xenomno-
XHTeJbHas HenpepbiBHaA QyHkuusa. B stom cayuyae rpaduk
3Toll (yHKUHH pacnojoxeH MoA ockio Ox (puc. 20) u )
' b

{rmar<o.

a

Paccmorpes BcriomoraresibHyl0 QYHKUMIO y=—f(X), X €
€ [a; b], noayuum, 4TO MuOMIAZAB KDPHBOJNHHEHHOH Tpaneuuu

4
93
5
41
// 3_ N z
)=z 2242
4 :
]
2 bz sz A
Puc, 19. Puc. 20.
~aA’B’b, orpanuuenHo#t rpapukom ¢ynkuuu y=—f(x), or-

peskom [a;b] ocu Ox, oTpeskaMu NpsAMbHX X=a H x¥=0b
(e < b), puuncasercs no dgopmyae (1), T. e.

\ .
S=—{fmar )

PaccmoTpuM Tenepb KpHBOJHHERHYIO Tpaneuuto aABb
(puc 20), orpaHnueHHylo rpaduKoM ¢pyHKIUH [ (X), OTpe3KOM
[lc_z; b] ocu Ox, orpeskamH npsAMHX x=a H x=b (a <b).

aK Kak rpa¢uk QyHKUHH y = — [ (X) CHMMETPHYeH rpaduky
GyHKUMH y=f (x) oTHOCHTeNbHO OcH OX, TO KpHBOJIHHENHEIE
Tpaneund aABb u aA’B’b KOHI'DY3HTHEL

Kak un3BecTHO, KOHTpy3HTHHle GUTYpPHl HMelOT paBHbIE
nJouasn, No3ToMy NJomajib KPHBOJHHEHHOH Tpaneiyhn aABb
Takxke GyldeT BbHIUHCAATHCA MO dopmyse (2).




[Mpumep 2. Buuucnuth miomans Gurypsi, orpaHuyeH-
Holl mHuAME y=fi(x)=3'X, x=—1 u oceio Ox (puc. 21).
. Pewenue. I'paguk dynxinu f(x)=1/x, x€[—1; 0],
pacrioyioxked nof ocbio Ox, MO3TOMY sl BBIYMCJAEHHS TJIO-
uaau AaHHOH nuockoil (Urypel npuMeHHM ¢dopMmyay (2):

w| w

0
-1

0
S=— S v/ xdx =—%x¢/3
-1

[lycrs Teneps f(x), x €[a; b], —HenpepuiBHas Ha OTpe3ke
[a; b] dyHKuMs, rpaduK KOTOPOH NepecekaeT OTpesok {a; b]

flx)=cos T

Puc. 21. Puc. 22.

oci Ox B KoHeyHOM u4Hcne Touek. M3 dopmya (1) u (2) cae-
AyeT, 4TO INOMafb MNJOCKOH GHTypHl, orpaHHYeHHOR rpadu-
koM ¢yugruuu f(x), orpeskoM [a;b] ocu Ox, orpe3kamu
NpsIMBEX ¥ =a H x=b, BbuucJfgerca no ¢opmyae
N
b .

s={1f(0)]dx. @3)

a

[Tpumep 3. Bouncaurh maoilafp IVIGCKOH (UTYPH,
OrpaHyu4eHHOH OTPe3KOM [——51 5 n] ocH Ox, rpadukoM PyHK-

6 ’
5n
uud f(x) =cosx, OTpesKaMH NPAMBK X =——(5 H X=5
(puc. 22).

‘Pemenue. PemnB ypaBHeHue cos x=0, neayuum, 4To
rpaduk QYHKIHH y=COSX Ha. OTpe3Ke —%; n] nepece-
KaeT ocb Ox B TOUKax x1=—-;-°-, x.=% . Cuenosarensho,
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no ¢gopmyase (3)
S= S |cos x |dx =

-57/6
3 -a/2 n/2 n
=— S cos xdx -+ S cosxdx—Scosxdx=
-5m/6 -n/2 ‘ /2
. /2 n/2 - n 7
=— —sinx =,
smxl 5 /6+s xl /2 ] /o

PaccMoTpuM Tenepb GHrypy O, OTpaHHUYEHHYIO OTpe3KaMH
NpAMBIX X=a " x=2>0 (a < b) ¥ rpaduKaMu HEOTPHILLATENbHBIX
HenpepuBHEIX QyHkuud f,(x), x€[a; b], u f2 (), x€[a; b]

Yy ‘ Ly 5(z) =221
f,(z)=z+3

]
|
i
ZA
1

, I LJ
012

S

/—3 2
Puc. 23. Puc. 24.

(puc. 23). Tak Kak QUrypy O MOXKHO pacCMaTpuBaTh Kak
pasHOCTb KpHBOJHHEHHBIX Tpaneunit aABb u aMNb, TO
¢ yuetom ¢opmyant (1) mosyuum caenyiouywo ¢GopMyny s
BbIUHCJIEHH] NJomany (UTYypH O:

b - b b \
S={fma—f{f,ar={:—f(Nar. @

[Tpumep 4. Buuncauth nJjomanb GuUrypw, orpaHuyeH-
HOll JIHHUSAMH Yy =f;(X) =x+3u y=f,(x)=x2+1 (puc. 24).

Pemenune. Pemas ypaBHenne x-43=x2+41, Hafizem
a6CIHCCH TOYEK mnepecedeHHsi rpagukoB QyHKuME f, u fg: .
x,=—1n x,=2. Hcnonpsysa ¢opmyny (4), BbIYHCIHM IIO-
majnb (bm‘ypu

S= S (x+3—(x=+ 1))dx = S(—x2+x+2)dx_
-1

1 3

2 9
+2.JC|-‘==-2—.

__s
_|+2x -1
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Ecan Tpebyerca BLIYHCAXTL MJOMWAAL MAOCKOH (UIypHl
Gosiee CJOXKHOrO BHfa, TO CTapaloTCA BHIPa3HTh HCKOMYWO *
nsomalib B BHAE anrefpaHyeckKod CyMMBbl MJoulajied HeKoTo-
pbIX KPUBOJMHERHHIX Tpaneuuit. Tak, Hanpumep, niowanb
¢urypol, H300pax<eHHO# Ha puc. 25, Beruuc/aAeTcs no ¢popmyJe

S= SaARb _SaACc - scCBb

ITycrb Kp'ane AB, BC u AC —co0TBeTCTBEHHO rpaduku

N f-—————-

[ e ettt N

[N ——

Puc. 25. Puc. 26.

caenyomux gyakunit: y =f(x), x€[a; b], y=0¢ (1), x€[a;c], .
u y=19(x), x€[c; b]. Torna

b ¢ b
s={fwar—fomar—{vwax ©®)

Mpumep 5. BruncauTt muomagb MJIOCKOA Gurypel,
- orpannvennolt qunuamn y=Vx, x€[0; 1], y=1»% x€[1; 2],
U y=—x+2x44, x€[0; 2] (puc. 26)
Pemenue. Jasa HaxoxJeHHs MNJOUAAH BOCNOJb3yeMcs,
¢dopmyaor (5):

2 -1 2

S=§(—x'+2x+4)dx—§l/}dx-Sxﬂdx=

‘

2 2 2 t x3 2 19
—_—ayxtr | ==
0 +4x lo 3% ‘0 3 h 3 .
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Ynpaxnenne

4.1. BouycanTe naolland CAeAYOMMX IJIOCKHX (GHTYp, OrpaHAYen-
HBIX JAHHHSAMH:

a) y=6x—x%, y=0;

6) y=x*41, y=0, x=0, x=2;

B) y=8+2x—x?, y=2x4}4;

r) y=x¥—4x, y=0;

n) y=2x+416, y=8—T7x—x%, x=0;

€) Yr=4x=0, x—y=0;

X) Yr=ax, xi=by

8) 1f=2x, 2y=1x%

n) y=Inx, y=0, x=2, x=8§

K) i =
~ y=sinx, y==—ux

€ y=x, x+y=2% y=0

M) y=1tg x, x=%, y=0;

1

H) y=arcsinx, 1=, y=0.

§ 13. llJIH\Ha AYTH KpuBoH

[Mycry mana kpuBas AB (puc. 27), ypaBHEHHe KOTOpOH
y=1(x), x€[a; b}, rne dynkuus f(x) wenpepuBHO Iuddpe-

gh

Puc. 27.

penuupyema Ha orpeske [a; b]. PasoGbem orpesok [a; b]
TOYK aMH

b—a" .
—%4, i=0,1,2 ..., n,

] x‘=a+

Ha n 9acTedl paBHOH AJMHEI.
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Uepe3 TOYKH X; MpOBeAeM IMpsMble, NapaJjejbHbie OCH
Oy. TouKu nepeceyeHus 3THX NPAMBIX C KpuBoii AB o5o3Ha-
uypM uepe3 M,. CoelHHHB 5TH TOYKR XOpAaMH, MOJYIHM JIO-
manyio AM,M,...M,_,B, Bnucannyio B kpusyio AB. [Tycts
nepiMerp 3Toil JomaHoH paseH P,. Jaunoii Oyeu AB na-
3bIBaETCS YHCJAO [/, paBHOe Npelesy IOCJAENOBAaTENbHOCTH
nepumerpoB (P,):

l=lim P,.
n—»> oo

3ameuanue. B kauecTBe JIOMaHHX, BIHCAHHBIX B KpH-
pyio AB, MoxHo GpaTb Jio6hie JoManee. B atom ciayuae
npeles 1oc/AeLOBaTebHOCTH (P,) nepuMerpoB JAOMaHEIX, BIH-
CaHHBIX B JAaHHYIO KPHBYIO, TpH A — 0, rie A—JiHHA Hau-
6OJIbLIETO U3 3BEHbEB 3THX JIOMAHBIX, paBeH JJIHHE Iyrd
KpUBOH, T. €. )

l=lim P,.
A0

[Nonyunm Temepn ¢opMyJy AAs BHIUHC/CHHS MIHHBL AyTH
AB. PaccmorpuM i-e 3BeHO JomaHo AMM,...M,_.B,
BNHCaHHOH B - Ayry AB; ero KOHLUAaMH fBJSIOTCH TOYKH
M, i (%1 [(x,-9) B M;(x;; f(x;)). BoluncauM 1Juny i-ro
sBeHa M,_;M;, Hcnoan3ys ¢OpMYJy PpacCTOSHHS MEXAY
IByMs TOYKaMH: '

L=|M M=V (xp— %20 + (F (%) — F (x;-p)2 (1

Tak Kak ¢yHKuus f HenpepuBHO AH(PEpeHLHEpyeMa Ha OT-
peske [a; b], To mo ¢opmyse Jlarpanxka

F ) —F (emg) =F" €) (xy—%1-9), @)

rie §;,—HeKoTopass TOYKa HHTepBata |x;.g; X.
IMoacraBuB Bhipaxkenue (2) B dopmysiy (1), mosyuum

L=V 1+ €\ A%, rre Ax;=x;,—x_s.

CaenoBarennHo, nepumerp Jaomanoir AMM,...M,_.B
paBeH

Po=2 1;=3 V1+F €))dx,.

/

Mol MONYYHAH HHTETPATBHYIO CYMMY JUIsl HETpEephBHOM
dyukmun V' 1+ (f (x))® na orpeske [a; b]. Tak kak npegen
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5TOfl CYMMBI NPH 71— 0O CYIIECTBYeT, TO, COIJIaCHO Orpe-
AeJieHnio, O6yleM HMeTb

n => e . b
= lin 3V TF @ ax, = VTFF0yar.

Hrak, -
b
1={VTFT Par. - 3)

PaccmmpnM HHTErpaJ ¢ nepeMeHHbIM BEPXHHM Npele/oM

x

1w = VTR

a '

Tak Kaxk noabiHTErpa/ibHas (YHKUMA HeNpepuiBHA, TO,
BOCTOJIL30BABIIKCh TeopeMoi O Aud¢epeHLUpOBaHHH HHTe-
rpana no Bepxuemy mpejeay (cm. n. 5 § 9), noayuum

S =VTTT @R

Orciofa Jerko no.nyqae'réﬂ dopmyna ana Auddepenunana
Ayru ’ )
. [(dy\®
a=Y 1+ (d-g) dx,

dl =V (dx)*+ (dy)*. N C))

[ycTs KpuBas sajaHa B NapaMeTpUYECKOM BHAE ypaB-
HEHHAMH -

HJIH

Cx=0(®), y=%@), a<I<,
Eaeﬂqj H ) HMEIOT HenpepHIBHbIE NPOH3BOAHLHIE Ha OTpe3Ke
a; Bl.
. Torna dopmyna (4) mpumer Bua
di=V (¢ ¢+ (¥ ()’ dt,

a ¢opmy.na AJs BhIYHCJIEHHS] JJIHHBI AYTH Sal'lHll.IE'l'f.:ﬂ B BHAE

8
={V@or+w ora. (5)
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[Tpumep |. Bouucaute AAHHY AYrH NOMyKyOHYECKOM
napa6osisl y = x3/2 ot ee BepiwHHbl A (0; 0) 10 Touku B(1; 1).
Pemenune. [ns BbYHCAEHHS IJHHBI AYTH BOCHOJb-

‘ syemcs ¢opmyaoii (3). Tak kak y'=ixl/2 TO

I—S Vit Sra=3 (145 )”2|____‘3V277§-8,

I'Ipumep 2. BLYHCAHTD IJIHHY OKPYXKHOCTH
. x=Rcost, y=Rsint, 0<<i< 2n
Pemenune. Tak kak

x'=—Rsint, y*'=Rcost,

—

TO, BOCIIO/Ib30BaBIUHCh GopMYoii (5), BHIHCIUM THHY omioﬁ
4eTBEPTOH YaCTH OKPYkKHOCTH:

~

n/2 /2
= VoyrFrwra = S V REsint -+ Ricost dt = |
‘ I’(/?
_ _n
—Rgd—?ﬁ

CnenoBaresbHO, LAHHA OKpYyXHOCTH C=4l=2nR.
[Mpumep 3. BuYHCAHTBL AJMHHY OXHOH apKH WUHKJIOHIH

x=a(t—sint), y=a(l—cos?t), 0<<I<<2n

Pemenune. Tak kak x'=a(l —cost), y"=asint, To,
ucnonb3ys dopmyay (5), noayuum

2n ~ 2n
=SVa’(1—cost)’+aasin“¢dt=2a§sin¢?dt=8a.
p 4

YnpaxaeHue
4.2. BuuucauTe AJHRE AYT CJCRYIOULHX xfmnux:

2 y=V1r O<x<l;

) y=inx, Yi<x<V§
B) y=e*. 0<<x<1;

r) y=Incoszx, O<x<a<%;

n)x=a(éost+tsint), g=a(sint—tcosf), 0=t 2m; ~
e) x=elcost, y=elsint, O<t<Inm; *
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W) xmg B—t, y=042, 0<I<3;
3) y=%- (¢*/% e=*/%) mexny TouxamH, aGeUHCCH KOTOPHX PaBHI
Owua :

n
H 5

. b
H) y=Insinx Mexay Toukamu, aGCLHCCH KOTOPHIX PaBHH —- 3

2
K) x=acos®t, y=asindf, 0<{?<I2m.

§ 14. INpumeHeHue onpejenieHHOro MHTErpaJa
NpH pelieHHH (PU3NYeCKHX M TEeXHHUYEeCKMX 3ajay .

1. 3agaua o BbuucIeHuH nyTH. [lycTp MaTepuanpHas
TOYKa JABHXETCA NpPAMOJNUHEHIHO C HEKOTOpOH MIHOBEHHOH
ckopocTbio v="0 (f). TpeGyercsi HaliTH NyTb, KOTOpPHIA NpoOii-
JeT TeJOo 32 NPOMeXYTOK BpeMeHH oT {=T; o t=T,.

1 1 7’ 1 [ ’til 1 tn 1 P
0 Tt t, % t, t=T, t
Puc. 28.

B npocreiiem cayyae, eciH MrHOBeHHasi CKOPOCTb MO-
cTosiHHA, T. €. U(f)=uv,=const, TO nyTb, npofineHHbI
TeJIOM, pPaBeH (MO ompelesieHHIO, H3BECTHOMY H3 Kypca ¢u-
3HKH) NMPOU3BEREHHIO CKOPOCTH HA BpeMs ABHIKEHHS:

s=0,(T,—T)).

B ofweM cayyae, KOria MrHOBeHHas CKOPOCTb He IO~
CTOfIHHA, MOCTYNAIOT CJAENYIOUUM 06pa3oM.

[Mpomexxyrok Bpemenu [T,; T,] pas6uBalOT TOYUKaMH
to=Ty tgy oooy byoyy 1,=T, (, <t;<...<t,) HA N OT-
peskoB [f;.g ¢;], i=1, 2, ..., n, ONMHAKOBOH JJIMHH
(puc. 28)

T,—Ty

Atl=t1—'t1_i =_n‘—.

Hanee, BuiGpaB Ha KaxaoM orpeske [f;.s; {;] NpoH3BOID-
HYIO TOYKY T;, COCTaBJSIOT CyMMY

n

PETATA M

¢

Kaxnoe cnaraemoee v(t;) Af; sTofi CyMMbl NaeT NMPHOJIHNKEH-
HOE SHAYeHHe [yTH, NPOHAEHHOTO TENOM ‘33 BpeMs OT { =
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=1,_1 Ao t=¢,. CnenoBarenLHO, NyTb, NpPOMANEHHEBI. TeNOM
3a BpeMsl oT {=T; .10 {=T,, npuOJIHKEHHO BhIpaxaercs

cymmoit (1).
Jlerko BHIeTb, YTO NpPHO/IHKEHHE OYAET TeM Jyulle, yeM
MeJapue OTpe3KH neneHus [t;_;; t;],i=1, 2, 3,"..., n. Ilo-

STOMYy MNYyThb S, NPOHJAEHHBIA TEJIOM 3a OTPE30K BpEMeHH
[Ty; Ts), onpeneasiercsi kak npexen Cymmsl (1) mpu n— oo: -
n

s= lim X v(t;)At,.
n->o =1
TTockosbKY MOCJENHHI npeles, COrJIacCHO OnpeieeHHIo, ecTh
ONpefie/IeHHBIl MHTErpan oT ¢YHKUMM U(f) Ha OTpeske
[Ty T,}, TO NyTb, NPOAJEHHHIA TENIOM 32 NMPOMEXYTOK Bpe-’
[T

MeHH T,], BuuHcAsiercs 00 dopmye
T,
s={ vtya. - ©®
T,

Mpumep 1. Teno npuxercs npsMONUHEHHO CO CKO-
pocTbio U(f)=(3{*-+4¢+1) M/c. Hafitn nyTtb, npofiieHHbiit
TeJOM 3a nepBhie 3cC.

Pemenue. Ilo ¢opmyse (2) nmonyuum

uen \
s={@o+a+Dd=@E+20+0)| =18 m).
0

MMpumep 2 Touka HBMXKETCA NPAMOJHHEHHO CO CKO-
poctbio v (¢)=at+v, Kako#t myTh mpofizer Touka 3a mpo-
MeXyTOK BpeMmeHH oT {=T; 5o t=T,?

Pewenue. Ilo dopmyre (2) nmomyyum

- T’

= (@t +oat = (5 +v)
T,

IT,
Ty

g =5 (T3=TH+0,(T,—T)).
Mpumep 3. Teno npuxercss npsAMONHHEHHO CO CKOPO-
cteio U ()= 16{—4¢2. Hafitu aauHY nyTH, MNPOAAEHHOrO
TeJIOM OT -Hayaja JBHXKEHHUH 1O ero OCTaHOBKH.
Pewenue CKOpOCTb TeJa B MOMEHTHI Hauaja €ro JBH-
KEeHUs M OCTaHOBKHM paBHa Hymo. Halizem MmoMeHT ocra-
HOBKH Tesia. [ipHpaBHAB LS 3TOrO €ro CKOPOCTb K HYJIO
H pellHB ypaBHEHHE, NONYYHM .

16t —412=0, #;=0, t,=4.
’ i



Janee, no ¢opmyne (2) umeem
4 .
. 4 4 128
s=§(16t—4t2)dt=(812--§-t3) =1

2. 3ana4a o cune nasiaeHust kuAKocTH. [TycTh- nnacTuHKa
B BHIE KDHBOJHHEHHOH Tpamelud MNOTpyXKeHa BEPTHKAJbHO
B JKMAKOCTb ¢ NJOTHOCTHIO P TaK, YTO €e GOKOBLIE CTOPOHBI
napajjesbHbl  NOBEPXHOCTH

7 JKUAKOCTH M HaXORATCA HHKe
- 7 €8 YPOBHS COOTBETCTBEHHO ‘Ha
' #z) paccrosuun a H b (puc. 29).
z,=a TpeGyercs onpesenuts CcHAY
1 JaBJleHHs XKHIKOCTH Ha nJaa-

Zi-1 Az, CTHHKY.
Zi ) \ Ecan nnacTuHKa HaXomuT-
' ' cd B TOPHU3OHTA/JbHOM MOJIOXKeE-
Z,=4 HUH Ha rayGuHe h OT nosepx-
z HOCTH (YPOBHSI) KHIKOCTH, TO
Puc. 929. Cuja JaBjeHHs P XKHIKOCTH

B HBbIOTOHAX HA TOPH30HTaNb-
HYyJO NJacTHHKY OYJeT. paBHa Becy cTO/0a XHIAKOCTH, HMe-
tOLUIEr0 OCHOBAaHHEM JAaHHYIO MJIACTHHKY, a BbICOTOH — ray-
6uny h, T. e. .

‘ P = gphS, )]

rle S—nuouaib MIaCTHHKH.

Ecau xe naacTHHKa norpy:xeHa B XXHAKOCTb BEPTHKAJbHO,
To no ¢opmyae (1) nasneHwe XUAKOCTH HA MJACTHHKY HeE
MOXeT ObiTb BBIYHC/IEHO, TAaK Kak B 3TOM cjyyae JAaBJjieHHe
KHAKOCTH Ha EeIMHHUY VIO IJIACTHHKH U3MEHACTCSA
C I1yOHHOH NOrpyXKeHHs, T. €. 3aBHCHT OT  PacCTOAHHS
NJOMWAAKH [0 MNOBEPXHOCTH XKHAKOCTH.

Ipu pewenuu 3amayn GyldeM Y4YHTHIBATH TOT (AKT, 410
no 3akouy [lackans naBneHHe B XKUIAKOCTH NepeNaercs OIH-
HakOBO BO BCEX HaNpaB/eHHAX, B TOM HHC/IE H Ha BEPTH-
Ka/lbHYI0 IVIOMANKY.

Ins pewendsa 3afgasu pa3oObeM MJACTHHKY Ha n gactei
(MaJbIX TOPHM3OHTA/NBHBLIX M0JOCOK) HPAMBIMH, Napalesib-
HbIMH MOBEPXHOCTH KHAKOCTH (T. €. napanjebHbiMu ocH Oy)
H NPOXOAALIHMH 4Yepe3 TOUKH Xo =8, Xy, +.+y X, -1, X,=b,
rae .

x,-=a+p:ai, i=0,1,2 ...,n
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BeifesinM ORHY H3 MOJIOCOK (Ha puc. 29 OHa 3amITpHXO-
BaHa), HaxoasUlyiocsl Ha raybune x,. Jlaa N0ocTaTouHO y3Koi
[IONIOCKH NaBJIeHHEe BO BCEX €e 4acTAX MOXHO CUMTATh MpH-
GMMXKEHHO ONMHAKOBBIM, @ CaMy MOJIOCKY MOXHO INpUHATH

o b—a
3a NpSAMOYroOJibHHK C BHICOTOH Axi=x1-—x,-1~=7- H OCHO-

BaHHEM, PaBHbIM HHXXHEMy OCHOBaHHUIO MOJIOCKH. JIerko BUIeTh,
yTC AJIHHA OCHOBAHUSA IMPAMOYrOJbHHKA ABJAAETCS QYHKHHEH
ot x. O603HaUHM 9Ty QYHKUHIO Yepes f(x), x€[a; b]. Takum
o6pasoM, cuay AaBjeHHs P; Ha i-10 [OJIOCKY MOXHO BBIUHC-
auth no ¢opmyae (1), T. e. -

- P, =~ gpf(x;) x; Ax,.

TpocymMMupoBaB CHJb JaBJeHHS KHAKOCTH Ha Bee MnO- -
JIOCKH, HaiileM NpHGJHKEHHOE 3HAUYEHHE CHJIBI ARapnets
JKHIKOCTH Ha BCIO IVIAaCTHHKY:

~ tf__‘.‘al go [ (x;) x; Ax,.

TounocTs NPHOGJHKEHHOTO paBeHcTBA TeM GOJbIE, YeM KO-
poue OTpe3KH [x,_;; x;], Ha KOTOpBHIe pa3GHT OTpe3oK [a; b].

Takum o6pasom, TOuHOe 3HaueHHE CHJIbl AaBJAECHHS XKHI-
KOCTH Ha IJIaCTHHKY onpejensercs no gopmyse

P= lim Z gof (%)) x; Axy.

n—>owi=1

CorsiacHO omnpefie/IeHHIO, NMOCJEIHHA mOpelea ecTb onpe-
JeNeHHLI MHTerpan oT ‘QyHKUHH xf(xX) Ha oTpeske [a; b],
NIOSTOMY CHJIA J\aBJIeH s HAKOCTH Ha IIACTHHKY BHIYHCASETCS
no ¢opmyJe

b
P=g{pzimax @

MMpumep 1. AkBapuym umeer GopMy NpPAMOYTOJBLHOTO
napaajesnenunefa. Hairu cuny aasnenust Boabl (MJOTHOCTB
Boast 1000 kr/m®), Hanoausomed aKBapHyM, Ha ONHY H3
€ro BePTHKa/bHBIX CTEHOK, pa3mepnl Koropod 0,4 M X 0,7 M
(puc. 30).

Pemenne, BuGepem CHCTeMy KOOPAMHAT TaK, uTOGHI
ocH Oy u Ox COOTBETCTBEHHO COIEpKaJiH BepXHEE OCHOBaHHe
H BepTHKa/JbHYIO CTeHKY akBapHyma (puc. 30). as Haxox-
JeHHs1 CHJibl NaBJIEHHs BOCMOJib3yeMcs -GopMyJoi (2).
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Crenka umeeT QOpMy NpsAMOYTOJNbLHHKA, NO3TOMY f (¥)=0,7,
x€[0; 0,4]. Tak Kak npepesn HHTETPHPOBaHHA a= 0 u
b=0,4, TO nonyun

P= gSlOOO :0,7 - xdx= 700g —56g

YuuthiBast, uto g &~ 9,8 m/c?, umeeM P = 548,8 H.
[Tpumep 2. Onpenenutb CHAY NAaBJieHHs Macja (TIOT-
HocTb Macaa 900 Kr/M®) Ha BePTHKANbHYIO CTEHKY, HMEIOLL yIO

- Vi r
Vi q7 . g
7 A
Ax
7 ) 7l
-Z'{ ‘ x
Puc. 30. Puc. 31.

¢opmy nosmykpyra panuyca R=5 M, 1uamerp KOTOpOro Ha-
XOAMTCS Ha MOBEPXHOCTH MacJa. .

Pemenue. Broi6epeM cHCcTeMy KOOpPAMHAT TaK, Kak [oO-
ka3aHo Ha pHc. 31. Tak kak cTeHKa ecTh MOJNYKPYr pajuyca
R=5, 10 f(x)=V5"—x2, x€[0; 5]. Bocnoassyemcst aast
HaXOXJeHHS CHJBl JaBjeHHsl Qopmynoil (2). das manHoro
cayuas p=900 kr/M®, a=0, b=>5, nostomy

5
P=2g [ 900x V57— dx = 900g- 5 (5*—x7)"2 |, =
e

=600g-5° = 75000g.

Tak kak g~ 9,8 M/c?, To P &~ 735 kH. .

3. PaGora nepemennofi cuanl. [1ycTs MaTepuanbHas Touka
nox pefictBueM cuJbl F aBuxkercss no npsmoil. Ecau jeit-
CTBYIOLIAsl CHJIa TOCTOSIHHA, a° MPOHJACHHHIA NyTb paBeH s,
TO, KaK H3BeCTHO U3 Kypca dH3HKH, paboTa A 3Toll cunnl F
BeIgHCHAsAETCA 1O QopMmyJie

A=F.s. )

INepeiieM Teneph K pacCMOTpPEeHHIO BONMpOCa O HaXOXIe-
HUH PaboTH nepemeHHoH cuJul. ITycTh MaTepHasnbHas Touka
IBmKeTca no ocd Ox NOX nefCTBHEM CHJbl, MPOEKUHSA KOTO-
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poit Ha ocb Ox ecTb ¢ynxuus or x. Bynem oGosnauath ee

yepe3 f(x) u npexnosaraTh, 4TO f eCTb HenpepuiBHASA (PyHK-
nus. [lycte non zneficrBuem cuanl F MmarepHaibHas TOYKa
nepemectHJach H3 Touku M (a) B Touky M (b) (pmc. 32).
Jlokaxkem, uTO B 3TOM cJy4yae pa6GoTa BhHIYHCJsIETCS no ¢op-
my.Je

b
A= Sf(x) dx. (2)

b—a,
PasoGbeM otpesok [a; b] Toukamnm x;=a+-——i Ha

o o b—a
n uactel [x;_,; x;] onMHakoBOA MmHHEI Ax; = ——. Ha kax-

IOM oTpeske [x,_,; x;] paboTy CHJbI MOXKHO MpPHGJIHKEHHO
BBLIYHCAATH 1o opmyae (1), T. e. cuuTats ee pasHoi f (§;) Ax;,

M(a) M(B) o
g a ] z -
Puc. 32.

‘tae £, —HeKOTOpas ToYKa oTpesKa [x;_y; x;]. Torna paGora
cuisl Ha orpeske [a; b] GyzeT NPHOIMKEHHO BbipaXKaTbCA

no ¢gopmyJe ‘
Ax 2 fE)Ax,

TouHocTs npuGauxkeHHs: GyIeT TeM Jydine, 4eM KOpoue OT-
peskH [x;_,; X;], Ha KOoTOpHe pa3GHT oTpe3ok [a; b]. [Tosromy,
nepexois B NOCJEAHEM paBeHCTBE K Ipefesy IpH n— oo,
MoJly4HM

n b
A= lim 3 €) b= [ (max @

Taxkum ofpa3om, pa6oTa nepeMeHHO! CHJBI BHIUHC/SETCH MO
dopmyaie (3).

[MIpumep 1. Cuna ynpyrocTH npyKHHbI, pacTAHYTOH
#Ha 0,05 m, pasHa 3 H. Kakyio pa6Gory Hazo npomusBecr,
9TOGH pacTAHYTh NMPYXKHHY Ha 3TH 0,05 M?

eweHnue. [lo 3akony Iyka cuna F, pacrarusaiomas
HIH CXKHKMaloIas NPYXHHY, MPONOPLHGHANbHA 3TOMY PacTs-
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KEHHI0 MJAH CXKaTHio, T. . F=kx, rae x—BeJuunHa pac-
TAXKEHHS HWJIH CXKaTus, kR — KO3((HLHEHT NPONOPLHOHAJIbHO-
ctu. Us ycaosus caepyer, uro 3==£k-0,05, 1. e. k=60,
caenoBatenbHo, F=60x.

Hcnonw3ys ¢opmyay (3), nonydum

0,05 )
A= § 60xdr=30x """ =0,075 (IIx).
0

lMpumep 2. TlpyxuHa B CNOKOHHOM COCTOSIHHH HMEET
auHy 20 cm. Cuaa B 10 kr pacrarusaer ee Ha 2 cm. Onpe-
IenuTh paboTy, 3aTpayeHHYlO Ha pac-

g TSKeHHe NpYXuHb oT 25 cM 1o 35 cMm.
Y A(z;y) Pewenue. Bupasum naunne 3a-
nayd B eauHuuax cucrembl CH: 2 ecMm=

=0,02 M; 20cM =0,2 M; F=10 Kkr=

=98, H; 26 cM=0,25m u. 36 cM=

) =0,35 m Hcnoabsys ycaoBusi sa-

. laud W 3akoH I'yka, moayuum: 98,1 =
A"I z =£.0,02 uan k=4905. CienoBaren-
Puc. 33 o, F=4905x. Tak kak 1aa naH-
- Horo cayuas a=0,25—0,2=0,05 u

b=0,35—0,2=0,15, To, ucrnonb3dys ¢opmyay (3), noayuum

0,15
2 10,15

A =4905 S xdx ~ 49052 '° ~ 49,05 (k).

X
2 lo,05
0,65

4, CraTHuecKHe MOMEHTH H KOOPAMHATHI ‘UEHTPa Macc.
[MycTb HAa NJOCKOCTH 3ajaHa NpAMOYro/ibHas [eKapTosa
cuctTeMa Koopauuat xOy. HanoMHum, uro cmamuueckumu mo-
Mmenmamyu mamepuaibHoii mouku A(x; y), B KOTOPO# cocpe-
JOoToyeHa Macca m, oTHocHTesnbHO ocell Ox u Oy (puc. 33)
Ha3biBAIOTCS NPOH3BENEHH A MACChl 3TOH TOUKH COOTBETCTBEHHO
Ha OpAMHATy M abcuuccy 3TOH TOYKH, T. €.

My=my w M,=mx.

Ecau nana cucteMa n marepHadbHBIX TO4ek A, (X ),
A, (X3 Ya)y i+ vs Ap(Xy3 Yy), B KOTOPHIX COCPEAOTOUEHBI MACCHI
my, Mgy, ..., M, TO CMAMUHECKUMU MOMEHMAMU SMOL Cu-
cmemor OTHOCHTeNLHO ocell Ox u Oy OynyT ’

n n

N \ ]
M,= ,Zl my, w M,= LZl{nm-

= =
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Llenmpom macc TarkoH. CHCTEMBbI MaTepHaAJbHLIX . TOYEK Ha-
spiBAeTCs TOUK4, oO6Jaajawlllasl TeM csoﬁcmom, 4TO €CJIH -

B He# COCpPENOTOUYHTb BCIO MAacCy CHCTEMbI m == Zm,, TO CTa-
i=1

THUeCKHH MOMEHT 3TOM TOYKH OTHOCHTEJBHO Jiio6o# ocH pa-
BeH CTaTHYECKOMY MOMEHTY JaHHO# CHCTeMBl TOYEK OTHOCH-
TenbHO TOW e och. [losTomy, ecan 0603HAYMTL UEHTP Mace
CHCTEMbI Yepes C(x¢; Yc)» TO mOSyUHM

M= Zml%:‘m!/m (N

M,= 2, myx; =mxg 2

(=

TakuM o6pasoM, KOOPAMHATH NEHTPa MacC CHCTEMBI Ma-
TepHaJbHBIX TOYEK BBIYHCJAIOTCS MO caelylomuM dopmynam:

S

xc=_'n_=lc"| (3)
> m
i=l
M, 2,‘ mix
yc=7 n . . (4)

2 m

i=1 .

B cnyvae nnHMH uaAH nAOCKOA GUIYpHl A8 HAXOXKACHHS
CTaTHYECKHX MOMEHTOB M KOOPIMHAT LEHTPa MacC HCNoJfb-
3yeTcs onpejieseHHBIR HETerpaJ.

CraTHyYeCcKHe MOMEHTH H KOODAHHATH LEH-
Tpa Mace naocko#i kpusoil. Ilycte kpuBas AB
AJHHHE [ siBAsieTca rpaduKoM pyHkumH f(x), x € [a; b], umeio-
uiefi HenmpephiBHYIO NpOH3BOAHYIO. ByneMm cuutaTh, 4TO KpH-
Bas AB oaHOpoAHa, T. €. JHHeAHas IJIOTHOCTb P pacnpele-
JeHus Maccel noctosinHa. Ecam p=1, 1o Macca, pacmpege-
JIeHHas Ha MNaHHO# KPHBOH, paBHAa YHCJEHHO InuHe. Pa. -
so6beM KpHBYI0O Ha 4acTu AauHbi Al;,. [IpHHAB 3TH YacTH
maccel Am,=Al, sa wmaTepHajbHBE TOYKH, JeXalye Ha
paccTosiHud y; oT och Ox H paccrosHun x; or ocd Oy,
noJy4HM

AM‘[_yl' Am,—y,AI, H AM,,‘.——xiAmi—-x, Alt.
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Tak kak AL, =V 14(f' (x;))? Ax;, TO
MM, = [ (2) VI+(F (0P Ay,
AMy‘.z X l/ 1 -l‘(f, (x,))’ Axl.

FlpocyMMHpPOBaB- IO BCceM YacTaAM pa3GHeHHA Kpupoit AB,
B Npefejie MoJy4um ’

b
M. =S FOVTFF@rdr, (5)
M, = xVTFF )idr. (6)
Kpome Toro,
b
m=1={VTE{F (0ydx. (7)

Bocnoab3oBaBmuck paseHcTBaMH (3)—(7), nonyyuM ¢op-
MY/l AJIs HaXOXJAEHHA KOODRMHAT HEHTPa MacC MNJIOCKOH

KPHBOIi:

x VT (9

xc= ) ) (8)
{ VTF7 @ifax

F@ VIFF @)ide

R

Rt o

Ye= . )

b B
{ VTFT entas

3ameuvanue. EciH mIOTHOCTDL p MOCTORHHA, HO P 7= 1,
T0 B Qopmynax (5)—(7) Anf BBLIYHC/ICHHS CTATHYECKHX MO-
MEHTOB H MacChl IJIOCKOH KpHBOH IpaBHe 4acTH Haf0 YMHO-
XuTbh Ha p. PopMydan ke (8) H (9) An1a BHYHCIEHHS KOOp-
JHHAT LEHTPA MacC OCTaHyTes 6e3 H3MeHeRHd.

Hcnonnays dopmysy (9), YCTaHOBHM ONMH BaXKHEIH reo-
merpruecKuii ¢axr. Tak xak

b b
v SVTFT e = F)VIFF () ax,
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TO, YMHOXHUB TOCJIelHee PaBeHCTBO Ha 27, MOJYYHM
S =2nycl,

u60 IJIMHA AYTH KPHBOH BHIYKCAsieTCH 1O (opMmyde
[
1= VTT(F ),
a .
a nJoWaib NOBEPXHOCTH BpalleHUsi —no (opMyae

b
S=2n () VT () ax

N
Mrak, HMeeT MecTo cJelyioulee yTBepXKIeHHe.

I rowade nosepxnoumu, 66pa3oeanKol Npu paweHuu Kpu-
8uli 60KpYe ocu, aexcauiell ¢ Hell 6 OCHOU NAOCKOCMU U He
nepecexarowieli ee, pasHa 0aure Oyau, YMHOMCEHHOU HA OAUHY
OKPYNCHOCMU , KOMOPYIO ONUCLIBAEM NPU SHIOM 8PAUEHUL YeHmp
macc Oyeu. 310 yTBepxKAEHHE UA3bIBAETCA nepeni meopemor
T'yavoena. . :

[Ipumep 1. HaiiTu cTaTHYeCKHE MOMEHTHI OTHOCHTEABHO
ocefi KOOPAHHAT M KOOPAHHATH! LIEHTPaA MAcC NOJYOKPYXKHO-

CTH y=VR’—x’ (—R<x<R).
Pemenne. Tak Kak y'=——=

V= © VI+ET=
R

;V—W'—T‘—x' [lostomy, ucnoabdys dopmyasr (5) u (6), Gy-
JeM HMeTb

Rz_xa

VR”—x’ dx=R de 2R?,

X

2 2R o
V_— dx—-—RVR —X l R-—-O.

JliuHa noJyokpyXHOCTH paBHa siR, nosToMy u3 gopmya
(8) u (9) noanyuyaeMm, YTO KOOPAHHATAaMH LEHTPa Macc OYAYT

I
m-]

2R? 2R 0
Ye=mr=T» *=mr=0

Hrak, C (0; ?) .
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MMpumep 2. Hafitn KoopaMHATHI LEHTpa MacC AYrH
OKPYXHOCTH x2--y?= R? pacno/oxeHHOH B Nepeof Koop-
TMHATHON YETBEpTH. .

Pemenwne. JanHas Gurypa cuMMeTpH4Ha OTHOCHTENbLHO
GHCCEKTPHCHI MEepBOro KOOPAHHATHOTO YrJia, NMOITOMY OpJH-
HaTa W abclucca LeHTpa Macc 3ToH Gurypst paBubl. Jas
HaXOXKJeHHA OPJUHATH! LLEHTPAa MacC BOCMOJb3YyeMCsi MepBoH
- Teopemoii 'ynpjleHa. Jlerko BHIAETb, YTO NPH BpALIEHHH
yeTBEPTH OKPYXHOCTH BOKPYI OCH NOJYYHTC MOJOBMHA
cdepnl, CaelOBaTesNLHO, €e mJomans OyreT paBHa 2mR2.

n
Tak xak MJIHHA YETBEPTH OKPYMHOCTH paBHa——@, TO CO-

. 2
[1aCHO TeopeMe MOJYYaeM -
2nR2=2nyc--’12&, T. €. yc—-2TR.
2R 2R
Takum o6pasom, C (T; T) .

CTaTHueCKHe MOMEHTH H KOOPAHHATH LEHT-
pa maccnaockoit ¢urypbnl. [lycTs Nana KpusonuHeiiHas
TpaneLus, orpaHHyeHHas rpadHUKOM HeOTpHUATENbHOH (PYyHK-
nan y=f(x), x€[a; b], ocbio Ox, npameiMu x=a u x=0,
N0 KOTOpO#i Henpepuaﬂo pacnpeﬂeneua Macca ¢ MJOTHOCTBIO

p=1. Torna macca KpuBoOJHHEl-
A HO# Tpaneuuu YHC/IEHHO paBHa
4=f(z) ee naomamn. [Oas BbYHCIAEHHS
CTaTHYecKHX MomeHTOB M, u M,
KpUBOJIHHEHHOH Tpaneuun paso-
6bem ee Ha n wactet (puc. 34)
NpAMBIMH, [apaJlleJibHBIMH OCH
OpAMHAT H TNPOXOAAILHMH Yepes
TOUKH

t:g
I
|
' !
B2 )

l_a_l_z':_a{

S

Puc. 34. i=0,1,2 ..., n

Macca oxnoit Takoit yacth AS; =~ y;Ax;. Cocpenotouns
Maccy 4acTH B ee lleHTpPe Macc (x,; % , TIOJIYYHM .
AM y‘ Ax, g’ ’%LAXI,
AMy,= Yi sz'xl =xy; Bx;.
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ITpocymMupoBaB mo BceM i, B mpefiese MOJYdHM

b
l -
M,=5{yax, - (10) *
b
M= xyde. (11)

Hcnonbsysa dopmyan (3) u (4), HaxonuM ¢OPMYJBl aaA
BBIYHCJICHHA LEHTpa Macc:

Sxydx
m, 3
L XTI =% , (12)
~ Sydx
a
| b
— \ y2dx ,
T
Yo="Tr=—p—0. (13)
foar
a

YMHOXHB NOC/IefHee PaBeHCTBO Ha 27m, MOJY4UM
b

2nyc-m=nSy“dx. . § (14)

\

Jlerko BuzleTb, 4TO B NpaBoil wacTH paBeHcTBa (14) crour
of6reM Tena BpaueHus. Mrak,

V=S8.2ay,,

T. e. 00%em mera @pawjeHus, 00pA30BAHHC20 NpPU BPAWEHUU

80Kpye ocu abcyucc KpusoAUHelHOl mpaneyuu, pasew nac-
1 wadu smod mpaneyuu, YmMHONCEHHOU KA OAuHY OKpYyscHocmu, *
KOMOpYI0 ONuUCLIBaem Npu SmMoM 6pALieAUl YeHmp ee macc.
910 yTBepKIeHue HasbiBaercs 6mopoi meopemoii I'yae-
Oena. ’ '

MMpumep 3. HaiiTu cTaTHueckHii MOMEHT OTHOCHTEJBHO -
ocn Ox NJAaCTHHKH, OFPaHHYEHHOH ONHON apKOH UHUKJIOHALI
x=a(—sint), y=a(l —cost), {€[0; 2n]. n ee ocHOBa-
HHEM,
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.

Pemenne. Hcnonssya ¢opmyay (10), umeem
2n

2n
M,=% §y2dx=-;— §a3(l—cost)°dt=¥n.

MMpumep 4. Halitu koopauHaTHl LEHTPa Macc noJay-

Kpyra
v+, y>=0.

Pemenwue. N HaxoxIeHUs OPAHHATH BOCMOAb3yeMCS
o 14 !
Bropoii Teopemoit I'yibleHa: yc=—-= Tak kak ana wapa

2
V= %nr‘, a njowans nonykpyra S="2-, 10

4
_gms _ 4 -
yC"" nr'z_an'
2n —

2

W3 cumMeTpuu (GUTypH OTHOCHTEJBHO OCH OpAHMHAT CJe-
ayer, uto xo=0. Hrak, C (0; ':;':'{) .

YnpaxueHun

4.3. Teno nBHXKeTCA NPAMONHHEAHO CO CKOPOCTHIO U (£) == (22 4-1) m/c.
Haiinute nyTo, npoiileHHbIA Testom 3a mepBhie 5 c. '

4.4. Teno mBHXKEICH NPAMOJHHEHHO CO CKOPOCTbIO U (£) = (2¢3 4- 1) M/c.
Hax"umge nyTb, NPOAJECHHLIA TeJIOM 32 MPOMEXKYTOK BPeMeHH OT f=1¢
Bo t=3c.

4.5. CxopocTb Tesla, ABHXYLLErocs NpsMoJHHeHHO, 3afaeTcs dopMmy-
qofi v (t)=(12¢t—3t2) m/c. Haiizure nyTb, npolizeHHbIll TeJIOM OT Hauaja
ero ABHIKEHHS L0 OCTaHOBKH.

4.6. IlBa Tesa HayaJu ABHraThCs NO MNPSMOA 8 OAHMH H TOT Xe MO-
MEHT 3 OAHOH TOUYKH B OJHOM HAMpaBJeHHH COOTBETCTBEHHO CO CKOpO-
CTAMH Uy (£)=(6{2+-4f) M/c n vy (f)=4f m/c. Uepes CKOJIBKO CEKyHA
paccTosiHHe MexJy HuMH Gyner paBHo 250 m? '

4.7. Teno xBHXeTcS MPSMOJHHENHO cO CKOPOCTIO v () = (4f -} a) M/c.
Hafigure @, ecau H3BecTHO, 4To NyTb, NPOHAeHHH TesoM 3a 2 ¢ oOT
Hayaja ABMXKEHHs, paBeH 48 M,

4.8. Teno apuxercss mo npsmoil co ckopocthio v (f) ==(6f--4) m/c.
Hafigure pnuHy myTH, npofijieHHOrO TEJIOM 32 TPETbIO CEKYHAY.

4.9, Hafizute nyTb, npofiieHHbIA TOYKOH 33 MPOMEXKYTOK BPeMeHH
or {=0c 50 t=05c, eciH TOYKa JABUTaJIach IPSAMOARHEAHG CO CKOPOCTHIO
v () =(9,8t—0,003¢%) M/c.

4.10. CxopocTb ABuXYIlelics NO NPAMOH TOUKH MEHSETCA HO 3aKOHY
o@)=(Rt+ay t)m/c. Haligure nyTs, npoiileHHHH STOA TOUKOH sa
npomexi"mx Bpemend o1 t=0c g0 t=4c.

4.11, Onpegennte XaBAeHHe BOALI HAa CTEHKY INAIG3a, AJHHA KOTO-
pofi 20M u BHICOTa 5 M, CuMTas LIJO3 JOBEPXY 3aNOJHEHHHIM BOJOR..
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4.12. Bouncaute AaBienHe BOJAH Ha IVIOTHHY, HMelomyio GopMmy Tpa-
nelud, BepXHee OCHOBAHHE KOTOpOiHl PaBHO a, HHXKHee b (a > b), Bhco-
ta H. Tlpennonaraercsi, 4To NOBEPXHOCTb BOAH JAOCTHIAeT BepXHETo Kpas
naotutbl, [loacyuraiite naprenne nJa cayyas a=400 M, b5=200 M, H =20 m,

4.13. OnpefieluTe CHJIY JAaBieHHs BOAbI Ha BepPTHKAJbHYIO CTEHKY,
uMetomyio ¢opMy noaykpyra pagpuyca R =6M, nuaMeTp KOToporo Ha-
XORMTCS Ha MOBEPXHOCTH BOAHI.

4.14. Omnpepenute AapieHHe BOAbl Ha BEPTHKAJbHBIA MPAMOYTQJbHbIf
w3 ¢ ocHoBaHueM 10M M BhicoToif 6 M. OnpefiesuTe TakXKe NaBjeHHe
Ha HHIKHIOIO MOJIOBHHY LLIIO3a.

4.15. Haiinute paBnenne GeH3HHa, HAXOASLIEIOCs B LHJIHHADHYECKOM
6ake BhicoTOl h=3,5M u pagdycoM r=1,5M, Ha €ro CTeHKH, ecau
MJIOTHOCTb GeH3uHa p =900 kr/m3.

4.16. BouHcauTe cHJy [JaBJleHds BOAM HAa TPEYrONbHYIO ILIACTHHY
C OCHOBaHHeM a H BbicOTOii [, BepTHKaJbHO B Hee MOTPYKEHHYIO (OCHO-
BaHHE COBMAajdeT C YPOBHEM BOAHI). .

4.17, BuuHCcIHTe CHJY 1aBJEHHS BOXM HA BEPTHKAJIbHYIO 3aCJIOHKY,
3aKpHBAIOLLYI0 TPYGY, ecJA Tpy6a, Jexamas rOpu3OHTaJbHO, HAaNoJjo-
BHHY HamoJiHena BOJofl. l3BecTHO, YTO nomnepeYHLIM CeueHHeM TpPy6ul
aABJAseTc Kpyr auamerpom 6 m.

4.18. BbiynciuTe cuay jAaBfeHHsi Ha GOKORYl® MOBEPXHOCTb BEPTH-
KalbHOR# KpYTJIOR LMCTEPHB, KOTOpas Hano/JHeHa BOROH, KHaMeTp
HUCTEPHBI PaBeH 3 M U BbicOTa 4 M.

4.19. Bpiuucaure o6lUiytlo CHNY JAaBACHHS BOKGl Ha [AHO M CTEHKH
aKBapHyMa, uMeloilero (opMy NpsiMOYroJIbHOTO NapalJenenunena, ecan
CTOpOHH OcHOBaHHA paBHn 0,9M ® 0,6 M a Buicota 0,4 M, AxkBapuym
JIOBEpXY HamMoJIHeH BOJNOH.

4.20. Boluncaure pa6oTy, KOTOPYIO HaJ0 3aTpaTHTb HAa CXaTHe Opy-
Kuuul Ha 0,1 M, ecu Ansa cxkartus ee Ha 0,01 M HykHa cuna.B 78 H.

4.21, Peccopa mnporu6aercsi noa Harpyskoit 2 IIxx na 1cm. Kakyio
paGoTy HajO saTpaTHTb Adsa AepopMalHH peccopbl Ha 3 cm?

4.22, Buyucaure paGoTy, COBepIEHHYIO MNPH CXKaTHA MPYXKHHb
Ha 25 CM, ecNH H3BeCTHO,- 4TO AeHCTByIOUlas CHJA NPONOPUHOHAIbHA
CKAaTHIO NPYXHHH H JAJs CxaTHA Ha | cM Heo6xoauma cuaa B 40 H,

4.23. Buiunciute paGoTy, saTpayenHyio NpPH CXKAaTHH BHHTOBOA mpy-
KUHB Ha 6 CM. ecJH H3BeCTHO, YTO NMPH CXKAaTHH NpPyxHHb Ha 0,2 cM
6uia saTpaveHa cuaa 3,2 H.

4.24. Ilpyxuna pacrsaruBaerca Ha 0,02 M noa peficTBueM cuJisl 8 50 H.,
Kakyio Hajpo copepiiuTb paGoty, 9T06bl PacTaHyTb BpyxHHY mo 0,45 m?

4.25. Ilpu cxatuu npyxuHbl Ha | cM 3aTpaudBaeTcs pa6ota B 100 k.
Kakyio pa6oTy Hafo mpOHM3BeCTH NpPH CKATHH NMpPYXHHH Ha 5§ cM?

4.26. CxaTHe npYXHHBH [PONOPUHOHANBHO NPUJOKEHHOH CHJe.
Briuncaure paGory mpm cxatHw Ha 7 CM, €CAd s CXKaTHA Ha | cM
HyxHa cuaa B 10 H,

4.27. Kakyio paGoTy Hago 8aTpaTuTb Ha CXaTHe MpYKHHBI Ha 4 CM,
€c/IH H3BECTHO, 4TO cHiia B 2 H cxxumaer Ty mpyxuHy Ha | cm?

4.28. Cuma B 6 H pacrsaruBaer npyxusy Ha 2 cM. Kakyio pabory
HaZlo NPOU3BECTH, YTOGbl pacTAHYTb NMPYKHHY Ha 6 cmP -

4.29. Cunofi B 80 H npyxuna pacrarusaerca Ha 0,02 m. [lepBona-
yajbHas AauHa npyxuHbl 0,15 M, Kakyio pa6oTy Hajao cosepluHTb, Y4TOGK
pactauyTh ee go 0,2 mM?

4.30. Hafigute craTHuecKHHi MOMEHT JyrH LeNHOH JIMHHH g =

X X

al — ==
=§-(ea+e 4 ), O0<x<:a, orHocuTenbHO ocu Ox.
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4,31, HaiiguTe cTaTudeckue MOMeHTH Lyr¥ napaloin y2=2x (9 > 0),
0 < x << 2, oTHOCHTENbHO Ocell Ox u Oy,

4,32, Haiigute craTHyecknfi MOMEHT OTHocHTesqbHO ocH Ox AyrH
KOCHHYCOHIH ¢ = COS X; —-121-< r= -;i )

4.33 Hafignte newTp Macc Gurypsl, orpanntennolt Kpusofi y=2)x,
ocolo Ox u npsmolt x=1, .

24.3;. Haiinute uentp Mace QUrypH, orpanudeHHON JuHuAMH y2 = 20x
n x2=20y,

4.35. Hafiqure nHeHTP ™MacC BeTBH UHKJIOHAW X=a ({—sint),
y=a(l—cost), 0K << 2n, : :

-4.36. Hafinute ueHtp Macc Guryps, orpaHudeHHOB Ayrofi sajunca

2y
7‘_%_4..32- =] Jexawei B neppoOM KBajApaHTe, H OCSMH KOOPAHHAT,

4.37. Haiigute KOOpAMHATH LIEHTpa LiacC 0apaGOJMyeCKOro cerMenTa,
OrpaHH4eHHOTO JHHHAMH y=4—x2, y=0, )

4.38. INoabsysacy nepsod Teopemofi ['yabaena, HafinuTe LEHTP Maco
NOJNyOKPYXKHOCTH panuyca a.

4.39. Buuncante no teopemaM I'yabgena miomtags 60koBofi nosepx-
HOCTH H 06beM NpPAMOro KoHyca ¢ Buicotofi M u paguycom OCHOBaHHA r.

4,40, Tonbsysncb Teopemamu I'yibjena, BHYUHCAHTE NJOMALb MOBEPX-
HOCTH H OObeM Teda, NOJNYYEHHOTO BpailleHHeM PaBHOCTOPOHHEro Tpe-
YroJbHHKa O CTOpPOHOM, paBHOil @, BOKPYT OCH, OTCTOslilell OT €ro ueHTpa
Macc Ha paccrosinue d (d > a).




Fanasa V

®YHKLMH MHOTHX MEPEMEHHbIX
U KPATHBIE MHTETPAJIbI

§ 15. PyHKUMM MHOTMX TEpPeMEHHBIX

1. Onpepenenne (GYHKUHH MHOIMX mepeMeHHbIX. Paccmor-
pum dyukuuio (M), M€G, xoTopas KaxaoHd Touke M
MHOXKecTBa (i (TJIOCKOCTH “WJIH MPOCTPAHCTBA) CTaBHT B COOT-
BeTcTBHe , HekoTtopoe uucao f(M) Ecan G —wMuoxecTBO TO-
- 4eK KOOPAMHATHO! MJIOCKOCTH, TO BMECTO f (M) nuwyr f (x; y),
rie x, Yy—KoopiAuHaThl TO4KH M € G, ¥ roBopsaT, 4TO 3a4aua
GYHKUMA ABYX nepeMeHHMX f(x; y), (x; y)€G

TaknM ofpasom, @ynkyueld Osyx nepemennox f[(x;y),
(x; y)€G, nasbiBaeTca QYHKUHS, KOTOpas KaxIof nape
gucen (x; y)€G CTaBHT B COOTBETCTBHE HEKOTOPOE YHCJIO
f(x; y). - .

Hanpumep,

Fxs pp=x*492 (x: Y)ER?,

— QYHKHHA JBYX TNEPEMEHHBIX X W Yy, ONpeleeHHas Ans
BCEBO3MOXKHBIX 3HAUeHHH MNepeMEeHHBIX X, y, T €. Ha Beel
KoopauHaTHO! nJyockocTH R: Ona KaxIoi Touke (x; y) € R?
CTaBUT B COOTBETCTBHE UHCJIO 2= X2+ 42, ,

AnanornyHo onpereasiiorcs (QYHKUHH TPeX H GoJbliero
YHCJa MepemMeHHBIX ‘ .

Hanpuwmep,

'/ zz_l -~
hx g =7,

fo(x; y3 23 )=V x*+y*F 2*sint.

@ynkuua f;—QYHKUUA TPeX NEPeMEHHbIX X, Y U 2, ONpe-
LeJieHHasi /i BCeX SHayeHuWH X, y, 2, yHAOBIETBOPSIOUIKX
HepaBeHCTBaM x?+4-y?=£0 u 222>1. Oua KkaxBoH Touke
(x; y¥; 2) U3 YKa3aHHOTO MHOXECTBA CTaBHT B COOTBETCTBHE

22 —1 ’

YHCJI0 u=—a-u2—.

N -
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Dyukuns f,— GYHKUHSA YeTHIpEX MEpeMEHHBIX X, Y, Z M f,
onpeleneHHas IJIf BCEBO3MOXKHBIX 3HAYeHHH TMepeMeHHbIX
x, Y, 2, t. MOXHO cyMTaTb, YTO X, Y, 2—3TO KOOPAHHATHI
TOYKH TpOCTpPaHCcTBa, a f{—Bpema. Dynkuua f, Kaxuoh
uyeTBepKe uHcesl (X; y; 2; t) CTaBHT B COGTBETCTBHE YHCJO

=V 2+ 2sint.

B nanbHefiuem 1l KpaTKOCTH BCE ONpelleleHHs H YTBEpPXK-
neHus GyneM (GopMyJaHpOBaTh JIHIIb A/ QYHKIHE IBYX nepe-
meHubix Ha ¢yHKUHM Tpex H GOJblIEro 4uc/a nepeMeHHbIX,
KaK 3Ta OyAeT BUAHO, OHH JIerKo 06006IIaioTcs.

2. HenpepbiBHOCTE (YHKUHiI MHOrMX nepemeHHbiXx. PyHK-
uusa f(x; y), (% y) €G, Ha3LIBAETCSA HenpepuiBHOl 8 mouxe
(Xo: Yo) €G, ecanm ana mobofi NOC/ENOBATENLHOCTH TOYEK
(*,; Y, €G TaKoih, 4TO X,— X, Y,—> Y, TNPH N — oo,
nocsenoBarteabHOCTh (f (X,; ¥,)) CXODMTCA H

”limw F (% yu)=TF (%05 Yo)-

dyukuns f(x; y) Ha3LIBACTCA HEnpepviBHOL HA MHOXceCH-
e G, ecqi OHAa HempepriBHA B KaXIOH TOYKE 3TON0 MHO-'
KecTBa.

Mpumep 1. [lokasatb, 4T0 QyHKUHA

) f(x; !/)\= xziyg

HenpepuiBHA B J060# Touke cBoed 00JacTH onpeleseHHs.
Pewenne. J[launas dyHxuus onpeiesjeHa BO BceX TOY-
Kax (x; y), KpoMe Touek, y KoTopuix x? =y2. [1ycTb (X,; Yo) —
HEKOTOpas' TOuKa M3 o6sacTu onpenesneHus GyHkuud f, 1. e.
x5 %= ys. Tenenb st MOGOH NOC/IEAOBATENLHOCTH TOYEK (X} ¥,,)
TaKof, YTO Xis=yn H X, — Xy, Y, — Y, IPH 1 — 00, HMEEM

. . 13 Xn Xo
nlimnf(xn’ y") nlimw xf:-—yfz = xf)"’!/fb

=[ (X0 Yo).

CnenoBaTe/bHO, JaHHAs (QYHKUHA HeNpephiBHA B IIPOH3BOJb-
HOUM TOuUKe (X,; Y,) U3 OOJaCTH OmpeReJieHHs.

3amernM, 4TO 3/eCb Mbl BOCMOJIb30BAJHCh CBOHACTBaMH
NpejesioB M0C/1eA0BaTeNbHOCTEH.

[Ipumep 2. IokasaTb, 4TO GyHKUHSA TPeX MepeMEeHHBIX

PN .
aé Vi—si—yt
HempepuIBHA B JHOGOH TOuKe M3 O6JIACTH ONpeAeJIeHHs.
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Pemenne. JlanHas yHKUHA onpene/eHa Ha MHOXKECT-
e G TOYEK (X;. y; 2), YAOBJETBOPSAIOUIHX HEPaBEHCTBaM
12|< 1, 2242 < 1.

TIyers (%45 Yo; 2,) €G. Torma musi moGoil mocaenoBaten-
HOCTH TOYEK (X,; Y, 2,) € G Tako#, 910 X, — X4, Y, — Yo,
2, — 2, IpH n— 0o, HMeeM
lim f(x, a3 2,)=

n —» o

. Vi—z Vi—z2 -
= lim — = ——=[ (%0} Yo; 20),
n->o Vl-—xn-y,, Vl—xo--yo

4yTO M TpehoBasoChL KOKAa3aTh.

Kak ¥ 1as GyHKuHA OAHOM nepemMeHHOH, AaA (yHKUM
MHOTHX MNEPEMeHHBIX JOKa3bBalOTCA CJEAYIOIHe YTBEpXK-
JeHuA: o

cymma u npoussederue 08Yx HenpepuiBHvIX HA MHOXcecmee G
Ppynxyull agaaomes Henpepoigromu Ha G pynxyuanu;

omHowenue 08yx Henpepoisroix Ha G ynkyud seraemcs
HenpepoleHot GyrKyueti 80 ecex mouxax mHoxcecrneéa G, 6 Komo-
polx 3HAMeHameab He 00pawaemcs 8 Hyab.

3. Yacruwie npoussoannie. [Tycts dynxuus f (x; y) onpe-
llefleHa B HEKOTOPOH OKPECTHOCTH TOUKH (Xo; Y,). IIpHu dukcu-
POBaHHOM y=y, moJyuuMm OGyHKuuO f(x; y,), 3aBucAmYyIO
TOJBKO OT OAHOH NEePEMEHHOH X, a NPH X=X, NOJY4uM
¢yHkumio f(x,; y) Tonpko ot y. IlpousBopnas ¢ynkuuu
f(x; y,) IpH X=X, Ha3bIBACTCHA HACMHOL NpPOU3BOOHOL no X
byukuuu f(x; y) B TOuKe (X,; Y,) ¥ OGO3Hauaercs

0 "
I (xe; yo) waB fixes g -

a mpousBoaHas GYHKUMH [ (X, Y) NMpH y=y, HasbIBaeTcs
uacmuol npoussoOrol no y GyHKUHH [ (X; y) B TOUKe (X,; ¥,)
H o0o3Hauaercsd

%(xa; Yo) HIH [l (%45 Y).

KopoTKO omnpelenexHe , YaCTHBIX NPOM3BOIHBIX MOMKHO
chopMyaHpOBATh CJEAYIOMUM 06pasoM: [y (x; y)—3To npo-
u3BOAHas Mo x GyHKUMH f(x; y) NpH HKCHPOBAHHOM y,
a f,(x; y)—>s10 mpousBoiHas No y QyHKWHH [ (X; y) npu
¢ukcuposanHoM x. CiefoBareslbHO, YacCTHLIE MPOH3BOAHbLIE
GyHkuHA HaxolATCS MO OOBLIYHLIM MpaBHJIaM AuddepeHuH-
pOBaHHusA: HYXKHO JHMIWUb NpH INQdEpPeHLHPOBAHHH TO X
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MEepEMEHHYI0 § CYMTaTh NMOCTOSIHHOH, a npH AHddepeHunpo-
BAaHHM N0 Y CUUTATL IIOCTOSIHHOH X.
Hanpuwmep, ecn f(x; y)=x%?, 1O
Fr (x5 y) =) =y° (x*); =y 2x =2x1%,
fy (% 9) = (x*®), = x* (4*), = x* 3y* = 3x%y*.
" Anajoruudo, ecau z=x% - xsinxy, To
0 . /] .
g—i=a—x (x%y + x sin xy) =y-2x+5;(xsm xy)=
= 2xy -+ sin xy 4 xy cos xy,
@=%(x’y+ x sin xy) = x* -+ x?cos xy.

Yacrusle npou3Boiubie f; (x; y) u [, (x; y) dyukuuu f (x; y),
ecqH OHH CYILECTBYIOT B KaXIOH TOuKe (X; y) HEKOTOpOi
‘06J1aCTH, CaMH SBJASAIOTCA (QYHKUHAMH IBYX TMepEMEHHBIX.
CnefoBaTesbHO, MJf HHX TAaKXKe MOXKHO paccMaTpHBaTh
yacTHble NPOH3BOAHLIE.

9

YacTHble NPOH3BOAHLIE OT YAaCTHHIX NPOH3BOJHBIX a—i H %
HAa3LIBAIOTCS 4ACMHLIMU NPOUBOOHLIMU BMOP020 NOPAOKA GyHK-
uuu f(x; y). OueBuano, ¢yHkuusa f(x; y) AByX nepeMeHHBIX
HMeeT YeThipe YacTHHIX MPOHM3BOJHLIX BTOPOro MHopsika:

12).2(2). 2(9). 2(2)-

[Mpoussoansie g Q) H i(ﬂ) Ha3bIBAOTCA MHbIM
P o0x \ 0x dy \ dy bl “acmHbim
NpOU3B00HLIMU 6MOP020 NOPAOKA N0 X U NO Yy COOTBETCTBEHHO

0% oY a (of
H oﬁor;uaqaro'rca 5 W 5,7 - HactHeie npoussonsele 5&(5;)
H %<W’/) Ha3bIBAIOTCS CMEULAHHBIMU N POUIBOOHLIMU BMOPO20

nopadka. MoXHO LOKa3aTh, YTO €C/JH CMeLUaHHbIEe MPOHU3BOA-
Hble HEMNpepLiBHBI, TG OHU paBHHL. B ciyuae paBeHcTBa HX
2

0003HayaloT oy

Mpumep 1. Hafith uacTHele NPOH3BOAHHIE NEPBOrO
H BTOpPOro NopsjiKos (pyHKUHH

‘z=e¥-ysinx.

Pemenne. CHauana HafeM 4acTHbE NPOH3BOJHLIE Mep-
BOTO INopsjKa:
0z : 0z .
— = ye*y — = xex)-
3 = Ye”¥ +ycosx, = *e +sinx.
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3areM HailleM HecMellaHHble MPOW3BOAHbIE BTOPOro NMOpsJKa:
9%z 2 %y . 9% .
—— Y — _— = x2e%Y
. o = Ye ysinx, o =x%e?.
Has cmemaﬂﬂmx NPOU3BOJHBIX MMEEM
d [0z . a (92
g (% y = gXy %y =
% (ax) (ye )+cosx=e +xye +Fcosx=5 (ay
| H, CJIeIlOBaTeJ!bHO,

922
B = Xy 34
50y e" -+ xye +cos x. )
Hp HMep 2 Haiitu uactHbie mnpousBolHbie (YyHKIHH

z=f (x, Y), VAOBJETBOPSAIOWEH YpaBHEHHIO i
xztytgz=xy+1. o )]

-/
Pewmenne. [ponugpdepennupyem pasercrso (1) no x,
cyurasl flepeMeHHYyl 2z (QYHKIHeH OT X H 2 B pesynbrare
TOJly4HM YpaBHEHHE

" "oz -
2+A6x-+ycos220x Y,

H3 KOTOpOTO HaXxoIUM

~

0z ) y _
6_x(x+coszz) =y=s
__ (g—zycos?z

9% xcostzty -
AHaﬂOFH‘-IHO HaXOJHM YacTHYIO ﬂpOHSBOIlHle HO y:

e ’ 0z
—+tg z_'_ycos2 20y
9z __ xcos? z—sinzcos 2
Oy y+xcos?z

4. Npepenni cl)ym(uuﬁ MHOTHX NePEMEeHHbIX. Iyctsb QyHK-
-mm f(x; y) ompenemena B Hexompou OKPECTHOCTH TOYKH
(%0; Yo)» KpOME, MOXeT GbITb, CaMOH TOUKH (X,; ¥,). Uucao A

- HasbIBaeTcsi npedesom gynkyuu f(x; y) npu x — Xy, Y — Yoo
€c/iH Uisl JIoOOH MOC/eNoBaTe/IbHOCTH TO4eK (X,; 'Y,) TaAKHX;
9T0 X, =Xy, Y, —>Yo TPH N—00 H (X5 Y,)F=(Xo; o)
TOC/eN0BATENBHOCTD 2, = [ (X,; Yy), nEN, cxomurcs: K umc-
.y A. B stom cayuae numyt

R A= lim fx y) -
R X - X -
Y=Y
HIH f(x; y)— A npu x—-»xo, Y — Y. :
5 Anre6pa, u. 2 ‘ 129
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<

OueBuano, 9ro ecau f{x; y) — A ﬁpﬂ X = Xoy Y — Yo, TO
F y)=A4a(x; 9, .

rae @ (x; ¥)— 0 npu £ — xo Y — Y.

Tax kaxk mpenen q)yﬂxmm MHOTHUX nepemefmmx CBOIMTCA
K npejeay»qHCaoBoH NOCHeoBaTeAbHOCTH, TO AAA PYHKUHUHA
MHOTHX NEPEMEHHBIX ClpaBelJuBbl TEOPEMBI O MpeENee CyMMBbI,
pasHOCTH, MNpPOM3BEIEHHs M YacTHoro ABYX GyHKuUmMH, aHa-

JIOTHYHBIE COOTBETCTB)I}OHU!M TeopeMaM Aas (IJYHKIIHH OAHOP[ .

nepeMeHHOH.
[Mpume p 1. Hafitu npenea q)yuxnnn

fx; y)=_xsinm S

opi x—0, y —0.
Pemeuune. JlanHas ¢yHKnus onpejesesa BO Bcex Tod-
Kax (x; y) mnockocru, kpome toukd (0; 0), u |f(x; y) <] *].
Ilyets (%,; Y,), n€ N,— HeKkOTOpas TOCHEAOBATEJNbHOCTD
TOYeK IJIOCKOCTH TaKasl, 4To (x,,, y,)70; 0) u x,—0,
Y,— 0 npu n— oo, Foraa

|f (%43 Yn) |<<| %] = O npu n— co.
eﬂeD.OBaTe.{l.bHO, f(x; yy —0 mpu x— 0, y—0
ITpumep 2. [okasars, uTO q)ynmmﬂ

f (x’ y) x2+ y2

 He uMeer mpefena npd x—0, y— 0.
1
Pewepne. PaccMOTpHM HOC/IEIOBATENBHOCTH X, =—

—1)n
" yn=%, n€N. OueBuano, uro x,— 0, y,— 0 npu
n— 0o, ONHAKO f(X,; y,‘)=(_;}" He HMeeT mnpejeia Mpu

n— oo, CnefosatensHo, JaAHas QYHKUHS He HMeeT npelena

npu-x—0, y —0.

Ha onperenenns npefena ¢yHKIUH B TOYKE CJEAYET, ITO
ecan f(x; y)— f(Xe: yo) TPH X — X, y—*yo- TO QYHKIHA
f(x; y) menpepniBEa B TouKe (¥,; y,). Y BHaoGopor, ecam
¢yurnus f(x; y), onpeneseHHas B HEKOTOPOH OKPECTHOCTH
TOYKH (Xo} Y,), HEMPEPHIBHA B TOYKE (X,} Yo), TO~

lim f(x; 9) = f (X0 Yo).
pid
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5. Auddeperunanni d)yuxuun MHOTHX nepeMennbix, Pas-
HOCTb

Af ¢, gy =F(x+Ax; y+Bg)—F(x; )
HAa3bIBACTCS ROAHLIM npupameﬂuem ¢ynxyuu f(x; y), a pas-
HOCTH

AJ (% 9)=F(x+Ax; )—F(x ),
DSy =F (% y+Ay)—F(x; 9
HasbBAIOTCS  HACMAbIMU  npupoujerunmt ¢yukyug [ (x; Y)

0 X U 1O Y COOTBETCTBEHHO.

Ionnoe npupaienng (yHKIHE MOKHO npeﬂc'raam B Bulle
@YMMH 4acTHBIX HpHpamennil. JlefcTBETEABHO,

Af(x; y)=F (x+Dx; y+Ay)—f(x; y+Ag)+
+F (x5 y+A8y)—f (% ) =A0J (% y+By)+ 8, (x; p).
. Ecau ¢yHkunsa f(x; y) MMeer 4YacTHBIE NPOH3BOJHbIE
fx(x; ) u £, (x; y), To, ouesnnuo,
AJ(x y)=F:(x; y)Ax+oAx,
Af (% y)=T;(x; y)Ay+BAy,
rne @ —0 # p—0 npr Ax— 0, Ay—0.

. Nponssenenns f,(x; y)Ax u f,(x; y)Ay HassBaorcs
uacmroimu ougpdepenyuaranu pyrnryuu f(x, Y) 10 x H IO Y
COOTBETCTBEHHO.

Ecan ¢ynkuus' f(x; y) HMeer HempephiBHBIE YacCTHbIE
nmpousBoaubie 7 (x; y) u f;(x; y), To cymma 9aCTHBIX Iud-
¢epenuranos

df (x; y) fx(x, 9 Ax+[ 5 y) Dy

Ha3bIBAeTCH  NOAHLIM ﬂudupepenqua/w)u pynryuu  f(x; y)
8 niouke (x; Y).

Ilpupgiuenus HE3aBUCHMBIX nepeMeHbex Ax 1 Ay obbryHO
oGosHayaioT dx u dy. Toraa

df(x’ y) fx(xf !/)dx+fy(x y)dy (l)
MoxHo mokasaTb, YTO
CAf (% y)=df (x; y)+oc Ax+pAy,
rae & — 0, ﬁ—» 0 mpu Ax— 0, Ay — 0. Jro yrBepxKIeHHE
MOXHO CHOpMYJHPOBATL TaK: NOAHOE npupauierue QyHkyuu -

f(x; y) 6 mouke (x; y) npubaudKenno pasro dupgepenyuary
amoil GynKyuw 6 SMOL He mouke, T. €.- .

AF(x; g) = dF (x; 9) =12 (6 Y Bx+Fy (6 ) Ay, ()
5% . . . 131
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I pumep I Haﬁm monubift  pupdepernnan GpyHKUHH
z=1xsinxy.
Pewenne Haiizem chauana YaCTHBIE, POU3BOLHBIE:

%:"—"smxy’l‘xcosxy-y=smxy+xycosxy,

—_= xz COS xy.

CinefoBaTesbHO,
dz =(sin xy+ xycos xy)dx + (x2 cos xy) dy.

210 eCcTh MOJHBIA ,zmq)cbepeﬂuuan IaHHO!M (PYHKUHH B Mpo-
H3BOJIbHOH TOuKe (X;'y). YToOm Halith JuddepeHnnan B KOH-
ermou TOUKE, HYKHO BMECTO X H Y noac'raamb KOOPAHHATHI
STON TOUKH. HanpnMep,

dz (0; 0) 0-dx+0.dy=0, .

dz(1;0) =0.dx+1.dy=dy,.

dz (0;1)=0.dx+0.dy =0,
dz(1;1)=(sin 1 4-cos 1) dx-+cos 1-dy.

Mpumep 2. Ipa noMow auddepeHnuana BLIYHCIHTD
npubauKeHHOe 3HadeHne GYHKUHH f(x;y)=V-x2+ 42 B TOU-
Kax (3,1;3,9) u (2,9;4,1). ,

Pewenne. PaccmannBaeMple TOYKH JexXKaT BO/I3H
TouKH (3;4), B KOTOPOH JIeFKO BHIYHC/ISETCS 3HAYeHHE (YHK-
uuu: f(3;4)=05. Haiinem nucpq)epeﬂunan JaHHO!N (QYHKUHH
B TOuKE (3; 4):

Fixig)= Tfﬁ?' f;(3;4)=%—o,6.

fi (% 9)= _VT—-l-;'? )
CnenoBatensHo,
- df (3;4)=/7(3;4) Ax+[;(3;4) Ay=0,6Ax+0,8Ay.
Us gopMyast (2) caenyer, uro i
F(3+Ax; 4+Ay)a f (34)+0,6 Ar+0,8 Ay.

-~ Iaa roukm (3,l1; 39) HMeeM Ax 0,1, Ay=-0,1,
H TIO3TOMY o

fy(3;4)=5 =038,

f(3;1:3,9)~5+0,6-0,1—0,8:0,1 —4.98.
132 . -
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Has touku (2,9; 4,1) umeem Ax=-—0,1, Ay=0,l,’
H MO3TOMY ’ - '
f(2,9,4,1)~5-—0,6-0,1+40,8.0,1 =5,02.

'

anamhennn
- Ve . _ .
5.1. Jlokaxute, uto oynKkuMa [(x;y)=sinxsiny mgenpepusna
B JoGoii Touke (x; y) € R2 . -
; V1 —xy-

x2—y2
KaXHTe, YTO 3Ta (QyHKIMS HenpepbiBHA-B 0GJacTH onpe,ue.neunya.
5.3. Ilokaxure, uro ¢yukuus f(x; y), pasuas 0, ecan xy=0, u I;
ecad xy 7 0, He sBAsieTcss HempepniBHOH B Touke (0; 0).
5.4 Haliznte d9acTHble NpPOH3BOLHbIE CJeRyIOIMX (YHKIHMA 1BYX
niepeMeHHBIX: '

5.2. Haiiznte o6nacTb onpeznefenuss QyHkuuR 2= H. 10~

‘

a) z=xsiny-}ysinx; .
) z=exitg (x+y); -
. B) g=x%sin (at - x); . -.

1) s=V it A
5.5. Hafitnme wacTHble IPOH3BONHBIE CJEAYIOWHMX GYHKUME Tpex
nepeMeH HbIX: X
a) z=(x?4-y?)sint; .
6) u=xy+xz-+yz+1; .

B) 2z==xye*Y! cos yt; _
r) V=xV x24y2 ctg xt.

5.6. Haiinute uacTHue nbousaom-lue BTOPOrO MOPSNKa CJAeRYIOUAX ;
dynkuuit: - . .

a) z=xy--xsiny;

6) z=xy+x+y; .

B) u=ysin (x4 at);

1) u=xy+x24yz+22+ P2+ .

5.7. Hafigure 'uacTHHe MPOH3BOAMHE GYHKUMH z'=f (x; y), yaOBJET- |
Bopsolel ypapHenuo x24yid-22=1. . ]

5.8. Hafiqure npenea oyukuun f(x; y) ==;2-Jf—l_y—y§ npe x— 0 \
y— 0. - -
5.9. Haifizure nosmuie nudbepennuainl ciaeayomux GyHKumi:

a) z=Ccos xy; )
6) z=x%+xy*
B) z=xe’4yctgx.

.5.10. IIpu nomomu puddepeHuyana BHYHCIHTE npnb.nnx(énﬁo 3Ha-
“wenns oymnkuuu f(x; y)=e~¥sin(x-+y) B Toukax (0,1;0,2) u (0,2;0,I).

o0 . 133.




\

3

§ 186, KpaTtnsie muterpanst

1. OnpegeaeHye W CBOACTBA ABOIHOro MHTerpana (cayuaft
npsimoyroabnuka), Ilyets ¢yskuus f(x;y) onpenenena Ha
npaMoyroipauke G: a< x<<b, c<Ly<<d (puc. 35). -

Orpesok [a;b] ocu Ox Toukamu

xi =a+b_a l'

- ‘=0, 1, IR (S

~
paso6beM Ha n OTpPe3KoB [X;.5; x;], =1, ..., N, AIHHE
Ax,--b—:-g. ©rpesok {c;d] ocu Oy Toukamu

d— :
—%j, i=0,1,...,n,

. y/=c+

pasoﬁbSM Ha n OTpeskoB [y;_11y;], =1, *+1¢ 7, JIHHEL
> Ay,==—';c-. Torna npsmoyronsruk G pasoGvem Ha n® npsie

MOYroJibHUKOB (g4 ILTIOmMAAB KaXKJIOTO 'H8 KOTOPHIX paBHA
Ax, ij. ’
CocraBuM JBOHHYIO CyMMY

n n
t%"l ,gl [ Esim)) Ax; Ay, (1
rze (& n,)—ﬂexdropaﬂ— Togka npgmoyrom;nuxé Gy Ora

CyMMa HasbiBaeTCH UHMESPAAbHOL Cymmoii dyHKUEH T{X;y).
Ecan npemen muuTErpann-

g - ' HOH cymmer (1) mpH n— oo

. CyllecTBYeT H He 3aBHCHT OP

i o BHIGOpa TOYEK (E,u,;'rl,), TO OH

. - HaspBaeTCsl  O0BOUHbIM  UHME-

% = epason or dymkmua f(x;y)
Yr k- L no G'u obo3Hayaercs

c (8§ 7 (s y) dxay.
1 4 4 ,
Ol @ a,

z

[\ .

Tagum o6pasoM, COTJACHO
Pme. 35. OMNpeJeNeHNI0

: SSf(x',y)dxdy= lim iii ]n‘ fEin)) Ax; Ay -
G n ~» @0 = . .

=1

13




Ouesuaud, 4To

Sdedy_=rm. G,
(¢

t. e uHTerpa’ or 1 mo G paBen naowagd (.

W3 ompelenenns IBORHOrO HHTETPaia K COOTBETCTBYIOUKHX
CBOHCTB MpeJiesoB MOcaef0BaTe/bHOCTEl Cpasy ROAydaeres
cJeflyioliee BaXKHOE YTBepKIEHHE:

ecau unmeepasi om pynxyuir f(x;y) u g(x;y) no G
cyuecrneyom, ma das mobsix aucen o t f unmeepas no G om
pyncyuu of (x;y) +Bg (x; y) cywecmegem u

§ @ )+ () e dy = |
==aSSf(x y)dxdy+@§$g<x,y>dxdy @

. Orciona, B qacmocm, c.ueAye'r, 9TQ HOCHOAHHbUE MAO-
HCUMENb MONCHO 66IHOCUMbG 34 3HAK UHMe2PANd U 4mO uHutez-
par om cymmel dsyx cﬁymcuua paeen CYMMe UHMe2panos om
amux ¢yﬂnqua,

Hoxaxem dopmyay (2): -

S OS (@f (x; ) +Bg (x; y))dx dy =

\

n

= Km 2 Z taf pimy) +Be €5 ) Ax, A!l/ =

n-»aoi— -‘

=0t hm 2 g f(gz» ny) Ax; A-‘f/"‘

n-»ai=

+p nlimw ;gl z}l g &) Ax; Ay, =
=a SGSﬂx; Wardy+8§§ g(xy)drdy.
G

.

3xech MBI CHadaja BOCIOJIBb30BAJIMCh OMpeNe/IeHHeM TBORHOTO
HHTErpasa, 3aTeM TeopeMoil O mpelese CyMMBE ABYX IQcje-
JOBaTeJbHOCTEH H TeOPeMOH O BBIHECEHHH IOCTOSHHOTO MHO-
JKHUTEJNd 3a 3HAK Mpefea M, HAKOHEIN, CHOBa OIpele/IeHHeM

- ABOHHOIO HHTerpaJa.

. 2. Cpenenne ABOITHOrO0 MHTerpaja K MOBTOPHOMY (Cayuait
npaMoyroanHuka), [lycte ¢yukuus f(x;y) enpeseneHa u
HenpepeiBHA Ha NPSAMOYTo/bHHKE G a<<x<Ch, c<Cy<Ld.
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[lokaxeMm, 4TO BHIYHCJEHHE IBOHHOTO WHTerpana ot f(x;y)
no G CBOEUTCS K BbIYUC/IEHHIO ABYX OXHOKPATHBIX HHTEr-.
pana: pHTerpana nmo x OT & X0 b H MHTerpaja no y oT ¢
Io d. _ :

Orpesok [a;b] ocu Ox Ttoukamm x;, i=0,1,...,n,
paso6beM Ha n paBHBIX TO JUIHHE OTPE3KOB [x;_g; ¥;]. Toraa
cymectByloT Takue §; € [x;_g; %;], utOo ’

b n X N n
Sfmpa=3 § fespde= 2 7Cnhe (1)
e = Xier . = '

ans mot6oro y € [c; d]. R

Hanee, orpesok [c; d] ocu Oy Toukamu-y;, j=0,1, ...4n,
paso0beM Ha n PaBHHIX 0 AJIHHE OTPE3KOB [y;_g; y;]. Toraa
- CYUIIECTBYIOT TakHe 1, € [y;—1; Y;], 910 -

d/b :
‘ S(Sf(x; y)dx)dy= -
n ¥
-3 |
Hs ¢opmya (1) u (2) nonyuaem opmyay
ds5h Y n- n
S(S f(x: 9) dx) dy= 3 B[ Ein)Ax Ay (3)

¢ 1j=1

b nsb
(S fox y)dx) dy=3 (S () dx) Byy. (@)

a

Tak kak B (3) /eBas 4acTb €CTb UHCJIO, a MpaBast mpH 3

n— oo CTPEMHTCS K IBOMHOMY HHTerpaay .ot f(x; y) no G,
TO OKOHYaTeJNbLHO MOJMyyaeM cjenyouLyio GopMmyry:

" dyb
B SGS fx; q)dxdy,=S (Sf(x; y)dx>dy. (4)

KOTOpasi Ha3plBaeTesl hopmyaoti ceefenus 080LiH020 UHMEZPAIG
. K NOBMOPHOMY. :

IMoBropHEIfl HMHTErpad, CTOAIMA B NpaBod wacTH ¢op-
Mysabl (4), OGbLIYHO SaMHCHIBAIOT MHAye, a HMEHHO TaK, 4TO
. ¢opmysa (4) npHHHMaeT- BHA

~
—

. d b '
. SGSf(x;y)dx_t_iy=8dy5f(x;y)dx,\ )
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Auanoruuno stoli hopMyJe AOKasniBaetcss H Apyras ¢op-
MyJia CBeleHHs ,usopmoro mnerpana K noBTopHomy

3

o S g dray= deSf(x,wdy ; (5)

ITpumep 1. Bbmnc.nmb IBOMHON uHTerpan or ¢QyHK-
wd  f(x; y)=x*4ysinxy no keampary G: 0<<x<1I,
o<y<lL . - .

Pemenune. Bocnonbiyemess ¢opmyJol cBeneHuss XBoH-
HOro HHTerpaid K nosTopHOoMy. Torjia

: 1 1 o '
SS (x*+ysinxy)dxdy= S dy S (%2 -+ y sin xy) dx.
G b 0

CHayana, CYHTast y MOCTOSTHHBIM, BRIYMCJIMM HHTErpas NO X1
1 o .

§ (x*4ysinxy)dx = (%ifcosxy) l:) =
=%—cosy-|— 1 =i—-cosy.

3areM OT NONYyYeHHOM (pyuxunu BBIYMCJIHM HHTerpa’a no y.
Toma

SS (x? +y sm xy)dx dy = S (—--—cos y) dy =

=2  siny|'=4+—sin1
=3 y|,=75—sinl.

.Mpumep 2. Boluncaure ABOAHONH HMHTerpal oT QyHK-
muu f(x; y)=ycosx - xe¥ no NPAMOYTONLHUKY G: 0w,
0<y<. .

“Pewenne. ) *

¢ ; ’ ' . >
S;Sf(x; y)dxdy=§de(ycosx+¥ey)dyé

=0

=:§ (-yfcosx+xe”) ly la!x_=x

=n lcosx-}-ex,—x =1 cosxdx+(e;»1) xdx =
J(beosron—s) =3

~

=7’°+‘e‘ e o=‘i(e? >
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3. Onpenemsme ABOHHOIO HHTErpaja nas npouaao.uwou
obnacti, [lycrb f{x; §) omnpeRenena Ha HeKOTOpOPI orpang-
quHoﬁ ob6aactu G Touex (X; y) KOOpAMHATHOH NJIOCKOCTH.

epe3 G, 0603HATUM HaUMEHBIUHA DPAMOYTrOJbHHUK, KOTOPHIH

epxm'r obnacte G u CTOPOHB KOTOPOr0' NapaieNbHH

Y
4 I~P@
by
¢ 'L!-P’@
I 7 5 L@

Pre, 36

-0cgM - KoopAHHaT (puc. 36). '—lepes fo (x; y) o6osHauEM GyHK-
-'IHI0, KoTOpast paBHa f(x; y) Ha G H HYJIO BHE G Teneps
N0 ONpele/IEHHI0 HOAQKHM :

,_ 510 pyaxay={§ (s 9y e (M)

Ilycre o6nacts G orpannuena cjeBa H cnpaBa NPSIMHMH
Xxma H xmb, a cHH3y H cBepXy rpadukamu ¢yHKIHHA
g Qg (X) U g=0,(x). Torna u3 (1) no.nyqaeM
N

SSf(x,y)dxdy S(Sfo(x,y)dy)dxn

b s0s (x)
==S( S f(x;‘y)dy)dx

@y (x)

Tak Kak TpH ¢HMKcHpoBaHHOM x GymKuEs fo(x; y) paBHa

[ (x; y) na orpeske [@;(x); ¢, (x)] H HYJI0 BHE 5TOr0 OTpesKa.
Taxum o6pasom, Aks ABOHHOrO MHTerpaja no obsacta G:

a<x Lb, () <y<<o,(x) cnpaseiauBa CJaeRyKomasn

(]Jo'pmyna: )
. b @2 (x)

§§#0e paray=§ax § o g)ay: )

6 .

a @ (X)
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Ananoruuno, ecan obaacTb G orpanHyesa CHH3Y H CBEPXY-
NpAMBIMH Y =C H y=d, a CreBa ¥ COpaBa Tpapukramu
ymxusi £ = (§) H £ =1, (5}, T0 ,

T d %im )
St paray=Fag § finpax. ®
a ¢ Y1 ()

dopmyast (2), (3), xak H Gopmyast {4), {5) n. 2, HasH-
BaIOTCS ghopmyramu ceedenus G80iiH020 iHMe2para K no8Mop-
HOMY.

IIprmep 1. Bomacaurs wuTerpan

SS (xy +g*)dx dy,
¢
rie G—o6nacTh, OrpaHMueHHad H=x, y=2x U x=1
(puc. 37).
Pemenune. g

P

SS(xy+y’>dxdy=5dsc?(xy+y2)dy= |

(e ) e (e o acm

:::S( )xsdx=%§—31 232-

[Tpum e‘p 2. Buiuncaurh ABoHHOM uHTErpat orT QYHKLIHY
z=xy N0 KPYry pamuyca R C HeHTPOM B Haya/e KOOPLHHAT,
Pemenne. Hepes Kr oGosmaum

Kpyr paauyca R c ueHTpoM B Touke 7y
(0; 0). Torna S
‘R . VRi=@ 2
SSxydxdy== S dx S xydy= :
KR =R  _VRi=x (4
. R 7 !
= { x-0dx=0. i
=R |
4; Tpoiiubie .uu'rerpanb,l. Orpannuum- f 7 =
CSl pacCMOTPeHHEeM JHUIL HHTETrpajoB OT
dyukuuit  f(x; y;2), onpeleneHHBIX Ha Puc. 37.
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npsAMOyroJibHOM napaisenenunese G: a, <x<by, a, Y<b,,
a; <L 2<{b;. Kak u npu_onpele/ieHHH JABOHHOrO HHTErpana,
- KaxJpli oTpe3ok [aj;bi], [a@,;b,], [@sbs] cooTBeTCTBYyIOWE,
OCH TOYKaMH X;, Y; U 2, pa3obbeM Ha N PaBHBIX M0 JJIMHE
OTPE3KOB H COCTaBHM HHTErpalbHYI0 CYMMY :

N n 'n n
- 1§1 121 kgl [ (€ mys 8p) Ax; Ay, Az, .
rre & €[x;—5; %), 1, €[y,-5 9] Le€l2e-1s 2]
Ecau nHTErpanpHas cyMMa HMeeT Npefiesl NPH N —s oo
H STOT Tpefiesl He SaBHCHT OT BhiGopa §;, 1, Lz TO OH Ha-
SLIBA€TCS ' MPOUHbLIM urmezpasom or pyukuuu f(x;y;2) no G
# o6o3HayaeTca - - )

SSS f (x; y; 2) dx dy da.
" .
Hns storo muterpana, Kak H AAs ABOMHOIO HHTErpaJja,
JIOKa3LIBAIOTCS CAeRylolire (HGopMyJsl:

by by —bs

S(S’Sf(x;yi z)dxdydz=S"dedySf(x;y;-z)dz.

'

P
S(S,Sf(x‘y; 2)axdyde={ dy §ax{f (ry:2)d,
as ay ag
‘ ) by by by A

u-T. A. Bcero, oueBnIHO, UMeercs wecTb GOPMYN CBeleHHS

TPOiiHOro HHTErpasia no G K NOBTOPHOMY MHTErpany.
[1pumep. Berumcants nuterpan ot byHkuuu f{x;y; 2)=

=x+xy-+xyz no kyby G: 0<x< 1, 0<<y<1, 021,

Pewenne.

Sé‘S} (x.:‘y; 2)dxdydz=

] | 1 . | | oL
=§dx§dy§(x+xy+xyz)dz=5dxbs(x+xy+f2£) dy =
. 0 ‘ 7 N

=}dx5(x+-§-xy)dy= j(x-l-{:i?C) (ix\-""‘%'f -;—=%--
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YnpaxHeHus

" 5.11, BoiuncanTte XBORHOH MHTErpax Mo NpsAMOYTONbHEKY G: —1<<
<x<<l, 0<<y<<! ot caenyomux byHKUMiL:

a) f(x; y)=4y+-cosy; 6) [(x;y)=xsiny+gcosx;

. — 2,X3+ 7, e 1) = y Si _I__
B)f(x’ y)_xe ': r)f(x,y)—xsm 1+y§'
5.12. BuiuucnuTe 1BOHHON WHTErpan

. SS (x—2y+ xe?) dx dyg,
G .

roe G—MHOXKeCTBO TOueK (x;y) -TAKHMX, 9T0 0<Sx<<a; 0Ty < X2,

5.13. BoiuncauTe JIBOjiHOK HHTerpan OT GYHKIHH 2=xg-}x3-4 42
no o6nacty G, OrpaHHYeHHON KpHBHIMH y=x% 0 y=1x3. .

5.14. Boiuncante npofinofi muTerpan ot Qynkunu f (x; y) =2x--3xg
IO TPeyroMbHMKY ¢ BepmHHamu B Toukax A (—1;0), B(0;1), C(1;0)

5.15. BoluncauTte nBoitHO# MHTerpal OT (QYHKIMH z=x2g mO. moJy-
Kpyry x34-y2<1, y=0. -

5.16. Boiuncaute TpofiHOA HHTerpaj Mo NpsSiMOYroJbHOMY mapajiie-
nenpneny G: 0<<x<<l,—1<<y<<l, 0<<2z<<1 OT CledyomuX QyHKLEAS

a) u=4xyz; 6) u=xy--gz+xz; B) u=x2zcosy.

§ 17. IMpunoxenus KpaTHbIX HHTErpajos

1. Macca nJoOCKoi _MJacTHHKM NepeMeHHOH MNJIOTHOCTH,
IMycts TpeGyeTcs onpejequTb MAacCy m HEKOTOpOH mpsMo-
yronbHoit nnactuikd G (puc. 38). Ecam niactunka onHo-
poauas,--To, Kak XOpOWIO H3- ’ :

. BECTHO, - i Ih
: m=pab, (1) b / %
rle p—INOBepXHOCTHas  ILIOT- : / g h
HOCTb, a a, b—pasMepnl mJac- e
THHKH. Ec/m XKe myiacTHHKA HeON- ~ g - <
HOpOZHas, T. €. IVIOTHOCTb P ecTb ' :

(pyHKIHS TOUKH:
p=p(xy9) (%Y EG, .

TO AN BBIYHCJICHHH ‘MaccH m TOCTYNHM crieflyiomuM o6pa-
3oM. [IpaAMBIMH, napajJefbHBIMH OCSM_ KOOpJMHAT H 3alaH-
HEIMH YpaBHEHHSIMU

Puc, 38.

x=xl='17l:" l=0,‘l’ ..'.,n,
b .
- y=y,=]7, i=0,1,...,n,

.
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npaAMoyronpHHK G paso6beM Ha 72 NPIMOYFOJLHHKOB
(puc. 39) u_cocraBuM cyMMy

2 24 p E;my) Ax; Ay, 2)

rie §;€[x; 3 %], 'q,E[y, # y,] S1a eymma I'lpMGJm}KeHHO
paBHa m ¥, OUEBHAHO, CTPEMHTCS K m MNpH n— oo. Tak

g ).
%=0
7]
Y
8t & v m, & W z
Pre. 39.

K3k, c¢ JApyro# CTOpOHbI npenea cymMmel (2) npu n-— oo

pdBen wunTerpary or ¢ymkmum p(¥; y) mo G, To; caeloBa-
TeJbHO, -

-

m= S(,S p(x; y)dx dy. (3)

Takum oGpasom, Macca m mracTHERM G ¢ IepeMeHHOH
TIOBEPXHOCTHON ITOTHOCTHIO P (¥; ) paBHa ABOHHOMY HHTer-
pany or p(x; y) no G. '

.3ametuM, uyto ¢opmyma (3)

\ g cnpaBelauBa AJf OrpaHHYeHHOH
IJIACTHHKH IPOU3BOJNBHON GOPMBL.

’ Fpumep 1. Beuncauts
Maccy KBaipaTHOH IUracTurKH G
€O CTOPOHO JIMHB @, IOBEPXHO-
€THas MIOTHOCTH KOTOPOH B TOU-
ke P€G pasha k(a*—r?), rue
r —paccTosfiiHe OT ToukH P 10
LleHTpa KBajJpaTa, a k—HeKO’l‘O- .

‘ pas HOCTOSIHHAH.

Puc, 40 Pemenue. DBriGepem cuc--
TEMY KOODIHMHAET, CB3AHHYIO C
paccMarpuBaemoit nnacmﬂxoﬁ Tak, Kak 3TO YKa3aHo Ha

puc. 40.

Torna

Nl
8

p=*k(a*—x*—y
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#, CKAOBaTEJbHO,
a/? a/2

m=SSk'(a2—x“—y’)dxdy=k S dx S (a2 —x'—y?)dy=
-a/2  -af? ,
— a/2 i a/2
ka — ka ~a/2? —ka 3 -a]z
ka a kat 5
4 ——ka‘——( ) —3-( Q= kat — T=-6~ka‘
Omeem. m--ka‘

IIpuMep 2. Bumucimrs maccy TPeyro/HOH NIaCTHHKH
G: 0<<x< ], 0y ¥ ¢ HOBEPXHOCTHOM MJIOTHOCTBIO P ==
= l-l—xy - -
Pewenune. Ilo @opuy.ﬂe (3} nonyyaem

m =SS(l+xy) dx dy =‘5de(1 +xy) dy =

=S<j<a+xy)dy>ax~5 (x+x2>dx_n(2 %) l”

: -1y
L d

G| en

£y

uol-—

Omeem. m= —g— .

2. O6vem Tea. [TycTh Ha npsmMoyroabhuke G:a<ly<Cb,

,L c<Ly<d 3ajaHa HeoTpMUaTeabHas (yHRuMA z=f(x; y).

Hailinem ¢opmyay ans obbvema V Tesna, KOOPAHHETH TOYEK

KOTOPGro YJOBJETBOPSIOT ycaoBusaM: , (x; Y E€G, 0z

<fix y (pue. 41). _ -

Hasa, pyskuun f (x; y), (x; y)€G, coCTaBHM HHTErpaib-
HYIO CYMMY ’

2 21w dedy

Sra cymma npw6.nmxeﬁno paBHa obGwemy v H, oqumIHo,
crpemurcss K V npu n — oo. CnefoBarelnHO,

; - V=gﬂmwnw

) 3aMeTuM, uTo 3Ta (hOpMYyJa CrpaBelJIHBa U B TOM CJjyuae,
'; xorja G—npauaamlmaﬂ 00AaCTb, OTPAHUYCHHAA TAAZKUMH
) KPHBEIMH.

I - S w




TTpumep. Haiith o6vem V 'Tena, orpaHHYEHHOrO MJIOC
KoctsiMH x=1, y=x, y=2x, z=0 ¥ NOBEPXHOCTHIO Z ==
= x| g2, .

g
PS

Puc. 41.

.a

Pemenune. O6nacte G, B KoTopoil ompefeneHa (QyHK-
mus z=x%-4j* wusoOpaxeHa Ha puc. 37. CiaeloBaTe/bHO,

V=Sﬁ§(f’+yz)dxdy— | Co .
=de3x(x=+y*)dy=§lx3dx-f-_$(%:“)'dx=
T S L
Omem. V=—2-; )

3. Macca Tena nepeMeHHOH MJIOTHOCTH. Kak 1js Macchl
MJIOCKON IJIACTHHKH .C NEePeMeHHOH NOBEPXHOCTHOH MNJOTHO-
CThio p==p(%; y), TaK H JJIa MaccH m Tena G ¢ nepeMeH-
HOH IJOTHOCTBIO P=p (X} ¥; 2), (X5 Y3’ z)eG, MOKHO IOJTYy-
4ETh CJAeAyoUylo ¢opmyay:

- r’nfsggp(x;y;g)dxdydz.‘ )

. \ 4 , 4
T. €. Macca Tesa G ¢ nepeMeHHOHA IJIOTHOCTRIO P (X; y; 2) paBHA
TPOHHOMY HHTerpany mo G OT 3TOH MJIOTHOCTH.
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[Tpumep. Bouucaurs wmaccy kyba G: 0<<x<1,
1, 0L 2<{ 1 c nepeMeHHOM NJIOTHOCTBIO P =X

Pemenne. o ¢opmyre (I) nosydaeM

m= S\g‘s‘(x+y+z+l)dxdydz—

-=/Sxdx+Sydy:+-Szdz+-l —2--|- 1,1 _|_ .
0 0 0

* Omeem. m=2,5, -

¥YnpaxHenus

5.17. Hafizure Maccy npsMOyroJbHOr0 TpeyroJbHHKa C KaTeTaMH
2 cm # 3 cM, eciu ero nJoTHOCTh B Touke P pasua ((1-4-7) r/cm?; rne
r—paccTosiHKE OT TOUKH P j0 KaTera AmuHbl 2 cM.

8.18. Haiigute o6BeM 're.ua, orpannqeunoro noBepxHocTAMH 2=0,
g=xp, x==0, y==0; x=1; y=1, .

5.19. Haﬁnn're Maccy MpsMOrO KpPYroBOro WMJHHApa pajnyca R 4§
BHICOTH f; €clM ero mJOTHOCTE B Touke P paBHa max {rj; o}, 118
ris rs— pacCTOSHAS OT TOYKH P 10 OCHOBaHHH.




.Taasa V1

KOMBHHATOPHKA U ®OPMYJIA HBIOTOHA
VIS CTENEHH BHHOMA

§ 18, Pasmemenusi, nepecTaHOBKH, CO4YETAHMS

1, Ilpumepnl npocreiilumx KOMGHHATOPHBIX 338a4. Kom6u-
RamopHoimu 3a0auamu NPUHSATO HA3HIBaThb 3al1aud, B KOTOPLIX
HeoDXOMMO TIOACYATATH, CKOJHKAMH CNIOCOGAMH MOXHO oCy-
IECTBHTE TO HJH HHOe TpeboBanHe, BHIOOJHUTH Kakoe-au6o
yCIOBHe, CAeAaTh TOT HJH HHOH Bbi6OP. .
-PaccMoTpuM HeCKOJBKO THIMWHHX #AES KOMGHHATOPHKH
sajay. - v
Opnmep 1. B rpynne 20 yyamuxca. CKoasKHMH crio-
coGaMH MOryT GbiTb BHIGPaHEI KOMCOPT M MPOOpr MpH ycao-
BHH, 4YTO Ka}X/blil y4alulHics MOxeT GHITh H36paH TObKO Ha
OJHY H3 3THX NO/KHOCTEH? '

Pewenwue. Ilycrs cnauana usbupaercs komcopr. Io-
CKOJIbKY KaXMbli 49jeH Tpynnbl MOXeT GbiTb H36paH KOM-
coprom, To, o4eBHAHO, ecTb 20 cnocoGoB ero Beibopa. Toraa
npodoprom MOKeT cTaTh KaXAblll W3 ocTaswuxcs 19 yeno-
Bek. Jlio6o# us 20 cnocoGoB BeIGOpa KOMCOpra MOXKET OCy:
IIECTBUTLCS BMecTe ¢ JobbiM H3 19 cnoco6oB BriGopa mpod-

opra. [lostomy Bcero cymecrByer 20-19=380 cnoco6oB

BhHIGOpa KoMcopra H mpogopra..

[Tpramep 2. Ha co6pannu noxenamu BHICTYNHTb 4 de-
JoBeKka. CKOMBKHUMH Cnoco6aMH MOXKHO pacmo/IQKHTh HX
B CNHMCKE 0opaTopoB?

Pemenune [IlepBoro opatopa MOXHO BHIIENHTL Ye-
THIpbMSI crnioco6aMH; BTOpPOro, OuYeBHJAHO, TpeMs Croco0aMH.
Ha Tperpe MecTo B o4epenn opaTopoB GyAyT NpeTeHIOBaTh
Tenepb yxKe TOJNBKO JBa ueJioBeKa, H, CJAEAOBAaTENbHO, €CTh
ABa crnoco6a 3anoJHHTb TPeThe MECTO B CIHCKEe OpaTopoB
Ins derBeproro opaTopa BHGOpPA y:Ke He OCTAeTCsH: OH BBICTY-
nut nocnefuum. TTOCKOMBbKY KaXblil cnioco6 BHIGOPa nepBoro
opaTopa Moxer ObITb CKOMOMHHPOBAH C KaXABIM CNOCOGOM
BLIOOpA ' BTOPOTO Oparopa M C JIOOGBIM H3 IBYX BO3MOXKHHIX
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erocoG0B BhHGOpa TPETHErG O0PATOpa, TO YHEIO €moco0oB
COCT2BJIEHHS] CIMCKa BLICTYHAOUIHX PaBHO

4.3-2.1=24.

IIpumep 3 TIpymny yuamuxes TeXBHKYMa JIOVKHS
3K3aMEHOBaTh IO MareMaTHKe KOMHCCHS M3 ABYX IPENOAaBa-
tenel. CRoAbKHME ¢noco6aMi MOXKeT ObiTh COCTaBleHa Takas
KOMHCCHS, €C/IH B TeXHHKYMe OATh HpenoRaBaTelCH MateMa-
THKH?

Pemenue. OGoshayuB upemojasarenel Gyksanu A, B,
G, D, E, MOXHO BHHC2Tb BCE BOGMOKHEIS 9K3AMEHALHOH-
Hble KOMHCCHH, @ HMEHHO!

AB, AC, AD, AE, BC,
BD, BE, CD, CE, DE,

B yBUJeTb, 4TO HX YHCJIO PaBRO JECHATH.
3aMmeuann e Koneuso, Taxoe peiesle npHMepa 3
JQIDKHC BHISHIBATDH 4YBCTBO HeyHORNeTBOpetitsa. Benb ecan Gbl
npenojaBarteNell GEUIO He MSATh UeHAOBEK, & HABPEMED, YeThip-
HalllaTh B €OCTABHTb KOMMCCHI» TpeGOoBaioch Gk HE H3 ABYX
YeNIOBEK, &, JNOHYCTHM, H3 CeMH, TO DORMTKA HOEY4YHTbH pe-
3YILTAT TEM, Ke CIOCOGOM OKOHYUIACh Obi FOMHLIM MPOBAHOM,
Tak Kak B 9TOM CiyYae MQXHO oGpa3oBaTh (KaK 9T Gyner
NOKa3aHOo HHXE) Godee TPeX ThHICAY PasAHUBLIX IK3IaMeHa-
HHOHHBIX KOMHCCHI.
" Tlpexie ueM DepeXoMEh K BBEJCHHIO HOBHIX HOHATHA
K BhIBOAY OGmuX (opMys, DO3BOJAIOIEHX peHlath &olhe
nojoGHbie 3akaul, 3aJaiuMCcs BOADOCOM: WFO 0OLHIEFO B HpH-
Mepax 1—3 u eCTb JH KaKHe-AMOO CYIieCTBEHHHE pasTHyMs
Mexny HHMH? TIpexne Beero Gpocaeica B EJasa, 4TO BO BCEX
TpeX NpHMepax pedb HJET O HEKOTOPOM KOHEHUHOM. MHOXECTBE
37eMEHTOB H O KOJIHUECTBE €F0 HORMHOXKECTB, YAQBJIETBOPHIO-
HIEX HEKOTOPhiM 32RaHHHIM TpeGopamusM. Tak, B mpuMepe |
paccMaTpHBaJoOCh MHOXKECTBO BCeX YUaULHXCs FpyREH, T. €.
MHOXeCTBO, cocTosiee . B3 20 szeMenTos, H TpefoBanOCh
HalTH YHC/IO BeeX PasiuYHBIX HOAMHOMECTB TOFO MHOMKECTBa,
COCTORIHUX H3 ABYX IEMEHTOB (ABYX YUaHMXcg, H3GPaHHBIX
Komcoprom ¥ Hpodoprom). B npumepe 2 peun 1mila 0 YeTbipex-
5JIeMEHTHOM MHOKECTBE BCEX OPaTopOB H ONPEAENANOCh YHCIO
YETLIPEX3/IEMEHTHBIX HOJIMHOMKESTB 3TOrO MHOXKECTBa, OTJ/iH-
qaloIHUXcsl APYF OT APYFa HOPSAKOM CJeNOoBanis NIeMEHTOB.
B npumepe 3 H3 HATHNIEMEHTHOTG MHOXKECTBa BCeX Npero-
RaBatesiell MaTeMaTHKH BLUICNINCD PASTAYHEE. RBYX S/IEMEHT-
HEI& nom\uxomecma (KOMHCCHH) H HOJCUHTEIBAIOCH HX UHCVIO.
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Hapsagy ¢ OTMeueHHBIM CXOACTBOM, NpH BHHMAaTe/JbHOM
PacCMOTPEHHH NpPHMepOB 1—3 BhIABISETCS OLHO OYeHb BaX-

HOe pa3jH4He, cyllecTBylollee Mexay HHMH. OHO 3aKJO-
yaercsl B TOM, YTO B npumepax 1, 2 u B mpumepe 3 cosep- -

IIEHHO MO-Pa3HOMY MNOHHMAIOTCSI CJ0Ba «pPa3jHYHble MOIAMHO-
®ecTBa». B npumepe 3 pasnuuHBIMU. CYHTAIHCD NIOJMHOKECTBA,
oT/IMyalolyecs APYr OT JIpyra no KpaiHedl Mepe OAHUM
asneMeHTOM. [TOpsNOK 3/1eMEHTOB He MPUHHMAJICS BO BHUMaHHE,
Komwuccus,- cocrosias U3 npenonapareneit Msanosa # [ler-
poBa, HHMYeM, eCTeCTBEHHO, He OTJIHYalaCh OT - KOMHCCHH,
cocrosimelt u3 [lerpoBa # MBanoBa. B mpumepe 1, nanpotus,
MOJMHOXKEeCTBa, OTJMYJIOUIHeCs APYr OT APYyra TOJbKO Mopsik-
KOM 3JIeMEHTOB, CYHTaJHCb pasiHyHbIMH. BriGop MBanoBa
Komcoprom, IlerpoBa npodoprom u BhiGop [leTpoBa kxomcop-
roM, a HBaHoBa npocdoproM —3To ABa pasnMyHBEIX crocoba
Bui6opa. B npumepe 2, BooGuie, paccMajpHBAJHCh TO/NbLKO
TaKHe 4YeThIPeX3JEMEHTHBIE TMOIMHOXECTBa BCeX OpaTOPOB,
_KOTOpbi€ OTJIMYAAHCH APYF OT APYra HCKJIOYUTEJNbHO l'lOpﬂﬂ,-

'KOM CJIeJIOBaHHS 3JIEMEHTOB.

B KOMOMHATOPHHIX 3ajauaX BCErZa HeOGXOAMMO MOACYH-
TaTh YHCJAO BCEX NMOAMHOXECTB JaHHOTO MHOXKeCTBa, yAOBJET-
BOPSAIOLIMX ONpeleJeHHBIM YCIOBHSM, HO B OAHHX 3ajadax
NOAMHOXKECTBa, OTJ/IHYAIOLIHECS TOJNbKO YCTAHOBJNEHHBIM B HHX
MOPSAKOM CJIEJIOBAHHSI 3JIEMEHTOB, NPHXOAUTCH CYHTATh pas-
NUYHBIMH, B APYTHX NMOPSJIOK- CJEJOBAHHS 3/IEMEHTOB He BaXKeH
M TMOJAMHOXKECTBA, OTJMYAIOUIHECS TOJBLKO pacloOKeHHEM
9JIEMEHTOB, HEe CYHTAIOTCH Pas3/IHYHBIMH. DTO OGCTOSITENBLCTBO
KpaiHe BaXKHO IOCTOSIHHO HMeTb B BHAY NPH H3YYeHHH KOM-
GHHATOPDHKH H TeOPHH BepOSTHOCTEH.

2. Pa3mellleHHsi H NePeCTaHOBKH. .

Onpenenenue 1. ITycte umeercs MHOXECTBO, COlep-
xaiee n 9j1eMeHTOB.. Kaxkige ero ynopsfoueHHOe NOAMHOXe-
CTBO, COCTOfIliee H3 R 3JIeMEHTOB, Ha3HIBAETCS paSHEUEHUEM
u3 n 9aemenmos no k snremenmos.

Us ofipeAe/IeHHs! BHITEKaeT, YTO n>k =0 u _uro pasme-
UIEHHS H3 1 5JEMEHTOB N0 k 5/IeMEHTOB — 5TO BCe k-3/1eMeHT-
Hbl€ MOJMHOXKECTBA, OTJIHYAIOIHECS COCTaBOM 3JIEMEHTOB HJIH
NopsiiKoM HX cJefoBaHHs. OTMeTHM, YTO HaCTHBIH' Cayuait
k=0, T.e. pasMemeHHe H3 7 SJeMEHTOB N0 O 5/eMeHTOB,
JiaeT NOAMHOXECTBA N-3JIEMEHTHOTO MHOXECTBa, He CofepxKa-
IIHE 9/EMEHTOB, T. €. TOJNLKO HYCTOE MHOXECTBO.

B KOMOGHHATOpHHIX 8ajkauyaX HeOOXOAWMO yMeTb MOACUH-

.TbXBaTb YHCJIO BCEX pasmemenuﬁ H3 N1 3JEMEHTOB Mo & dJe- .

MenToB. JIns 06GO3Ha@eHMs- 3TOTO YHC]A TIpHMEHSeTCs Gies
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ManbHBIA CHMBOJ Ak (unTaercs: «4HCIO pa3MenieHHH i3 n
no k» waM «a u3 nno k) *). Teneps BHJIHO, YTO B npnmepe]
npeibiAyllero MyHKTa TPe6oBajoCh HafTH YHCIO pasMelieHHH
u3 20 s1eMEéHTOB MO 2 3JjeMeHTa, H M3 pelleHHs 3TOro MmpH-
mepa caenyet, uto Aj,=20.19=2380. [lanee, oueBHAHO, UTO -.
Ap=1, Tak KaK CyLeCTBYeT TOJbKO OIHO MOAMHOXKECTBO
n-3/1eMEHTHOTO MHOMKECTBa, He conepmamee 3/1eMEHTOB (nyc-
TOE€ MHOXECTBO).

B- ofiiem caydae ma BOl’lpOC ‘o uncne pasmemenun H3 n
9/IEMEHTOB MO % 9JEMEHTOL IAeT OTBET CJeAYIIiasi TeopeMa.

Teopema 1. Hucro pasmeweruii us n: ssemenmos no k.
SACMEHMO8 DPABHO npouseedeHuto k nocaredosamensholx Hamy- -
pasbblx duces om n 0o n—k-+1 examouumensro, m. e.

Ar=n(n~1)(1—2)...(e—%+1), £>0. (1)

IlokasateabcTBo, Uncio pasMeleHHl U3 n 3JeMeH-
TOB 1O % 5/1eMEHTOB PaBHO UYHC/IY BCEX k-5/IeMEHTHHIX. YIO-
PAIOYEHHBIX NOJAMHOXECTB MHOMKECTBA, CONEPXKAIIEro 7 sJe--
MeHTOB. ~[lepBriil s/leMeHT MoAMHOKECTBA MOXHO, OUEBHIHO,
BbI6paTb 7 CNOCOGAMH, BTOPO# 9/IeMEHT NOJMHOXKeCTBA MOXKHO
Bbl6pa'rb yKe TO/MbKO n— 1 crmoco6oM, TaK Kak B KayecTBe
BTOPOTQ. 9/1eMEHTa MOXHO B3STb M0GOf saeMerT MHOXeCTBa,
KpPOMEe yXKe BHIGpaHHOrO mepBbiM. Kaxibiii M3 cnocoGoB BhI-
6opa nepBoro sJeMeHTa MOXKeT OGBEeAMHATLCH ¢ KaxAbM H3
cnocoGoB BbIGOpa BTOPOTO, H, CJEAOBAaTEJbLHO, CYILECTBYET
n(n—1) crnoco6oB BbIGOpa NEPBHIX JABYX 9JEMEHTOB NpH IO-
CTPOEHHH - k-3/1€eMEHTHOTO YNOPSJA0YeHHOTO IOAMHOMKECTBA. .
IMocsie BhIGOpA. MEPBEIX JBYX 9JEMEHTOB OCTAIOTCS 11— 2 BO3-
MOXHOCTH /11 BHIGOpa TPeTbero S/eMeHTa, H ONATH-TAKH
KaxJasi M3 STHX BO3MOXHOCTEH MOXer KOM6HHHpOBaTbCﬂ
~ JoGofi M3 BO3MOMHOCTeH BHIGOpa INEPBHIX ABYX 3/IEMEHTOB,
T. €. BEIGOP MEPBBHIX TPEX SJEMEHTOB MOXKeT GHITh OCYIIECTBJEH
n(n—1)(n—2) cnoco6amu. Ilocaenunit, k- sanement k-sse-
MEHTHOTO MOAMHOXKecTBa MOXer OBITh BhiGpaH n—k--1 cno-
ca6amMH, TaKk Kak K MOMeHTY Bui6opa k-ro snementa k— 1
9JIEMEHTOB YyXKe BHOPaHBI H OCTaJOCh, CJeIOBaTe/bHO, N —
—(k— 1) snementoB. Takum o6pasom, ¢opmyana (1) fokasauna.
Jloka3aTeshCTBO ABJseTCA 0606IIEHHEM PaCcC YKAeHHs, HCOMb-
SOBaHHOTO NpH pelieHHH npumepa 1 m. 1.

@opmyny (1) yrno6Ho sanuchiBaThL B Apyrom Buie. Byxem
AJIs1 KPaTKOCTH NpoU3BeleHue n(n— l)(n-—2). . .3-_2- I, 1. e

4‘) A—nepBas GykBa $HpaHIYSCKOTO CJOBa tarrangement» 970 O3Ha-
qaet’ cpaamemeﬂue», sTIpUBENEHHE B MOPSROK».
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WpOH3BEJicHAe BCeX HATYPadbHHX YHcesd OT n Jo 1, o6o3Ha-
uaTh CHMBOJIOM nl (UHTaeTCs: «3H (akTopHam»). I/Icnonbaya
sHaK (HaKTOpHaAa, MOXKHO, HampHMep, 3anucarb -
- ' 11=1, '
T N=2.1=2,
3l =3-2-1=6,
41=4.3:2.1=24,
51=54-3-2-1=120,
YMHOXKHM M pasfieliM HpPOH3BelieHHe, CTOsillee B MpaBolt
vacty ¢opmy.ant (1), na (8 —k)!l. Torza monyunm

A% — nin—1)(R—2)...c0a—%+1) (n—&)}
(n—k)!

Y

WIH

. A= (n—-k)l ‘ 2)

Gopnyaa (1) 6uaa moAyuesa B NPEATCJONKEHHH, NTO &) 0,
dopuynpit (2) MOKHO DOIL30BATHCA H HPH k=0, Tak Kax
OHZ H B 3TOM HaCTHOM CJyuae JaeT npasmmmﬁ pesyzxwar,
a UMEHHOT

o M nl
A= w—o) ==l
*Ilpu BeBOKe dopMyan (1) npeanonarajoch Takxke, uro n =0,
T. €. YTO JAHHOe MHOXKECTBO HMeeT XOTH Ghl ORHH 3JIEMeHT,
Ecan n=0, To 510 03HaYaeT, 4TO PACCMATPHUBAETCA MYCTOR
MHOXeCTBO, 4 TaK KakK HYCTOe MHOXECTBO HMEET TOJHKO OFHO
NOAMHOXeECTBO {camo ceGs), To Aj=1. Ecan YCJIOBHTHCS, 4TO
0l=1, 10 dopMyaa (2) OyieT LaBaTh BepHbLil pesymma’r 74
B cayuae n=0. B camom zese, -

==L, |

{Ipumep 1. I'pymma ygamuxca wusyuaer 7 YUeGHHIX
AucuuiinH, CKONBKHMH CHOCOGAMH MOXKHO COCTABHTHL pac-
NHCAHUE 3aHATHH Ha NOHEAEJALHHK, eCJIH B 5TOT JEHb HeReJH
JOJKHO GHITh 4 pasiHuHEIX ypoKar

Peme#ue. Yucao cnoco608 paBHO UHCJNY pasMemieHHH
us 7 saemeHToB HO 4, T.e. paswo A% Ilo ¢dopmysne (1), HO-
naraf B Hell n=7, k=4, nonydaem Ai=7.6.5.4=_840.

Onpenenenue 2. PasMmeulenuss M3 n 3JeMEHTOB 110 1
3/IEMEHTOB HAa3bIBAIOTCS JEPECIRAHOBKAMI U3 1 IAEMLHITION.
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+ U3 onpefienenns cielyer, YTO NEPeCTaHOBKH SBASKIOTCS
yacTHEIM CJydaeM pasmemiennii.« Tak kak Kaxjaas mepecra-
HOBKa CONEPIKHMT BCe N JIEMEHTOB MHOXKECTBA, TO Pas/MuHBIE
BePeCTaHOBKM  QTAMYIAIOTCA APYL OF APYTra TOABKO HOPSLAKOM
" 5/IeMEHTOB. YHCJI0 NepeeTaHOBOK U3 1 JIeMEHTOB (ero 0603Ha-
qaloT P, *¥)) paBHO WHCJy BCEX YNOPSNOUECHHBIX 71-3JIEMEHTHHIX
NOZMHOZKeCTB MHOXKECTBA, COJEPKAMHIEro n saemenTos. B npu-
mepe 2 m 1 TpeGOBaJIOCb HaHTH QHCJIO BCeX' NEPeCTAHOBOK
U3 4 s/1eMeHTOB (UHCAO BceX BOSMOXKHHEIX HEpecTaHOBOK Opa-
TOPOB). OTO 4HEJO OKa3ajoCch PaBHbIM 24, CJIeIOBATE/BHO,
P 1= 24
* « B ofmem caydae YHCJIO NEPECTAHOBOK H3 7 9JIEMEHTOB
P,= A} u, cneloBaTesIbHO, eTo MOXKHO HaliTh no gopmydie (1)
uaK 1o Gopmyae (2), noaoXHB B KakI0i H3 HHX R=en.
HelicTButeanna, ¢opMyaa (2) naer

-nt .
m=ﬂ=5%m=%=%/:

Hs ¢opmysn (1) mHaxomum ‘
T Po=Al=n(n—1)(n—2)...(a—n-+ )=nl

Takum oGpasoM, NOKa3aHA CJelyiollasi TEOpeMa.

- Teopema 2. Yucao nepecmanosOK u3 n SieMeHMOE
pasHo nl.

IIpumep 2. CkOJbKO WECTH3HAUHEIX Yucel, KPATHEIX
NATH, MOXHO COCTaBHTb H3 uudp I, 2, 3, 4, 5, 6 npHu ycio-

| BHHU, UTG B 9HCJe HHGPH He MOBTOPSAIOTCH?

Pem_eﬂne Tugpa 5 o6ssaHa cToaTb Ha MOC/EAHEM
mecre. OcrasnbHble NATh UHPP MOTYT CTOATH HA OCTaBIIHXCSH
nATH MecTax B JioGom mopsagke. Ciiel0BaTeJbHO, HCKOMOE
YHCJO IUECTH3HAYHBLIX UYHCeJ, KPaTHBIX NATH, PaBHO YHCAY
NEPECTAHOBOK H3 HSTH 5I€MEHTOB, T.e. 5! =5-4.3.2= 120.

3. Couetanus.

OnpeneneHnue. I'chn: HMeeTCs1 MHOXKECTBO, COCTOsIIILee
u3 n sieMentoB. KaXIoe ero NmoAMHOXeCTBO, COAepXKallee
k sneMeHTOB, Ha3bLIBAETCH COMEMAHUEM U3 N SAEMEHMO8 No
k saemenmos. .

"Takum o6pasom, COUETAHHS M3 A NIEMEHTOB IO R 3/eMeH--
TOB—3TO Bce K-3/€MEHTHble MNOAMHOXECTBA N-3JEMEHTHOrO
MHOXECTBa, IPUYEM Pas3JHUHBIMH MOAMHOXKECTBAMH CUHTAIOTCS
TONBKO Te, KOTOpHie HMeloT HEOAMHAKOBLI COCTAaB 3JIEMEHTOB.

- *) P—neppas GykBa q)paHuyacxoro cJIoBa «permutatlom-—nepe-
CTaHOBKa.
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TMonMuOXKeCTBa, OTJIHYAIOLIHECS APYT OT Apyra TONBLKQ MOPsL-
KOM CJIe[loBaHHSl 3JIEMEHTOB, He CYMTAIOTCA DPa3/HYHBIMH..

Yucno Bcex COYeTAHHH M3 N 3JEMEHTOB NO R 3JIeMEHTOB
0003HayaeTcsi CUMBOJIOM CE- (UMTAeTCs: «UUCJIO COUETaHUH H3
n no k» uian <ue u3 n no k»)*). B npumepe 3 n. 1 Gw0
HafiIeHO YHCJO COYeTaHHH H3 5 3JeMEeHTOB NO 2 3/eMeHTa,
npuyeM okasanock, uyro C3=10.

B o6ieM ciayyae 4uc/IO COYETaHHH H3 n 37€MEHTOB MO
k sneMeHTOB ompejedsiercs cJenymomel ¢Gopmy.od:

b __ n! .
C”_(n—k)! N - (I)-
Has ZOKasaTeNLCTBa HailileM 3aBHCMMOCTb MexAy C! u
Ak Uucno AE, T.e. yucio Bcex ynopsiioYeHHBIX k-3/1€MeHT-
HBIX IlOlIMHO)KeCTB MO2KHO -HalTH TakHM oOpasoM. CHadana
06pa3oBaThb BCe BO3MOXKHbIE HEYNOPsAOUeHHbIe NIOAMHOXKECTBa,
cojlepXKaline k sneMeHTOB. VX umcs0 paBHO Cﬁ, a 3aTeM H3
KaXJ0ro moJIy4eHHOro MOAMHOXKECTBa, NEepPecTaHOBKOH ero
9JIEMEHTOB, TMOJYYHTb BCE YNOpsJOUYeHHbe NOJAMHOXeCTBa,
KOTOPHIX GYIeT, OueBHAHO, B k! pa3 6oblle, TaK KaK KaXKJA0e
k-aneMeHTHOe MHOXKECTBO MOXKHO YNOPSIIOUMTH k! crocoGaMmH.
IpyruMu cjoBaMH, ynOpsAOUYEHHBIX R-3/leMEHTHBIX MOAMHO-
xKecTB B k! pa3 Gosblue, JeM HeynopsiOYeHHbIX, T. e. Af=
nl

k ke, An WL
= RIC%, 0‘n(y11a C,,-——kT-, H Tak KakK A,,-——-—(—n—_k—)l, TO
“Che=————, Temepb MOXHO MOACYHTATE YHCJIO BCEX K38~ -

(n— k)l Ik

MEHAIHOHHHIX KOMHCCHil, COCTOAIMX M3 7 ueJOBeK, MpH
oflieM 4YucAe 35K3aMEeHaTopoB, paBHOM 14 (cM., sameuaHue
nocse mpuMepa 3 m. 1):

A 141 14. l3 12-11.10.9-8

C= ik 7-6-5:4.3:2 =3432. '

Dopmyny ( 1) MOXKHO 3alucaTh B IpyroM, GoJee yaoGHOM
IJjs BeuHcaeHHH Buje. COKpaTHB YHC/IHTEeNb U 3HAMEHaTeJsb
Ipo6u Ha (n—k)!, nomyuum -

Cn n(n—1) (n—i?....(n—k-l-l) » (2)

STOT pe3y/abTaT MOXKHO CHOPMYJIHPOBATH B CJELYIOLIEM BHLE,

*) C—nepsan 6ykBa (ppaﬂuyscxoro c.'mBa «combinasion» —coueTta~
n\ .
HHe, 3aMeTHM ele; YTO EMECTO Cn HHoT 2 muuy'r B )"
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Teopema. Yucro covemanuil us n saremenmos no k sae-
MEHMO8 PABHO NPOoU3GeDEHU0 6CeX HAMYPAAbHBIX uluces Om N
0o n—Fk-+1 exaouumenvro, derennomy Ha k.

ITpumep. CrombKO MaTuell 6yleT CHIpaHO B hyT6OMb-
HOM UeMNHOHaTe C yuacTHeMm 16 komaHi, eCqH Kaxjble jBe-
KOMaHJbl BCTPEYAIOTCA MEXAY COO0OH ONHH pas?’

Pemenne. Maryefi COCTOMTCSI CTO/BKO, CKOJBKO CYILe-
CTBYET JBYX3JIEMEHTHBIX MOJAMHOXECTB Y MHOXeCTBa, COCTOS-
mero u3 16 sneMeHTOB, T.e. HX 4uc/10 paBHO Cig. I'Io (pop-
Myne (2) naxogum .

: cga-:&_@'_mo

T. €. BCero 6y)1e'r curpado 120 matuefi.

Yucna C% 06/1ajaloT HEKOTOPLIMH WHTEPECHBIMH - B BaX-
HbIMH cBoficTBaMH. OTMeTHM JBa TakHX cBoiictBa. Ilepoe
CBOHCTBO OIHCHIBAETCSH PaBEHCTBOM

| Ch=Cpt, .. S ¢
KOTOpOe JIerKO JOKashiBaercs ¢ momoupio dopmyast (1):
_k n! . nl _rk
Ci ===k (=R & (n—'k)l—‘c"'

~
L

TTonb3ysch STHM CBOHMCTBOM, MOXHO YNpOLIaTh BEYHCJEHHE
n
uncen C: B Tex ciyuasx, Koraa 'k>?, HanpuMep:
15.14.13
_ 1;= :5—' 3 ) ——455

Bropoe cBoficTEo \
Cit=Ci"+Ch  (k<n) - (4)
TaKXKe Npolle BCETro NOKa3aTh, MPHMEHss q).opmy.ﬁy (1): ‘
' nl =7 nl \

(n=—rk—1)! (--1)! + (n—Fk)! A

"l (n=—A)! (k+l)l
= ETF DI —A) ((n—k—l\l + )=

n! n—k k+l _

= T T (Tt ) =
: (n+1)! —Ctn
ST GO

Ok 4 Ch=

>

- ' 153 -

., N




Qopmyna (4) no3ponser MHOC/NENOBATeNbHO HAXONHTH

upena CE B camom nene, mosoxuB n=1, k=1, noayuyum
Cl=C}4-C}=2; sateM, NnOJOXHB n=2, & k=0 uau k=1,
GyIeM HMETh
| Ci=C4 =24 1=8,
Hanee, ecau n=3, 10 npu k=0, I, 2 COOTBETCTBEHHO IO-
JydaeMm ‘
Ci=Ci+C=3+1=4,
Ci=Ci+C5=2=34-3=6,
Cl=Ci+Cim1+43=4,

Yucra € pacnofoXEM B BEREE CACKYIOMIeH TPEYFouIbHOMN
TaGRRIb .
G
a &
G aGgag
G G G
\
B Havane u B KOHfle KaXXJIOH CTPOKH CTOST €IMHMIBI, TaK
kak C)=Chi=1, a ocraabHhle MecTa MOTyT GHITb JIerkQ 3a-
MOJIHEHH C noMowbw ¢opMydasl (4), KoTopas NOKa3bIBaer,
_urto Ha moGoM Mecre (Kpome KpDaliHHX) B J06OH CFpOKe
CTOHT YMCJIO, PaBHOE CYMMe ABYX YHCEJ, CTOSIIHX HaJ HHM
B npepsifymel crpoke. Omnucannas Tabiiuua Ha3bBaeTcs
mpeyzorvruxosm Ilackarsn. FlepBole ceMb CTPOK TpeyroJibHHKA
[Mackaast BEIMAAOST caelylomuM oGpasom:

1 5 10 10 51
. 16 15 20 15 6 1
179 35 3 2171

Ipu XenaHWM TaGNHALY MOXEQ NPONOJ/UKHMTD Ja/blle, 3anoJ-
HAisl CJefyIOlKe CTPOKH TO 3aKQHY, KOTOPHIH ompefensiercs

dopMynoir (4).
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Ynpaxuenus

6.1. Buiuncaure :
Py—Py 201 Abyt A3 | .

8 . .
D=5 Vger D T4
Pest “An—mn -
—_— . —_— (E .
D ap,, B0 D e €<

6.2. Hajinute n, ecan

8) Ap=184sg ) ArPp_3=42P,_s;

B) Ppas=13340P, g 1) (n+501=240 (n—H)! A0S,

6.3, Hafinure o6nacts ompefieenss GysKuyR

\ Fo)=A7=3
H MHROMECTBO te spauemufi. ’

84, CKOMBbKO pasAduAbIX ABYSHAURHX WACEJ MOXHO ©0pasoBame &S
migp?l,« 2, 3, 4 TPE JTACBHH, HTO B K&XKIOM WHCAE HET OLHHAKGRHX
oaep : . ’ ’

6.5. CkOMLRO Das/INUAHX ABYIHAUHBIX WHCEN MOXHO oGpA3GBAFDL H3
madp 15 2, 3, 4?

68. Y3 madp 0, 1, 2, 3 cocTaBnenH B BOSMDKHLE GeThIPEX SHaTHEIE
gMcAa Tak, YT0 B KaXIOM UYHCJe HeT OfAHHAKOBHX HH(Dp. Comxo @o-
Jayamncch ancen? CKOALKO CPeAH RUX WeTHHX UHCEN?

6.7. Cko/m-KO PASIHYHEX TIEPECTEHOBOK MOXKHO -06pasoBaTe HS Syxs
elefylolAX cJoB: a) 3e6pa; 6) Gapau; B) BOLOPOX; T) aGpaKkajna6pa?

6.8, CronbRuMH CNOCOGaMH MOXKHO COCTaBHTH PACHECAHHE BAHATHH
Ha noHefeJIbHHK, ®CJM B STOT JeHb JOJKHO OWTh TATH yPOKOB: AINeG-
pa, TeOMETpH#, HCTOPHS, TeOrpadus M JHMTepaTypa, fIpmdeM ajre6pa u
reoMeTpHs. He EOJIKHB! CiIeAOBATH -HENOCPEACTBEHRO IPYT 8a APYTOM?

$.9. CroJbKHMH -CNOCOGZMH MOXKHO PACHOJCKHTD B PHA O TRJLIX H
4 YepHHX Wapa Tak, YTOOH wepPHble [Maphl He Jexaiad pagom? [apwm
OXHOrO 1IBETAa HE OTHYHMH RPYT OT ApYyra.

6.10. YRpOTHTeMIO RUKHX 3Bepeil MPeICTOHT BHIBECTH HA APEHY NAPKA
OflHOTO 8a ADYIHM MNfATH JLBOB #© YeTHIpe THUIPa. CROJbEEMH CROCOGaMH
OH MOXET STO CleJlaTh, MpPHYeM TaK, YToCH HUKaKHe JBa THIPa He HLAE
HETNOCPeACTBEeHHO APYT 8a Jpyrom? :

6.11, Bruauncaure B

Py {C3+C3) -
ay,
6.12. Hafiane n, ecan
8) 120073 =56A%4; §) 12Ch+ Chig=126;
1

B) Chth— Chia=15(n+2); ‘1) EI"_=-(%+-C_Q"

6.13. Hafinure 0o6iacTn onpepenenus Gpynxuunu
i=Cas®

# MHOKECTBO €€ SHauyenuf.
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. §19. ®opmyna HbioTona N

6.14. Peumnte HepaBeHCTBa:

a) Cx-1§> 2CYy;  6) 8Cfos < 8Cigs- .

6.15. Ha nsath COTpYAHHKOB BBIIENEHB TPH Ty TeBKH. CrosnbKHMH
cnoco6aMi HX MOXHO pacnpeie]HTb, eCJH .

a) BCe MYTeBKH PAa3/IHYHHI, . -

6) Bce NYTeBKH OIHHAKOBbLIP )

6.16. B rpynne 30 crysentoB. CKOJBKHMH CNOCOGaMH MOXHO Bbme-

"~ JIHTh JABYX UeJNOBeK JJS JEXYPCTBa, €CHH R

a) OJHH H3 HHX JOJuKEH ObiTb CTapILHM;

6) cTapluero GbiTb HE AOMKHO?

6.17. B moutoBom simgike 38 oTaenenuit. CKoMbKHMH crocoGaMH
MO2KHO TOJIOXKHTb B LMK 35 ONHHAKOBHIX OTKPHITOK Tak, YTOGbl B KaX-
ZOM OTAEJEHHH GbuIO He Gojiee ORHOH OTKPHITKY?

6.18. B posvirpmme nepBencTBa no ¢yT6oay 65110 chirpano 153 marua.
Kaxnple nBe KOMaHabi BCTpeyasuch Mexay coGoit onuH pas. Cxosbko
KOMaH]l y4yacTBOBaJO B PO3biTphille MepBeHCTBa?

6.19. B mwaxmaTHoM TypHHpe, Ile YYaCTHHKH BCTpeqalO‘l‘cﬂ MexLy
co60ii OIMH pas, IBAa IIAXMATUCTA BHLIGLIM NO GOJNE3HH, YCIEeB ChIrPATh
TOIBLKO MO TPH mapTHH Kaxuwii, CKONBKO IaXMaTHCTOB HAuaJiM TYDHHD,
ecJii Bcero ObIO chirpaHo 84 napﬂm?

6.20. CkonbKO puarosasell MMeeT Bbmyx.nbm LecATHYTONbHHK?P

6.21. Huxakue TPH AHAaroHajJH BHIYKIOTG JECATHYFONbHHKA He Me-
_peceraiotes B OfHOM TOUKe. Onpegfesnute YHCIO TOYEK nepeceqeunh Ina-
‘ToHaJeH.

6.22. Bo B3pome 3 cepxkanTa m 30 conpar. CKOJbKHMH cnoc06a-
MH MOXXHO -BblIeJIUTb OJHOrO CepXaHTa H TpPeX COJAAT Jyif MaTpYJHPO-
BAHHSAP

6.23. BykBol a36yku Mopse npencmanmm co6oii Habop «TOYEK» H
«THpe». CKONbKO GYKB MoxeT ObiTb B asGyke Mopse, ecau

a) 6ykBa He. JOJKHa coiepxaThb GoJjiee ueThIpeX 3HAKOB;

6) 6yxBa He ROJKHA CoiepxaTb Gosee NMATH 3HAKOB?

6.24. XokkeiiHasi KOMaHAa COCTOHT K3 2 BpaTapeli, 7 SallUTHHKOB
# 10 Hamanaomux. CkoMbKUMM cnoco6aMH TpeHep MOXeT 00pa3oBaTh
CTapTOBYIO LIECTEPKY, cocromuy:o H3 BpaTaps, ABYX 3alLWATHHKOB U TPex
Hanajaomux?

6.25. CkoJbko cymecmye'r mecmsﬂaqumx lcheJ'I, BCe LHGpH KOTO-'
peix mevetnn (1, 3, 5, 7, 9)?

6.26. Ceiid sannpae'rcﬂ Ha 3aMOK, cocmﬂm.ﬂﬁ W3 NATH AMCKOB, Ha
KaXJloM H3 KOTOphiX H3o6paxennl uudpsot 0, 1, 2, ..., 9. 3amCK OTKpHI-
BaeTCd, eclH Ha AUCKax. HaGpaHa OfiHa OonpejiesieHHass KOMOHRaLHUS uHdp.
XBarut am 10 pHefi Ha oTkphiTHe cefida, ecqH «paGOUMA JeHb» MPOROJM-
_ %aeTcs 13 9acop, a Ha Ha6op oAHOH KoMOHHALHM LADP yXOAuT 5 cexynn?
: 6.27. ABTOMOGHABHBIE HOMepa COCTOSIT H3 TpeX OyKB (BCEro HCMOJb:
syercs 30 6ykB) H ueThipex uu¢p (ucnoansywores ee 10 uudp). Cxonbko

aBTOMOGHJIell MOXXHO 3aHYMepoBaTh TaKHM 0Gpasom- CYATasl, YTO HHKaKHe -

Ba aBTOMOCHJISI He HMEIOT OXHHAKOBOrO quepa?

-Yucaa, crosmue B TpeTbeHl H B YeTBEPTOH CTpPOKax Tpe-
yroapHuKka Ilackass, nosiBJsioTCA NpH BO3BEJEHHH JBYuJseHa
(6usoma) a+b B kBaipar H B KyG. B camom n&ne, xopoito
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H3BecTHbIE (HOPM YJIBL

(a-+b)*=a*-2ab - b2,
(e+bpP=a*+ 3a2b’+ 3ab? 4 b?

MOJKHO 3amHcaTh M TaK:

(@+b)2=Ca? + Ciab +Cip?,
(a+4-b)*=Cia® 4 Cla2b +C?ab® - C4.

BosHHKaeT ecTecTBeHHas Trunoresa: He OYAyT JH Crpa-
BENJIUBBL aHAJIOTHYHbIE (GOPMYJbl AJIs1 YETBepPTOH, MATOH H .
poobile /MoGol HaTypajasHOH cTeneHH GHMHOMa?

BuisicHuM cHauana, Gyler JiH CNpaBelJ/IHBa aHAJOrMYHAs
dopmyna Ans derBeproit crenenu. [las sroro oGe uwactu
dopmynnl mas (a-4-b)* ymuoxum ma a-+b. Torza nonydum

(a4 b)* = (Cla® + Cla2b + Clab* + C3b*) (a + b) =
© =Cla* + Cla®h + Cla2b? 4 Clab*+
- -+ Cla®b + Cla%h? - Clab® =+ Cit =
= C%* +(Ci+C3) a® -+ (C3+ C}) a®? -+ (C3 4 C3) ab® + C3b.
YuurteiBas, 4TO ‘

=C, CG+Q=C, C+Ci=Ci

B Cs'l'cz Cg’ C3=C:’

y6exxnaeMcs B CHpaBejIHBOCTH GOPMYJMBI
(a-+b)*=Cia* + Cia® + Cia*b* + Ciab® + Cib*.

Taknm oOpasoM, HaM yaanoch, HCNOAB3ys QepMyay ans
TpeThell creneHH GHHOMa, MOJYUHTL aHAJOTHYHYIO HOPMYTy
s yeTBepToi creneHH. [IpoBenenHoe paccyxieHue; BoO-nep-
BHIX, MOATBEPKAAET THNOTe3y H, BO-BTOPHIX, HAaTaJKHBaeT
Ha MBIC/Ib BOCTIO/Ib30BATLCS s ee JOKa3aTenCTBa METONOM
MaTeMaTHu4eCKO# HHAYKIUHH. _

Teopema. Zaa npoussorvroix uuces a u b u npoas-
B0/bHOZ0 HAMYPANbLHO20 HUCAQ N Cnpasediusa gopmyra

(atby=" ‘ »
=Cia"+Cha" b+ ... +Chan~kbk 4 ... 4-Cibn. (1)

" Uenosbsys sHak cymMmml, ¢opmyay (1) MOXHO 3aMHCaTh
Kopoue: -

. (a-l-b)"=k§0€,’§a""'b*: 2
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I[oxasa're.nicuxo. Hnsa n=1 ¢opmyna (1) umeer BHA
(a4-by' =Cla+Clb,
H, Tak Kak C}=Cl=1, ona, OoueBHZHO, BepHa.

Ilpeanonoxum, yto ¢opmyna chopaBeluBa LIS A =M,
T. €. '

{a-+b)= =k}] Ckam-kpk,
=0
Torxaa ' : ’
(a4-by=2 =€a+b)kZC§,a”‘"'b" = -
=0

m m » .
A\l - -
== kzocfn am+i-kpk +,§)Cf" am—kpR+l =

v C0gm+1 | §‘0%m+1-kbk+ ﬁCfn“la'““‘kb"-[-C,ﬁb”""’; =
k=1 k=1 .

, C =Cyamt g 3] (Ch - ChY) amti-RpR - Cpn,
k=1 )

Y4HTHIBaSl, YTO

e
- 0 B k-1 . MR " 1
Cm = C‘r)n-u, Cm + Cm = Cm+1s Cm = %il:

noynyyaeMm . - L g
m+1
= Yk -
N (a +b)m+L”kLOCmilam+L kpk.

Takum ofpasom, u3 cnpasertuBoctr Gopmyaw (1) mas

_h=m ‘clielyeT €e COpaBelIUBOCTb M n=m-1, H TaK
Kak (GopMysa BepHa M npu n=1, TO HAa OCHOBAHHH NPHH-

LHIa MareMaTH4YeCKOH WHAYKUUH ee CIpaBelImBOCTh yCTa-
HOBJIEHA AN BCeX HATYpPaJIbHbIX 3HAYEHHH 7.

®opmyna (1) HOCHT MM$i BEJHKOrO aHrJMHACKOro (usika
u Matematuka M. Heiorona. IlpaBasi gacTh ee HaswiBaercs
pasaodcenuem namypaaerol emenenu 6urona. KosppuuuenTsl
C* wuaspiBatorcst Gunomuasvromu Koagpgpuyuenman.

OrMeTHM HeKOTOpble XapaKTepHbie OCOGEHHOCTH (GOPMYJIbl
Helotona. -

a) IlpaBag wuacte ¢opMmyast Helotona cozepxur n--1
craraemoe. .

6) Kaxnoe caaraeMoe umeer BHR Ckai~Fkbk,
158 ' .
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Cnaraemoe Cia*~*b*, crosimee na {k--1)-M mecre, yao6Ho
CYUTATh k-M WYJEHOM pa3fioKeHHs W OGo3HadaTs uepe3 T,.
Hpu 9TOM ycJioBHH T,=C)a" —HyJieBoil uJieH pas/ioxeHHus,

=Cha"~'b —nepBuilt uien pasnoxkenus, ‘T, = Cib*—n-it
q.neu pasJoxeHus,

B) Ilokasatenn creneHH npH a B KaXAOM CJeAyIOLIEM
4jeHe pasjiOKEHHs HA EIHHUIY MeHbile, YeM B npelpiiy-
ueM, TOKasaTeqH CTeNneHH InpH b—Ha efuHHNY OoJblle,
CymMMa nokasaresefi cTeneHH OpH a U b B Ka)KJmM yJjeHe
pasfioXeHys paBHa n. \

r) DBunomnanbHue xoaq)(bmmeﬂm Pa3NOKEHHSA CYTH
yucha, crosmye B (n--1)-i cTpoke tpeyronbuuka Ilackasns.
Koa¢puuuenTs! pas3ioxkenns, 0OARHAKOBO yna.nemme oT Hy.n%
BOTO H OT £-TO UACHA PA3JIOKEHHs, PABHEL, TaK Kak Ck=Cn-

Dopmyay Hmmona MOXKHO 38amucarth eme H B 'raKoM
BHJE:

(a_l_b)n:Zn(n—]) ..k.|(n—k+l) an-kbk‘ (3)
. k=

HJIH, HE HCIIOJIb3Ysl 3HAKa CYMMBEI, . )

n(n

(a+b)"=a"+na"'1b+ l)a""b’-i- vee

=D, k,‘" A gaerph oy b5, (3')

3necr GuHOMManbHEe Ko3pdunuenTH C! saMmeneHn uX
BHIPaXKEHSAMH -COTJIacHO dopMyne IJs1 YHc/aa COUYETaHHH,
IIpaumep 1. BosBectH "B celpMylO cTeNeHb. ABY4JEH

x-41.
, Tonoxus B Qopmyse (2) a=x, b=1, n=a7, nomysum

\

(x41) 1= 2 Chyl=k =
nC"x!+C‘x°+C’x!+C”x‘+C‘x3+C‘x’+C‘x+
- e+ 00 +72635x4+72635x8+—-xﬂ+7x+ 1=

-xi+7x"+2lx!+35x“+35x’+21x’+7x+l

I'lppmep 2 Bossecrd B mATYIO CcTemeHb JABYW/IEH
x—y. - :
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Bocnosbayemcss GopmyJioit (3), MONOXKHB B Hel a=1x,
© b=—y, n=05. Torlla ,

(x— y)"—Z”‘”‘“ ‘""““”xs H—gh=
= 8 B (—y) + a0 (g

+5—“x2(—y> - Bx (—y)t+ ()t =

=X —5x‘y+10x’y,-—10xy +Bxyt—yt.

5
I'Ipnmep 3. Boiuucauts (14-i)°.
[Mos0XHB B q;opmyne 3"y a=1, b=1, n=26, nonyuum

(1+;)°—1+6;+ P80 S pir o =

—l+6i——15 20i+15+61—1=-.—8{

Ilpumep "4, Hafitn JeBsATHfi 4ieH pasnomeuuﬂ st
cTeneHn OGHHOMA (—-l- x)
I/ImeeM

T zcm( ) x°=Ci’2x°—71221+10 s — 290",

ITpumep 5. Haiitu Homep 4jleHa pA3JIOoXKeHUSs .CTENEeHH

6unomMa
( F— % .)ao’ .

KOTOPBIH HE 3aBHCHT OT 7. -
‘3anumeM k-fi unen paanomeﬂna'

20~k

Te=Ch (/D) (—1) = (—l)kc I

HOasa nesaBucumoctu T ot ¢t "Heo6XoIMMO H JOCTATOYHO,
9TOOBI
20—k

———k= 0, T.e. k=5.

- CnenoBaresibHO, MATHIA Y/eH pasnox(e[ma He 3aBHCHT OT f.
Mpumep 6. Haiitu cymmy Bcex 6HHOMPI8JIBHHX k03¢-
$ULHEHTOB.
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1

TonoxuB B dopMyie (2) a=1, b=1, byrem nme'rx;
(14+ 1) = XcCt.
) =0

TaKHM o6pasom, 4 !

~ ~<

ZC"_C°+CI+C“+...+C"=2"

3ameyanue. CMbicA TOC/JENHErO DPaBEHCTBA SaK.JIio-
waercs B caenyiomem. Tak kak Cj—3To uuci0 Beex Nof-
MHOXKECTB 11-3/IEMEHTHOTO MHOJeCTBa, CONePHAUX k ane-
MEHTOB, TO CyMMa -

IR Cht-Chtovn 4G

JlaeT, OYEBHAHO, YHCJO BCEX MNOJAMHOMKECTB f1-3/IEMEHTHOTO
MmHoxkecTBa. CliefoBaTe/qbHO, YHCJO BCEX MOAMHOMECTB MHO-
JKeCTBa, COJEpKallerq 7 SJEMEHTOB, PaBHO 27,

Ilprumep 7. Haiitu naunGoabmuéi Ko3bduuUHEHT MHO-

~ Fo4JiIeHa ) .
) 1,2 \i0
('g + ‘gx) .

OGo3HauuM KOS(QUUHEHT MHOrOwIeHa NpH x* gepes a.
Hcnoapsys ¢opmyay (2), pacnonoxuM JaHHBI MHOTOY/IeH
MO BO3pAacCTAIOMHM CTENEHSM NepPeMEeHHOH X: ,

(F+3)"=Ea ()6 )x"=2aﬂ* _.

Il.na OTBICKaHHS HaHOoJbilero KoddpduiUHeHTa a, pelmHM He-
PaBEeHCTBO Qp_1< 4, T. €.

e () )< (3 3

-1 .
Pasnenus ofe uacTu HepaBeHCTBa Ha 3,0 , TonyaHM
< 2Ch,

A

HJIH S .
10 <  2.10!1
(k=D (10—k+1)! = RI(10—R)!"

l'locne,nanbﬂenmnx OUEBHHBIX coxpameﬂni& 6yneM AMeTb

1 2
m<?, k<20 2k+2, k<
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Takum 06p330M., JOKa3aHO, YTO
3, <a;<...< .
OueBuiHoO, 4TO NpH k>— HMEET MeCTO NPOTHBOMOJNOXK- |

HOE HEePaBEHCTBO Qy.p > Gy, T. €: Koaq)(pnunem‘u MHOTOW/IEHa,
HayHHas C ceApbMoro, yGuIBalOT. .

Hrak, kospdunuedr a, aBasercs HﬂﬂﬁOJIBIHHM cpenu
BceX ONMHHAAUATH Ko03(p@HUIHEHTOB JAHHOTO “¥IHOIOWIEHaA.
Han6onpwmuit xo3ddunuesT pasen

10 3 3 .
Ynpaxuenus

6.28. Hannmute ¢opmyay .Hplotona ana crenenu GuHoMa:
a) (x2—y)8 C) (3a2—2b)5. .
6.29. Haﬁnme pasyiOXeHne CTeNeHn GHHOMa:

2 (Vi+y/2)v o (=-3)"

- 6.30. Hafinnre pasnoxenue creneHH OHHOMA H ynpocm're NoJNyyeH=
HOe BhIpaeHHe:

) (VZI-VEE 6(4iV3)r. L,
6.31. Hafipure:
a) CeAbMOA WAeH pasaomenus (21— 3)10;

6) vetmepTmfi wieH pmo;xexma(‘/ a-]- V/ )‘9
a
6.32, Hailaure:

a) cpemmﬁ a7eH pasNOKeHH ( {/_+;/ )

6) 1Ba CPEAHHX WIEHA PasJOXKEHHS (]/_ 1/ b )u
6.33. HafuTe unen pasaQxeHds, He 3aBHCSINHE OT Xt

: 1\¢ - 1 =\12
e B —
9 (2 x), o (+v7)" ‘
6.34, Hsﬁmne 9leH PasJioKeHHd, He SaBHCAME OT 2:
9 2 )“:" 6 (2V3 421/ )12 .
6.35. ‘-Ie’mep’ruﬁ aJleH pasnmmna cTemenn GuHOMa
(a*/® 4am3)"

He conepxmr a. Haligare nokasates b CTeneRH f.
6.36. Cymma Gauo‘:flmm K03(GUIHCHTOB Pa3JIOKEHHS CTeNeHH

GuHOMa
(e5)°

pasHa 256. HMiznre uaen pasnomenns, ge SABECHEIEA OT X
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| i

6%

. k=2 =
B XCw 0 Xeh
k=0 k=1

6.37. Hafiqute pauuoHaJbHLIE YJEeHH pPa3JioXKeHH:

6/~ 8,/ \1 -~ =
o (V3+v2)" . 0 (V5—-va)
6.38. Haiigure HauGoabwufi Ko3hdUUHEHT MHOTOWIEHA:
1,1 \lo 6 1,9 \22
o (5+32) 5 0 (Hps) s
105 - — —
o (+55) 5 0 (VE+VE.
6.39. Haiigure xosdduuuent MHOTOUJIeHa:
a) (14-x2—2%)°® mpm x5
6) (143x-4-2¢3)10 npr x4,

6.40. Bhiuncaute CyMmMbl:
a-2

8 MCi 6 f}(—mc:;
k=2

k=0

6.41. Haifizure cymmy- xos.tptpnuuea'ron MHOroYIeHa:
a) (2x—1)90; 6) (x®—x—1)%, .
| A

e —%.
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F'nasa VII )
3JIEMEHTBI TEOPHU BEPOSTHOCTEH

> .
)

§ 20. Cayuaiinbie coGpitisi. BepoaTHOCTb cobbiTHs

_ 1. Cayvaiiubie coObiTHA W omepauuu Hai Humu. [Tox
cayuatinoim  cobbimuem, CBA3AHHBIM C HEKOTODHIM OIBITOM,
NIOHHMaeTcsi BCsKoe COOBITHE, KOTOpOe IpH OCYLIECTBICHHH -

~ STOrO ONbiTa JHGO NMPOHCXOAUT, JHGO HE NPOHCXONMT.

. Ecan, nanpumep, onmr 3akimoyaercsi B. NOAGPACHIBAHHH
MOHETH, TO CJIy4aiHbIM COOBITHEM, CBSI3aHHEIM C STHM ONBI-
ToM, OyZHeT «BHNalleHHe rep6a»: B,ONHHX CJyyassX. MOHETa

- ' ynaner Tak, YTO CBEpXY OKaXercs rep6 T. €. COOBITHE ¢«BbI-
nagesxe rep6a» MPOH30HIAET, B JAPYTHX—MOHETa JISKET

Tep6oOM BHH3 H, CJEJOBATeNbHO;, COOBITHE HE 'OCYLIECTBUTCS. .

.CayualiHpIMH COOBITHIMH fIBJSIIOTCA TaKXke: «BhilaJieHue
mecTepKH» NpH GpoCaHHH HTpanbHOH KOCTH, BHIXOJ H3 CTPOSI-

' 9/IEKTPOJIaMNbl B TeueHHe OMNpeJie/IeHHOrO0 BPeMeHH, I'uGesb ’

KJeTKH TOA JefCTBMEM pajHOaKTHBHOTO ob6JayueHHs. Bo

BCceX NMEPEYHCNEHHHIX CJYy4yasdX HeBO3MOXKHO INpelACKasaTh sa-

paHee, AO OMNHITA, NMPOU3OHAAET WJIH HE IPOH3OHIET COOTBET-
- CTBylollee COOBbITHE, TaK KaK pe3y/bTaT 3aBHCHT OT CJIMII-
KOM MHOTHX GaKTopoB, YYecTb KOTOpble He MpEeACTaBJsercs
N BO3M0)KHblM Hukakas Hayka, B TOM uuc/ie H MaTeMaTHKa,
He NpETEHIyeT Ha TO, YTOGHI JenaTh KaKHe-THGO mpeicKa-
_3aHHSI OTHOCHTEJBHO HCXOJA . KAKOro-THGO 'OAHOrO MOK0G- -
Horo 9oKcmepuMenta Msyuare cayuaifiHoe .cOOBITHE MOXHO
TOJMIBKO TOrJa, KOTZa ecThb XOTA Obl NMpHHUHMHAJIbHAsA BO3-
MOXHOCTb IIOBTOPHTbL OMNBIT MHOIOKPAaTHO H KaX/Ab# pas
, ¢uxcupoBaTh ocymecrsienue (HJaH Heocymecmneﬂne) pac-.
. CMaTPHUBAEMOTO COOHITHSI.

inl BHIIOJIHEHHH 3TOr'0 YCJIOBHA MOXHO BBECTH NOHATHE -

0 uacrmome cJaydai#Horo coOuiTHsA. [lycTe npH n-KpaTHoM
OCyluecTB/JCHHH ONbITA COGHITHE HACTYMHJIO k pas, Torna

k
OTHOIIEHHE - JacCT 4acTOTY CJy4aHHOTO COOHTHS. .
Ilp HMe p 1. ®pannysckuii ecrecTsoucnuitaresb bBiog-

¢oH, Hu3yuasas cayvaifiHpie COOHITHS, TIPOBEM OMNKT C
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nou6pacx>13a& eM Monernt 4040 pas. I'ep6 Beman B 2048
cayuasax eloBaTe/IbHO, HYacToTa COOLITHS  «BblllafieHne
repGa» B JlaHHOM SKCIEPHMEHTe paBHa

2048 - B .
o~ 0,507 %05, -

IMpumep 2. Ilo Teopuu Menens npu CKpeHBaHHH

JEJTOr0 ropoxa C XKeJATHIM NPHMEPHO B OOHOM cCJyyae H3~

yeThipeX NOJyuaercs 3eseHbld ropox. Hss npoBepku 8TOK
TEOPHH ONBIT MO CKPEUIWBAHHIO KEJTOro ropoxa GblI mpo-
sellen 34153 pasa. B 8506 ciyuasx nomydmics seneHbift
ropox. YacToTa COGHITHS «NOSIBJEHHE 3€J€HOTO TOopoxa» B
npoBefleHHOM JKCHEepPHMEHTE paBHA

8506 "
3“53 ~ 0,252 ~ 0,25. - _ _

DKCHepHMeHThl, pacCMOTPeHHble B HpHMepax I, 2, noBra-
PAJIHCH . HEOZHOKPATHO, W BCAKHH pa3; KOrja YHCJO NpPOBO-
JUMBIX ONBITOB OLLIO JOCTaTOYHO BeJIHKO, qacro*ra COOBITHS
«BHIMaJieHHe Tep6a» OKasbBasach GIH3KOH K -2-, a vacrora
COOLITHS! «IOSIBJICHHE Se/EHOT0 TOpOXa» MaJlo oTHYaiach

I
or . OnucanHoe siB/eHHe HashIBaeTcs crmamucmuseckol
ycmouiuugocmero 4acmompt COOLITHS. DKCNEPHUMEHTHl TOKas3bl-
BAaIOT, YTO CBOHCTBO CTaTHCTHYECKOH YCTOHUMBOCTH NpHCYILE

MHOTMM CJyYailHEIM COOHITHSM, MpPEACTAaB/SIONEM HHTEpEC

Ans npaktuku. CoObiThsi, o6Jajaiomue CBOHCTBOM CTaTH-
CTHYeCKOH YCTOMYHBOCTH YacTOTEI, SBJSIOTCS INpeAMETOM
H3Y4eHHs CNelHa/bHON Maremamqecxoﬁ AHCHHMIIHHBI s
TEOpUH BEpOSTHOCTEH.

Teopus BeposTHocTeli BosHHKJa B XVII Beke B paGorax
ITackans, @epma u INofirenca, npHyeM ee NepBOHAYAIBHOE
pasBUTHE CBS3aHO C HCCJIEJOBaHHEM asapTHHX Hrp. Cienyer

OTMETUTD, 4YTO H B HacTOfIIEe BpeMﬁ NpH H3Y4YE€HHH H -NIPH- .

MEHEHHH TeODHH BEpOSITHOCTER a3apTHbIE HIPHl «HCIOJL-
3yIOTCSI» JOBOJIBHO INHPOKO. [leno B ToM, 4YTO Cjy4alHble
COGHITHSA, BCTpedalolmHecs B a3apTHHX Hrpax, o6najas
CBO/CTBOM CTATHCTHYECKOH YCTOHUHBOCTH YacCTOTHI, HMeloT

K TomMy e H JpyrHe npemmymecrBa. OHH oOT/IHYaOTCA -

NpOCTOTOH, AalOT BO3MOXHOCTb YeTKO NOCTaBHTb 3ajauy, He
3arpoMoxzas ee NOGOYHBIMH (paKTOpaMH, NPHCYLIHMH TOR
HJIH HHOM ChenMajbHOM oGnacTH sHaHuH. Haxownen, ouu
06ecneuuBaloT ~ BO3MOXHOCTb HEOTPaHHYEHHOH axcnepmweu-
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TaJIbHON NPOBEPKH MNOJIYYEHHBIX 3aKOHOMepROCTeH, TaK KaK
HMEHHO B a3apTHHIX MIpaX MOXHO CKOJBKO YTOMHO Pas cra-
BUTb OMMH W TOT Ke OnHIT. CayuafiHbie COGEITUA, CBASAHHLIE
C a3apTHHIMH MrpaMH, CJYXar, TakiM o6paseM, YpesBhl-
4ailHO YIOOGHEIMH MOZENSMH TIPR W3Yy4eHHH OoJjiee CJOXKHBIX
H, I'1aBHOe, 6oJiee BaXKHbIX NPaKTHYeCKHX 3ajlad.

Teopus BepenTHOCTRH, HawaB CBOA HYTe G asaNH3a CH-
Tyaumil, BOSHAKZIOHINX B ®@3apPTHHIX HIpax, 8 BbAAYH pe-
‘KOMeRAainh HIPOKaM B KOCTH, RDEBDATHAECH B HAYKY, 6e3
NOMOHTH -KOTOPOH cefiac He -OOXORHTCA HH -QH3HKA, HH
‘CTPOHOMH#A, HH JKOHOMHKA, HH AHATBHCTHKA. Bosee Toro,
‘B TIOCTICTHEE BPEMA TFEOPHA BEPOATHOCTEH TTaXa OCHUBOH
PasBHTHSl MHOTHX HOBBIX HayUHBIX HARPABJCHUH, TaKHX, KaK
MaTemMaTHUecKasi CTaTHCTHKA, TeOpuUs -HH{OpMalHH, Teopuf
MaccoBoro ofcayxuBafns. Bhulamilyiocs posb B CTaHOBJE-
HHM TEODHH BEpOATHOCTEH KaK MaTeMaTHYeCKOH HayKH
coirpain . Bepuyamu, A. Myasp, IL Jlanaac, K. Tayce,
C. Tlyaccon. Deumiio# BK.Ial BHEC/H BSe PasBUTHE PYCCKUE
yuemzie [@. J1. UeGunmes, A. A. Mapkes, A. M..Jlanyues;
PSA OCHQBOMOJArBOMHKX Pe3yJbTaTOB B PasiuuHBIX 06na-
CTAX TEODHH BEDOSTHOCTEH NOJMYYeH COBETCKHM MaTeMarH-
xom A. H. Konvoerepomsm.

B reopuu BepoaTsHocTed CJyvaiinble COOLITHE MNPHUHATO
o6o3nauaTh GoubmMMu GyKBaMH JaTHHCKOTo andasuta: A,
B, € uT.]., WROTna CHabRam HX WHEEKCAMW, HalpHMep:
Af, A,. Tlpunararembhoe «ciyvaitHsies AtA KPaTKOCTH 9a-
CTO. onycxam'r H TOBODAT MPOCTO «COGLITHA®.

‘Co6HiTHE, BCerja OCYIIECTBAAOIMEeCH NPH TIPOBENEHHH
ONBITa, HAa3bIBAIOT JOCIMOGEPHBIM CODLLMUEH.

B ToM cayuae, korga <COBLITHE 3ZBERGMO HE NOXKET
NPOHSOATH B pesyJabTaTe ONbiTa, &TO HASHIBAMWT HeE60S-
MOJCHBIM.

Eciu B ypHe HAXOUATCA TOMbKO 6eAble aphl, & OBbIT
32KJHOYAETCS B H3BJICUCHHH Haylady .HIapa H3 YpHbl, TO To-
GurHe «H3BTedeH Oenbil  IMap» ABIAETCS  JAOCTOBEPHLIM,
a CODHITHE «H3BJIEUEH UEpHHIH ‘MIap» — HEBOSMOKHLIM. [lotTe-
BepHele CoOmiTHs Gylem oGo3HagaTs ‘OyrBo#l U, HeBosMO®-
Hule —OykBo# V.

‘ CobatHa A M B HazuBaOTCA pasrocuasHbMU (prerbint),
ecNH A NpoHCXOAUT TOTAA M TONBKO TOTAa, 'KOTRA IpoHCXO-
JuT B.PaBHOCH/IbHBIE COUEITHA COEXMAIOT SHAKOM PABEHCTEA, -
T. . mumyT A=B. B omire T noxGpacHBaHHEM HTPaJbHOH
KOCTH CODHITHE (BHITTAJIA IECTEPKA» H COGHITHE «BHIAAMA rpasb
c Hauﬁonbmnm BO3MOZKHBIM HOMEpPUM» PaBROCHJILHEL ]
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Jlna Kaxapro coGRTHA A MOXHO paccMaTpuBaTh COGbI- -

'l'He BaKJIiO'-Ial()TIlQECH B TOM, 49TD cobuitHe A He [IpoU30IIO.

Ero HasmBamwT npomusonosodcHes ¥ A u abosuauaior A .
Has . JOCTOBEPHOTO H HEBO3MOXHOIO COGHLITHH noOJaraior

U=V, V=U. Ecan ONHT COCTOHT B TOM, 9TO CTPEiOK
NPOH3BOJUT BHICTPEN MO MHLICHH, TO COOHTHE «MHUIIEHh I10-
paKeHa» U calbITHE «CTPEJQK HE MONAJ/L B MUIIEHb» ABJAIOTCA
NPOTHBONOJIOXHBIME APYT K APYrY. )
Has coGpiTui BBOAATCS ONEPAlMH CIOKEHHS H YMHOXKEHHS.
Cymmodi (obvedunenuem) COGHITHI HA3LIBAETCA COGLITHE,
KOTOPOE OCYLIECTBJSETCS TOrAa H TOMbKO TOTAa, KOIJa npo-
HCXOAHT XOTA Obl ONHO -U3 JAHHHX COGHTHH, CymMMy COGHI-
i A u B ofosnausair AU B.
~ [ pouseederuem, (nepeceyeruem) COGHTHR HasLBaeTca Co-

OniTHE, OCYLICCTRJIsAIQUIEECd TOABKO B. TOM CJjayyae, Xorja:

JaHHblE COOLITHA NPOHCXOASAT OXHOBPEMEHHO. Hponssenenne
coBuruit A u B ofosnasaror AN B.

Mpumep 3. Ilycthb onmT saka¥aeTcs B TOM, YTO H3
KOJIOAb! BHIHMMAaeTcss HayAayy OfHa KapTa, H myCTb COOGHITHE
Ajg COCTOMT B TOM, Y4TO KapTa OKasalach JaMoi, a COObITHe
A;—8 ToM, 4TO BhGpaHa kapTa nuKoBoki MacTH. Torja
coGbiTHE AiUA COCTOHT B TOM, 4YTO BhIGpaHa Jama HJH
KapTa MHKOBOH MacTH, a coGhitHe Ay N A, — B TOM, 4TO H3 Ko-
Jolbl BhIOpaHa lama NHK.

1]
Jlerka BueTh, 4TO Ads onepauun CNOXKEHHS: H YMHO-

KeHHs: COGLITHE CHpaBeAMHBHL. CAGAYIOUIHE 3AKOHBI: -
AUB=BU A — KOMMYTaTHBHOCTE CJIOMEHHUSE, '
AUBUC)y=(AUB)UC—accoudaTHBHOCTL  CJIQNKEHHd,,
A N B=B-A— KOMMYTaTUBHOCTb yMHOXEHUs,

AN B NAC)=(ANB)NC—accounaTHBHOCTb YMHONEHHS,
An(BUC)=(AnB)U(ANC)— nucTpH6yTHBHOCTS.
Fipumep 4. Paccmorpum B onmre ¢ moaSpachiBamEeM

HFPabHOH KOCTH COOBITHA: . Ay — NOABIEHHE YETHOFO YHCJA,

_A;— nosBaenie iecTepkH, A, — MOABI/CHHE THCAA, Gnmsmero»

‘meoiiru. Terma A, U 4.4 4, —coGH'me, COCTOSAIIEE B TOM,. TTO
BEif1a/ia Tpanb, 3akyMepoBaHHan: ONHHM H3 qHCea: 2, 3, 4, 5, 6;

Aq 1 A, N A;—COBBITHE, 3aKMOUAIOIHEECSE B BHHIAIEHHY PPasH

c mecrepxeﬁ .
MNpumep 5. Iycrs B. ONHITE ¢ noAGpacLIBaHHEM KOCTH
A;—co0uITHe, cOCTOsliee B TOM, YTO KOCTh Bhiflaja IPaHbio

¢ nugpon . Toraa A;UA,;U ... U A,—cobuTHE, cocrosmee °

B TOM, YTO KOCTh BhHINa/Jla OAHON K3 CBOWX MMECTH Fpaweti,
a cobuite A;N A,f1... M As 3aKMOYaETCA B TOM, YTO' KOCTH

167

ﬁ‘»*’—'ﬁw_ N e T Es I s e

i |

—a



Bbillajla BCEMH CBOHMH I'DaHMH OJHOBPEMEHHO. OquHm'IO, qaTo
AUA U"’UA =U AinA’ncoan.—V

Cobnita A; w A, Ha3HBAaIOTCA HECOBMECMHbIMU, ecan
AinA,=V.

Conm«m Ag, A,y ..., A, (m> 2) HasEBaAOTCA noNApHo
“ HecosMecmHbIMY, €CIH .moﬁbxe IBa M3 3THX COGHITHil HecoB-
MECTHH. -

ToBopsaT, urto cobuitha Ay, 4,, ..., A, 06pasywT noinywo
cucmemy Cobeumuii, €ClH HX CyMMa ABJsSeTCH JOCTOBEPHEIM
co6niTHEM.

CoGriTHS, PacCMOTpPEeHHBIE B NpHMepe 4, MOJHON CHCTEMED
coOLITHA He oﬁpasym Hanporus, COGHITHS M3 npumepa 5
o6pa3syioT NOJNHYIO CHCTeMY, GoJiee TOro, OHH OGpasyioT NoJ-
HYIO CHCTEMY TMONAapHO HECOBMECTHBIX COGHITHIL. 4 .

2. OnbiT C PaBHOBEPOATHBHIMH HcXofaMH. Kaacchueckoe
onpeseneHne BEPOATHOCTH coObiTHA. PaccmMorpuM nosmyio
CHCTeMY NONApHO HECOBMECTHHIX COOHITHii

U’h UM soey Um

CBSI3aHHYIO C HEKOTOPHIM omnbitoM. ITpeano/sokuM, 4To B 3TOM
OIbITE OCYILECTBJIEHHE KaKA0T0 U3 cobbithii Uy, U,,. .., U, pas-
HOBO3MOXHO, T. €. MDEANO/IOXHM, YTO HE CYUIECTBYET HHKA- |
KHX OGBEKTUBHHIX OCHOBAHHH CUHTaTh, 9TO OJHO M3 COOHITMI i
ABJseTcst 6oJiee BO3MOXHBIM, ueM Jipyroe. Takoii onwit Gyaem
HasbIBaThb ONBIMOM C pasrogeposamnbimu  ucxodamu. B arom
cayyae OyaeM roeoputb, 4to cobwmrua Uz, U, ..., U,
PABHOGEPOAMALL H YTO BEPOATHOCTb® KaXKIOTO M3 STHX codu-
THHi paBHa l/n. <

Cobbituss Uy, U, ..., U, uasuBalorcs ucxodamu’ HJIH ﬂ
SAeMEHMAPHLIMU COObLMUAMU.

Mpumep 1. BepueMcs X OMHTY ¢ mnoAGpackHBaHHEM.
urpanbHo#i KocrH. Ilyers U ,-—gomme cocrosilliee B TOM,
YTO KOCTb BHINala TPAHBIO C nudpoit i. Tak Kak kocrb
npexnosaraercs OXHOPOIHON H CHMMETPHYHOM, TOBCE HCXOIH =
ONBITA €CTECTBEHHO CYHTATHL OAHHAKOBO BO3MOMHLIMH. CJjieAG-
BaTeJIbHO, PacCMaTPHUBAEMbii ONBIT ABJASETCS ONBITOM C PaBHO-
BePOSATHLIMH HCXOlaMH, cobbitua Uy, U, ..., Us paBHoBe- -

pOﬂTHbI H BEepOATHOCTb KaXJIOr'o M3 HHX paBHA i .

PaccMorpum Tenepn coGhiTHe A, cBfi3aHHOE C ONHTOM
C PaBHOBEPOSITHBIMH MCXOJaMH, H NycTb A HacTynaer Toria, '
KOrZla OCYWIEeCTBJSCTCS OJHH H3 KaKHX-TO B HMCXOJOB, H He
HacTynaer, CJIH OCYILLeCTBISAeTCS Jo00H H3 OCTaBIIHXCS 1 — &
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HCcXofloB.~BysieM TOBOpHTB, YTO HCXOAHI, NPHBOAALLIME X Ha-
cTynnenmio coburus A, 6aazonpusamcmeytom coObTHIO A.
Onpenenenne. Bepoamnocmero P (A) cobumus A,
CBSI3AHHOTO C OMNBITOM C PAaBHOBEPOSITHHIMH HCXOJAaMH, Ha3bl-
Baercsl OTHOLIEHHE YHCJIa HCXO0A0B, G/1aronpHATCTBYIOMIHX
co6uTHIO A, K 4HCAy BCeX HCXOHOB. e ,
.TakuM 06pasoM, €CJH 7 — 4HCJIO0. BCeX HCXOIOB, a R—'
YHCJIO HCXONOB, GJaronpHATCTBYIOWHX cobuTHIO A, . TO
P(A)=L<. o |
dra ¢opmyJaa 4UHTaeTC TakK: «BEpOATHOCTL COGBITHS \A'
paBHa %g. P —nepBast GyKBa aHIJVIHACKOrO cJosa «proba-
bility» —BeposTHOCTb. ° ) L
Tipumep 2. B onmre ¢ HrpajbHOH KOCTbIO (CM. NpH-
mep 1) cobuTHio A (YHC/IO BHIMABIIMX OYKOB KPaTHO 3)
61aronNpHATCTBYIOT IBa 3JeMeHTapHBIX COObiTHS U; u Us;
co6uTHIO B (Bninano mpoctoe uucio) Gaaronpuarcteyior U,
Us, U,; cobuituio C (BbiNaso 7 09KOB) He 6/1aronpHUsiTCTBYeT HH
OJIHO M3 IeCTH 3J1eMEHTapHBIX COOHITHI; COORITHIO D (4icI0 Bb-
DaBIIHX OYKOB Menblie 7) O6JaronpHATCTBYIOT BCe LIGCTb
sneMeHTapHbiX co6biThii. CienosaresibHO, :
1 1 i~

PU=F=3 PB=5=T,

6
PC)=4=0, PD)=5=L

IpuBenenHoe omnpeneneHne _Bepoamocfn COGHITHA Hashl-
BACTCH KAQCCUHECKUM OnpedeseHUEeM 6epOAMmHOCMU.
BeposTHOCTL COGHLITHS YIOBJETBOPSIET HEPaBEHCTBaM

0<P(ALI,

9TO . HENOCPEACTBEHHO CJAEAYET - M3 ONpefieieHHsl, TaK KaK
oueBHAHO, 4T0 0L n. - -0, )

.. HeBoamoxknomy coGuiTHIO V He 61arONpHATCTBYeT HH OAHO
13- 3/IEMEHTAPHHX COOLITHH, H MOSTOMY . ’

(379 - 0
. = : P(V)=-'-1-=O. )

IlocToBepHoe cobuiTHe U ocyriecTBaAsieTcsl PH HACTYIUIE-
HHM KaXAOTO M3 3JeMEHTapHHIX COOLITHH, H, cleldBaTeNbHO,

. .

PU)=2=1.
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' Snémemapueuy cobutuo- 8, ¢i=1, 2, ..., n) Graronpust-

CTBYET TONLKO OfHQ SJeMOHTapioe COOLITHE (OHO caMO), W,

CJIe/IGBATETLHO,
PUI==, (=12 .., 1,

9TO COOTBETCIBYET NaHHOMY paHee ORpENENEHHI0. . .

Mpumep 3. Monera Gpocaercs mBaxian. Kakopa Be- |

POATHOCTb TOTO, YTO XOTA Gl OJMH pa3 Bhinajer -rep6?
3nech 3/eMEHTAapHHIMH COGLITHAMH OYAYT CJCAYIOUHE
4 cobrrrusi: . : :
U;—o6a pasa Bnnan repo,
U,—rep6 mosBmiICS TOJMLKO NpH NepsoM Gpocanui,
Ug—rep6 NOABHICS TOJNbKO NMpPH BTOpOM GpacaHnui,
U, —rep6 He nosswics BY pasy. -
FLaForpRATCTBOBATE €OGHTHID A (HOsBIEHHIO rep0a XOTs

6sr onuu pasy6yayr Uy, U,, U,;. CrexoBateiibho, P(A)'=-i— .

- Hpumep 4. HaGupas nomep Tenedona, aGOHEHT 3a6LLT
IBe HOCNENHHe UHDPH W, AOMHE JHHL, 9T0 3TH UHQPH
pasinuHbl, HaGpas HX Hawiady. KakoBa BepOSTHOCTh TOrO,
YyTO HOMep HalpaH NPABHJIBHO? . A

JlBe nocnexnue uudps MOXHO HaGpaTh Af, cnocoGamu,
a 6aaronpHaTCTBOBaTL cofpithio A (uudpsl HaGpaunl mpa-
BHJBHO) OylAeT ToMbKO OAHH croco6. FlosTomy

1 .
PA)==T09=%" \

MMpumep 5. Cpenu 100. sviekTpoNaMIL 5, HCOOPYEHHHX .
Kakopa BepOsITHOCTE TOTO, YTO BHIGPaRHKE HAYJaTy 3 JaMIbl
OKaXyTcs HCNPaBHBEIMH?

M3 100 ssnekTposamm: 3 JaMmet MOXHO BHIGpaTh Ciy, cIlO-
cobamu. Tpu ucnpaBHbIX JaMIbl H3 O6IIEro gucaa 95 Henpas-
nbix namn MoxHO BOparh C); cnocoGamu. Caepparesbo,
HCKOMasi BEPOSTHOCTE paBHA -

- Con _ 95.94.93
P=&, =100.00.08 ~ %%;

3ameuanne. Knaccuueckoe onpefesenne BepOSTHOCTH
COOBITHS He_ SBJIAETCA YHHBEPCANbHBIM, NMPUTOAHLIM MM H3Y-
YeHHS MPOH3BOJNBLHBIX caywafiwbix coOsrruid. OHO NpHMERHMO
TONBKO B NPOCTEAIIHX C/Iydasx, KOMAa yRAercs CBECTH AGHO
K PacCMOTPEHHIO- KOHEYHOUQ MHQXKECTBAa PaBHOBO3MOMHBIX
cobLTHi. B Goslee COOMHBIX- OfILITAX NPUXOAUTCA CYUTATHCS
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H ¢ TeM, YTO YHCJO Pa3JHYAHIX HCXOHOB MOKET GOBhITb GecKos
HEYHBEIM, H C TEM, YFO CAMH HCXOJbl HE SBJSIOTCS P4BFO-
Bo3MOXHBIMH. [losTemMy B TeopHu BeposTHOCTeH, HapAl

C. KJIacCHYECKHM ONpEJeeHHeM, ' HCIIONL3YIOTCS M APYTHS

onpene/eHnsl BEPOSTHOCTH COOLITHS. ‘

Ilpn Tak Ha3LIBaEMOM CTATHCTHUECKOM OINpEJEJIEHHH B@«
POATHOCTb COOLITHS OHPEACASETCH #CXONS HS NOHATUS 4Ya-
CTOTHl COGHITHA # €€ CTATHCTHIEeCKOH ycTofiumpocTH. Hanpys
Mep, TIPH CKPeHIHBaRHH XKeJTOr0 TOPOXa C KeNTHM (CM. TIPH4
Mep 2 m. 1) 3a BepPOSITHOCTH COOLITHS «IOABJICHHE 3eJEHOTrO

- . 1 .
ropoxa» NPUHHMAETCH YUCJO, PABHOEL xT° TaAK KaK HMEHHO

OKOJIO 3TOTO UHCJA, KAK [OKA3LIRAIOT SKCHEPHMEHTH, TPyl
MUPYIOTCS YaCTOTHl PacCMAaTPUBAEMOrO COOHTHA. :
B coBpeMeHHBIX MaTeMaTHYeCKHX KYyPCEX BEPOSTHOCT

onpenessieTcs aKCHOMaTHueCKH, kak ¢yskuus P(A), ompgs -
JieleHHAs, Ha MHOMECTBE COOLITHMl H YICBAETBOPSIOWAS CJlGe.

AYIOLIUM TPEM aKCHOMam:

1. Ilns npousBosibHOrO COGHLITHSI A -CnpaBenJHBO, Hepa-
BeHCTBO P{4) = 0. :

2. BepoatHOCTb JAOCTOBEPHOTD COGHTHS paBHA €AHHHLS,

3. BepoATHOCTD CYMMBl JIONADHO HECOBMECTHBIX COGBITH
paBHa :cyu\me BEPOATHOCTEN 9THX COGHLITMI.

Yapaxsenus

7.1. Tlo muwenn 'nponsseneao TpH BhicTpesa. Ilycre coGmrue A;
COCTOMT B TOM, 4TO i-# BhICTpenm yAauHmi. B weM sarAioualoTCsA. ClIefyio-
RS COGHTHA:

a) A,94;,UAs ' .

o) ANANAs o

B) (A1NAsN Ag) U (A1N A2 Ag) U(A1 N Asf) Ag)?

. 7,2, DnexTpHuecKas lenb COCTaBJeHa IO cxeme, H3GOpaXKeHHOA Ha
PHCYHKe. '

i a4 _

I N

Kax Bapaxaores cobutna B m B sepes coburaa A;(i=1, 2, 3), ecx
co6niTHe B BakniouaeTcss B TOM, uTO Temtb MN He RpHBOEMT TOK, a £0-
6urtHe A; COCTOHT B TOM, YTO 3JEMEHT @; BHIEN M3 CTPOA?

7.3. Tlo MuumeHH JIPOMSBOLMTCA ABA BLICTpesa, OGPasyioT JH cobbi-
Tus A (vumenbp nopamena) u B (no Kpaitnefi mepe OAMH BHICTpea Gbu1
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N




~

HeYRauHBHIM) DOJIHYIO cHcTemy ‘coSuTnii?_Ssasiores au coﬁma A n B
HECOBMECTHHIMH?

7.4. YkaxuTe TPH COOHITHS; Koropue He ABMSIOTCS TIONApPHO HECOB:
MECTHHIMH, HO OGPASYIOT MOJIHYIO CHCTEMY COGHITHE.

7.5. Hs ypHH, B KoTopoli Baxomsarcs 3 Gesbix, 4 uepHHX, 5 Kpac-
HHX IapoB, HayAauy ,BHHHMaercs onmH..Karopa- BepodTHOCTb TOrO, 9TO
BHIHYTHIH Iap OKaxercs

a) GennM; 6) YepHBIM; B) MEJTHIM; T) KPacHBIMP

* 7.6. BpocalOTCﬂ JiBe HrpajbHhe KOCTH. KakoBa BepOSITHOCTb TOro;
YTO CyMMa OYKOB, BHIIaBMIHX Ha ABYX KOCTAX, OKaXeTcs paBHOH 8P )

7.7. B notepee us 50 6unerop 8 BuMrphinHLX. KakoBa BeposaTHOCTb
_TOro, 4YTO CpPE€IH NepBHX ATH Haylag Bu6panﬂmx 6uJseroB AB3 GyayT
BBIHI'PBIIHBIMH?

7.8. TlepeenctBo mno GackerGoay pasurpunam 18 komana, cpean
KOTOPHIX 2" KOMaHAB SKCTpakiacca. [lns yMenbmenna ofmero 9ucjia HCp
KOMaHAH MyTeM JXepeGbeBKH pasOHBalOTCA Ha ipe paBubie rpynnu, Kakosa
BEPOATHOCTb TOFO, UTO B¢ KOMaHAH SKCTPAKJIaCca OKaxyTes

8) B pasHBIX TOATpynnax;

6) B onHOH moprpynme?

§ 21, OcHOBHBbIE  TEOPEMBI TEOPHUH seponmoc’ren
H UX CJeACTBUSA

.
’

1, Teopema cnomenngs B paccMOTpeHHBIX Bhille NpHMe-
pax ‘BepeATHOCTb COOHLITHH BBHIYHCAANACH HENOCPENCTBEHHO,
ucxoas H3 omnpejeseHus. K coxanensio, 9TOT NyTh INPUBO-
INT K ychneXy TOJNbKO B CaMBLIX NPOCTHIX cayudasix. OQOblyHO
xKe npaMoH MoACYET KaK BCeX HCXOMOB, TaK M TeX H3 HHX,
KOTOphIe AIBAAIOTCA GaronpHsATCTBYIOILMMH, OKasbiBaeTcs
HeyJIOGHBIM, a HHOTJA H NMpAKTHYECKH HEBO3MOMKHBIM H3-3a
¢Boefi uYpesMepHOH CJOXHOCTH. Briuuc/ienne BeposiTHoCTEH
conmm, KaK NpaBHJIO, MOMHO CYIIECTBEHHO YNpPOCTHTb,
€C/IH HCIOJb30BATH TEOPEME, yc'raHaBnnBalomne CBAI3H MeXAY
BEpOSITHOCTSIMH COGBITHH. ~

Teopema 1. Bepoamnocme cymmo. 0syx necowuecmnux
cobbimuii pasHa cymme eeposmuocmeil smux coboimuil, m. e.

' PAUB=PAPB). - T (D)

- JlokasaTenbCTBO. \nyCTb cobuiTHIO A GaaronpusrTcr-
BYIOT k ‘HcXoj0B, cobbiTHIO B —! ucxoznoB. Cobnitus A4 B
HECOBMECTHbI, M03TOMY cpeln #ucxopoB Uy (i=1, 2, ..., n)
HET T3KHX, KOTOpble OXHOBpEMEHHO GJIaronpHATCTBOBAMH Obl
u coburtHiO A, u cobuiTHio B. Caenosareinnto, cobuitio A U B
6yaer 6JlaronpnﬂTchOBarb poBHO k-1 HCXOJOB. I[To onpe-
Zie/IeHHI0 BEPOATHOCTH HMeeM

P(A) =%, PB)=7, P(AUB =1L,

- . - -
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'OTKYA2 H CJelyeT yTBepxkKIeHHe Teopembl. OTMETHM, UTO NpH
IOKa3aTe/IbCTBE CYHIECTBEHHO HCIOJB30BAJIOCh MpEATIONOKe-
HHe O HECOBMECTHOCTH COOBITHH.

.Jlokasannass TeopeMa HasmBaercs meopemoa caodKcenuA
HecoemecmHubix coboimull.
" CuaepacrBue. -Cymma eeposmuocmeti npomuaoTthoolc-
Holx cobmud pasna edunuye, m. e.

PA)+PA)=1. @

[Mockoabky cobbiTist A H A HeCOBMECTHBE, K HHM IpHMe-
HHMa TeopeMa CJOXEHHS:

P(AU A)=P(A)+P(A).
'quul_a_aﬂ, uto coburae AU A IOCTOBEPHOE -H 4TO MO3TOMY
P(A U A)=1, nonyuaemP (4) 4P (A)=1.
O6olienneM TeopeMbl CJIOXKeHHS Ha cjydai Jo6oro Ko-
HEYHOro UHC/Ia COGBITHI fBAfeTCA clelylomee yTBepxKIeHne:

6EPOSAMHOCITIL CYMMbL NONAPHO HECOBMECMHbIX Cobbimuil
paswa cymme eeposmsocmer; smux cobeimud, m. e. ~

P(A;UA,U... UAm)—P(A1)+P(Aa)+---+P(Am) (3)

JloKasaTebeTBo, aHa/IOTHYHO JOKA3aTeBCTBY AJIA Cydast
IBYX cJaraeMbiX.

Teopema cioxxenus 1 AByX cobLITHit o6o6Laercst HB Ipy-
roM Hanpas/eHHH. Eciu oTKasaTbcs OoT TpeGoBaHHA 00si3a-

" TeJIbHOH HECOBMECTHOCTH COOLITHH, TO MOXXHO JOKa3aTh GoJsee

ofuyio Teopemy, H3 xm‘opoﬁ JOKa3aHHasl paHee TeopeMa 1
no/ly4aercsi KaK YacTHHIA cJyd4a#d.

Teopema 2. Bepaamnocme CyMMbL 6eyx npouaeonbnux
coboumuil pasta cymme eepoamnocmeii coboinuil 6e3 6epoAMmHO-
cmu ux npouseeenus, m. e.

P(AUB)=P(A)+P <B>—P<A nB). @)

IokasaTeabcTBo. HYCTb cobuituio A 6.naronpﬂfl'r-
CTBYIOT %k HCXONOB, COGHITHIO B —I HCX0HOB, M HYCTh ¢
 HCXO0B 6/1aronpHATCTBYIOT COBMECTHOMY OCYILECTBJIEHHIO
"cobnithit A u B. Ecau 4ucjio Bcex HCXOXOB paBHO n, To no
OMpeie/IeHHi0 BEPOSFHOCTH - .

P(A)=7, P(B)=7f-, P(AnB)=-.

Jlerko Bpme'rb, 910 codbrrmo A U B 6ynyt 6naronpmrrc'r~
BOBAaTh B 3TOM cJydae k-}+/—g HCXOJOB, H, CJENOBATENLHO,
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P(AuB)=f¢i;£+—‘—i=P<l4>+P(B>-P<AnB).»

T, e. dopmyJaa. (4) cnpaBeMm
YaCTHOM ,CAydae, KOTAa COGHLITHS 'HECOBMECTHH, T. €,
ANB=V u -P(ANB)=0, nonyuaercs paHee AoKasaHHas
Teopema 1.
2. YcaoBHas BEepOSITHOCTD. Teopema ymHoxkenust. Hesasn-
‘cumocTh coOuiTHil. Tlpocrefimive HaGJIONEHHs MOKA3LIBAIOT,
9TO B OJHHX C/y4YasiX OCYLIECTBJEHHE OJHOTrO COGHLITHS HHKAK

He BJHsET Ha BEPOATHOCTL OCYIIECTBJCHHA JAPYyroro, B ApYy- .

. THX CJyyasX, Hao00pOT, HACTYJIEHiE OAHOTO COGLITHSA Cymie-
CTBEHHO H3MEHSIET BEPOATHOCThL HACTYILIEHHS ApYroro.

Hanpumep, B oneite ¢ JBYKpaTHbIM NoAGpachiBaHHeEM
MOHETH BEPOATHOCTb COGHTHs «Tep6 NOSABUACA NPH BTOPHY-
HOM non6pachiBAHEH MOHETHD HE 3aBHUCHT OT TOrO, MPOH30-
LU0 HJH He NPOH3OILIO COORITHE «rep0 NOSABHJCH NPH nep-
BOM NoAGpachiBaHHH MoHeThl». B omniTe ¢ H3BjeueHHeM (Ge3
BO3BpallleHHd) 1IapoB W3 YpHBI, cOJepxKamleH onHH GeJbifi
IIap ¥ OXHH 4YepHbill, OTHOLeHHe MeXAy COORTHAMH «ap,
U3BJICUEHHRLI nepBbIM, OKasajicd GenbiM» M map, H3BJEYeH-
HHIl BTOpPHIM, OKasajicsi GeJbiM» COBCEM HHOE: OCYIeCTBeHHe
OIHOTO COGLITHS B 5TOM CAyYae NPHBOAUT K TOMY, 4YTO ApYy-
rO€ CTaHOBHTCS HEBO3MOX(HHIM. ‘e

Paccmorpum coGhiTis A H B, cBsi3aHHHIE C HEKOTOPHIM
onkiroMm. Ilycts cobuithio B 6.naroupmrrcmym I ncxonoB,

coburiio ANB—q mexonos. Otwowenne %, 1. e. ornome-

HHe YHCJ/Id JACXOROB, 6JaronpuATCTBYOILUX cobuitHio AN B,
K 9HCJy HCXONOB, GaronpusTCTBYIOMMHX COOHITHIO B, Haspl-
BAeTCSl YCA08HOU ‘seposmHocmeio coboimus A mpu yciosud B
i ofosHagaercs .

P(A|B).
TakuM oGpasoM, 0O ONpeleNeHHIO

P(4|B)=<.

[MTosicHum JaHHOe onpeleneHHe NPHMEPOM. l'lyc'rb OfIhIT
3aK/I04aeTcs B OJNHOKPaTHOM OpOCaHHH HrpajibHOH KOCTH,
cobuTHe B —BhiNajeHHe YeTHOFO YHCAA OUKOB, cOGbTHE A —
BHNAJeHUE LieCTEpKH. B sToM caydae coOwiTHiO B 6aaro-
opasTeTByior 3 Hexona (I=3), cobuTHIo AN B 6aaronpar-
CTBYET TOJbKO OAMH HMCXOA (¢ =1). CaeaoBaTesibHO, YCAOB-
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Has Bepoamocrb cobbrrua A nmpu yc.nommB paBH -g-

7. e P (A‘l B) =:—
TeopeMma l. Zara  ycaosnoll  eeposmuocmu P (A|B)
cnpasediusa gopmyra

P(A|B)=LL40B)

S 0

dopuyaa (1) HasuBaeTCs GopMuyaol ycaosHOl 8epoAMAD-
cmal.

-JlokasareabcTBo. Ilycrs L—uncao HCX0J0B, Gaaro-
DPHATCTBYIOIHX COOMTHIO B; ¢—unci0 HcXomoB, 6Guaaro-
NpHSATCTBYOIMHX cobuiTHo AN B. Toma .
P(A|B)=%

\ »

HaH
P(A [B)=42,

rje n—4YHUCl0 BCEX HCXOJOB. quusaa, qTo

q_ l_

nonyaaem ¢opmyay (1).
Ias ycnoeno# BeposTHOCTA cOSHTHA B mpm ycnoBuu A
COBEpIIEHHO ananomqno noaywaercst $opMyia .
_rfwins ‘
P(B!A)—'_P(T)-—° . . (2)
Dopmyan (1) u (2) MOXKHO NepemucaTh B CJEAYIOUIEM BHAE:
P(ANB)=P(A)P(B|A)=P(B)P(A|B). (3

dopmyna (3) naer BipakeHHe BEPOSITHOCTH NPQH3BENEHHS
ABYX MNpPOH3BOJNLHHX COOHITHE 4epe3 BEpPOSATHOCTH M YCJOB-
HHle BEPOSTHOCTH STHX COOhITUA. TakuM- 06pasoM, JOKa3zaHa
TEOpeMa, KOTOpasi HA3LIBACTCH MEOPeMOl YMHONCEHUA.

Teopema 2. Bepoamnocmo npoussedenus Osyx npous-
80AbHBLX” CoObIMULl pasxa eeposmuacmu 00HO20 U3 SMuX cobbi-
muil, YMHONCEHHOU HQ YCAOBHYW eeposmuocmbfapyeoao, ‘npu
ycaosuL, 4mo nepeoe npousouLao.

Hcnoan3ys noHATHE YCJIOBHON BePOATHOCTH, MOXKHO BBECTH,
BaXHOE NOHATHE HE3aBHCHMOCTH ABYX COOHITHI.

17%
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Onpeng.neﬂue 1. CoGuitHe A HasmBaercs Hesasucus
MM OT COOHITHS B, ecd YCIOBHAsi BEPOSITHOCTb COOITHS A
npH ycJoBHH B paBHa Bepomﬂoc'm cobuiTHsl A, T. e. ecaH

co T RAIB=P(@),

B NPOTHBHOM cJyuae, T.- e. ecaH P(A lB);&P(A), coGH- :

THe A HaswblBaeTcs 3agucumbim OT cOOhITHS B.

Hs gopmyasl (3) caenyer, uto ecuu cobuithe A siBasiercs
HEe3aBHCHMBIM OT B,' TO coGbiTHe B GyAeT HE3aBHCHMBIM OT A.
Takum o6pasoM, CBOACTBQ HE3aBHUCHMOCTH OKashIBaeTCs B3a-
HMHEIM.

Hpimep 1. Hs xononsl B 36 Kapr HayZAauyy BHIHUMaercs
omia siBasmoTcs au cobuiTua A (nosBujcsa Ty3) M B (BhHyTa
KapTa KpacHod MacTu) He3aBHCHMBIMH?

Hs obmero unciaa 36 S/1eMEHTapHbIX coﬁbmm cobbiThIo A

GaaronpusTCTBYIoT 4, MO3TOMY P(A)=——-— Ecan cobb-

THe B NpoOH30IIO, TO 3TO O3Hayaer, 4YTO ocymecmunocs

onHo u3 18 sneMeHTapHLIX COGLITHI, .CPe/H KOTOPBIX COOBITHIO A
621aronpHUATCTBYIOT ABa, CJeloBarelbHo, P (A |B)_3=-:T.
Urak, P(A]|B)=P(A), T.e.coOurmus A u B HE3aBHCHMSI.
- M3 TeopeMbl yMHOXEHHA KaK 4acTHHIA Caydail nosnyuaercs
'reopema yYMHOXKEHUS AJsl He3aBHCHMBbIX COGBITHIL.
TeopeMa 3. Beposmuocms npouseedenus 0syx Hesasi-
_cumblx  coboimudl pasHa. npoussedeHuro 8epoamuocer smux

" cobeumuii:

P(AnB) P(A)P(B) T @

~ JefictButenibHO, ecou A © B—HesaBnchHe CO6BITHH,

TO P(BIA)=P(B) H cpopmy.na 3) mpeBpaiaeTca B ¢op-
“myay (4).

0606 UM TeopeMy 3 Ha“cayuai J1060TO KOHEUHOTO YHC/IA

Cco6ITHi. JlanguM npexnue Bcero cJjepyrolee onpene.neﬂne. N

Onpenenenne 2. Cobuitust A,, Ay «.., A, (M>2)

HasbIBalOTCS He3a8UCUMbIMU 6. C080KYNHOCMU, ec.rm Kax«moe H3.

STHX COOBITHI.H CcOGHITHE, sIBJSOLleeCs NPOU3BEJCHHEM JIIO-
60ro 4mcC/a OCTAJbHBIX COOLITUH,. HE3aBHCHUMHI.

ITosicauM pasHHLY MeXAQy NOMapHOH He3aBHCHMOCTBIO
H HE3aBHCHMOCTbIO ‘B COBOKYIHOCTH Ha NpUMepe TpexX coGhl-
THH. -Jlns nonapHoit He3aBHcuMocTH coObTuii A, B, C HeoG-
xoauMo, utobnl cobmtHa A u B, B u C, C u A Gbuin He-
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saBucHMHL. JIJIS HEe3aBHCHMOCTH B COBOKYIHOCTH, MOMHMO
5TOro, HYXKHa HE3aBHCHMOCTb ellle TPeX map COGbITHI:

AanC BucCnaA, CnAnB.

Teopema 4. Beponmnocmb npouaeeaeuuﬂ HE308UCUMbLX
8 coBOKYynHocmu cobbimuti pasHa npoussedenuro eepogmuocmea

amux coboimutl. Hanpumep, ecau A, B, C— ﬂeaaeucume‘

8 cosokynHocmy coboimus, mo
- P(AN BnC)=P(A)P(B)P(C). )

Hokasateanctso. [Tonoxum B NC =D u, nockosbky
cobbitst. A ¥- D HesaBHCHMBI, IO TeOpeMe 3 MoxeM 3anucathb

P(AanC)—P(AﬂD) P(A)P (D),

" HO B u C Take He3aBUCHMBHI, H TOITOMY

P(D)=P(BNC)=P(B)P(C).

[IO}ICTaBJIHﬂ P ¢D) B nepyio u3 q)opmy.n, no.nyqaeM yTBer{-
JilcHHe TeopeME.

MeTonQM MaTeMaTHYeCKOH HHAYKUHH 5T 'reopema JIETKO
IOKasbiBaeTcsl NSl JOGOro KOHEYHOrO 9HC/IAa He3aBHCHMBIX
B COBOKYIMHOCTH COOBITHH.

Sameuyanue. TeopeMbl clOXeHHS H YMHOXEHHS JOKa-
3aHbl 37ech 1S ONBITOB C PaBHOBEPOSTHBHIMH HCXOXAMH.
OnHako Bce noJyueHHbe (OPMYJibl COXPaHAMT CBOWO CHIY

H B GoJiee CJIOKHBIX c.nyqaﬁx KOrJa KJjaccrieckoe omnpefe--

JIEHHe Bepoa'mocm okasbiBaeTcs HEIOCTaTOYHbIM H [MpH-

XOHTCS HCXOMUTb U3 CTATHCTHYECKOI'O HJIH aKCHOMATHUYECKOTo

onpene.nennﬁ IMpu axcHoMaTH4eCKOM MNOCTPOEHHH TEOPHH
BeposTHocTel dopmysa (1) m. 1, KakK yxe oTMedasoch, MpH-
HHMAaeTcs 33 aKCHOMY, B CBfI3U C Ye€M €€ Ha3HBaiOT 3aKOHOM
caoxeHnsi BepositHocTefi. Popmyaamu (1) u (4) BBOAfATCA
NOHATHA YCJOBHOH BEPOATHOCTH H HE3aBHCHMOCTH COGBHITHIL.
B crenylomux npuMepax JOKasaHHbIE TEOPEMBI HUCHOMb3Y-
I0TCS JJ/ifl ‘BbIUHCJIEHUS BEPOSTHOCTEH PpA3J/IMYHBIX COGBITHH.
‘ITpumep 2. V3 napruu uspesuit OTK-nposepser mo-
JIOBHHY M NpH3HaeT FOAHO!H BCIO MapTHIO, e€CJaH cpeau Mpo-
BepeHHbIX H3jlesnii GpakoBaHHBIX He GoJee onnoro. Kakosa
BEPOATHOCTb TOro, YTo mapTus u3 20 Hu3fesauil, B KOTOpOH
2 6pakoBaHHBIX, GYJA€T NPU3HAHA [OAHON?
ITycTp cobuiTHe A COCTOMT B TOM, YTO CpeaH Mposepse-
MBIX H3Jenuii GPaKOBaHHHIX He OKaxeTcs, a cobGeiTne B —
B TOM, UTO Cpeiu OTOOPAHHBIX AJ# MPOBEPKH HU3JAJNHHA OAHO
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6paxonauuoe Tlaptua wm3gennéi GyleT nNpH3HAaHA TLOJHOH,

ecan mpousoiiner cobuitue AUB. Cobmrua A m B necop-

" MECTHHl H, CJeJOBaTeJbHO, CHpaBeliuBa GopMmyJaa

P(AUB)=P(A)+P(B).
IMoncuntaem BeposTHOCTL co6hTHA A. M3 20 m3geaust MoxHO
otobpaty nns npesepkH 19 msaeanit Cj) crnocobamu. M3 ne-
GpakoBaHHbIX H3neaufi 10 usgequft orGupaiorcs C}" cmoco-

Gamn. Tostomy P (A) = q{‘; ls?zlo?l 21: 199 398'

Ilns cobuitHs B xo.nmecmo 6Jxaronpuamux HCXOJIOB
paBHO C3%-Ci (uHcsio cmocoGoB o160pa 9' HeGpaKOBaHHBIX
H3JeNu u OJHOro 6paxosannoro) H NO3TOMY

CChCh 1811011812 10-10-2 20

P(B)= b = Torerzor  20.19  38°

- Tlo Teopeme cnomenna JJ1S1 HEeCOBMECTHBIX coﬁmnﬁ no.ny-

qaeM P(AUB)—38+38 gg .
Ipumep 3. Hs konoxs B 36 KapT Haynauy BHHHMAeTCH

onna. KakoBa BeposTHOCTb TOro, 4To GyleT BHIHYTa NHKA

W _Ty3?

» CoberTHs A (Buﬁpaua nuka) H B (nosBuics Tys) He
ABJSIOTCH HecoBMeCTHBHIMH. [1osToMy A/l BRIYHCJJEHHS HCKO-
Mol BepoATHOCTH coluiTHA A U B Bocmosbsyemcst dopmyiioft
P(AUB)=P(A)+P(B)— P(AnB) :

BeposiTHocTH cobuiTHH. 4, nA nB JIETKO noncqum-
BaoTca: ]

P(A)=+, P(B)=1, P(ANB)=k
~ 1, 1.1 1 -
Takum o6pasoM, ‘P(AUB)?ng—S—g=§.

Tipumep 4. Y9acTOK 5JEKTPHYECKOH LEMH COCTOHT H3
N TNOCAENOBATENbHO COEAMHEHHBIX SJEMEHTOB, KaXKABIH H3
KOTOpHIX paGoTaeT He3aBHCHMO OT OcTajbHbIX. M3BecTma
BEPOATHOCTh HEBHIXOJAa H3 CTPOS- 83 ONpefie/leHHHIA IPOME-
JXYTOK BpeMeHH (Tak HashiBaeMas HaJeXKHOCTb) KaxXJI0To
BJIEMEHTA: Py, Pay +++y P, HalATH BEepOATHOCTb HCTPaBHOM
paGoTHl BCEro yuacTKa NENMH (HaAEeKHOCTH ydacTKa).

”Ao-—-—I‘ ‘/ ':——I 2 l{—. co + "’
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A}

’

OGosnauuM uepes A; coObiTHe, 3aKJI0daiOUieecs B HC-
npaBHOH paloTe sseMenTa i, 4epe3 A'—coGHTHE, COCTOS-
uee B HOpPMallbHOH paboTe Bcero ydaerka. Torga

) A=A NnA,n...n4, -

. *

H, TIOCKOJIBKY COObITHS A; HE3aBHCHMBHI B COBOKYIHOCTH,
P(A)=P(A)P(A4,) . < P(A)=pwp,... p,

IMpuMep 5. YuacTok 3JeKTPUYECKOH IEIH COCTOMT H3 N
napaJ/ie/ibHO COJMHEHHBIX 3/1EMEHTOB, KaXJblil M3 KOTOPHIX
paboTaeT He3aBHCHMO OT ocTasibHBIX. Fl3BecTHa BeposiTHOCTB

t -

2]

=1 '
¥ , . V'
o . 0

HEBHIXOZIa M3 CTPOS 3a ONpejedeHHbl MPOMEXKYTOK BpeMEHH
KaXJIOTO SJIEMEHTA:' Py, Py, -« -, P,e ONPEAETUTH BEPOSATHOCTD
HCIpaBHOH paGoThl BCEro yyacTka lenu (HageXHOCThb YYacTKa).

IMycte A; 1 A —coObiTHS, pacCMOTpPeHHBIE B mpuMepe 4.
Jns onpefe/leHHs BEPOSITHOCTH COOBITHs “A YNOOHO mpex-

BapHTENbHO BEIMHCIHTb BEpOSTHOCTH coOmitust A. Jlerko co-

06pasuTh, 4TO
A=A;n4,n...n4,,

TaK KaK BeCh YYacCTOK WENH BBIXOAWT M3 CTpOs TOrAa
H TOJNbKO TOrAa, KOTAA BLIXONAT H3 CTPOs BCe SJEMEHTH
uend.. [To ycaoBuio sagaan cobmtua A, (i=1, 2, ..., n)
HEe33BHCHMBI B COBOKYIHOCTH, CJeloBaTe/bHO, COOBITHS A,
((=1,2, ..., n) TakxKe He3aBUCHMB B coBokynHoctH. Co-
[JIaCHO TeopeMe YMHOMEHHA JIJIfi HeSaBHCHMHIX B COBOKYII-
HOCTH COOLITHH MoJiydaeM : i

P(Ay=P(4)P (4 ... P(4,),
OTKyHa \ )
I =P (A)=(1—P(A)) (1 =P (4)) ... (1=P(4,),
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H, CJef0BaTeNBHO,
P(A)=1—(1—=p)(1—=ps) ... 1—=p,).

Ipumep 6. PaccvaTpuBaercs Ta Ke. cXeMa, WTo

H B NpeAbAYLUIEM NpHMepe, HO py=py=.,.=p,=p=0,7.

CKO/IbKO 3JIEMEHTOB JOJIXKEH COepXaTh YdYacTOK 3JeKTpH-
~ yecKo#l uenH, 4TOGhl €ro HAJEXHOCTb mpeBHwaja 0,997

CorJiacHO pesyJbTaTy, MNOJYYEeHHOMY B IMpENEIAYLIEM

npumepe, P(A)=1—1—p). lIJm 49HCJ/Ia SJIEMEHTOB 1 MoJIy-
yaeM HepaBeHCTBO .

. 1—(1—py>0,99,
_ —_petilasi KOTOpOE. HAXOLHM 7i: L
- (I—=prr<0,01, - - -
.2
nlg(l p) < 1g0,01 ——2 n>— lg,l_p)

ECJ‘IH p=0,7, To n>— 1g03 ——38, T.e. B aTomc,riy-'
uae -yuacTOK UENH JOJIKEH COLepkaTh He MeHee 4 sn1eMeHTOB.

3. dopmyna noanoii seposTHocTH. [lyets M, H,, ..., H,—
NOJIHAsi CHCTeMAa NONMAapHO HECOBMECTHBIX COGHITHI, cBsi3aHHas
C HEKOTOpPbIM ONHITOM, H A — NpOH3BOJIbHOE COOLITHE, CBS-

8aHHOE C TeM Xe oOmeiToM, OueBHAHO, 9TO sl IPOH3BOJIb-
HOTO COOHITHS A crpaBelJIHBO paBeHCTBO -

A=AnU. L -

C npyrofi CTOpPOHHI, MO ONpEJEJEHHI0 TOJHON CHCTEMB
COOLITHH ¢

U=H,UH,U. .. UH,,
H NO3TOMY -
A=An(H uH.u . UAH,).

IMocnennee cOOTHOILIEHHEe, ONHpasch Ha uachHGy'mBHuﬁ
8aKOH, MOXHO NepenucaTb TaK:

—(AnHou(Aan)u .U(ANH,).

JIerxo [I0KAa3aTh, YTO €C/H COGHITHS Hy, H,, ..., H, no-
NapHO HECOBMECTHH, TO H cobmtus ANH,, AnH,, ...
...y ANH, Taxkxé nonapHo HecoBMecTHH. B camom pene,

) AnNH)NANH) = (AnA)n(H,nH,)_AnV vV
Ans MOOHX § H | (taé]) .
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Mo Teopeme cioxeHHs Aas nonapae necoameé'rnbxx co-
GbiTHi moNyYaem

P(A)=P(ANH)+P(ANH)+... +P(ANH,),
HJH, Kopoue, Co

) P(A)-—EP(AHHI)

Ho no Teopeme yMHO)KeHHﬂ
) PANH)=P(H)P(A|H),
H, CIe/OBATeJBbHO,

P(A)—}:P(H)P(Am) : (1)

Sta ¢opMmyna HasblBaeTcs GopmyA0l noaHol ~eeposmHocmi.
Cobuitva H,, M, ..., H, oObluHO HA3BIBAIOT ,2unomesamu.

Q®opmyaa (1) ucnosnbsyercs B Tex cayuasx, Korja He-
NOCPENCTBEHHO HAHTH BepOATHOCTb COGHTHA A TpyAHO, B TO
BpeMsl KaK YCJOBHbe BepoATHOCTH P(A|H;) u BepoATHOCTH .
runotes P(H,;) BbUMCAAIOTCA JErKO.

[Tpumep 1. M3 50 merasneii 18 H3roToB/JeHH B nepsom
gexe, 20—BO 'BTOPOM, OCTajbHbe—B TpeTbeM. IlepBHii
‘W TpPeTHH LeXH AAIOT NMPOLYKIHIO OTIHYHOrO KayecTBa ¢ Be-
postHocTeio 0,9, . BTOpo# uex —c BeposTHOCTBIO 0,6. Kakosa
BEpOSTHOCTb TOrO, 4TO B3fiTast Haynaqy Jerajb 6y;1e1‘ or-
JIHYHOTO KayecrBar -

[lyctb coOutHe A COCTOMT B TOM, 4TO Bbl6pana zxe'ra.nb
OTJHYHOrO KadvecTBa. Yepes Hj, H,, Hg o6o3nauuM cebbi-
THS (THNOTE3BI), SaKJOHalOUlHeCs B TOM, UYTO BhiGpaHHas
Ietanb H3TOTOBJIEHA COOTBETCTBEHHO B NEpPBOM,; BO BTOPOM
H B Tpe'rbeM uexax. Bepo;rmoc'm THIIOTE3 JIEPKO HAaXOAATCS:

P(Hy) =g, P(H)= P(Hs)—

50’ 50’

yc.llOBHble BEpOATHOCTH codbiTHA _A npu YC/I0BHH, 9TO
HMEIOT Mecro runotesbl Hy, H, HIH H,,, 3a]1aHbl, MPHUIEM
P(A|H,)-—09 P(A|H,)—06 P(A]H,)—-OQ
o~ gopmyJie . MONHOH BepOATHOCTH HAXONHM HTKOMYIO
BEPOATHOCTD!
P(A)—P(H)P(AIHI)—FPéHe)P AIH2)+P(H-,)P(A1H3)-
6 20 . 39
=10 5o+1o 50'['10 36—5_0—078"




Hpamep 2. Crymenr IletpoB 3Haer He Bce SK3aMeHa»
nHoHHBle Ousernl. UTo 1/ Hero BLIrOJHEE: ©TBEYATb MeEPs
BbIM HJIH BTOPEIM? -

ByneM HasbiBaTb «xopommm» Te OuieTl, KOTOPH@
[NerpoB suaer. IlpexnosnoxKHM, UTO 'GHC/IO «XOPOIIHX» OHIIE-
TOB paBHO k mpH ofueM 4Hcae Beex OuaeroB n- (k< n),
Toraa sepostHocTs CoObiTHE A (TlerpoB B3aa «xopowHi»
OHJIET) B TOM CJyuae, Koraa oH OTBeyaéT MepBHIM, pAaBHA

P(A)—.-—f;.. B cayuae, xorza-. Tlerpos orTBewaer BTOpHIM,

- /A ONpeleseHAs BEPOSITHOCTH COBLITHA A paccMOTpHM JBe
' THIOTe3k!: H; (cTymenTy, OTBeuaBlIEMY 1O He'rpmaa, JIOCTAJICH
<XODOLIHH» 6n.ne'r) H H; (cTynmeHT, OTBeUaBIIMH MEPBBIM, BR
TAUA  «QJIOXOH» 6nne'r) Bepoamocm runotes f; u Hy,
OYeBHJHO, PaBHbL \

P(H) =5 uP(HY="3E, .

YcnoBHas BepoATHOCT COGBITHA A IPH YCIOBHH OCY«
. IECTBICHHS THROTESH! 41; paBHa

P(A|H) =2=

k—l

B caywae, ecanm HMesaa MeCTO B'ropa‘a' THIOTE3a, YCJIOB~

Has BEPUATHOCTb COGBITHSA A paBHa
— k
P‘(A 'I/H’) =;l—:_—l" .
DIanpwrym TIOTHOK "BEPOSTPHOCTH HAXOAAM
P(A) =P {H,)P(AIH,) +P (H)P (A|H,) =

'k k—1,n—Fk &k -+,

iy | AT 7'_(k_l+n—k)=*‘
‘Takum o6pasoM, BE[LOATHOCTL NOJYUHTh <XOPOLIHi» GHJIET
OfHA M -Ta ke B O6OUX cayuadx, T. €. He BaBUCHT OT TOro,
orBeyaer IleTpoB nepBBIM HJIH BTOPHIM.

4, ®Popmyan baiieca. TIpencrasmm -cebe caenyiomymn
nryann®. Plmeercs ypma,. B kgropoll JexaT TpH Iuapa,
tﬂapm 'MoryT OGbiTh JiuOO Gejlaro Hpera, JHG60 4epHOro, HO
COBEpIIEHHO He H3BeCTHO, CKOJIbKO B ypHe Oe/IHIX IapoB
H CKOJIbKO UYepHbiX. B 3THX YC/IOBHSIX MOXHO BBEUIBHHYTH
YeTHIpe THIOTE3Bl O HBETE LIapOB B ypHE, a8 HMEHHO: T'HIOe
ve3y Il,~~B ypHe 0 WapoB GeaOTO UBETA, THAOTE3y Hy~w
B ypHe | Genbifi map, runoresy If,—B ypHe 2 6e/bix map3
H, HaKoHel, rumotesy /,—B ypHe 3 Oeabix wapa. Bed

m ‘ *
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STH THIOTE3bl NPHXOAHTCS CUYHTATH pPAaBHOBEPOSTHLIMHM,. NO-
CKOJbKY HeT HHMKaKHX CBEIeHHH O KoJjndecTBe GeJsblX Iia-
poB B ypHe. [lonycTem Temeph, YTO: M3 YyPHH Hayaady
BbIHHMaeTCs OIHMH Iap H 'OH OKasmBaercsi OeneM.” fcHo,
YTO TNOC/Je TNpPOJEAAHHOIO SKCNEPHMEHTa YXKe COBeplUEeHHO
HEeCTECTBEHHO CUHTAaTb, YTO BCE YETHIpe IHIIOTEe3H O Kosdde-
cTBe GeJILIX. 11apoB B. YPHE OJHHAKOBO. BepOATHHL.. [lackoanky
CIyYaiiHO BLIHYTHIA IIap OKasajcsa G6eJbM, eCTb OCHOBAHHS
cyutaTe Oosiee BEPOATHHIM, 4TO OeJHIX 1WAapoB B ypHe
GoJsble, 4eM uepHHIX, a FHOOTe3y /1, MOCIe COCTOSBIIErecs
SKCIlepHMeHTa BooGme NpHIeTcs orr6pocm'b Takum obpa-
30M, TOT (aKT, 4TO CJAyYalHO BHIHYTHIi map oKasaics Ge-
JIBIM,  3aCTaBJIleT Hac MEpPeoleHHTb BEPOATHOCTH THIOTES.
Dra nepeoueHKa BEPOATHOETEH THIOTE3 OCYIIECTBJAAETCA

- ¢ moMouibie ¢opmya DBailieca, KOTOpEE JIETKO- BLIBOAATCA M3

TeOpeMbl YMHOXeHHS W (opMyJ/ibl MOJHOH BepOATHOCTH.

IMycte A — npoussosbHoe cobbithe w Hy, H,, ..., H,—
TOJHAs CHCTEMA TMOMAPHO HECOBMECTHbIX cobbITHI, 'ror.zla-
no TeopeMe YMHOMEHHs

P(Anlfi) P(A)P(H,IA)=P(H,)P(A|H,),

OTKYZa . . -
PUIA= = '},':j)'”’ E=1,2,...,n

§
Samenss Temepp P(A) ee BHIpaxenHeM IO qaopmy.ne
TNOJIHOH BEPOSITHOCTH, MOJy4aeM QOPMYJE - .

P (H,| A)= nP(Hi)PFAlHI) \ {al,2,....'n. (1)
AFEPALE) : )

Hx nasesawor gopmyramu baieca.

Qopmyanl (1) AaOT BhpaXKeHHS JUI YCJIOBHEIX BeposT-
HOeTefl rHpores f; MpH YCJOBHA, YTO NPOMSOIUIO COGHTHE
A, wuepes BepoATHocTH P (f]}) B YCJOBHEE BepOATHOCTH

- P(A| H;), BeuMCaeHHBHIE N0 TOro, Kak cobmrrme A ecyme-

CTBHJIOCH.

BepHemcs K safage o nepeoueHKe BepOATHOCTEH EHMO-
Te3 B caysae YpHH ¢ Tpems wapamu. [lycte ‘A — coGriTne,
SaKJIOualomeecss B TOM, UTO BBIHYTHIA Hayjady H3 YpHH
Hiap okasajics ‘GeJibM. Bepoamocm cobuTHs A mpH ycao-
BHH, 4YTO HMeleT MecTo runoresn H,, Hy, Ho Hi J€rko
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' BLIUHCASIOTCHA: ~

P(A|H)=0, P(A|H)=%,

—

PA|H)=F, P(A|H)=1,

a Tak KaK BCe NpEANOJOXKEHHS O KOJHMYecTBe Ge/bIX MapoB
B ypHE OJAHHAKOBO MpaBJAONOXOGHEI, TO :

_ i | |
PH)=73, PH)=7, PH)=7, P(H)=7.
-TTo ¢opmyaam Bafieca noayuaem
; %.0 )
P(Ho| A= T T
7 0y gtgegtyed
) LIPS .
Il 4’3 i .
P(HiIA)%l.o.Fl.l_]_l.z. i l—'—s‘,
- Kj o R e L i
‘ 1.2
4 3 1
P(HaIA)=_L T I T2 i.l=_-.3_,
| SRR S L A
‘ o L
P(H,| A)= ! =%,

I 1 1 1 2,1

b B R S B S }
» Takum _oﬁpaaoM, €CJIH JI0 TOro; kax M3 YpHBI GBUI BHIHYT
map, ¥y Hac He OblIO HHKAaKMX OCHOBAHHMH OTJAaBaTb Npel-
noureHHe KakoH-AH00 H3 ueThipeX T'HIOTe3 H BEPOSATHOCTH

" - : L
KaxXJIoH B3 HHX Mbl BBIHYKICHBI GLIIK CUHTATh paBHOﬁ T ’

T0 mociie TOro, KaK ObUI BHIHYT Genblii ap, Mbl mepeoie:
HHUBaeM BEpPOATHOCTH TrHIMOTE3, MpPHYEM BEPOATHOCTH TOFU,

yTo B ypHe 6uui0 0, 1, 2, 3 Genwix wapa, cuufaeM paBHBIMH )
. | e
coorBeTcTBenHO 0, &, _;__’ -;— '

- TIpumep. TlapTus jeraneli usroToBleHa TpeMs pa-
Gounmu, npHueM nepBhif paGounii msroroBHA 25% Bcex
neranedt, sropoit 35%, Tperuit 40%. B npoaykuuu nepsoro
paGouero Gpak cocTaBjsier 5%, B MPOAyKIHH BTOpoOro 4%
M B npoiykuuH Tpervero 2%. Cayuaiino BuiGpaHHas  AJs
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KOHTPOJIfl JleTa/lb OKasajach OpakoBaHHO#. KakoBa Beposr-
HOCTb TOTO, UTO OHa H3rOTOBJIEHA BTODHIM PaGEUHM?
O6osnauuM uepes Hy;, .H, u H; rumoresm, 3sakoga- .
, lolldecst B TOM, 9TO CJy4aiHO Bu6paﬂﬂaa AJsl  KOHTPOJsA
ZieTallb M3TOTOBJIEHA COOTBETCTBEHHO TEPBBIM, BTODHIM H
TPETbUM paﬁoan. Tak kak nepBeiit padoqnn H3TOTOBHJ
25%,- Bropoit 359 6 H Tperufi 40% BCeX Jaetanef, To

PH)=2, P(H)=1, P(H)=r.

m' T00°
ITycts A—co6HTHE, coCTOsiMee B TOM, 4TO Bui6paHHas AJIs
KOHTpOJISl JleTalls OKasbiBaeTcs GpaxoBaHHOH. BepositHocTu
cobutiss A NpH YCJIOBHH, HTO HMEIOT MECTO THIOTE3H! H,,
H, v H,, naHu B YCJOBHH 3anaqn, a HMEHHO:

P(AlH) =155, PUAIH) =155, P(A]H)=1.

100°* 100’

Io dopMyae Batieca naxonum CL
P(H,|A)= *

P (H3) P (A| Hy)
=P (H)P (A H)+P (Hy)P (A Hy)+P HY P (ATHy)

3 4
_ 100 * 100 T
—25 5 35 4 40 2
00 *-T00 T 100 * T00 100 ° 100
35.4 28

= 25513547402 60 °
Ynpaxkuenus : -

" 7.9. Hokaxnre, 910 ech cobutua A M B He3aBHCHMH, TO co6u'ma

A B B rtakxe nesaBuCHMH.
7.10. Hoxaxure, 910 ecm cobuitus A n B Hesasncm(u TO COGHI-

mas A n B Tagke HesaBHCHMHL
.7.11, [Ipa cTpesika; AJs KOTOPHIX neposrrﬂocm NoNajauHs B MHIIEHb
paBHH cooTBeFcTBeHHO 0,7 H. 0,8, nponsaonﬂ'r no oaHOMy BHCTpeay. On-
pmlm'm BEpPOATHOCTb: - ] - .
a; XOT OBl OFHOTO NMONAjaHHS B MHILEHD;
"'6) ONHOTO NOMANAHHS B MHIUEHD.
7.12. Cryzenr suaer 20 us 25 Bompocos nporpaMbe Briuncanre

BEpPOSTHOCTL TOro, 4TO c'rynem' snae'r NPEAJOKEHHLIE EMY SK3aMEHATOPOM

‘IB& son a,
. MoryT J1n HeCOBMeCTHbIE coﬁu'ma 6LITh NIONAPHO HE3aBHCHMBIMH?

7 14 SIBASIOTCA JIH HE3ABHCHMHIMH B COBOKYMHOCTH COGHITHSI, o6pa-
sylouwe [OJIHYIO CHCTEMY COGHITHI?P :
5, Onur coc'rouT B JABYKPaTHOM noAGpacuBanun MoHeTH. Pac-
cMOTpnM cobuTua: A (rep6 nosiBHJ/ICA B nepBhif pas) B (rep6 nossuics
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xoya Ob oxuH pas), C (rep6 mosBHJICA BO s'rogoﬁ pa3s). Onpenennte,
SaSHCEMH HJIH He3aBHCHMH mapu coburuit A w B, Buw C, C n A4,
. 7.16. Bpoeaorcs xse BTpaiIbHLE KOeTH. PaccMOTpHTe €OOHTHS:
A —na’ neppofi KOCTH BHINAJO HEYETHOE YHCJIO QUKOB;
\ " B~~Ha BTOPOH KOCTH BHHIAJNO HEeYeTHOE YHCIQ OYKOB;
C—cymMMa OYKOB, BHIABIIHKX Ha JBYX KOCTSX, HedYeTHa. -
Byayr s coburus A, B, C nomapuo HesaBucHMmMH? Byayr jm
OHE HE3ABHCHMBIMH B COBOKYITHOCTH?
7.17. PaGoumit. o6cyxusaer 3 cTafka, Ka¥AWHA HS HOTOPHX palo-
TaeT HESaBHCHMO OT JBYX ZADYruX. BeposiTHOCTH TOro, 4T0 83 GMeHY
¢TaHKH He NOTPeGYIOT BMRIATeNbCTBA PaGowero, paBHH COOTBETCTBEHHO

pi=0741 p2=0r3y p3=0,2.

P .
HafinuTe BePOSITHOCTL TOTO, YTO 33 CMeHY IO Kpafivel] Mepe onnH
CTaHOK noTpefyeT BMemaTeNbCTRAa paGouero.. i
7.18. Y4acToK 9/IeKTPHYECKOH WENMH COCTOHT H3 TpeX SJEMEHTOB,
KaXJbi H3 KOTOPHIX pa6OTaeT HE3aBHCHMO OT ABYX JADYrHX. SVIEMEHTH

. ' 1 -
. I;’P |
| I

He BHIXOASIT H3 CTPOs 32 ONpejeNeHHBI MPOMEXYTOK BpEMEHH COOTBeT-
CTBEHHO C BeposA1HOCTbIO py==0,9, pa=p3=0,7, Onpenennte BeposT-
HOCTb HOpMaJibHOH paGOTH BCEIO YHacTKa. C— ’

;7.19. JIBa yuwacTKa SneKTPHYECKOH LEMH COCTaBJeHH IO CXeMmaM,
H300pakKeHHHIM Ha pHCyHKe. Kaxnblit sneMmeHT paGoTaer HE3aBHCHMO OT

¥, — 1 }— ,3]————{’5|——- M

[rLE—

}——o

T —{

OCTaJIbHBIX H He BHIXOAUT M3 CTPOS B TeUeHHe ONpPeleleHHOTC Npome-
HYTKA BPEMEHH C.BEPOSITHOCTHI0 p. ONpefesHTe BEPONTHOCTE HOPMalb-
HOM pa6oThl Kaxaoro yuacTka, Kakoll ywactok memm sBJserca GoJee
HaxeXHBIM?P . -

7.20. B TeneBusope 12 namn. Kaxnag samna paGoTaeT He3ABHCHMO
OT OCTAJIbHBIX M He BBIXOLHT H3 CTPOS B TeueHHe roja C BePOATHOCTHIO P,
KakoBa BepusiTHOCTb TOTO, YTO B TeugHHE rofa XOTH OH OZHA JiaMma
BHfiIET H3 CTpOs? . .

7.21. CKObKO pas HYXKHO OPOCHTb HTpajbHYI0 KOCTb, 9TOGH mec-
TépKa MOABAJAch XOTH OH OAHMH pa3 ¢ BepoOATHOCTHIO, Goabiyefi 0,97
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7.22. Hs ypim, conepxxauéﬁ 2 Genuix R 4 UepHHX luapa, ]Boe ‘HO-
OYepeRHO #aBJeKaloT 1o ONHOMY mapy. Onpenenure A KaKAOTO ydacT-
HHKA BepOSITHOCTh NEPBHIM H3BJedb Oeanlft map. - - .

7.23. TlpuGop paGoraer B ABYX peXHMax: B GJaTONPHATHOM H B He-
6/aTONpHATHOM, NPHYeM B 6JarGNpHATHOM pexxuMe pabora npubopa mpe-
ucxonutT B 809% Beex caywaes. BepostTocTh BHXOAA .HpHGOpPa H3 CTPOS
B TeueHHE uaca NpH OJaronpuATHOM pexume PpaboTw paBHa Q,1, mpu
sHe6aaronpusiTioM —0,7. Onpesesnte BepOATHOCTb 6€30TKa3HOH paGoOTHI -
npu6opa B TedeHHe Haca. '

7.24. Tpn -cranka NpOESBOAAT cooTBeTcTBeHHO 5093, 30% m 209
Bcex usfequit, B X npoaykuuu. 6pak COCTZBJASET CQOTBETCTBEHHO .19,
2% n 1,6%. KakoBa BepoaTHOCTb TOro, YTO BhHIGpaHHOE HAayraj H3jienue
OKaXXeTCsi 6PaKOBaHHEIM?,

7.25, PajnosiaMna nOCTYNHJa C OJHOTO M3 TpeX SaBOJOB COOTBeT-
cTBeHHO ¢ BepoatHoctama 0,25; 0,50 H 0,25. BeposaTtHocrs BEHTHE #3
CTpos ‘B TEWEHHe TOAA AJIS JiaMH, HSTOTOBJIEHHHX NMePBLIM 38B0OAOM, PaBHa
0,1, BropuiM saBosjom—0,2 -H TpethuM—0,4. QnpegeanTe BePOATHOCTb
TOro, 4TO Jiamna npopa6oTaer rof. - . .

7.26. JlBa asTOMara NpoUsBOAAT OAHHaROBhie Wjeans. ITpouwssomu- .
TEJBHOCTb NePBOTO 4BTOMATa BBGE GOJsIIe MPOMIBOXHTENLHACTH BTOPOIO,
IlepBrifi aBToMaT naer 60Y% NepBOCOPTHHIX HBAesHil; BTopoi—B84%. Ha-
\yRauy BHiOpaHHOe HsjesiHe OKasajocb HepBocopTHhiM, Kakosa Beposr-
HOCTb TOTO, YTO OHO HSTOTOBJIEHO, MEPBHIM aBTOMATOM?

7.27. HsBectHo, yT0 969, BHNycKaeMOH NPOAYKIAH YAOBAETBOPSET
CTaHJdpTy. YTpPOUEHHEA KOHTPOAb NpPHSHAeT IPHUTONHGH CTAHAAPTHYIO
TPOAYKIHIO C BepoATHOCTHIO 0,98 H HeCTaHAAPTHYIO —C BEPOATHOCTDIO 0,05,

aKOBa BepPOSATHOCTb TOrO, YTO HSJeJHe, NMpOIIeAlIee YIPOMEeHHHH KOHT-
POk, YAOBJETBOPSAET CTAHAAPTY? . )

7.28. [lpuGop cocToMT U3 ABYX Yy3/0B, NnpuueM Ajf paGorH mpuGopa
HeOGXOAHAME HCNIPaBHOCTL Kaxkaoro ysaa, HagexHocTb (BepOsITHOCTD Ges-
OTKa3HOW paGoTH B TedeHHe BpeMEHH f) MEPBOro YaJa paBHa Py, BTQPOro
Ps. TIpr6Op nenuTHIBajCcs ‘B Te4eHHe BPEMERH 7 H BHmEN #3 Trpod..Omn-.
pelesuTe BEePOATHOCTb TOLO, UTO BhILEJ H3 CTPOS TOJbKO IePBHI “y3ed,
a BTOpON HCRpaBeH, :

7.29. B ypue JsexaT uernpe Wiapa, TIpUYEM BCe INPEIFIONOMEHUS
0 uncie Genb'X WAPoB B ypHE OAMBAKOBO BEePOATHBL. Bsathil Hayaauy
HS YpHM wap okasamcs GejniM. KakoBa BepOATHOCTL TOre, Wro H .cjles
JAyOIUA wWwap,” BHHYTHA H3 YpHEL, TaKke OKameTcs GeJbIMP

7.30. B ypue sexar n mapes, npudeM Bce JIPSANGJIOKEHHS O YHCIe
OeNhX IIapoBR, HAXOASUMXCH B YpHE, QIHHAKOBO BEPOATHH. B3aThi
HayAauy M3 YpHH map okasajca Genbim, KakoBa BeposTHOCTH TOTO, UTO
W “CaepyiOmull wap, MSBJEUCHHBIH (M8 YPHl, TaKuee -OKMKeTc -GemiM?

o § 22, Cepuy HE3aBHCHMBIX ONLITOB,
* ®opwyna 3, Bepuyaan ‘

Jlo cux 7ToOp MH pacCMaTpHBEAH CaydadHble COOHITHS,
CBsI3aHHBIE C HEKOTOPHIMH eIHHHYHBIMH onnitaMH. OIHako
H JJA NPaKTHKA, H JJis1 CAMO# 'PEOPWH BEPONTAOCTEH ro-
pasio GoJblIHHi HHTepec NPEJCTEBIAET HSBYUCHHE CEPUH
ONMHAKOBHIX ONBITOB, KGFOPbIE MPOH3BONATCH HEIFBACHMO.
TpuMepaMR Ceprii HESaBHCHMLIX ONLITOB MOI'YT CJIAGKHTH
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noAOpacLBaHHe , MOHETH, CTpeab0d MO MullleHH, BHIGOp H3-

JeNHs JJId KOHTPOJIA B TeX CJjiyyasX, KOrjia Bce 3TH OMKITHI. -

-JenaoTcs MHOTOKPAaTHO H B OJWHAKOBHIX YCJOBHsX. 3ajfaua
CTaBHTCH CJAEAYIONIHM 06pa3oM.

Mycts cayuaiiHoe, coGuiTHe A OCylIeCTB/sETCS B HEKO-
TQPOM ONBITE C.BeposTHOCThIO p. KakoBa BeposTHOCTL P, (k)
TOTO, 4TO NPH N-KPaTHOM BOCNPOM3BeleHHH ONbTa COOhTHe A
npousofiner poBHO & pa3? OTBer Ha NOCTaBJIEHHHIA BOMPOC
Iaer ¢opmyna 5. Bepuyamu. = . :

[onyunm cHavana dopmyay. §l. Beprynan nas 9acTHOTO -

caygasi. [Tyctb n=4 u k=2, T.e. paccMOTPUM CepHIO H3
yeTHIpeX OMBITOB, B KaXJOM H3 KOTOpbIX coGbiTHe A HacTy-
* HaeT ¢ BEPOATHOCTBIO p, H MOMLITAEMCS ONpENeNHTb BeposiT-
Hocth P, (2) Toro, uto B Yernlpex ommiTax cobuiTHe A mpou-
s0lileT POBHO JIBa pasa. . "
OGosnauuM uepes A,, A,, A, u A, cobunTHA, 3aK/IOya-
[olHecss B TOM, YTO COObiTHEe A MPOW30LIIO COOTBETCTBEHHO
B nepBoM, BTOPOM, TPeTheM H HeTBepTOM oOmuiTaX. Torxa
co6bITHE, COCTQsEe B TOM, 4TO A MPOH30LLIO POBHO IBa
pasa, MOXKeT GObITb 3alHCaHO KaK CyMMa CJEAYIOIHX He-
COBMECTHBIX COOHITHH:. =~ ‘ .

A;nA,nA,nA; (A npousomso B 1-M H 2-M OnHITax),
A;nA,nA,nA; (A npousébmso B 1-M u 3-M onmrax),
AinA—,nZanA‘ (A npousowno B 1-M u 4-M onuiTax),
AnA;nA,nA4, (A npousomso B0 2-M H 3-M onmTax),
AinA,nA,nA, (A npousouo Bo 2-M U 4-M OIHITax), -
A;n4,nA;n A, (A nponsowno B 3-M H 4-M onmrax).

3necy Buinucaso - C: coGHITHH, TaK KaK HMEHHO CTOJbKO
CYIIeCTBYeT €CMNOCOGOB ABYKPATHOTO OCYIHIECTBJEHHS COGbI-
THA-A B UeThipeX ONHITaX. BepoATHOCTb KaXAOro H3 3THUX
COOHITH MO TeopeMe YMHOXKeHHsl paBHa p*(l—p), T. e,
OIHA H Ta Xe. - x
ITo Teopeme cioXeH¥is, AJsi HECOBMECTHBIX COGHITHH . H@~
Jydaem , Coaes
Pi@)=Cip*(1—pr. -~ T

B obmem cayuae (popwiy.na $1. Bepuynnu no.n)Tqae'rca ,

cdn&menuo aHaJIOTHIHO. ) .
J6osHauuM uepes A; (i=1, 2, ..., n) cobuTHe, 3ako0-
. wajoleecss B TOM, 9TO COGLITHE NPOHCXOAUT B i-M.OMNBbITE.
188 ’
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Torza coGuiTHe, cocTofiliee B TOM, 4TO A HAacTYNHJO pPOBHO
k_pas, npeicraB/sercs B ‘BHIE CYMMH c.nenylomnx HEcoB-
MECTHBIX coﬁbmu?l '

AinA, ... nA,,nA,H.; ...‘nA,, - .(A mpousouuio -
: i _ B MepBbIX
- . .o : k _onwirax),
A NnAN ..o N4, NAspei ..o NA, (A nopousomo
- B NOCJEAHUX
k onwirax).

.

3nech AOMKHO . OHITb BhINHCAaHO C% cOOLITHH, TaK Kak
HMEHHO TAKOBO YHCJIO CNOCOGOB k-KPaTHOrO OCYINECTBJEHHS
cobuiTHst A B n OmMbITax. N .

[To TeopeMe yMHOXeHHSI BepOATHQCTb KaXKAOTO H3 3THX
coOLITHH paBHA

P*(L—py=*.

[TpuMensin TeOpeMy CJOXKEHHUS! L/l HeCOBMECTHBIX COGHI-
THH, nonydaeM gopmyry 5. Bepryaru:

P, (k) =Cipt(1—p)r=k, (1)

[Mpumep 1. Ilo MuleHH NpPOM3BONMTCA NATH BHICTpe-
JIOB, MpHYEM BEPOATHOCTb MONANaHHA MDY KaXIOM BhICTpeJe
paBHa 0,8. KakoBa BepoATHOCTb TOro, 4To MHILEHb Oyger
mopaxkeHa TpeMsi BHICTpesaMH?

[lo ¢opmyne $1. Bepuyann, nonoxus n=>5, k=3,
p=0,8, Haxoxum

P, (3)=C%0,8°.0,2: = 0,2048~:0,2.

Mpumep 2. B npubope 4 namnu. BeposTHocTs Bhixoza
M3 CTPOSl B TedeHHe Troja JJs KaxkJAOH JaMnu paBHA -é—.

KakoBa BepoATHOCTL TOro, 9TO B TeUeHHE TOAAa MPHIETCS
3aMEHHUTb He MeHee MOJIOBUHBI BCeX -JlaMn?

IMpumensia ¢opmyay . Bepuyuiu,  HaXGuM BeposT-
HOCTb TOrO, 9TO B TeyeHHe TOia BHIAAYT H3 CTPOs IBe

2 2 g N -
aamnei: C} 5 » ‘TPH JaMIBL Ci( )g—, yeThipe

aamnei: Ci
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Tlg Teopeme CIOKEHHS AR HECOBMECTHHIX COGHITHE HC-
KOMas BepOsATHOCTh paBHa o ‘

a(3) (841 (8) $+1(3)'-
- =150+20+1 171 19 0,13.

= — N

6 1296 144

IMonoxim B dopmyae S1. Bepuyanu 1 —p=gq u sanu-
1IeM ee CJIeAyIOImHM 06pasoM:

P, (k)= Clgn=Fp*.

PaccmoTpuM Tenmepp MHoOroudsneH (g px)*. Ilpumenss
¢opmyay HeloToHa, pacmonOXKHM STOT MHOTOWIEH MO BO3-
“pacTalolHM CTENEeHsM X:

@+ px)’“=‘k§0 (Chgn=rph)xk. )
-

Hs NoNy4eHHOro "roxmecma BUAHO, HYTO BEPOATHOCTH

P, (k) =Ckg"~kpk (k=0; 1, ..., n) sABAAOTCA KoS(hULHEH- *

TaMH MHOrou/seHa (g - px)®. B cBA3u ¢ 3THM MHOroOWJeH
(9 + px)* Ha3BIBAIOT nPOU3BO0AUUM MHO04NEHOM AN BEPOST-
HOCTeH R-KpaTHOrO OCYILeCTBJEHHS COOHTHA A B CEpHH H3 n
HE3aBHCHMBIX OIBITOB. o

B Tex cayuasx, Koraa Heo6XOAMMO HaiTH BCe BeposiT-
Hocru P, (k) (=0, 1, ..., n), yAOGHO BbIMCATb MPOH3BO-
JAIAE MHOTOWIEH M pasfoXuTh ero no ¢opmynae Heiotona.
Ko3(pduuueHTsl -MHOTOUJIeHA JAJyT HCKOMBIE BEpPOATHOCTH.

OrMeTHM elne, YTO HHOTAA TpebGyercsi HalTH HajiBEPOST-'

Heiillee YHCJAO HACTymJIeHHA coGwTHs A B CepHH H3 n He-
3aBHCHMBIX ONBITOB. JIpyrHMH cJloBaMH, TpeGyercs omnpelle-
JAHTh TaKue SHAYeHHsl k, HPH KOTOPHIX BeauuuHa Clgr-kpk
(npu HOCTOSIHHOM £1) NpHHUMaeT HauGoJbllee 3Hadenue. M3
¢opMyanl (2) caeryer, 4TO 3Ta 3alaYa PJIBHOCHJBHA OTHIC
KaHHIO HauGoJbIlero Kosdpuuuenta NPOM3BOAALLErO MHOLO-
uneda (¢+px)". B § 19 (cm. npumep 7) OBUIO NOKAa3aHO,
KaK HaxoiuThb BHanOoAbWNH KO9Q(QHUHEHT MHOTOWICHOB
TaKoro BHJA. . , . - .
IIpumep 3. YeTnipe sneMeHTa BEITHCAHTENLHOTO YCTPOH-
cTBa pa6oTraloT He3aaBHcHMO. BepoATHOCTH GesoTKasHoll - pa-

. 6oTH! 33 BpeMd ¢ AJA KaXAOFO 3JeMeHTa paBHA %. Haiiru

BEPOSITHOCTb TOrO, 4TO B TEUEHNHE BpPEMEHH t
a) HH OAMH 3JeMeHT He OyAeT pa6oTarh Ge30TKa3HO;

190

I TR T

it o S i




6) TeNbKO OfMH 3AeMeHT 6yler paGoTaTh: GE30TKA3HO)

B) IBa 3JEMEHTAa HE OTKaXyT;

T) Tpu 3/eMeHTa GYAYT paGoTaTh HCMPABHO;

1) Bce uernipe GynyT pa6otaTh HCNpPABHO.

3nec onmHT 3aKkmouaercs B HaG/IONEHHH 3a PaGoToit
OJHOrO 3/€MEHTA B Teyenwe Bpemenu f, coGnite A —B Ges.
OTKa3HOH paGore 3JieMeHTa B.TeyeHHe 3aJaHHOrO BPEMEHH.

. 3 .
CoGbiTHe A HMeeT 'BEpOATHOCTE p=-—, npmuaono.uoxmoe

cobuTHe A NPOHCXODMT C BepPOSATHOCTHIO q=— VYerpoii-

CTBO COJIEDXKHT HeThipe /IeMEHTa, CJIeN0BATe/bHO, OMBIT Mpo-
H3BOAHTCA dYeThIpe pasa, T. €. n—A.
Jlns pemeHuWs 3ajauM COCTABHM -[POH3BONSIIMA MHOTO-

4
4JIeH (T+T ) W Hanumem Aaa Hero depmyay Hetorona

(b3 () e (3] e

E RORGEREROROE
KOS@@HuHeHTH MHOTO4JIeHa J.'[aXOT HCKOMHC 3epomHo-

CTH:

a) BEPOATHOCTb TOTO, YTO HH OIHH 3JEMEHT He GyZer
paboraTb 0€30TKasHO, paBHAa Ko3¢duuHEeHTy npu x°, T. e,

P, (0)= (l)‘;.v, 0,004;

6) BepOATHOCTb TOTO, aT0 TOJbKO. OXHH BJIEMEHT 6y1{er
paGorarp 6€30TKa3no, paBHA Kcacbq;uunea'ry TpH X, T. €.

Pul)=4(3)' 5 ~ 0,048

B) BEepOAITHOCTb (€30TKa3HO# PpaGOTH HEBYX S/EMEHTOB

paBHA KOpHUMEHTY TIPH X%, T. €.
s :

'.‘;T ) P‘,(Q)é%?g (%)’(%)’ ~0,212;

I) BEDOSTHOCTb GESOTKasHOH PAaGOTH TPEX SJEMEHTOB
paBHa xoscpcpnuaemy npu %%, T. -

P, (3)= 4.—.(—) 2 0,422:




-

-

/o
X) BEPOSITHOCTb TOTO, 9TO BCE HeThIpe B5JeMeHTa GYAyT
paboraTb Ge30TKa3Ho, paBHa KOI(hGdUUHEHTYy mpH x%, T. e,

. P " P, (4)=(%)‘z 0,314_.

IMpumep 4 CobuiThe A NpH ONHOKPAaTHOM OCYlile-
CTBJICHHH ONIHITa HACTyNaeT ¢ BepOSITHOCTHIO % Onwir mpo-

-usBonutca 10- pas. Kakoii ucxox-sToro skcnepumenta umeer

HaHGO/IBIHYIO BEpPOATHOCTL? -UeMy bHa paBua? - .
[TpousponsuHil MHOrOUNEH B 3TOM CJyyae MMeeT BHJ

. (%_‘_%x)m.

B npumepe 7 .§ 19. 6610 ycTaHoBJEHO, 9TO HaHGOBIIHM
KO3(pHIHEHTOM 9TOrO MHOrOuY/IeHA ABJAAETCH KOID(HILHEHT

B S f1\8/2\7 .
npu x%, T.e. Cl, (-5) (3) . Takum o6pasoM, HanGoAbLLWYIO
BEPOSITHOCTb HMEET CJEHYIOUIHA HCXOA SKCNEePUMEHTa: COGHI-
THe A npousoifier 7 pas. BeposrtHocTb Takoro Hcxoga

Pu=Ch(3) (3)'~025.

Kaxnuit u3 10 ApyrHX HCXONOB SKCNEpHMEHTa HMeeT
MEHBLIYIO BEPOSATHOCTD:

¥YnpaxHenus
) “ ‘ §

7.31. Monera moaGpacuBaercst 10 -pas. Kakopa BepoathocTs Toro;
yTo Fep6 MOSBHTCS JBa pasa? ' v _

7.32. BeposiTHOCTb TOTO, YTO CYTOUHHIA pacxoj Fasa Ha RPexnpus-
THH He NpeBHICHT HOpMH, paBHa 0,9, KakoBa BeposiTHOCTb TOFO, 4TO
B TeuenHe HeJe]H NPeANpHATHe TPHKLH JONYCTHT Nepepacxol rasa?

7.33. Monera nox6pachiBaercst 5 pa3s. Kakosa BeposiTHOCTH TOrO,
yTo rep6 MOSIBUTCSA He MeHee IBYX pas?

7.34. Ecan BepOSTHOCTH BBHIMIPhILIA H NPOHTPHIIA B onndﬁ napTea

OXMHAKOBH M paBHbl 0,5, To 4TO 6oJiee BEPOSITHO: a) BHIMrpaTh TPH map-
THH Y3 9YeTHpeX HJM NATb H3 BOChbMH; 6) BHIMIDATh He MeHee Tpex mapTuil
M3 YETHIPDEX HJIH He MeHee NATH MapTHH, HS BOCbMHP
7.35. Cobuitie A mpH OXHOKPAFHOM OCYLIECTBJIEHHM OMBITA HACTyMaeT
.2 N
¢ BepOATHOCTHIO . Onpegenute BePOATHOCTb TOTO, YTO IPH NATHKPAT-
HOM OCYIIECTBJIEHHH onuTa cobuthe A npomsoiizer 5 pas, 4 pasa, 3 pa-
sa, 2 pa3a, 1 pas, He mpousoiijeT HH pa3sy. T .
7.36. ITo muwenn npoussonutca 100 BulcTpesoB. KakoBo HaupepoAT-
Hefimee YHCJO MONAjZaHHM, €CNH BEePOATHOCTb INOMAJZAaHHA B MHLIEHb NPH

OZIHOM BBICTpEJIE paBHa‘,??
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7.87, Pabounft oGeaymusaer 50 cramkos. Bepoarnocts Toro, - wro
B TOUEHH® CMEHH CTAaHOK NQTpeGyeT PEryJIHPOBKH, PaBHA 3 Yro Gonee
PEpPOATHO: &) peryJH porpebyior 17 crankop; 6) peryJEpoBKH NO-
Fpl;% ls)mnxon; : )

" 7.88. B npmGope mects aamn. [Ips nOBHIERHA RANpsSXeRAs B OCNH

KaXxpas JaMna BHXOJHT H3 CTPOS HE3aBHCHMO OT HAPYTHX ©-BeposiT-
rooteio 0,3, [Ipn peperopaHHW Tpex HJIH MeHBIIENO SHCAA JaMnm mpHGOp
He BHXOAHT HS crpos. .IlpH neperopannE uerHipex Jamm npHGOP BHEIOART
HS CTPOs ¢ BeposTHOCTbO 0,3, NPA NeperopalHE HATE JaMi~—C BePOST-

_ Hocthio 0,7, NpH NeperopaHEN IeCTH JaMn—c BepoATHOCThio L. Ompe-
JieTHTe 'BepOATHOCTH BHIXOAa NPHGOpa H3 CTPOS NPH NOBLINEHEE HANDHA-
WEeHHA. - : . - .

§ 23, C.nyqaﬁnue‘ BEIHMHHE . \

-1, 3akon pacnpenenenusi cayuafinofi sesnansn, [Taw cay-
-4adnod eeauuninofi, cBS3aHHONA ¢ HEKOTOPDHM ONHITOM, IOHH-
MaeTCsl BCAKas BeJIHYMHA, KOTOpasi NpH OCYIIECTBACHHH STOrO
ONHTA NMPHHEMAET TO HJIH HHOE UHCJIOBOE 3Hauense. B mpe-
ABULYIHX- Ndparpadgax Me yXke BCTpedaJnck C pasHoobpas-
HEIMH CJY9afiHHMM BeJHUHHAMH. B onuTe ¢ NojA6GpachiBaHHEM

HIPaJbHON KOCTH HAG HHTEPEeCOBAJO YHCJIO BEIMABLIHX OYKOB,

T. €. BeJHYHHA, KOTOpas B 3aBHCHMOCTH OT CJiydasi NPHHH-
MaJjia OIHO M3 CJAEAYIOUIMX IUeCTH 3Hauenmii: 1, 2, 3, 4, 5, 6.
Ilpn crpennbGe MmO MHLIEHH OATHIO BEICTPENaMH MBI TaKXke
HMEJH JIeJio cO caydafiHofi BeJaHYHHOR (UHCJIOM. NOMajaHHi

B MHIIEHb), Kofopasd MoI/la NpHH¥MaTh 3Hauenus 0, 1, 2,

3, 4, 5. IlpuMepamMu caygafiHBIX BEJHYHH MOTYT CJYXKHTb
TaKke: - - .

a) KOJHYecTBO GpaKOBaHHLHIX H3JeJUA B onpeneieHHOA
napTuy, T

6) Be/HYHMHA HAJAOA MOJOKA OT OAHOH KOPOBH B Tede-
HHE roja,

. .B) KOJHMYECTBO COJNHEUHHX IMSATEH ¢ IJOMAAbO, Gonbmel::

HEKOTOpPOTO ONpeJieJIeHHOTO SHAYeHHs, 3aperHCTPHPOBAHH
acTpOHOMOM B TeueHHe JHS Ha COJNHEYHOM JHCKe, .
) YHCJIO JIEMeCTKOB B IBETKE CHpEHH, -
- X) KOJNHMYECTBO JOPONKHO-TPAHCNOPTHHIX MNPOHCHIECTBHA
B. FOpOJie B TedeHHE CYTOK.

Ilnst nonHOR XapaKTEDHCTHKH cJyYafiHON BeJHUHMHH He- -

OGXOXMMO NpeXfe BCEro 3HATh T 3HAYCHHS, KOTODHE OHa
,Moxer npuHHMate. Ho sroro, pa3symeercs, -HeNOCTaTodHO.
IToMuMO 9TOro HYXHO SHaTh, ¢ Kakofi BepOSTHOCTbIO CJy-
yafinasi BEeJHYHHA NPHHHMAET TO HJIH HHOE SHaueHHe.

7  AareGpa, u. 2 - ’ 193. .
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Byzem o6o3nauaTb cayuafinywo BeAHuHHY GykBoli X, ee
3HayeHHss OyKBaMy

~ ' x!’ x‘) s oy xm <

a COOTBETCTBYIOUIHE BEPOATHOCTH, C KOTOPHIMH STH 3HAUCHHS
NPHHHMAIOTCS, OyKBamH

Pty Pis coey Ppe /

Ecan ans_cayuafinodi sesuuHHH X H3BECTHH BCe 3Ha-
YEHHS Xg, X5y + <+, Xy, KOTOPHIE OHA MOMET NPHHHMATh, H BCE
BEPOSITHOCTH Py, P3y «--y- Ppy © KOTOPHMH STH 3HAUEHHHA
NPHHHMAIOTCS, TO TOBOPAT, YTO 3aJaH SAKOH pacnpedeserus
caydailHofi pesHuMEEI X HJIH TpoOCTO pacnpedescHue BeJv-
gHHE X

3akoH pacnpene.neﬁﬁﬂ yao6HO SalHCHBAaTE B BHAE CJe-
- RylomeH TaGaHIbL: o - ‘ ~

s d x X feee] Tp |eee|m .
- : 1)
pg P2 P |eee| Pe Jeeel Pn

\

, B népeofi crpoke TaGAHOE SaNHCHBAOTCA BCE SHAYCHHS
CAywaiiHOR BEJMYHHH!, a 10], HHMH, BO BTOPOA CTPOKE,— CO-
OTBETCTBYIOMHE BEPOATHOCTH.

PaccMOTpEM n cAywafHHIX cOGLITHI: -~
Aq—cayuafinas BeanunHa X NpUHAJA SHAYEHHE Xy,
A,—cny‘qaﬁuaa peanuAHa X npHHANA 3HaYeHHE X;,

. . [ ] . . [} . LI ) . [ ] - . L] L] . l . . l L]

A --c.nyqaifman Beanunna X NpHHSAJA SHAUCHHE X,.

° OuesnuHo, 4TO cymma coburufi Ag, A, ..., A, ABAAETCA
" HOCTOBEDHHM COGHITHEM, TaK KaK OJIHO H3 3naqeunﬂ Xts
Xgy <oy X, CAyuafiHafd BeJHUHHA 00A3aTeNLHO NPHHHUMAET,
IToaromy P(AiuA,U... U4,)=1.

Kpome Toro, cobuitus A,, A;, ..., A, HECOBMECTHH, TaK
KaK caydafiHas BeJHYHHA MpH o;moxpa‘rﬂom OCYIIeCTBJICHHH-
OMNLITa MOXKET NMPHHATH TONLKO OAHO M3 3HAYEHHHA Xj, Xg. ..
s+ X, [l0 TEOpEME cJIOMEHHA AJIA HECOBMECTHHIX COOLITHI
nosyuaem :

P(A)+P(A)+...+P(4,)=1,
T.e. py+py+...+p,=1,, 818, Ropoue,

i‘ Pr=1. 2
k=1 . .




CrenoBaresqsHO, CyMMa BCeX 9HCES, CTOSMEX BO BTOPO#
* crpoke Tabauubl (1), marouied 3aKoH pacmpenefieHHs Cay-
4aiiHoi BeAHYHHH X, JNO/KHAa GHITL PaBHA EMHHHUE.
IMMpumep 1. I'chn, caydaidHas BeaHyuHa X — 4HCJIO
OUKOB, BHNABWHX OPH MNOAOPACHBAHMH WTPaJbHOM 'KOCTH,
Hafitu 3akon pacnpesenesusi.
Cnyuaiinas BesnauHa X NPHHHMAET 3HAYEHHS

X1=ll, 'x2—2, ceey x.ﬂ-’—‘s
¢ BEpOATHOCTAMH .

Pr=Py=...=ps= "

Tosromy 3akoH pacnpesesenusi sagaercd Taénuueﬁ
. N % L

1 |2ts | 4.5 |

Tlifaft b
6|6 6|6 | 6|6

[Tpumep 2. Ilo MHIIEeHH NPOA3BORUTCA TPH BHICTPea,
npHYeM BEPOATHOCTb MONMajaHHs INPH KaXAOM BHICTpeJe
pasna 0,8. PaccmarpuBaercs cayualinas penynna X —uaucao
nonafanuii B MHwWeds. HaliTH ee 3aKoH pachmpemesieHHs.

Cayuaitnass BesnunHa X MOXET NPUHHMATh cnenymmue
SHaYeHHs:

x=0, x,=1, x,=‘2, x,=3.

-

Ilns onpepenenust coomerc'raylomux BepORTHOCTEH npoille
BCETO MOCTYMHTb TaK: COCTaBHTh MPOH3BOAAILHA MHOTOWIEH
(0,24-0,8x)® u sagucarh ero pasioxenue

0,2°+3.0,29.0,8x+3.0,2.0,8%2 4 0,8%3.

Kak wusBectHo (cM. § 22), kosduumenr npu x* (k= =0, I,
2, 3) RaeT BepOATHOCTH TOTO, YTO K BLICTPENOB NOMagyT
B lleJIb, T. €. BEPOATHOCTb TOTO, UTO clyuafiHas BeqnuuHa X
OpHMeT 3HaueHHe, paBHOe R
Hrak,

p~-——0 2°=0,008,

p.=3.0,22.0,8 =0,096,

ps=23-0,2.0,8*=0,384,

P =0,8=0,512.
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" Takum" oﬁpmom. 8aKOH pacnpenealenna cayqaﬁﬂoﬁ ‘BeJH-
ﬂmﬂu X “HMeeT 'BHA .

LI N A IO B I

e R R (4

. 0,008, | 0,09 | 0,384 0,512

T Hpnmep 3. Paccma'rpnBae'rcsi cnyqaifmaa BeJuuAHa
' X-—-tmc.rio noamehuﬁ co6hiTHS A B CepHH W3 1 He3aBHCH-
MEIX ONEITOB, B KaXJIOM H3 KOTOPHX A HacTymaer c BeposT-
_HOCTBIO p. Haﬁ’rn _pacnpenenenne ciyvafuofi BennauHH X.
_Cnyuafinas - BenunHa X Moxer, OUEeBH/IHQ, NPHHHMATH
ozmo U3 cnenylomnx aﬂatrennﬁ B

0,12, ooy by euny e

BeposTrOCTb  COGHTHS, COCTOALIEr0 B, TOM, 4TO Cjydali-
- Hag BejuuuHa X.TpHMeT 3HAUEHHe, paBHOE kR, ompejessercs,
Kak MH 3HaeM, ¢opmyanoi Bepﬂymm

PX= k)nC,p"Q”"‘. e g=1=—p.

Caenona'renbno, pacnpénencuue c.nyqaﬁﬁon BeJHIHAH X
-'MOXeT ObiTh 8aMACAHO TaK: ‘

& -~

- 0 1 ol k n

. c‘,"p(Oqu - C’:P'ﬂ'""‘ e | "Ckpkqn-k cee C;:pll«qo

’ Pécnpenene}me, ONHCHBaeMOe rabauue (3), HasLIBaeTCS.
pacnpedeseruem S. BepHyasru MU OGUHOMUGAbHBIM pacnpe-
Oeaeruen,: Yciopue (2) aag gacnpene.neﬂna S1. Bepryanu

R NPHHHMAET BHA i
SR <Zcﬁp*4"""=l. @

2

¢

.Jlocwronﬂo B roxczleme' (2) § 22

’ (q+px)"— ZD C”q""‘p"x*

or
PO -

MOJIOKHTL X =1,
<196
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Pacnpezenenne §1. Bepryanu no/sHOCTBIO SajaeTcs ABYMS
flapaMeTpaMH: HHCJOM 7 BCEX OMNKITOB H BEPOSTHOCTHIO P,
¢ Kotopo#i COGHITHE nponcxomrr B KaXIoM orne.ubnou
onmiTe.’

2. MaremaTnueckoe OXHAAHHE cayqamioﬁ BEJNYHHBI,

BaxHOA 4YHCJIOBOA “XapaKTePHCTHKOA CayuafAHOA BeJHYHHE
ABASETCA ee Cpelree -BHaYeHHe HJIM MaTeéMaTHYeCKoe OXH-
laHue. .
. Onpenenenne Mamemamuttecxuu oalcaaqnuex cay-
_-4afiHo#i BeJHUMHB! HaghiBaeTCs YHCIQ, paBHoe CYMME, TIPOH3-
BelieHHit Bcex Bualteﬂnit cuyqaﬁﬂoﬁ BeIHYMHE Ha BepoAT-
HOCTH STHX SHaueHHil,’

MaremaTHYeCKOE, oRHpalHe cayqaﬁﬂoﬁ ne.vmtmuu “X obo-
sHayaercst uepes MX. Ecau Cét‘yq Has ‘BenuduHa X mNpH-
HHMaeT SHAYEHHs Xj, X, ..., ¥, COOTBETCTBEHHO C BEpOAT-
HOCTSIMH Py, D3, ooy Pps TO coraiacHo onpene.nenmo ,

MX=?J x,,p,, Cos (1)
d-anr o

Maremarnueckoe ox(up,aﬂné sBAsieTcs BaXHelmed uHc-
"JIOBOH XapaKTePHCTHKOH cayuaBuoit BeanuwHul. Yacro mare-
MaTH9ecKoe OXKHAaHHMe Ha3LIBAIOT CPeIHMM 3HaueHHeM cay-
YaiHOH BeJHYHHH, TaK KaK. OHO YKashiBaeT HeKOTOppe
«cpejiHee UHCJIO», OKOJIO KOTOPOro IPyNnHPYIOTCH Ece SHa-

geHHs CjayuaifHo# -BeJIHYHHEL
Ipumep 1. Haitru maremaruyecKoe oxHAaHHE 4YHCIAA
OYKOB, BBHINAZAIOMHX NPH NOAGPACHBAHHH HrPalbHOA KOCTH.
Pacnpezenenne naHHOR caydafiHoll BelHUHHBI X ‘HafizieHo
B npnmepe i npemﬂnymero nym{'ra I'Io Q)opmy.ne (1) HaxozuM

/ - K “ "‘\:- .

MX Z x,,pkzaa-z k= l}‘%‘?:=3,5;i‘: a

. k=1

Iprmep 2. Haiitn MaTeMaTHecKOe OXMAAHHE WHCAA -
nosiB/ieHH cOGHTHA A B CepHH H3 71 HEe3aBHCHMHIX OIBITOB,
B KaXKZOM H3 KOTOPHK A-HACTYMdeT ¢ BEpUATHOCTBIO P.

BeposTHoCTb Toro, uTo cayvafindn BenHanHA X TpHMer
3HaueHHe k, pasHa C,,q"'*p" Cnenonare.nbﬂo, no (bopmy.ne (1

we=Sackemr
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Ona  ynpoinenus uo.nyqeﬂﬂoro Bﬂpamermx BOCIIO/B-
syeMcsl TOMIECTBOM (2) § 22:

a4+ px)"=h§° C,ﬁq”‘*p*x*.

Hponnq):])epennﬂpyem no rnepeMeHHOR x ofe 9acTH  sTOr0
TOXJleCTBa. Toma noJ yUHM

Cngparip= 2 bC,.q""’p”x"‘

g - LI .

O'rcxma npu x=1,- quuaaa, 970 p-l-q-l naﬁnem

L w= B

Cnen_osaremuo, ) : .
- * MX =np. : . (2)

Takum 06pasoM, MaTeMaTHYECKOe OXHIAHHE UHCIa TOAB-
JeHufi coOWTHA A B CepHH H3 N1 HE3aBHCHMBIX OIHITOB,
B KaXJOM H3 KOTOpPHX A HacTynaer c ‘BEpPOSTHOCTBHIO p,
PaBHO NPOM3BEACHHIO GHCJIA 1 BCEX ONHITOB HA BEPOATHOCTH P
HacTyn/IeHHsI COGHTHSA B OTAENLHOM OIBITE.

IpyruMu cJoBaMH, MaTeMaTHYeCKOE OXKHIARHEe cnyqaimoﬁ
BEJMUHHH, pacopelefieHHOH -0 GHHOMMAALHOMY 3aKOHY
C mapaMeTpaMH n H p, PaBHO NPOH3BENEHHIO Nnp.

- TlpuMep 3. Halirn maTeMaTHuecKoe OXHIaHHE YAC]A
OpakoBanHbX HsfeAuf B naptun u3 10000 wsnenudl, ecan

. Kax/ioe H3fie/iHe MOXeT OKasaThC 6pax03auﬂbm C BeposT-
Hocthio 0,005.

Uncno GpaROBaHHHIX Hazemif — 510 chyyafinas BesiH:
unHa X, pacrnpeJie/iedHas 1o GAHOMHAILHOMY 3akony. Flosromy
no qmpmy.ne (2) naxomum .

MX = 10 0000,005 = 50.

8. Mucnepcus cayyaifinodi semnumnbl, . J{pyrofi Baxnoin
YHCAOBOA XapaKTEpHCTHKON CJIyd4aiHOf BeJNHYHHH SBJSETCA
ee JucrnepcHa.

Onpexnenenue. Jucnepcuel cayualinod eeaudunot HA3H-
BaeTcsl MaTeMaTHYECKOE OXHAAHHE KBaJApaTa. OTKJOHEHH:
ClyyafiHOH 'BeJIMYMHBI OT~ €e MATEMaTHUeCKOro OXHJaHHs,
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Iucnepcus cayuahinodi peauunnn X o603HauaeTcs gepes
DX. CnenosarennHo,

DX =M (X —MX).

Mycrs cayvaiinas BennuMHa X NpPUHMMAeET 3HAYEHHS X,
X3y +++y-X, COOTBETCTBEHHO C BEDOSTTHOCTAMH Py, Py, -« «y Py
Torna kBajpar OTKJOHeHHs cayuafiHOf BeqHuMHBI X OT ee

MaTeMaTHYeCKOro . OXUAAHHUSA ~€CTh C/AydaiiHas 'BEAHUMHA,
HOTOpasi FPHHHMAET 3HAUeHHs . N

W= MXP, (5, —MXP, ooy (B—MXD, ..o, (5, —MX)®
COOTBETCTBEHHO C BE€POSTHOCTAMH « '
P1s Py +oes Prs- <oy Pa:

TNosToMy MaTeMaTHYeCKOE OXHIAHHE TaK paclpeie]eHHOM
C/Y4aiHON BENHMMHH, T.e. AHcCHepcHI0 X, MOXKHO 3alHcaTh
caenyomuM o6pasoM: ;

DX=3 (n—MXf'pp )

Ilucnepcusi crywafinok BEMYARH XapaKTEPH3YeT CTENEHb
pas6poca, paccenBaHHe CJyuaiHOH BeJHYHHEI OTHOCHTE/bHO
ee MaTEMaTHYECKOro OXHIaHHA (cpeanero sHadenus). Camo
C/IOBO «IHCIIEPCHA» O3HAYAET «PACCEHBAHHEN. :

Mpumep 1. Cayuainne Bemrunast X B Y uMeioT cae-
AYIOIHE 33KOHH PacHpeHescHusi:

S L
N 2 2" 2 2

— re————

. .Ha#tha DX u DY. 2
BouncaseM cHauafa MAaTeMaTHYECKHE OXHIAGHHS:

MX = (—1)eg+1-5=0, MV =(—2)-4+2.2=0.
Teneps, ncmoansys ¢opMyay ( Ii, HAXQHM ‘mizcnépcun:
1 1 - AV._ g 1
DX=1'-2—+}'-§-=1, DY—4.—2—+‘4°-2—=='4.
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"Mpumep 2. 3axoau pacnpefiefieHHsi CyYafiHEIX BeJH-
urH X H Y 3anauu 'ra6.nnuauu .

—2 =1 ] 1] 2 o2 =1 1] 2
= : i ;
L I O N E AR T B I N U
6| 3| 3|6 T S W A N e
Hatre D,X n)m’.. S

Bruncasem Marema'rnqeéxne"omﬁ;anna'
MX=(=2) 'g'-H Doz +logt2g=0,
MY = () L 20,

I'Io q)opmy.ne (l) naxomm JCTIepCHH: ’
. Dx=4»—+4w+1-§+4.—=2

DY =4. - +1 Lralags,

Caydafinkie 'sé.nntmm XuY npnnnuam'* sfiech - OfiHH

H Te JRe 3HAUEHHS, HMEIOT OIHO H TO XKe MaTeMaTHuecKoe
OXHJIaHMe; HO pa3bpoc "SHaveHHH CJy4aidHOA BeJqHYHHH Y
Gonbinf, YeM y cayuaiinoli BequuHHH X. 3HauenHs =+2,
Gosee ynaJieHHHIE OT MaTEMaTHYeCKOTro OXHAAHHS, cnyqaﬁ-
. Has BeJHYHHa Y npuHHMaer c Gosbliefi BEpOSTHOCTBHIO, UeM
cnyuafiasi BeniuMHa X, a sHayenusi =1, MeHee yJlaseHHbE
OT MaTeéMaTHYeCKOro OXHIaAHf, Y TpHHHMAET ¢ MeHbefl

BEpPOATHOCTHIO, -geM X. I/Imemm Ha 91O W yxasunae‘r Hepa-

_ BeHctBo DX < DY

B-npumepax 1 u 2_xucunepcuu c.nyuaﬁuux BeJMUHH Bh-

uucaAnnce mno c¢opmyae (1). Canako, Kak mpasuio, Anse
BBIYHCJIEHHS -AUCTIEDCHA OKasuiBaeTcs 6oJiee YAOOHOH Apyras
dopmyna. Has .Toro uro6n HONYWHTH - €e, mpeoGpasyem
npexzue Bcero" npasylo qac'rb ¢opuy.nu ¢5) c.nenylom’uu 06-
pasoM:

DX-« 2 (x,,-Mf)'p.= E (452(MX) x,+(MX)=) Pe=.

-=% ’xtmj-%? (MX ) %’1 X0y +(MX)? .E.; P

I DT S



Tenepp yureMm, 9T0. ... .. . .. ..% L eci

n n - ) . . s
k§lp§él’ a kglx,,p,,.—..-‘MX, R

-~

H NONYYHM - ' . e . o7

| /Dx—zxkp.—mxr

Ocrasmaacn CyMM3 eCTb He 4UTO mxoe, kaR‘MaTema'mtxecxoe ’

OXHJaHHE c.nyqaifmon Be.nuqunu, pacnpenenémoﬁ no 3axbﬂy!

th ,x’: s x% taal x’g’ I

pi | P I N

\|

o
o

tuy

Taxyxo cayvaiHyio Be.ma-mny eCTECTSEHHO HasBaTh KBaji-
paToM cJyuafinofi BenuuMHH X M OfodHawnTh X2 -
Takum oGpasom, Ans AuCHEpCHE chpaBeltHBa (opMyna

DX = M(X’) —(MX)%.:" - ¢ 2)
- Dra ¢opMyaa unTaeTCA TaK: NHCIEPCHA c.nyqaﬁnoﬁ BeJIH-

' gMHH paBHA MaTeMaTH4eCKOMy OXHJAHHIO -KBaApaTa STof .

BeJHUHHBl Ge3 KBajpaTa ee MaTeMaTHYeCKOro OXHAaHHs.
IMpumep 3. Halitu nucnepcuio: ciyuafinofi BesimunHe X,
pacnpe/ie/ieHHO! MO GHHOMHA/JLHOMY SaKOHY C uapame'rpamn
nep
B npuMepe 2 npexsyLIero. nynxra 6u110 noxasauo, 470

MX =np. Vimes B,.BHLYy BOCNIONL3QBATHCA /ISl BHIYHCAEHHSA ~
IucnepcHu  (hopMyJiof (2), 3amHIieM SaKoH pacnpegenwna :

cnyqaﬁnoﬁ BEAHYHHH

0 IR T [PV CRRT TSRS VY )

.. -

- {cg,’,oqa {c},p}qu-x C,’:nkq--yk .; C:pnqo‘ )

,Ll.na MareMaTHYecKoro ozxuganax c:xyqaguoi ae.nmmm X3
GyneM HMeTH - . .

M= 3 wcips.
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Ilns ynpoinenus nosyuuinefics CyMMH BHOBH O6paTHMCH
K TOXJecTBY (2) § 22:

| (g-+pxyr= I, Cigr=rphat.

Hponnq;q)epeaunpyeu ABaXHl HO nepeueunoﬁ x 06e qacTH
TOXKJECTBa, Torna HOYIHM.

AN
ni{n— I)(q+9x)'"’ﬂ'= Z C"tl”“ﬂ‘k(k— I)x‘”’

IMonoxuB B s'rou TOXzECTBE X =1, nppmeu x paBeHCTBy

.-

‘ nln—1)p =% ke~ 1)c,.4~-*g!

aslin— 1}1’* = zgm BCkg==rp— ‘% kCrq=="p*,
OTKyJa, YUHTHBAs, UTO kzl kCtgu=tph — MX =np, naiizem

‘ ‘NX‘)u Z BClg~*pt=n(n— l)p’+np=n’p’:-np'+np.
Tenepr OKOHUATEABHO HOMywaEM
DX = M (X?)— (MX)*= n*p*—np*+ np—n’p'— np (1 —ﬂ),
T. €.
DX =npq. - . (3)

4, Hepaaeuc'r.no Yebbimesa, PaccMorpmm  aGcomoTHYio
BEJAMUHHY OTKJOHeHMA cayuaiiHoH Benuuunul X OT ee Mare-

MaTHYECKOTO OXHAAHHUS, T. €. PACCMOTPHM - quaﬁﬂyw Be: X

uynny | X —MX]|.
BeposTrocTs YOro, WTO c:ryqaﬁmasr BeXHUHHE | X — MX i
| pHMeT sHaueHHe, He MEHbIlee HEKOTOPOro NOJIOXKHTEXZBHOTO
uucia e, 6yaeM oBo3hauarh uepes P(| X —MX|>e).
Teopema Hra npousscasholl cayuaiiriofi eeauuutr X
| 2 MPOUSBOABHOZD NOAONCLMEABHOO HUCAG € CRpAsedAso- He-
pasencmso

PIX—MX|>0)<5F,




.

A0 n.

’ - ‘

M. e. 6EPOAMHOCING MO0, 4MO OMKAOHEHUE CAYNAiIHOL eeau-
yuHot X om ee mamemamuueckozo oxcudanus no abcosomnofl
geauuure Oydem He MeHbule NPOUSEOALHOZ0 NOAOHCUMEALNOLO
qucaa &, He npesocxodum Jducnepcuu X, desennod Ha e
1o U ecTh 3HaMEeHHTOe HEPaBEHCTBO YeGnmena, ¢ OMOIBIO
KOTOPOTO B TEODHH BEPOATHOCTEH JAOKA3HBaKWTCH MHoOrHe

BaXHbIE TEOPEMBI

HoxasateabcTBo. Tlycth cayuaiinas Be.umuaa X
pacnpelieienla N0 SaKOHY

!

- ' xy o | m | Tt ]l X w

2 ‘
Pi oo | Pr | Pt4l]-ev|- Pn

Y
BossmeM NpoH3BO/MLHOE DOJIOKHTEAbHOE uHcJI0 € Toraa
Bce 3HaueHud x, (k=1,2, ..,n) cayvafinofi Besnuunbn X
MOXHO Da3bUTh Ha .IBa MHOXKECTBA: K NMEPBOMY MHOXKECTBY
OTHeCEM Te 3HAUEHHA X, AAS KOTOPHIX BHINOAHAETCS Hepa-
BEHCTBO .

lH—MX|>e ()
DCTMBHH’C 3Ha4eHud, T.e€. Te, Add KOTOPHX cnpaBemeo
BPOTHBOHOJO)KHOC HEPABEHCTBO , -

| 5—MX| <e, ®

oTHEeCeM KO BTODOMY MHOMECTBY. 3aMeTHM, UTO HE HCKJIIO~
yaeTcsl, YTO OAHO U3 STHX MHOXKECTB OKamercs HYCThIM.
He orpanuyuBsas oOMIHOCTH, MOXHO CYHTaThb, 9TO MHI TaK
8aHyMepOBaJIH 3HAYEHWS CcAYYaHHON BeJHUYHHH, 9TO Te 3Ha-
yeHHsi, KOTOphHe YAOBJETBOPSIOT HepaBeHCTBY (1), moayuuan
Homepa ot 1 zo 1, a ocranpHHE snaqeﬂnﬂ—-nomepa oT l+l

PaccmmpnM TeHeph JHUCNEPCHIO caydaiinoil BequaHbI X:

~

DX = kz., (x,;—'-Mxrp..

Tak kak Bce caaraemsie STOM CyMMHl HEOTPHUATENBHHI,

_ TO, OTGOCHB MOC/eNHHe f—I claraeMbiX, MBI MOXEM TOJBKO

YMEHBbIIHTb CYMMY, H noa'romy
> kg, {(xs—MX)* p,. -~
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Ho Tenepb NOA SHAKOM CyMMH OCTATHCH TOJABKO SHaue-
Rus Xy, ANS KOTOPHX HMeET MECTO HepaBeHCTBO

ka—Mx t} e, ' 3 ' ¢
&a@nwmm '
x 2 (xh—Mx)’Ph> Z e’Pk 3' Z Pe
5" [locAemHsA cymMa E Py BCTH BEPOATHOCTE TOTO, UTO CJIY-
qar’maﬁ Bemmxma X npmae'r o:mo ns 3Haqenuﬁ Xyy Xgy ooe

‘- “5Fx

cinXp H noa'romy AZ P - ecTB nepoa'moc'rs 1010,  UTO
|x,,-MX|>a, T. Q

6ol Z =P X—MX|>
Taxnm °6p33°M' Anst MCHCPCHH no.nyq'eﬂa OlleHKa
N DX>eP(X—MX]>e),
H3 Kmopoﬁ crenyer nepasenctso UeGmmiesa,’” <~ *

- 8. 3axon GosmbmHx unced. JTycrs cayuafinas ne.nnlmﬁa X
€CThb YHCJO HACTYyM/IeHHH COGHTHS A B CEpHH HS -1 He3aBH-
CHMBHIX OIfHITOB, B KaXJOM H3 KOTOPHX A HacTymaer ¢ Bepo-
aTHOCTBIO p. Cyuaiinas BedaugunHa X npnnumae'r 3HaYeHusd k
¢=0,1, ..., n). Panee (cM. NyHKTH 2 K 3) yXe GbUIH BH-
qnc.nenu MaTeMaTH9ecKoe OXHIaHHe H zmcnepcnn X

" MX=np, DX=npq,

3a11ammca nponsno.nmmm nonox(menbnum YHCIOM &; H
' SaNHIeM 1A caydaiiHoN BeTHIHHE X HEPaBEeHCTBO lle6mne3a

Ple—np|>e) <™. -

- - . 1 D

3aMeTHM, UTO TIOCKOJBKY HepaBeHCTBO

. : lk-np:|>8i9
OYEBHAHO, PABHOCHJIBHO HEPABEHCTBY

R T

’2“04 '/. ’ ' . A~r.




84 npq
——pl> ) —.
f( 5
Tak xax’ al—npousao.nbnoe no.nomu're.nbnoe 9HCN0, TO E =

'ramxe MPOH3BQ/ILHOE  NOMIOKHTENLHOE . -mc.no l'lo.nomm
=g, NOoJNyIHM cnenylomyto OLEHKY st nepoa‘mocm TOrO,

\
-~
7,

k
uTO YaCTOTa — HACTYILIEHHS: coﬁm'ml -A.B CeprY #3 71 ONBI-

TOB mxnouserca o a6comoTHOM Bewamne OT BEROATHOCTH P
HacTyMmjIeHns: A B OTAENbHOM. OIbITE ne Menbme YeM Ha mpo-
H3BOJIbHOE no.uoxm’re.rmﬂoe 9QHCTIO 8 : .

e
(l""p| ) 'nzqf' L

M3 nonyuenHo#t oueHkH, BBm(y TOrO, uT0 % —»0 npu
n— co, cpasy caelyer, 4To0 L

- jimP(l——p{}s)=0 -
nN~»o00 -

Sror pesyJasrar Bnepnue Geut nonyuen S. Bepuysam -H
HasniBaercst meopemoti S1. Bepryrsu HMIAH SQAKOHOM 60/muux
wucea B dopme . Bepuyn.nn

3aKoH -GOJbIINX UHCEN' YTBEpXKAaer: Aid .moﬁoro nosio-
JKMTEJIbHOTO 9HCJIA & BepPOSTHOCTb TOrO, UTO 4acToTa HacTym-
JieHu# - COGBITHA A B CepHH H3 1 ONLITOB OTKJIOHSIETCH OT
'BEPOATHOCTH p, ¢ KOTOPOH A NPOHCXOIHUT B OTAENBHOM OIKITE,
He MeHbllle 4eM Ha &, C POCTOM N CTPEMHTCSI K HYJIO.

Ipyrimu cnoBamH, Kak 6H Mano HH OBLIO €, NpH J0CTa-
TOYHO GOJBLIOM 7 BEPOATHOCTb_HepaBeHCTBA = . -

e - »Ii_p|;>e, L e

CKOJb™ yrofHo GiHsKa K HYO H, CJIefOBATeNBHO, nepom'-
HOCTb NPOTHBOTIO/IOKHOTO HepaBeHCTBa

R

P

’ R R

CKO/lb YTOZHO 61m3xa K efumpme; -~ 0V T

Hirak, ¢ BEpOATHOCTHIO, CKOJMb YTOXHO 6.nn3xoﬁ K elH-
HUUE, MOXHO YTBEpPHKAAThy 9TO HPH JAOCTATOMHO GOJBLIOM
HCe HESABHCHMBIX. ONKITOB 9acTOTa NOSBICHHA COGHTHS

-7 208
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KaK YTOAHO Majo0 OTJHMYAeTCS OT €ro BePOATHOCTH B OTHENb-
HOM OMNHITE. .
N3 sakona Gonwmux uyucea B dopme A. Beprysnu Brre-
KaeT, TaKHM 06PasoM, CTATHCTHYECKAs YCTOAYHBOCTb 9aCTOTHI .
NOSBNEHHA COGHTHSA B CEPHE H3 7 HE3aBHCHMHX OIBITOB,
B KaXXIOM H3 KOTOPHIX COGHITHE NPOUCKOXHT C OfHOR M Tof
e BEpPOATHOCTbIO. B caywasx, KOrAa BepoSTHOCTb COGHTHS
HEN3BeCTHa, SaKOH GOJLIDHX UHCEA IO3BOJISIET NPHUHATH 32
BEPOSTHOCTb COGHTHA €ro 4acToTy, BHIYHCJEHHYIO NpPH JO-
CTaTouHO GOMBIIOM YHCAE ONHTOB., Hanpumep, B cBA3H & TeM,
97O YaCTOTa POXKAEHHH MAJLYHKOB NPH JOCTATOUHO GOMBIIOM
gHc/ie HaGAIONEHHH 838 POXKAAEMOCTHIO OKasHBaeTcd GAHSKOH
K gucay 0,511, UMEHHO 3TO UHCHO DPUHMMaeTcsi Sa BepoAT-
HOCTb POXIEHHs - Ma/buuKa. 3H4HHE STOA BepOATHOCTH
NO3BOJIAET Jie/laTh CephesHHe JAeMorpadmueckne INPOrHO3HL,

¥Ynpaxrenus ‘ )
7.39. Moxer A8 pacnpefiefieHHe KaKOK-ABGO CAYYAZHON BeAHIHEH
sajiaBaynes TabaEuel:

L -

o+ {1w0]a 1 2] 3|4
&) — : v 0 - . ?

011 0,5 051" | 0,3 0] 04]0,2}0,3

N

. 7.40, SiBnsierca /m saxoH 2pampexeuenna cAy9afiHHX BeNHUHH, pac-
CMOTpeRHBIX B mpEMepax | B 2 n. 1, GHHoMEaAsHLIN? - .

7.41. Monera monfpacmBaercs TP pasa. PaccumarpuBaeTcd cayuafi-
Haa peaHusHa X-—uHCJNO mOfBJeHHH rep6a. Halfizure pacnpepenenue
cayuafinot pexmummu X. .

7.42. gafinast BeARUHEa X ——KBaEDaT SHCA2 OUKOB, HOSBHBMAXe

cd RPH HOAOPacCHBaHEN ETPAELHOH KOCTH, Hafizgate saxoH pacmpefee
JeHns, . ’ ’
7.43. IpousBoxuTCs TPR HESABHCHMHX ONBITA, B KaXKHAOM H3 KOTO-
pHX co6uHTHe A nogBRAfeTcs ¢ BeposrHocTbio 0,4 PaccMmarpusaercn
cayvafinas BeflgyHA X ——4aoyoTa MOABJCHHA COGHTHA A B Tpex ONHTaX.
Haligate sagom pacupefiesenn: caywafdinofi segmananl X, .

7.44. Cnyvanunan penuusiHa X BMeeeT CReAyOHHA SaKOH pacnpejies
JIeHHS: ’ . ’

1 2 38

0,3 10,2 ] 0,5 . h

Hah;umMXnDJ{. .




1

7.45. Cnyuafinas Benmunna X pacmpeleieHa NO SaKOHY

2 4 |6 8 10°

Ll LT

1
4 {8 |78 7

-

Hafigute MX 1 DX, ’ ) o

7.46. Haitnnre MX u DX pns cryuafinolt BeJIMMERH, PaCCMOTPEHHOM:

a) B ynpaxuenun 7.41;. .- > . T

B ynpaxuennH 7.43. . - 7

7.47. Hafiznre MX past cayuafinoft sennumin X, paccMOTpesHolf B
ynpaxkHennn 7.42, ‘ ‘

7.48. U3 ypau, cosepxameft 2 Geinx W 3 YepEWX mapa; mayrag
BHHNMAI0TCA ABa mapa. Hafigare MX u DX, ecan X—umeAo BHHYTHX
Gesbix mapoB. N .

7.49. Hafinate MaTeMaTHUeCKOe OXHAaHHE M JIHCNEPCHIO YHCAa Gpa-
KOBAHHHX H3peaull B naptHu u3 5000 usnenufi, ecam Kaxpoe HszeaHe
NOMET OKA3aThes (paKoBaEHNM C BeposTHOCTHIO 0,02. .

7.50. M3 Bcelt Bunyckxaemofi saBofoM HpOAYXUEH 98% cocTaBasLOT
HSJle/lAsl CO SHAKOM KaueeTBa, Hafiqure MareMaTudecKoe . OXHJaHHE H
JHCIEPCHIO YHCJA B37IeNHi CO SHAKOM Ka1ecTBa B apTHH 13 5000 nsgenni.

7.51. Huelorca 4 JaMuH, KaXAas B3 KOTOPHX € BepOATHOCTHIO -;—
uMeeT Redexr. [Ip BBuRuNBaHWE B maTpou JedexTHas Jamma cpasy
neperopaer, ¥ TOrka BBHHYMBaeTCs ciepyiomad. PaccMorpare cayqaiinyo
pennuuHy X —uncjo BBHHUEHHMX Jamn. Haifiiure sakoH pacrpefie/ieHHs,
MaTeMaTHUeCKOe OXHAAHHe H JHCHepcHio caydakuofi peAmumHH X.

7.52. Ilpn " 6pocauns Tpex Xocreli Hrpor BHHTphBaeT 10-py6ned,
€CJTH Ha BCeX KOCTAX BHMAZeT meCTh OYKOB. B ciyuae BHMaaeHHs mecTH
OYKOB TOJIBKO Ha ABYX KOCTAX MIPOK NoJydaer py6as. CKOAbKO HO/DKeH
CTOHTb GHJieT, JAlOMMMA NpaBo Ha yyacTHe B TaKo#f Mrpe, 4ToOH Hrpa
6nza suropgxofi? . .

7.53. Mumenb B THpe NpeAcTaBisier coGOf KpYF, pasiesieHHH Ha
TPH KOHTPYSHTHBHIX CEKTOpa, SaHyMepoBaHHHX upbpamu 1, 2, 3. Bo Bpemsa
BHCTpejta MHMIEHb BPAllaeTcs, TaK UTO CTPEJOK He pasjiMuaeT CEKTOpOB
H crpeaser Hayrag. [Ipm ronagan#BE B CeKTOp | -CTPeAOK BHEIPHLIBaET
py6ab, B cexTop 2—pBa pyGas, B cektop 3—TpH py6as. CroumocTs
GRrJieTa, Raloillero Npapo Ha OAHH BHICTPea,—HOATOpPa py6ad. Burogma
HJI TaKas Urpa TOMY, KTO IONajaeT B MHIEHb G BepoATHOCTHIO: a) 0,7;
6) 0,8; B) 0,75? Co

-

’
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ll.llld)!l’EPEHllHAJlbl_-lHE YPABHE.HHSI

E2

§ 24; Iipvmepu m(bepenuumnux ypasneﬂuﬁ

~ -

1. Pasmnomenne 6ax'repnﬁ Ha ONHTaX ¢ GaKTeppmun
YCTAHOBJICHO, YTO CKOPOCTh PA3MHOXKEHM$) GakTepHii nponop-
UBOHANbHA HX KOJHYECTBY, €C/H, KOHEUHO, M HHX HMeeTcs
JOCTATOYHHI Sanac MHMH .

Tak kak camu GakTepHH OUeHb MAaJH, a HX_KOAHYECTBO
BEJINKO, TO MOXHOQ CUHTaTh, YTO Macca 6akTepuil ¢ TeueHHEM
BpeMeHH MeHsieTcsi HempepuBHO. Toraa CKOpOCTbIO MpHPOCTa
MaccH GakTepHii HasbIBaeTci CKOPOCTBHIO Pa3MHOXEHHS. -

Ec.nn uepes ‘X (f) 0603HAUHTE: ‘Maccy *Beex 6akTepHii B

MOMEHT BpEMEHH t, T0 Zx 6y)xe'r CKQpOCTblO pa3MHOXEHHS 3THX

6akrepuii. Takx KaKk CKOPOCTb PasMHOXEHHs Zt_x' NpPOROPIHO-

HaJbHa KOJMYeCTBY GaKTepuil, TO CYIecTBYeT noc'rommaa k
TaKasi, 49To - -~

, i AR -
7=k ) (Y

-7

IMo ycnosmio x{f) u x'{t)— Heo'rpnua're.vmnue NoSTOMY
_ Kos@mnnem k . Toxe wHeorpHHareabHuifl. - OueBHAHO, 9TO
MHTEPECHEIM sBJAseréd Jub caydad k>0, Tak Kak mpH
'k#*=0 HHKAaKOrO pasMHOXXEHHSI He NPOHCXONHT..

. ¥paBuenne (1) sBasgerca mpocrefiiEM NMPHMEPOM 6u¢¢e
peryuaisnozo ypasrenus. OHo HasnBaercs Iu(bdepeHuHAND-
HHIM ypaBHEHHeM pasMHOXKeHHs. VckoMbIM "HeH3BECTHBHIM
ypasHenus (1) asasercsa ¢yHKIHA x=x (1), KoTOpas B ypas-
HEHWe BXOAHMT Bmecre co cBoeft mpousBoanoft x' (£).

J’Ierxo npoaepu'rb, trro _mobas PyHKUHS BHAA

CxmCeM, S
tre C— HEKoTOpas TOCTOSIHHAS,; SBISETCS p‘e’memieu ypas-
208 oo
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nenns l) Ileﬁmmeabno,
(Ce"‘) ==C e"‘ = Cke"‘ak(Cc"’) =kx,

B § 26 Gyzer noxasano, 9TO BCE pemenna ypannemm (1)
sajfaiorcst opmydof: - (2). Hosromy yukuus (2),: rae C—

NpOHSBOJIbHAA TIOCTOSIHHAs, HASHBAeTCA OOWUM peleHues

ypasrenus (1).
Cnenaem HeCKO/ILKO 3aMeUaHHH O TOM, KaK HCIOJBSYIOTCH

aupbepennnanbHoe  ypapnepHe (1), B ero obmee. pemenng (2)

NpH HCCJENOBAHHH Npolecca pasMHOXKEHHS.
OueBuano, 9TO Koacp@unnem- k 32BHCHT OT mma GakTe-
pHAi M OT BHEWIHHX YCJOBHH. ~ = "= N
Ecan MH sHaeM-8HaueHHE koaqyébﬁﬁuema k' mccy ER

GakTepuii B HeKOTOpHI MOMeHT BpemeHu {,; TO NG d¢opMy- -

Je {2) noayuum maccy 6ax1~epnﬁ B moﬁoﬁ MOMeRT BpeMeHH 1.
Lleﬁc'mu're.nbuo, nyers - - - . »

(t.,)——m., ‘ I ¢

;

Torna B . S
’ Mg = Cekbo, C =ipgee,

H, CIElOBATENbHO, R o
()= mo’e"‘"‘o’. : ‘ 4

Oynknus (4) ABNAETCS pelleHHeM ypanuenﬁa ((1) H, KpoMme

TOro, YAOBJIETBOPSRT yCJOBHIO (3).
YenoBue (3) HASHIBAETCH HAUAALHOIM YCAOBUEM.

Takum o6pasoM, ypaBHeHHe (1) uMeer GecuucjieHHOE MHO-
JKeCTBO pellleHHl, a SajaHHe HavaJbHOTO. YCJOBHA BLIACJSET

€JIHHCTBEHHOE pellcHHe H3. 3TOT'0 MHOXKECTBA.

Ha npakTuke uacro BosHHKaer cChenyiomas cmyanum.
H3BecTHO, -9TO paSMHOMNKEHHE HEKOTOPOFO.BHAA GaKTepHi NpH .

IaHHBIX YCJIOBHSEX HAET MO SaKOHY- X =X (¢), YAOBJETBOPSiIO-
meMy ypaBHeHH0 BHZa (1), HO Heu3BeCTHO 3Ha4yeHHe KO3(}-
¢uunenta k. TpeGyercs onpegeauth KosddHUHEHT & u HafTH

SaKOH - Da3MHOXEHHS nannoro au.ua damepnﬁ npn HJaHHBIX

YCHOBHSX.

B stom cnyqae oﬁmee pememle (2) ypannemm (L) w' ’

HepXHUT ABe HeH3BeCTHHIe TIocTosnubie C H-&: -
Kak u Bhmie, us naqanbnoro ycnonxm 3) ﬁaﬁ.ueM no-
crosunyio C u monyuum " . .

T@y=mgtt-Wm - s (B)

P



Il.na HaXOXJEHHS HEHW3BECTHOTO R moacuuTaeM Maccy- 6akTe-
. pufi B HEKOTOPHIi MOMEHT BpemeHH t1> to; MYCTb 3Ta Macca .
pasaa m;. Torma

= =1 — == ﬂ
M4, kltg—t)=In S

H, CJeIOBATe]bHO, S ' .

|} we Inm
b= In T g BRI
T, my =i,

ﬂozxc-rannn namxenn6e 3SHaueHHe Koatp(}mnnem'a k B dopMy-
Jay (5), nOJyYuM .
ety s
x(t) m.e‘*“"‘
HJH
iy

A x(t)=m, (;"Tz)""".

2. PapnoakTuBHHIA pacpan 13 sxciepaMeHTa H3BECTHO, YTO
- CKOpOCTb pacnajna pafHOaKPUBHOTO BEIECTBA NPONOPLHOHA/b=
Ha HMeloLIeMycsl KOJIHUECTBY BeIlecTBa:

Takum o06pasom, eciu uepes x(f) 0GO3HAYHTH Maccy
BelleCTBa, elie He PacmaBIIErocss K MOMEHTY BpeMeHH f, TO

CKOpOCTb pacnaia % YAOBJIETBOPSIET C/ICAYIOIEMY YPaBHEHHIO:

[

l ek, .
rze k — Hekoropas T0JOXHTENBHAS NOCTOSHHAS.
B ypaBuenun }xl) nepen k nocraBneH 3HaK MEHYC, TaK
KaK x(f) >0, a ’ .

YpaBrenue (l) Ha3HIBaeTCS dughdpeperiyuarbroim ypastie-
Huem paduoaxmusrozo pacnada.

Moxno nokasats (cM. § 26), 4o mobas Q)ynxnnﬂ BHIA

~ x=Ce ¥, - ‘ (2)
‘rae C— HekoTopas noc'rosmuaﬂ, ABJSETCA PelleHHeM ‘ypan-
HeHHus (1) W ~ApyrHX pemeHHH STO ypaBHEHHE HE HMeeT.
Ipyrumu ciosamu, Jepmyaa (2), rie C—nponsno.nbuan
MoCTOsiHHAsA, Sajaer ofueg peuieHue . ypasuenus (1). -

Kosdpunuent k- onpenensiercss JHIIb- BHAOM pazmoax'rm;-'
Horo Bem.ec'rBa INocrosiunast C Moxer GHTh Hamleﬂa H3

210
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HAYaNbHOTO YCAOBHA B Hexcmopruﬁ MOMEHT BpeMeHH t,. deft-

CTBHTEABHO, RYCTb - 4 N
- ’ ‘x(to)=mo.‘ B €))
Torza us gopmyas [0)) npu t==1t, nonyuaem
' C=met.
CrefioBaTeAbHO, p;ménne 4 ‘
. x=me k-t N )]

GyRer YAOBJETBOPATH HAYaALHOMY YCA0BHIO (3).

Ha npakTHKe CKOPOCTb pacnaja paxBOaKTHBHOTO BEillecTBa
XapaKTePH3yeTCH TAK HasLIBAEMHM neprodom noaypacnada,
T. €. BpeMeHeM, 3a KOTOpoOe pacnajaercsl NOJIOBHHA HMEIO-
_merocst Bemecrsa. OG0sHadnM nepuoA noaypacnafa gepes T
H BHIpa3uM k gepes T, ]

Hs (4) nmpr t=t,+T umeem’

!

m e L
| Fomeh,
H TOSTOMY .
| #T=1n2, k=22
TakuM 0Gpasow, )
' ""'1 2

x "‘moe T ’
L) v
b)) .
it .
x=mo2 T O
B uacrHocrs,, ecau {,=0, TO o \
. . ‘~ s -
x=m2 T,

8, O6mue 3ameuanusn o6 ypasHeHHsIX 00pasoBaHHs H
pacnaja BemecTsa. - MEOrHe mnpomeccHl 0O6GPa3eBaHMs HIH,
pacnajia BeimecTsa (CM. NPeAHAYULHE NYHKTH) YAOBACTBOPSIOT
CHEAYIOIeMY YCAOBHIO: CKOPOCTh H3MEHEHH:S, KOJAHYECTBA
BEIIECTBA NPOUOPIHHOHAALHA HEKOTOPOH QYHKHHH OT HMeIo-
Merocst KoJudecTsa Bemec-rsa B paccuarpuaaeuuﬁ MOMEHT

. BpEMeHH.
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lec'rb x(t)-xo.unqecmo BelliecTBa B MOMEHT BpeMenH {.
Terda aag paccMaTpHBaeMoro nponecca cnpaBeJmnBo ypaB-
Hexme

e ) '¢ x=kf(x), “’, -

S s
A

e f—-nemropaa dxymmna OT. X, xapam‘epnsyxomaa nau-
HH mpouecc, a R—KO3(}HUHEHT NPONOPIHOHANLHOCTH.
Koadduunentr % Moxer OHTb NOCTOSHHHM, T. €. He 83BH-
CeTh: OT ‘BpeMenH ¢, & MoXxer U saBheers or {. Hanpumep,

B°“ypaBHeHAM PASMHOXKEHUA G6akTepufi Kosdpduument k He
GyAer NOCTOSHHHIM, €CJIH YCJIOBHA (TeMmeparypa, OCBellieHHE
- {#3T. A.),. NPH KOTOPHX IIPOHCXONUT pasunoxenue, MEHSIoTCS
BO BpeMs1 SKCIepHMEHTa. .
. Taxuu oﬁpasbm, B oﬁma« cayyae HMeent ypanuenne

L =k(t)f(x)
- Takue nutbcbepeannanbﬂue ypaanemm 6yny'r H3yuaThCs

n 26..

§4. )J.nd)(bepemmmnoe ypasHeHHe xpunoﬁ, ‘KoTopas "B
KaXiofl CBOeli TouKe MMéeT sajaHHyi0 KacateabHyio. Ilyerb
G — HeKOTOpOe MHOXECTBO ToueK M MJIOCKOCTH, Ha KOTOpO#
BBelleHd MNpPAMOYTO/bHAs CHCTeMa KOODAMHAT, M MyCTb X,
y—xoopauHatH Toukn M. Tak Kak -Mexay TOYKamH HJOC-
KOCTH H HapaMH 9Hce (X;Y) MMeEErcsi B3avMHO OJHO3HAYHOE
COOTBETCTBHE, TO TOBOPAT, YT0 G — MHOXKECTBO TOUEK (X; ¥).

CootBerctBe f, KOTOpOe KaxIOH fTouke (x;y) M3 MHO-
xeéctBa G CTABHT B COOTBETCTBHE HEKOTOpPOE AEHCTBHTENBLHOE -
uncao f (x; y), HaspiBaeTca gynkqued mouxu (x; y) HaH PynK-
yuell Jsyx nepemeHHuix X, y, OnpelesieHHOH Ha MHoxecTBe G,
u obosnauaercst f: G — R uam f(x; y), (x; y)€G.

“PaccMorpuM Tenepn Cllefyiomyio 3ajauqy.

Haiitu ypaBHeHHe KpHBO#, KoTopasi B Kaxofi - cBoeit
TOYKE HMEET KacaTeJbHYIO C 33JaHHbLIM YTVIOBHIM xosqmnm-
‘eHTOM [(X; y).

_JIpyTHMH €J0BaMH, Hajo HafiTn qaynxnmo y= cp(x), wo-‘
paa ynonne'rnopaer ypaBHEHHIO
B R L) 077" WU ()

i

rae y’ —npousno;maﬂ o x ot nckouioﬁ ¢ynxunu. 310 ypas-
HEeHHE HaSHBaeTesT Oudepenyuaronoin ypasHenuem, QyHK-
1ug @ (x) —ero peiicHHeM, .3 KpHBaf, sanannaa ypaBHeHHeM
Y= (x), ~unmezpasrol Kpusost. .
PaceMoTpuM -ofuH HacTHH c:xynaﬁ
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*  Ynpaxuenns. - e . \ N LI

l'!ycn dyHKIHA f SaBHCHT TOABKO OT X W_ompelesena

Ha HEKOTOpOM HHTepBaJje ]a . Ypannemte T

y=f Ty

peiiaerca B TeOPHH HeonpeleseHHHIX MHTerpajos. Bhiio mo-
xasaﬂo, HTO BCE PEIeHH STOTo Y paBHeHH  3a1at0Tcs dopmyoit

_ﬁ S
K ““

\ . y==Sf(x)dx ﬁ”j‘

Sra dpopmyna cozxep)xm HeSIBHO npon SBOJIbHle nocroauuy;o C
IeficrButenibHo, - ecan.. . F (x)— nexmogas ngpnoo(Sgaanaa
¢yugnun f(x), To - e e E

o y___.._p(x,)q_c ’fz3)

-

Takum o6pasom, ypaBHeRHe, (2) nmee'r Gecqac.nennoe MHO-

xecrBo pemwenufi. JlioGast kpuBasi, sajlanHas ypaBHeHHeM (3)
npn ¢uxcHpoBanHOM C, sBJAETCH pemeuneM riocTaB/eHHOM
3ajiauH.

. VI3 'TeOpHH' ONpele/eHHBIX ~HHTETPA/oB H3BECTHO, UTO
mo60n HenmpepHBHOA QyHKUMH f(x) Hmeercs nepaooépasnaﬁ
u sTOfi, NepBOOOPasHOA ~ ABASIETCH " “HHTerpan” c nepemeﬁnum
BEPXHHM -IpEJIeJIOM. Caenona'renbno,,

N
o, -
o’

2

LT y=Sf(t)dt+C

KpaBaa, 3anarmaa oTHM ypaBnenueM npoxozu-rr tlepes 'ro'my
¢ KoopauHaramu x,, C. CiefioBaTenbHO, depes KaxAyio TOU-
KY (%o} §o)s THE X, € Ja; b[, npoxomrr emmc'rsennaa mner-
pambHad KpHBas - ) .

ny=‘Sf(t>:dt~+y.f; R

8.1, HMspectno, wro sa 1 wac Macca Gakrepmit: ym;ansaercs H ato
CROPOCTH PasMHOMKEHHEZ GaKTepH#l npsMO - NPONOPHRGHAILEA - HAJIHUHOMY
KoandecTBy Gaktepufi. Ilia Jpamnoro suza Bampui ‘BanEmETe AH(dpe-
PEHIHAAbHOS YPaBHEHHE PasMHOXEHHS H HafiluTe ero ofiee pemeHne.

8.2, Hsmectso, uto sa ] wac. macca pajHOaKTHBHOTO BemiecTBa
yMmenbinaercs Ha 19%. Hanumute m@epeuunanbaoe ypannenne Jpacnaa
H HafiiuTe ero.ofmee pemeHEe. .

8.3. Haiiiure nepuox nojypaciiana pamoamsapro Bunec'ma. onn-

CaHHOTO B TPGBAYIMEM YNpPakHeHHH, - -

_ 8.4, B Gake naxopurest 100' & pacrsopa, copepxatiero 10 kr conn.
B 6ax co CKOpOCTbIO 3 a B Mnﬂy:ry nonaeweﬁmga B oanonpmegmco

s. ;'ﬂ

SR T
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CKOPOCTL® 2 1 B  MANYTY DacTBOp BHARBacrcss m3 Gaxa, npmem KOH-
LEATpauMsi PaCTBOpa OCTAacTCH BCE Bpems pasuomepmodl Gaarozaps mepe-
memusanmo. Crosbxo coam B Gaxe oeramercsi uepes uac?

8.5. Henoropoe semeerBo mpeofpasyeres B japyroe €o cxopocmo,.

' Jonopuuomsnoﬁ KOJIHuCeTBY eme He Npeo0pa3oBaBINErocst BeEMeECTBA.

9ac nocse Hauada npenecca ocTaBadoch. 31,4 r pemiecrsa, wepes
3ma—97 1, Cxoabrp BemecTsa ﬁmsnaane

8.6. Hafanre ypaBHenne Kpupofi, npoxonamei sepes Touxy M (0; 4),

ecam yraesoi: KO9pQHUMEHT KacaTeMEHOA B KaXNOA TOUKe KPHBOH paBeH'

OpAHHATE STOR TOUKH.

8.7. 3amegascinee gelicTREC 'rpenu HA aHCK, Bpamaolngics 8 XKa%-
KOCTH, HPOIOPNEOHAJAbHO YIIOBOW CKOPOCTH (KOSPHIEEHT mNpONOpuUHO-
HanbHOCTH pasen k). B mavanbnufi moment ppemenn §=19 yraoBas cxo-

pocTh 6msa paBHa @) Onpenennte yriesyio cxopmb B NPOHIBOALEIE
MOMEHT BpeMenH £ > 0.

8.8. Cornacuo saxony HuioToma CKOpocTb OXJaXKaeHus Tena B BO3-
JlyXe DPONOPUHOHAZHHA PA3HOETH MEXKAY TEMNEpaTypoli Tena H Temie-

parypofi Bosxyxa. 3a 20 MmEyT Temmepatype sosayxa 20°C Teno
oxnagmaocs or 100°C mo wmlznpemae BIBHCEMOCT: TEeMTEPATYPHI

7eNa OT BpeMesH. ‘lepesmxoulqﬂmnepmpam BOBHIATCS
Ao 30°C? ‘ .

§ 25. OcHOBAbiE NOHATHA M onpeleNeHHS TEOPHH
nmm)epennumnux ypasHeRHfi mepBoro nopsaaxa

Ypénﬂemm, B xoropux HEH3BECTHHIMH SIBASIOTCA ¢yHK-
UHH M B KOTOpPEIE BXOAAT HE TOALKO CaMH (YHKLUHH, HO H
HX [OPOHSBOAHHE, HAa3HIBAIOTCA Oudppepenyuaronoimu  ypas-
HeHuaMu. .

Eciu 8 ypasneane BXOAST HE3aBHCHMAd TiepEMeHHas,
HEH3BeCTRAN (yHKuHs H €€ nepBad NPOH3BOJHASA, TO 3TO
ypaBHEHHe HasbIBaeTcA Oudpeperyuarorom ypastenuem nep-
6020 nopsdxa. Ecan, Kpome TOro, B ypaBHeHHE BXOIMT Npo-
H3BOJHAs BTOPOro MOPSAKAa OT HCKOMOH (QYHKIHH, TO ypaB-
HeHHE HasuiBaercs OJueperyunavHoim ypasHeruem 6mopozo
nopadka. AHAJIOTHYHO ONpeleNsIOTCA numepenuuanbnue
YpaBHEHHS TPETHEro NOPSJKa, YeTBEPTOro NMOpsARa # T. L.
. BooGiite, nopadxom Oupdeperyuarosozo Yypasresuss HASH-
BaeTcA TOPSAOK CTapmedl NPOH3BONMHOH (HCKOMOH ¢ynxu¥m),
Bxofismed B 9TO ypasHeHHe.

- Bo muorgx npumepax (cM. DpelHIYILHH naparpa(p) ic-

KOMbe yHKUHH SBASIOTCA QyHKUHAMH Bpemenu {. B stom -

cilyyae HCKOMME (YHKUHH OGO3HauaioTca uepe3 x=x{f),
y=y({f) u T. n. B obmewm cayuae HesasncuMas nepemenHas,
Kak H. o6mmHO, OyneT 0603HauaThCs uUepe3 X, A HCKOMHE
: q;ynxunu—-qepes y=y(x), z2=2(x) U T. 0. Boamoxuu #
Apyrue oGosnaqenna
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4
B o6meu cAayaae an&daepeuunauwoe YpaBHeHHe TnepBoro
NopsIKa- MOXKHO 3anHCaTh B CJEAYiOlleM -BHAE:

F(xy: =0, . o

rie y=y(x)—HCKOMasA HeH3BecTHas dyurnes, ¥’ =y’ (x}—
ee NpOHsBOmEas MO X, 8 F-—sajannas tbynxum: mepees:-
HHX X, ¥, .-

llu(m;epeunnaxbmie ypannemm, pacamrpenme B Ope-
mnynxeu naparpa(pe, HMEIOT BEA

CToe=fng). )

Takue ypasuenna Ha3HBAIOTCH  PaSPeterHbLi omsocu-
meabHo npoussodnod.

dynkuud @ (x), xela‘ b[, masmBaerca pewenues Oug-
¢epeuquaxmoaa ypasreriua (2), ecan oHa HMeeT NPOH3BOA:
Hyi0 @°(x) na Ja; bf m ecnu pns . moGoro x€ Ja; bf cnpa-
BEAIWBO PAaBEHCTBO - . ~

¢* (x)=F(x @ (x)}

Hpyramu cnosamu, Gynkaus @ (x), x € a; b, nHasusaercs
peiueHneM nnqxpepeﬂuuanbnoro ypaBrenHsa (2), ecnm ypas-
HeHHe (2) NpH. MOACTaHOBKE ee BMeCTO y ofpailaercs B Tox{-
RecTBO MO X Ha WHTepBaJje a; b[.

AHasnoruuso onpejessercd pelleHHe Au(pcbepeuuuanhuoro
ypaBuenus- (1).

B naneuefimeM paccMaTpHABAIOTCH JMIIb YPaBHEHHS, pas-
pelleHHEe OTHOCHTENbHO NPOH3BOMHOH, T. €. YPaBHEHHS
BHAA (2), HAH YpPaBHEHHS, KOTOpHie npunom'rcﬂ K ypaxme-
HHAM BHAA (2).

3anauue ypamlemm BuAa (2) paBHOCHJABHO 3aKARMIO
Gynxuun f(x; y) nepemennnx x, y. [eomerpudecku QyHK-
Hs [ DepeMeHHHX X, ¥ — 970 QYHKUHS, OUpefiesieHHas Ha He-
KOTOPOM MHOKeCTBe G TOeK IIOCKOCTH C KOOPAHHATAMH X, Y.

asi KpHBas, Sajaiuas ypapHenueM y =g (x), x € Ja; b,
rge qp(x)—uexo'ropoe peuiegue ypapueuus (2), HasuBaercs
utmezparvHod  Kpusold MWPenuﬂamom ypaBgenus (2).

Hs sroro onpefeaenus ceefiyfer, 4r0 HATErpaabHas KpH-
Bas ypaBHEHHA (2) NOABOCTMG ACKHT B o6hactu (G, B KOTO-
poit onpenentua dyukuus f, m wro HHTErpanAbHas KpHBas B
Kaxzol csoed vouke M (x; y) HMeeT KacareAbHYIO, ymm
xoacpem;&ueur xompoﬁ pabes saaqeﬂmo @yuxwm fB
TOUKE
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3a%aua HaXOXKACHHS pelleHns ypaBHeHHA (2), ynonae’r-
BOPSIOfIIEro yCJIOBHIO

Y=t e

rie X,, Y,—3ajaHHBHIe UHCJIA, HaswmiBaetcs sadawed. Kow.
YenoBhe (3) HasHIBAaeTCS HAYAAbHOBIM Ycroguem, Pemenne
ypaBHenus (2), yIoBjeTBOpsiiollee HAaYaILHOMY YCJIOBHIO (3),
HasuiBaeTcsl peweruem sadauu -Kaww (2), (3).

Pemwenue sagaun- Komu wuMeer mpocToi: reoMeTpHIeCKHH
cMHICA. JIefiCTBHTENBHO, COTJIACHO AAHHEM ~ ONPEREICHHAM,
pemnth 3agasy Komu (2), (3) osHauaer HafiTH HHTErpafb-
HYI0O KPHBYIO ypaBHeHHs (2), KoTopas MNpPOXOIHT qepes sa-
xaupyio TOuKY M (%y; 4o).

eTHM $e3 JOKasaTE€NbLCTBa, ‘910 ecaH (bymmuﬂ fx; Yy -
YZOBJIETBOPSAET HEKOTOPHIM ;JJOCTaTOYHO OOMMM YCJIOBHSIM, TO
- .gepes Kaxiylo TOUKy obnactd G, B> KOTOpOH ompefiesena
¢ynxiusi f,. OPOXOIMT eIMHCTBEHHas WHTErpaabHas KpHBas
ypaBHenus (2). Takum ofpasom, sto’ auddepeHnuanpHOE
ypaBHEHHEe HMeeT GECUHCJIeHHOE MHOMECTBO pelleHHH.

PactMmorpenHbie NpHMEPH! -MOKa3kHBAIOT, YTO MHOXECTBO
BCex (MJH MOYTH BCeX) peIleHHH And;d)epeuuuam:noro ypaB-
HEHHT sajiaercsl ¢opmyJion .

Y=0(x; C). . “)
rae C—npoaaso.nbnax noc'romman. -
dynkuus (4), KoTopas TIpH KaXK/OM qucaposaﬂnom
- gHayeHun C Kak QYHKUMS OT X SIBJISETCS pelleHHeM Yypas-
Heuust (2), HaswiBaCTCA OGWuUM pewenuer ypasnenus (2).
. Kaxnoe pemenne ypasnenus (2), KoTopoe mnoJjyuaercs
U8 obuwero pemenusi (4) npH KOHKPETHOM 3HaYEHHH TIOCTOSH- =
Holt C, HasmBaercs ‘warmmubim pewenuem. Tlocrosunas C Ha-
SHIBACTCSH. NOCMOAHNOL ' URME2PUPOBAHUR, . :
ng;aem noceAinee aametxaaae OTHOCHTEJIBHO ypaaaetmﬁ.
BHJ3 ‘
YMHOXHB 06e - gaciH - ypamrenua (2) na .nnq;(pepeunuan ,
Heaaaucumoﬁ nepemeanoﬁ dx, HONYYHM YypaBHEHHE, COAep-
xKaniee Judbepernaaibl: - SN S

y=fmoe G

Ypanneaue (5) Takke HasmBaercs nﬂdld)epeanna.uwbm ypaB-
"HEeHHeM uepBoro‘nopsmxa. W3 onpenenenus . auddepennnana
c.nenYe'r, g10 * ypasuense - () - palmocmlbao ypasHeHHO (2).
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Ynpaxmenns B T Y )
8.9. SlBasotcs JH caeayiomue (yHKIHH: Potete e oL

a) y=sinx—1; L L,

) y=e-sinzx; _ - _

B) g=sinx ’ LT SR S . ¢
peWeRHAMA YPaBHEHHA . . e

1! +ycosx=—sm2x?. &'“_ “
8 10, SIBasiotcs aB tbymmnn . o ’ ‘

. . X
a) g= Y 1—x% Lo P NG P S
6) gm—VT1—2% aeo CohEHL e ]

B) g= Y C—x? (C—npoussommaa noaoxn‘rem»naa noc'roannaa)
peleHHAMB ypannenn

C O adgdg=0 T T

8 ll Hammwe suauemm a, npn xo‘ropux saxannan q)ynmm nn-
JNSIeTCA pemenneM ypannexmn ' )

&) y= e°‘”+-—e*. y’+2y==e~x e

& y=01—2, g, "‘”, S m ATk

B) =15, 2% + 2egf—6y=0.

8.12, Ilpm Kakux snaqennax Anrna tbynmma y=A cosax 6yner

pemennen ypaBHenHa g =y tg x?

§ 26 Ypasnemm c pasne.nmommcn nepemennuml

1. Onpene.nenu’n H npumepu. J.Impqaepeaunanbuue ypaB- I

HeHHS BHAA

rae f(x) n g(y)—sanaunue dynkumH, naaunamcz ypaane-
HURMI.C DASOEARIOUUMUCR NEPEMEHHbIMK. -. * -

OueBHIHO, 9TO €CJH YHCJO a amnercn pemenneu ypas- -
HeHHs g(y)=0, T0 dynkuns y=a. (noc'roannia) ABJAErCS -
pemendem ypasHemus (1), - g

Has rex y, ans Koropux g(y)+0, ypa.suexme (1) panv
HOCH/ILHO YPaBHEHHIO -

=i - @

y=i@ew, -

rae p(y)=ﬁ)- B sToM ‘ypaBuenun ‘epeMénnas y npucy'r- .
CTBYeT JHIb B J€BOA- “9acTH, anepeuenuaa X—JHIL B Opa-

ar.

-

-



Bofi uactu. [1o3TOMY BMECTO CAGB «mepeifiieM OT YpaBHeHH:
(1) x ypasHeunio (2)» uacro TOBOPAT ¢B'ypPaBHeHHH (1) pas-
NeJHM TepeMeHHbIEY,

B audpepenunanax ypasuenue (2) umeer Bui-

p(y)dy=f(x)dx. (3)

3nech caeBa crout audppepenuHan Hekoropoit dyrkuun P (g),
saBHCsuIeH or Yy, a cnpaaa—mqmepennnan ¢ynxmm F(x),
3aBucdllel or x. -

I'lpouﬂ'rerpuponaa 06e qJacTH ypanneﬂm (2) Ao x, mo-
JyYUM.

PO=F®+C, - @

rie C—npousBosbHasi nocrosHHas. CleXOBaTeAbHO, €CHAH
Iupdepenuupyeman dynkuus y=¢(x), x€ la; o[, asasercs
pellleHHeM ypaBHeHHS (2), TO OHa ABJsercs petlieHHeM ypas-
HeHHs (4) MPH HEKOTOpOM sHaueHHH nocrosHHok C, T. e.

P(p(x)=F(x)+C ()

aas_amoboro x € la; of. H naoﬁoporr, ecan nﬂ@(bepeﬂunpye-
.- Masi  YHKUHS y=o¢(x), x€la;b[, spasercs pemenuem
ypaBHeHHs (4), TO OHA fIBJISIETCH pellieHHeM uugxpepeuuna.nb-
HOTO YpaBHEHHS (2) Heficrpurenbro, puddpepeHurpys no x
o6Ge uyacTH paseHcTsa (5), nenyuaem

p(9(x)) 9’ (x)=Ff(x),

a s1o 1 O3Hauaer, 4To QYHKUHA- ¢ (X) yn.oa.nemopﬂer 'ypas-
© HeRHIO (2).

Takum o6pa30M, JioGoe pemenHe AHpdepeHiiHaNLHOrO
ypaBHeHHS (2) ;loJydaercs us ¢dopmyant (4). B atom cuayuvae
GyneM TroBOPHTH, 4TO q)opuyna “) 3aaaem oéu;ee pewietiue
ypasrernusn (2).

Bee pemen ypanxeﬂml (2) ABASIOTCH M PeLICHHNMH
ypasuenns (1); Apyrax pemennii B o6ractH, rae g(y)==0,
- ypabnenue (1) me mmeer. Ecan ¢ymruus g(y) oGpamaercs
B HyJb, TO ypaBHeHue (1) uMeer, Kpome TOro, pemeHus
BHZA y=a, TA€ WHCJO G TaKOBO, 4T0 g(ay=0.

l'Ippmep 1. HaiiTH Bce pewieHus ypaBHeHHs

=14y (6)

Pe‘,meﬂne. YpaBHenue 1(6) ABASETCH ypaBHEHHEM ¢
pasfenmomuMnca nepemennbiMd. Obe qas'm ypasnenrs (6)
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paspenaM Ha 14-4° u npomTErpHpyeM RO X ofie. 4acTH
NOJIY4eHHOIo YPaBHEHHS .

- yer ol m
Tak Kak neBas 4acTb ypasHemus (7) sBasiercs NpOH3BOJl-
HO#l MO X OT (yHKUHH arctg y, Fae y= y(x), T0 DOCAE HH-
TErpHPOBAHHA TOAYYHM

arclg y=x+C,

’

rie C—nDpousBosibHasi nocrosiHHasg, Orcioaa cJenyer, 4ro
y=1tg (x+C).

Sro H ecTh obmee pemerue ypaBHenus (6). Ipyrux peme-
muft ypaBHenne (6) ne umeer. Cxema pacnosoxeHns CooTBeT-
CTBYIOIIHX HHTETPafbHHX KpH- .
BHIX H306paxkena Ha pwuc. 42, 44
Bce onH mosmywalTcst H3 KpH-
Bofi y=tg X CABMTOM BJIEBO
HJAH BrpaBo no aeH Ox. .
Tipamep 2. Halitm Bce
pelleHHsT ypaBHEeHHsl

210
=2V (8) 4
Pemenue, YpaBHemue . /
(8) sBaserca ypaBHeHHEM G-
pase/IAIONUMACS TepeMeHHbl Prc. 42,
Mi. OYeBHAHO, 9TO (YHKUHSA Hes
y=0 sBIsAETCS ero PElIeHHEM.
TMyers Temeps y > 0. B mndrpepenunanax ypasrenue (8)
HMeeT BHJ

)

*
\Nlﬁ .
PREEPER,-.. S M Epy P pup——

o ot

noja

——— —————

dy==2ny"dx. i
Paanenus nepeMerHbie B .STOM YpABHERHHI,

=dx,

2 V‘y
H nponmerpnponaa, nonquu

V—=X+Gt

rie {C— NpOH3BOAbLHAA NOCTOSHHAR. Omolla caenye‘r, a0
y={(x+C), npruem x4+C>=0. . -

. _ : e

e 7



we . Takum oﬁpaaou TPH KaHIOM Q)uxcnposannou aHaveHHH
noc'roxnﬂoﬁ (pyﬂxnna .

e =g Cp T XS =C,

,
snmxe'rca pellIeHHEeM . ypaBHeHHS (8) Hpyrux pemexmﬁ 310
ypanneﬂne B MOJIYIVIOCKOCTH y >0 He HMeer.

CxeMa pacnosOXeHHS AHTErDANLHEIX KPHBHX ypaBHEHHS

‘ (8) nsoﬁpax(ena Ha puc 43.. B moaymnockocts y >0 Kax-

"' Xasn WHTerpanbHas KPHBas NO-
Jiydaercsi U3 BeTBH NapaGoJst

y=x” x>o’

CIBHFOM BJIEBO MJH BNpPaBo
no och Qx. Hpamasa Ox Tak-
e sBJAsieTcs . MHTerpajipHOR
- KpHBOH. ’
. ‘ Prc. 43 2. Ilpanmlo HAXOXACHUS
obmero pemenys. JIasa Haxox-
nemm odmero pemeana nnm)epenuuanbnoro ypaBHeHHs
C pasfe/isIOLUBMHCS NEePeMEHHEIMH CJIENYET:
1) paszenuth nepeMeHHne, T.e, npeoﬁpasoaa'rb JlaHHOe -

- YPaBHEHHe K BHAY )
o p(y)‘dy=f(x)dx; o.M

2) npouHTerpupoBats obe !iacm TOJIyYeHHOTO YpaBHEHHSA
MO0 Yy MU X COOTBETCTBEHHO, T.€. HAHTH HEKOTOpYI0 NepBoos-
.pasuyio P (y) dyskuuu p(y) Hexorropyxo nepsoo6pa3nyxo .
F (x) dynruug. f(x);

. ) Hanucarh ypaBHeHne )

et Py=F()+C, (2

rae. C— nponsno.nbnaa TIOCTOSIHHA.
"Pemns ypasuene (2) ormocmenbno Y, no.nytmu obuiee
peleHue .unqxpepeﬂunanbnoro ypaBHenns (1):_

y=o(x; C), -

_ KOTOpOe HaSHBaE’I'CK TaKxKe 0OL4UM- pemenum dannoeo ypas-
HeHus,

3ameruM, utO XaHHoe YDaBHeHHEe MOXKeT HMeTb M Apyrue
pemenna Hanpnmep, ypaBHeHHe

y=fxew, S @)

y Kotoporo g(y) ofpamaercss § Hy/b B:TOUKE Y, HMeeT
pemeﬂue Y=y, 310 pémeuue MOXeT He.BXOAHTb B oOiuee
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pelleHHe, -T.€. OHO He MONYMAeTCH: W3 OOLIero pEmieHus HH
TpH -KaKOM 3HaueHHH NocrosiHoOl C.-TlosreMy, urobm yka-
3aTh BCe peEIIeHHS ypasaeﬂuq .(3), Hamo’ Haifrm eime Bce
pelleHns ypasfenus g (y)=0.

~Tpumep L. Pemmb ypasnenue

¥ = ()

‘- PemweHnHe. Dro ypaBHemHe SBAAETCH ypaBHeHHeM -
pasfiesIOMKUMHCS NepeMeHHBIMA. PasjiesyB NepeMeHHbie:

-
Y xdx,
H npouHTerpnponaB, no.nyth
lnly"=—x{+cio -

" rae Cy— npow3BobHAs uoeronnnaﬂ. Orciona crenyer, uro

-

|y|=e°‘:e .
HIIH , N ’ T (5) -
y=Ce?x.s

rie C==-_-]: e, .
[MpaBas uacts ypaBHeme (4) obpamaercst B Hy/Jb 0OpH
y=0, nostomy OHO uMeerT pemenHe y==0. D10 pemeHue
nonyuaercs u3 (5) mpu C=0. TakuMm oGpasom, ¢opmy.aa
(5), rme C— nponsBoabHAA noCToAHHAs, 8aNaeT BCE pelleHHs
ypaBHeRHs (4). .
INpumep 2. Haitrn Bce peureana m@@epenunanbﬁdro

ypaBHeHHSA
i =xy’ T

.Pemenne, Oqeanm;o, ar0 y=0 spasercs pellieHHeM
AaHHOTO ypabHexus, Tlycts Teneps y=~0. Toraa -

S =xdt" ~

H, CJelOBaTelbHO, - ' .- '
L r R —_g_‘xﬁ. C‘ et - )

BT *C -~ grr e



Takum oGpasom, ofmee pemenHe AaHHOTO ypaaﬂemm
AMeeT BHA .

. ~ y=h}z—-’:—é,

rfie C—npoH3BO/NbHAA MOCTOSIHHAsl; BaMeTHM, UTO peLleHHS
y==0 ne nojyuaercsi M3 OOGILIErO pellieHHs - HU NPH KaKoM
SHAaYeHHH NOCTOAHHOA C. :

IMMpumep 3. Pemurs mqnpepennuanbﬂoe ypaBHeHHE

y [— -E- .
Pemenne, Paspenus nepemennser
Y dy =~ xdx,

u nponmerpuposas, NoAyIHM
yﬁ+ x!
Ouesuano, 9to sgech C > 0. Honoxnm C=R:,

. l'Io.nyquHoe ypaBHerHe  SBASETCH - yDABHEHHEM OKpYXK-
| Hoctu pamuyca R o uentpom B Touke (0; 0). Ono-mpu kax-

g IoM puxcuposanuoM R > 0 ompe-

=4 s ,g~ Aehser JABe AuddepeHuHpyeMbe

2 2

— .z-t-y"-l?, i , q)yﬂxuuﬂ

y= :!:VR’—'&’:
‘ xG]—R: R[’ : -

| KOTOpHE H SBJAAIOTCH pelieHd .
MH JaHHOTO ypaBHeaHs. [pyrux
peilieHH# 9TO YpaBHEHHE He HMeeT.

Hurerpanbupivu KPHBHINE
AaHHOFO YDaBHEHHS ABJAAIOTCS
 MIOJTYOKPYKHOCTH,  PAclIOIOKeH--

Bhe B HHXHedl. H BepXHell OTKPHTHX NOJYNAGCKOCTAX .

.(puc. 44).

3ameuanne. YpaBHeHHe, paccMOTpeHHOe B NpHMepe 3,

B nn(b(pepeﬂuuanax HMeeT BHA

Y dx+xdx=0
B Takoi#i 3anucu NepEMEHHBIE ¥ H Y ABJAAIOTCA pPaBHONPaB-

HEIMH: MOXHO CYHTAaTh Y- QYMKUHEH OT -X, a MOXHO M Ha-
o6opor. [losToMy HHOTZa rOBOPAT, 4TO nurerpaabﬂmm KpH-
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BbIMH STOTO  YDABHEHHS ABJAIOTCS OKPYKHOCTH C HEHTPOM
B Hauaje KoomeHaT
Mpumep 4. Pemmb ypaBHenue

xycosx cosx - 6
: V=5 I4¢ ° ‘ -6
Pemenne. OueBuIHe, 9T0 NOLTOSHHAT QYHKUHS
y=0 sABJsieTCH pelIeHHeM.
Iycre Temeps y 0. Paznenum nepeuennue.

(l +—) dy=xcosxdx.

IIpounTErpHpPOBAB. JEBYIO qacTh sTOoro ypasHenHs o 4, a
npaBylo N0 X, NOJYYHM YypaBHEHHE

y+injy|=xsinx+4-cosx+C, )

rze C— NpoH3BO/ILHAA MOCTORHHAR.

UYro6n HafiTH ofiee pemieHHe ypaBHeHHs (6) H‘)*)KHO
pemnTs ypaBHenue (7) oTHecHTeNbHO y. K coxanenuio; 5TO
cleJIaTh HEBOSMOXKHO, TaK KaK pellefiHs  He BHLIPaXaloTCs .
yepe3 sJeMEHTapHHE qaym{um[ ‘OnHake 3ajaua HaXxOXACHHS
obinero pemenns AHddepeHUNaALHOTO ypaBHEHHs CBeleHa
K pEWleHHIO YDABHEHHs, HE COAEPXKAIIEro MpPOH3BOAHBIX.
B aroM cayuae GyneM roBOpHTb, UTO ofuiee peiueHHe ypas-
Henna (6) onpefienserca dopmyaoii (7). Kpusue, koopau-
HATH TOYEK KOTODHIX YAOBJETBOPAIOT ypaBHeHWO (7), OpH
HEKOTOPOM 3HaYeHHH HOCTOsHHOH C GYAYT HHTerpalbHbIMH
KPHBLIMH  yDaBHEHU: (6). Ilpamas y=0 Takxe OyAer HH-
TerpasbHOH KpHBOiH ypaBHeHHs (6).

A}

YnpaxHeHus !

8.13. Pemmure ypasuenus:

a) Y =x-}sinx; o

6) y=ev—1; :
8) ¢ -zi:; -

P Vi—x2yg +x9=0; )

1) (sinx)g'=glny; B f . S
e) Y =exty;

x) y sinxdx+-cos xdg=0;
»éa+m@—%u+ﬂa=m .

#) (14-x) dy=2g dx; :

K) xydt+(x+l)dy=0

a) (144%) dx—x dg=0,
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8§ =4x.Vy—T;

. . 814, Hatgure oce pemefns ypasmemmds:.
u‘:sx;-..vwﬁv-y;’;i. ST :
o O LV T

BN e
\'10 dvvxy(vé—z)ax-ro- S o -
) Visin’m-l-dyso. SR - :
~:"3J5 -Hafigare pemene: maqs Koum: -- .- S

T ) =, x(zj-.s, S

B) x’=‘((ll+t’), x (V_)a__

8.168. Hafinare unmrpmnue xpunue ypanaennn, npoxo;mmae gepes
sazlannym 'quy M:

-~

9 ,,'nl 1) My 1), 2) M(1; O)
) a—r‘—“x—xﬂdgao M(V— )

8.11. Hamm BCE KpHBHE, oliafalomue CBOCTBOM: eC/H gepes
moGyio. TOUKY KpHBO#i NPOBECTH HpsAMEe, MapajiebHEe OCAM KOODAHHAT;
Nl0_niepeceyeHHs] © OCAMH- KOODAHHAT, TO KpABasd PasfeNHT [OAYYCHHHIA
NpAIMOYroAbHEK Ha fige QHTYPH, IJIOmMAgH KOTODHX OTHOCATCS Kak 1:2,

8.18. CropotTb Tesa MpoflOPIHOHAJNbHA NMPONJEHHOMY NyTH. 3a mep-
suie 10 cexynn Teso mpoxoaut 100 Merpos; sa 15 oexynn—200 METpOB.
Kaxkoft nyT> mpofiner Teso.sa BpeMs £? :

8.19. Haiinure pannemm BHTErpaJbHHX xpanux, npoxozulm qepes
8aJJaHHYIO TOUKY

"0 Qe gy =, MO O , o
By l—?.dx,-*—y’l”l-—k?dp:.-o, M@©; 1. K

4
e Y '
{ . .
RRBBFEEE . 5 SRR, S, e N o .ot s imbion SIS

‘§ 27. Nunehnue p.mbd:epennumnue ypanneunu
- TMepBOro MopsnKa _

. 06|ne& pemenne’ .mmeﬁnoro ypamemm nepnoro no-
paaka. Ilnq)q)epenunanwue ypaBHeHHs Bnna o
.. F=fDgteln) -

HagHBAIOTCSA auueduuuu auwepenuuaabﬂuuu ypasueﬂumm ‘
nepcoeo nopsdxa.

Ecm’ g(x)==0, 10 smunefinoe md)d)epennnanbnoe ypas-
Hemle (l) nasmsae'rca oauopoam OHo mMeer BHA =
_ < y==f(x)y‘ R ¢



VpaBrenne (Z) sBASETCS YpaBHEHHEM C paéneirmomu-
MHCS TepeMeHHbHIMH. B mpeawinymem naparpade 6buio ‘no-

Ka3aHO, UTO ‘BCE pelleHU% 3TOrO ypaBHeHna sajaiores ‘Gop-

MyJ0H

y=Ce ®, @

rne F (x)— nexkoropas- nepBooGpasHasi pyukuuu f(x), a C—
npou3BOJIbHAs MocTosiHHas. B wacTHocTH, ecaH GyHKuHA
f(x) mocrosHnas, Hanpumep, fy(x)==%k ana moGoro x, TO
ypaBHeHHE ' :

. yt=Fky

uMeer ofulee pemeHse -

’ y-.-_-Ce’”‘

Ecan f(x)=0, T0 ypaauerme'(l) npuaumae'r BHI
y'=gx).

Kark u3BeCTHO, OOIMM pellleHHeM STOTO YpaBHEHHsA Oyner:

y=0G (x)+C,

rae G (x)— nexoropas nepsoobpasHas- ¢yHkuuu g(x), a

C —npou3Bo/bHas ~ MOCTOSIHHAA (NOCTOSHHAas — HMHTETPHpO-

BaHU#). .
Teopema. Ecau  y=o¢(x)— HeKomopoe — peulenue

ypasrerus (1), ma ace peuzeuuz 8Mozo YpasHerus 3a0aromcs

popmyaodt

y=Ce"""+q>(x), e S

rae Cef @ — o0ujee pewierue oaﬂopoaﬂoeo ypasneuun {2).

INokasarteabcTBo. [Ipexkne Bcero mnposepuM, 9TO .

npu Jo60oM sHadenuu nocrosuHofi C dyHKIHsA (4) ABJS€TCA
pewenneM ypasHenns (1). JleAcTBHTENBHO,

y=Ce"F (x) + o' (x) = Ce"""f(x)+f(x)¢(x)+g(&)—

=f(x)(Ce" P+ ¢'(x)) +g(¥)=F(x)y+g(x).

I'chrb Teneps - P (X) — HEKOTOpOEe peLleHHe ypanaeaua (1).
IMokaxkeM, uTO HYHKIHS Yy = 1p(x) — @ (x) ABAAETCA pelweHueM
olmoponnoro ypaBHenusa (2): .

(V) ¢’ (x)= f(x)\l?(x)-l-g(x) —f(x)o(x)—gx)=
- =f (x)(&p(x) —@(R)={(x)y.

8  Aare6pa, u. 2 ’ . ) 225

-

§ s v



TosTomMy cymecTByer mocTosHHas C Takas, wio
$(x)— @ (x)=Ce™™,
H, CleJOBATEJbHO, ¢ p
, b(x)=Ce" 4 (x).
Takum o6pasoM, Jio6oe peweHue ypasuenus (1) . mosy-
" qaercs no ¢opmyne (4) npr HEKOTOPOM SHAYEHHH MOCTOSIH-
ROA
. Teopema JOKasana. .
M3 nokasanHOl TeopeMH CJ€AyeT, UTO N/ HAXOXKACHHA
o6l1ero pelieHus ypaBHeHHs (1) nocrarouno HalTH XOTs 6B
OJIHO €ro 4acCTHOe pelleHHe.
- Ins JuHeAHOro ypaBHeHHS BHJa .
y*=ky+b, S ()
rie k B b—mreroroprie unHchia H k=40, wacrmoe pemeHHe
JerKo Haxomutca. KM Oyaer, KaK JErko OpoBepHTBb, AOCTO-
AHHasA QYHKUHSA y=—:. [losTomy ofmee pewenne ypas-
‘Henns (5) HMeeT BHA

IMpumep 1. Pemnrs yp"aéﬁgﬁne

PemeHue. ¥ sroro ypaBHeHHsl Re=—2, b=—3,

CrienoBaTesbHO, OGinee peinenne onpejenserca $HopMyJon
i y=Ces=_32,

rzxe C-—nponsaonmaa NOCTOSTHHAS.
[Tpumep 2, Haﬁ‘m ofimee- pelHenHe mc}xpepeﬂunanb-‘
HOFO ypaBHEHHS

Pemerne. lloaGopov maxomnm, wro ¢ymrnna y=4

" WIBAICTCA peilleHAeM JAAHROFC JIHHEAROrC HEONHOPORHOTO

.ypaBuenusi. Hafiiem Temephb ofimee peleHRe  COOTBETCTBY-
IOIEF0 OJHOPOLHOre ypaBHemis:

¥ 4xy=0.
26 _




Mo dopuyne (4) nmoayuaem, 970 oGimee pemIeHHe 3STOrO
YpaBHEHHA HMEET BHS
' g
y=Ce 2 * . . - '
Ilo nokasanHoit Teopeme ofiuee pelleHHe AAHHOTO JHHEi
HOTO HEeOJHOPOJHOrO YPaBHEHHA 3a4aercsi (GopMyAoH
. -l
y=Ce 2 * 44,
rle ‘C —npon3Bo/ibHAsL NOCTOSIHHAS.
.2, MeTop BapHalUMH NOCTOSHHOH. YKaKeM MeTo], OThicKa-
HHSl YaCTHOTO PEIIeHHS HEONHOPOAHOrO ypaBHEHHs ,

: v'=I®y+e- oy
I'lych'

y=Cef® B @

aBJseTcs 06111HM\ pemermem JIHHEHHOTO OXHOPOXHOIO YpaB-
HeHHs

T y=fWy . SRR

TOTZA HacTHOE pellileHHe HEOJHOPOJHOrO ypaBHEHHS (l) 6y11eM
HCKaTb B CJEAYIOLIeM BHJE:

y=u(x)e>, B 4

rie u (x)—mnenspectHass Qynkuns. Iloxcrasus qjymmmo (4)
B ypaBHenHe (1), nonyyum
. , u'ef +-ueff = fue” +g T
. -~ . .
. W, OKOHYaTeJbHO, i

w=g(x) e"""

CnenoBatennro, GYyHKIHS u(X) sBAsSETCA Hexo*ropoﬁ uepBo-
obpasrofi a1 QyHKIEH g (x)e P, ¢

Takum 06pasoM, 9TOGH! -HAiTH YaCTHOE peLieswe neo;mo-\
ponsoro ypasnemms (1), mafo B ofmem pemenun (2) coor-
BETCTBYIOIIETo ORHOPOZHOro ypasHewws (3) mocrosmayio C
3aMEHHTb HEKOTOPOA nepBooGpasHo Ais dyHKNuH g (x)e" &,

310 MeTOj HAXOXKACHHS YaCTHOIO pemIeHHs Ha3uBaercs
Memodom 3apuauuu NOCMOAHHOM.

IIpumep 1. Pemmth ypaBHeHme -

Y ¥ wy=sinx. o (B)
8* ) , ) 227



) Pemeﬂ we. Ias sToro yPaBHEHHs] 4acTHOe peLieHHe
HafiTH non60p0M He ynaercs. Haiinem ero Me'ronom Bapuaunu .
MOCTOSIHHOM.
Tak kak ofuee pemeHHe cooTBeTCTBylomero onﬂopo,unoro
YPaBHEHHsl HMeeT BHL
- . 1,

y=Ce 17, S0

TO YaCTHOe pellleHHe Heo,zmoponnoro ypaBHean ciaenyer
HUCKaTh B c.nezlymmem Bldlle. . . .
s -
- -
y=u(x)e 2, - -

rae u (x)— HeuwsBecTHasi yHKLHS. HOJICTaBHB B ypaBHeHne
HOJIYYHM - ) -
- _l;.xﬁ
o - u =sinx-e¥

Orciona Haxoaum
- ¥ 1 -
P -
u(x)=Se2 -sint dt. .
Xy . )
CrenoBaTenbHO, 9aCTHOE pellleHHe ypaBHeHHs (5) uMeer
BHIL . ) MR

_l.x! x .}_ il
e *? Se’ sinf dt,
a ofuiee pelLleHHe, COrJIacHO 'reopeme o1, wpamaerca ¢op-
My.noﬁ ! -
. “las Lla¥ 1, :
A y=Ce¢ * -fe¢ * S e? sintdt, (6)

- T X -

-

rze C—-npousnonbuaa nocTommaa, a* X, HeKOTOpoe qm-
KCHDOBAaHHOE YHCJIO.-
Mpumep* 2. Hafirw qac-moe pemexme ypaBHenus (5),
' KOTOpOe YHAOBJIETBOpsieT yc/oBHIO y(0y=1. .
Pewenue. Jlna ymo6erBa modoxum x,=0 B ¢op-
myne (6). Torma obmee pewenne ypaBneHuﬂ (5) umeer Bun
‘ ’ -...l- X3 -

! . X = ¢ .
y=Ce * e ’x\Se’ sint dt.,
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Us yenoBus y(0)=1 Haxogum C=1, nba'romy_pewe-
HHeM TIOCTAaB/ISHHOA 3ajau 6yner -

-Tl'x. xl A X,
y=e e * Se
0 .

LIPS
at

sint dt.

- Ynpaxuenns
8.20. Pemmnrte ypaBHeHHS:
> a) x'=—-2t—x-—]-t?;
6) x' =2t—2tx; ) . : .
B) X +xtgt=cott, : - » .
1) &' =2k+(t—) e .
L 0) t(t3—|-l)x'+(2t3-l)x6—x”—-}2-

8.21. Halifute pemenne, yIOSJeTBODAIONEE HAYAILHOMY yeaosiio
a) (9—t“‘)x'+tx--9 x(3)=38; .

6) ¥ —xtgt= osi’ x(0)=0;

s) x —-xsmt+2 sin2f, x(0)=1;
1)’ ¢+ de= Qe+ @E+1Y at, x(oj 2,

8.22. Snem‘pnqecxaa HeNb COCTOMT H3 TOC/AENOBATENbHO BKJIOYEH-
HHX HCTOYHHKA NOCTOSIHHOIO TOKa, JAlOWero Hanpsikenwe V, conporus-
JeHRa ‘R, camounAykuud L w BHKJIOYaTeNsl, KOTOPHI BKJIOYZETCA NPH
t=0. Hailnure 3aBHCHMOCTb CHJILI TOKa OT BPEMeHH,

8.23. DnexTpHueCKasi Hellb COCTOMT U3 MOCAENOBATENbHO BKJIQUEHHHIX
HCTOYHHKA TOKa, HaNPAXKeHHe KOTOPOTro MeHsieTcsl no sakony E=V sinf,
CONPOTHBJICHHS ‘Rn camounpykunu L, Haiinure cuny TOka B LenH mpu
. yCTaHOBHBILEMCH -PEeXHME, - -

Al

§ 28. Mpumepn Jmtbd)epeauuanbuux ypanueunﬁ
' BTOPOro nopsaka

.1, YpasHeHHe ABHKEHHS 'ro-nm. PacemorpuM _ABrKenHe
* toukH P ¢ maccoit m no npsamoit ! non zleﬁc'rauem cunul F.
Ias sroro Ha ! BhiGepeM He: ; .
KOTOpYIo To9ky O M HeKoro- o i
POe Hampaiehue, Hanpuuep o -z() z
cnepa hanpaBo (puc.' 45). Pr, 4.
Toraa .nonoxeHue TQUKM P.
Ha npsamMoi [ B MOMEHT tpemean t xapax’repnsye'rca KO- -
opAMHaTOH X=X (f). .

Kax = usBecTHO, WepBas .npousBofHass x' (f) sBaAsercs
CKOpOoCThlo TOYKH P, a Bropas npoussopHas x"{¢)—ycko-




peHueM Toukn P B MomeHnT BpeMenn {. IlostoMy B cuay

BTOpOro” sakoHa HpioToHa chmpaBejIHBO cileflyioliee ypaB- .

HEHHeEe: .
mx" () =F, . - ()

KOTOpoe HasblBaeTCs ypasHenuem OsusceHus mouxu P.

B ofmem cayusae cuaa F B ypaBHenuu (1) Moxer 3aBu-
CeTb OT BpeMeHH f, OT INOJOXEHHSI TOYKH X H OT CKOPOCTH
x'(t), 1.e. B oémeM caydae ypaBHehue (1) uMeer BHJA

mx"=F (t; x; x'), - (2)

rie F—sagannas GyHKUMSA TepeMeHHBIX £, X, x’.

Tak kak ypaBHeHHE (2) COZEpKHT NPOHM3BOAHYIO BTO-
poro mopsjxa, TO OHO Ha3hBaeTcs autp(pepenuuanm ypas-
HeHuem 6mopozo nopsdxa.

Oyukunsa @ (¢), ¢ € Ja; b[, HaswBaercs peuierten ypag-
Henus (2), eC/IH OHAa HMMeeT NPOHM3BOAHEHIE q) t) u ¢ (fy na
HHTepBane Ja; b[ u ecan 1!..'1;1 JoGoro ¢ € Ja; b cnpasensnso
PaBeHCTBO

my" ((y="F (t; o (t); ¢’ (f)),

T.€. €C/IM YypaBHeHHe obpailaeTcss B TOXAECTBO MO ¢ NpH
noxcraHoBke @ (f) BMECTO X.

Kak usBecTHO H3 (H3HKH, Al ONHO3HAYHOrO' OMHCAHHA
IBHXEHHS TOYKH, KPOME YDAaBHEHHS JBHXKEHHS, HeOOXOLUMO
3aJaTh NOJIOXKEHHE H CKOpOCTb, TOUKH B HeKOTOprPI MOMEHT
BpeMeHH f,:

Lo x(t, )=xo).x' (to)=vo- ' ' (3)

Ycnopua (3) HasBLIBAIOTCH HAYAALHOIMU  YCAOBUAMU WK
ycaosusamu Koww, a 3ajada OTHICKAHHS DeIIEHHS YpaBHe-

HHA (2), yNOBJIETBOPSAIOMETO HAYaJbHLIM YCJOBHAM (3), Ha-

sniBaercsi 3@daued Koww. IlokasniBaercs, 4TO LISl WMPOKOro
KJacca ypasHeHHH (2) 3ajnaya Kown HMeeT eIMHCTBEHHOE

pelénue.
2. JIBUXeHHE TOYKH. NOA HeACTBHEM NOCTOSHHON CHIbI.

Paccmotpum cHauasa cayuait, koraa cmaa F He MeHsercs
B npouecce JBHXXEHHs TOYKH P,>T.e. Korma cuaa F mocro-
anHas. Torxa ypasHenue NBHMEHWS HMEeT BHJ

X'=a, E 1)
rIe a=% Us _ypaBHeHHA (1) .c.nenye'r 9T0 CKOPOCTb U=x’
230 L
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YZOBJICTBOPSET JH(GEPEHIHANLHOMY —YPAaBHEHHIO - NepBOro
nopsiaka

v'e=a: ;- (2

Kak HsBecTHO H3 'reopun Heonpe.ue.ueunux HHTErpaJnos,
topmyaa
“v=at+Cy,

rie Ci—HPOHSBOJ'leaﬂ l'lOCTOﬁHHaﬂ, 3aj1aeT BCe pemexma

ypaBHenusi (2). CiefoBaTe/qbHO, pelUeHHEe YPaBHEHHs BTO- -

poro nopsifika (1) cBORMTCS K pelleHHIO AHb(epeHIHANLHOrO
ypaBHEeHHsl NepBOro nopsjka

x' =at+Cy. " (3)
Hurerpuposanuem mo ¢ mosydaeMm
, x=—2l,-at§-]lC1t+C,, (4)

rae C,—npon3Bo/bHAsA NOCTOSIHHAS.

Taxuu o6pasoM, ¢opMmyna (4) COIEPXHT BCe peleHHs
ypaBHenus (1), ¥ mosToMy OHa HAasHIBaeTCs 06wjum peule-
Huem ypasHerus (1).

OGmee pewenne IuddepeHuuaIbHOro, ypasHenus (1)
BTOPOTO NOpSJKA COZEPIKUT ABE NPOH3BOJbHLIE NOCTOSHHEE
C; u C,. Tlpy KaXAHX KOHKPETHHIX 3HAYEHHAX HOOCTOSHHBIX
C: u C, B dopmyasie (4) nOAYyvalOTCs pEllieHHs, KOTOphE Ha-
ua’amcx YACIMHOIMY DEULCHUAMY..

UYro6H NoJyuHTh YacTHOe peilleHHe, SajaJiuiM HayasbHEIE
yCJ/IOBHS: ‘

x(t)=x, x'(to)=0,. . (5)

Torga ans Haxoxnenus Cy C, no.nyqaeM c.neayrom,ylo
cucTeMy JUHEAHBIX a.nre6pauqecxux ypaBHeHHi:

{ at.+Cit..+C =‘xoa
at +Ct—'v°.

Pemns 3ty cHCTeMy orsocuteapo C; n C, U NOACTaBUB
HaiiicHHble 3HaueHWss B QopMmyJay (4), mOMyYHM peleHHe .
sagayn Komwn * s ypaBHeHna (N C HadaabHEIMH  ycJo-
susimMu (5).

Onuako Ha npaxmxe A1 HAXOKICHHS pelleHHs 3ajayn
Kown (1), (5) mocrynaor caeayouwyM 06pasoM.
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CuoBa muTerpupys no { or £, zo £, no.nyqam

l/lhTerpupya ne ¢ or ¢, no { obe uacTu ypaBHenus (1)

- t
) Sx"(t)dt=§adt,

no ¢opmyJe Hbmona—ﬂeﬁénuua no.nyqaxo'r Jlmbcpepeﬂ-
IHaNbHOE YDABHEHHE HEPBOrO MOpsKa

(=% t)=alt—t).. :

=5t =¥ ) (= o)-y(f—to) S
CaélioBaTenbHo, . - .
L=ty rR—_

Tenepb, 4TOGH NOAY4HTH -pellieHHe, YAOBJETBOpsioLIES Ha-
Ya/IBHEIM Y CJIOBUAM (5), HyxHO BMecTo X (f;) Hamucatb x,,
a BmecTo X' (Z,) HamucaThb v, ~

Takum 00pasoM, pelleHHe sa,natm Komn (1), (5) umeer
BH]

x—-“(f"fo)”*‘vo(t"'to)"l'xoo ) "'

MMpumep.- Paccmo*rpnM IBHXXEHHE Ma'repna.nbﬁoﬁ TOY-
KH NOA . JefcTBHEM CHibl TAsectd. [las storo ocb Ox Ha-

_NIPaBHM BEPTHKAJbHO BHHM3 M, L] NPOCTOTH, MOJIOKHM

t,=0. Torma ypaBHeHHe IBHXKEHHS HMeeT BHJ x*=g, Tle
g~ 9,8 M/c?— ycKopeHHe CcBOGOAHOFO nanemm. Pemas sro
ypaBHeHHe, DoJydaeM™

N

x——-}-oot—{-xo. .

3. JlBHKeHHe TOUKH noj ,ueﬁcq'nuem nepuoan4ecKon

* cuanl. Ilycets cuna F, peiictBylomass Ha Touky P ¢ Mac-

COH m, 3aBHCHT OT BpeMeHH ¢ cJaefyiomum o6pa3oM:
‘ F = Acos (ot +a),

rie AS0u0>0. . e
Torza ypaBHeHHe ABHXKEHHS HMeeT BHI

mx" — Acos (of +a).
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Hafinem pemenns storo ypasmemus. Ias storo obe ero
4acTH DpoHHTerpupyeM no ¢ or ¢, 1o ¢{. Torna .

oo . ¢ o
mx’ (£) =’ (f) = A,'S cos (t +a) df =2 sin (t +a)[ =

= % sin (of +-a)— i(:— sin (ofy o)
", c.ne.ubsa*renmo, _ » ‘
X (t) =-.-—- sin (of )+ x* (t,,)———- sin ((oto +a). -

CHoBa~ umerpﬂposaunem no t or to zo ¢ no.nyqaeM

x(t)—vg(to)=— 308 (0f +a) 4 — ,cos (o)to+a)+
T & (x» (fo)— -2 sin (wto+a)) (t—1,).
- TakuM. o6pasom, ~ R
x—-———cos(mt+a.)+mmzcos(mtw+a)+ o
L+ (vﬁ% sin (mt.,+a)) (t—t) +x,,‘,‘

rie x,=x(t,), v,=x" ({,). B wacrnocTH,. ecn {,=0, TO
= A cos(mt+a)+ —F cosa+(vo——'4;sma)t+xo

OTMemM, YTQ MOJYYeHHOe pellleHHe CONAEPXKUT ABe INpo-
H3BOJIbHBIE NOCTOSIHHLIE — HavYa/lbHbIe JAHHBIE X, H U,.

4. JiBuxeHHe TOYKH HOR AeHCTBHEM CHJIBI, nponop-
uMoHaJbHOM cxkopocril. Ilycte Ha TOUKYy P Maccel m Jed-
CTBYIOT JiBeé CHJIH: NOCTOSHHAaA  CHJa F, HanpaBJjieHHasi B
CTOPOHY JABHXKEHHS TOUKH, W CHJA, NPONOPLAOHANbHAS -CKO-"
POCTH M HampaBJieHHasi NPOTUB mamxeﬂm Torza ypaBHenune
IlBH)KeHHﬂ TOYKH P uMeeT BHA

mx"=F—kx', ~ 1N

rie k—xosdduunest npoﬁopuuouaﬁbﬂocw, npuqewi k>0
l'IponH'rerpnposaB no ¢:o6e -yactH ypaBuenus (1), mo-
JyIHM :
, . mx' = Ft —kx +G; 2

rhe C—nocTOsiHHAs WHTErpHpPOBAHHSA.
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YpasHenue (2) saBasercs JHHeHAHHIM ypaBHen#HeM. UToGht
Hafiru ero ofmee pelueHHe, HYXKHO HaHTH obmee pemeﬂue
COO'!‘BeTCTBle!H.el‘O OJHOPOJHOTO YpaBHEHHSA

mx'=—kx -~ (3)

W xaxoe-umym, 9aCTHOe pelleHHe HEONHOPOAHOTO ypaBHe-
mHs (2).
O6uree pememxe ypaBﬂeHna (3) samaerca ¢opmyiof
k
—-—
x=Ce ™,
rae C,—nponaaonbﬂaa NOCTOSIHHAS.
Hafinem yacThoe peulenne “ypaBuenus (2). o qaqrnoe
pelueHue ‘6yzxeu HCKaThb B BHAe JuHeARQH QyHKUHH

x=At+B . (4)
C HEH3BeCTHLIMH xos(b@uuuemaun ‘AuB. - >

IOas onpemenenns A u B cbyuxnmo (4) noxcraBuM B
ypaBHenue (2):

Am-— Fi—kAt—kB4-C,

Tak KaK 5TO 'PaBeHCYBO AO/KHO GHTH | CrpaBel/IHBBIM
s .moﬁoro t, 70 npu‘t =0 noayuaem ypaHenHe

T . Am—-_‘kB+C
a npn t=1 ypaBHenue

] "F=kA=0, N
Takum oGpasom, : :
) a=r, B=%_’;';‘,’
a QyHKUHSA
‘C Fm "

i-[--—-

%BJISIETCS YaCTHHIM PellleHHeM ypPaBHEHHs 2).
CornacHo TeopeMe, ‘ AOKasaHHOA B NpeJEAyHIEM MNapa-
rpaq)e, obiiee pememxe ypaBHeHHﬂ (2) 3ajiaerca (popMnyou

x--C,e m +—t+-§--i';l. :

Ilonoxkum
C Fnm

zﬁ——

kK




<

OuesuaHo, uro ecau C—npousBOJbHAY IOCTOSHHAS, TO
n C,—npousBo/ibHasi nocrofinHas. [TosToMy ofluee pelleHHe
ypaBHeHus (1) HMeeT BHJ

. -it_ R F
x=Ce " +Ct gt ©)

Us Q)opmynbt (5) cneuye'r, 4TO JBHIKEHHE 'roqxn P 1po-
HCXOIHT MOYTH C TIOCTOSIHHOK CKOPOCTBIO, paBHoﬁ « drot

($akT WHPOKO HCHOJNb3YETCHs HA MHpaKTHKe. Hanpuuep, Ha
5TOM OCHOBaHO INpHMeHeHHe napamiora. Korza genosex
CIyCKaeTCs Ha Mapauiiore, Ha HEro JAeHCTBYET CHJIA TSAKECTH
F=mg ¥ cuia cONpOTHBJIEHHs BO3JyXa, KOTOpas Npomnop-
IMOHAJbHA CKOPOCTH H HaNpaBJeHa IIPOTHB JBHIKEHHS.
JEBuxKenne (Cnyck) vYesjOBeKa Ha NapallioTe ONMCHBAETCS
ypaBHenneM Buaa (5).

\

YnpaxHeHus

8.24. Jlogke coofllieHa HavYaabHAst CKOPOCTb Uo=6 M/c. Yepes
69 cexyHA HocJie Hayajla ABHXKeHHS CKOPOCTb JIOAKH YMEHBHIHJACh BABOE,
Haiinsre 3aKoH NBHXKEHHS JOAKH, €CJIM CHJIA CONPOTHB/EHHS BOZH npAMO
NPONOPHHOHAJNbHA CKOPOCTH JIOAKH.

8.25. Yactuna Macch m G6pomeHa BePTHKaJbHO BBepX CO—CKU:
poctsio v Ha nee peficTByeT CHMa THAXKECTH H CHJA CONPOTHBJCHHS;
pasuas 2kmv. Hailigute paccTosiHRe 9acTHIiti OT TOUKH GPOCaHHS B MO-
MeHT BpeMeHH {,

8.26. Ilynsn BXxomHT B HOCKY 'ro.nnmﬂoﬂ h cM co ckopocTblp U, M/e;
a BHLTETaeT H3 JOCKH CO CKOPOCTBbIO vy M/c. OnpefiesHTe BpeMsl ABHIKEHHSE
myJad 4Yepe3 HOCKY, €CJHH H3BECTHO, 9TO CHJA CONPOTHBJIEHHS JOCKH
JBHXKEHHIO MYJH NPONOPLHOHAJAbHA KBajpaTy CKOPOCTR HYJH. ’
-'8.27. Hanumurte ypaBHeHHe ymo;maeﬁuoro ABHXKEHHS 'TOUKH
MacCH m ToJ AeficTBHEM cHIM F =12 u Halfinute oblliee perueHue moJy-
9EHHOTO YpaBHEHHUS.
8.28. Pemure ypaBuenune

. =1, B

8.29. Pemure 3agpauy Komnu -
x" =5¢t340,1;

x(0)=1; % (0)=0.

§ 29, I'apmonunyeckue xo.neﬁannn
> 1. YpaBHeHHe TapMOHHYECKHX xo:;eﬁaﬂnﬁ( Paccmorpum
ypaBHEHHE (

. ' & +otx=0, : A1)

Il ® — HeKOTOpQe NOJOKHUTENbHOE YHCHO. ]
' 938



‘HeHOCpeJ.lCTBeBHOﬁ NOACTAHOBKOR mpoBepsiercs, 4TO
q)yHKunﬁ L s
x=Acos (ot +4a) - - @

Ais JOOHIX NOCTOSHHHX A U @ SBJASETCA pelleHHeM ypas-
- Hegusa (l). MoxHo nokasaTb, YTO ApPYrHX pellleHHH ypas-
nenne (1) e mmeer. Oro yrBepxkjeHHe npumeM Ges JoKa-
3aTeNbCTBA. -

Takum o6pasom, ¢opmyaa (2) 3ajiaer . obmee pemexme
ypaBrenus (1).

Qynkuus (2) npu JMoGHX 3ajaHHBIX A, ©® ¥ a onuch-
Baer eapmonuteckud Konebamenvnoiti npoyecc.” Yncno |A)
HasplBaeTc amnaumyood, a HUCIO o— HauasbHol  ¢hasoll
HJH 1npocto ghasol xonebanns (2). YpasHenue (1) HasH-
BaeTCA ypagHeHuem =2apmorudeckux Kosebanudi. TTonoxu-
TeIbHOE . YHC/IO @ HAsbiBaeTcsi 4acmomoii KoneGamus. JIerko
NOACYHTATh, YTO WUHCAO KOJEGaHHA B ENMHHIY BPEMEHH
onpegensiercsa GhopMyJoi

e Ve o i
OrMeruM, uro ofwee pemenue (2). ypasreHus (1) co-
AEPKHUT JBE NPOU3BOJMbHHE MNOCTOAHHEE: aMMIMTYRy A
HayaJbHyl0 ¢asy o. [lna uX onpele/eHHs HYXKHO 3alaTh -
Ba YCJIOBHSI, HATIDHMED, MOKHO sajath MBa HaYalbHHIX
_ ycnieBHs saiaad .Kommu:

x(t) =% & (f)="0. @

Torsa AAs ONpelieNeHHs MOCTOSHEHX A H o no.uyqaercﬁ
CrepyIomas CHcTeMa ypaBHeHHH:

-t Acos (mt°+a) =X, -
) { — Ao) sin (o, +a) =0p. . (4)
I/Is Hee clelyer, 4ro -
- A3 cos? (0t +a) + A sin® (of, -l-a) Jx(. ~[- o
H, cne,uoaa'renwo, . . - - N
. A= x’ _|_ %3{ . - L

He orpanmmaaﬂ oﬁm.uocm MOXHO CHHTaTb, 9TO A >0

i A._]/ +(‘;’;. . 3
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Teneps, 3Hast a'wnJmT'ylly A, u3 cucteMsl (4) no gopmy-
JaM TPHFOHOMETPUH HAXONHWTCH HavaibHas (asa o.

U3 ¢opmyan (2) Jserko nonyuurtbh Apyroit BHI oOLLero
pemenusi ypasaeuus (1). IefictButensHo, -

x = A (cos of ccsa—S§in af sina) =
. — Acosacosof — Asinasinof.

[Monoxus 3xecy C;= Acosa, C = — A sina, noayuum
x=C, cos ot 4 C sinef. - ®

IIpn pelleHUH KOHKpeTHHIX 3anaq caenyer HCHOJIb30BaTb
kak Qopmyay (2), Tak H gopmyay (5).

Hanpumep, eciu no yc/ioBHIO 3aJadd H3BECTHH aMIJIM-
TyAa M HavajbHas ¢asa xoneb6aHHs, TO, KOHEUHO, ClelyeT
nosb30BaThes opmyJoi (2). Om{axo ).U[ﬂ pelleHnst 3anavuu
Kowu ¢ HayanbHBIMH YCJOBHAMH

. x(0)=x, x'(0) = Yo - (6)
yhofHee noJib3oBathes Gopmy:oi- (5).

Mpumep. Pemurs sanauy Komm ans ypasuenua (I)
C HAYaJbHHIMH YCJOBHAMH (6).

Pemenue. Coraacio ¢opmyse (5) 06mee pemerme /

JaHHOTO YDABHEHHS HMEEeT BHJ
x=C, coswt+C ‘sin wf. PN

" Y3 mnepBoro Haya/abHOrO ycnonnﬂ x(0)=x, no.nytlaeM
Ci=x, A TaK Kak

x' = —C,0sinot +C,<o cos wt,

TO B CHJ/Iy BTOpOTO HallaJIbHOl"O yc/I0BHs! x' (O) vo HaxoAuM
0,=C,0, T.e€. C = TaKnM oﬁpaaoM Q)yaxuml

X =X, cos ot +—"sin of

ABJISETCS pellleHHeM 3ajaqH Kou.m (1), (6), H npymx pe-
IUEHH# 3Ta 3ajlaya He HMeerT.

2. KoneGanng To4uku mnop neficTBHEM ynpyroﬁ CHAN. _

PaccmorpuM apmxkenue Toukw P ¢ Maccoit m nox aéficrBuem
cuabl F, ¢ koropoit Ha Touky P neficTByeT HeKoTOpas ynpy-
ras mpyXHHa, KaK 9TO NOKasaHO Ha puc. 46

Jnsi cocTaB/eHHS] YPAaBHEHHMS [BHXKEHHS TOMKH P Ha
npsMOf, MO KOTOpo# JBHKeTcs TOo4dka P, BBeeM KOODAH-
HaTy ¥, NPUHSAB 3a Hadano O nonox{elme paBHoBecust TOUKH P,



.

a 33 NOJOXWTENbHOE HanpasjieHHe — HAaNpaBJeHHe CJieBa
danpaso. Toraa B cuay BrOporo sakoHa Heiotona ypasHe-
HHE ABHKEHHs TOUKH HMeeT BUE :

mx*=F,
I'Io sakoHy I'yka ynpyras cuna F npsmo nponopnuonaibHa

OTEJIOHEHHIO TOURM P OT NOJOXKeHHs paBHOBECHS M Hampas-
‘ JieHa NpOTUB ,msmxeﬂux. Ilo-

2
., oy ITOMY
: =--kx,
47 ? the uucno k> 0 HasmBaercs
Prc. 46. . KosPpuyuenmon - yapyeocmu

JAHHOM NPYXHHH,
TaKnM o6pasoM, ypaBHEHHe JIBH}KQHPM T0ukH P umeer
BUJ

met$Rx=0. (1

310 ypanaejme ABIAETCA YpaBHEHHeM TapMOHHYECKHX KO-
Je6aHHi C 4acTOTOi

,/ k

- : == -I-I-t.

o

[Tosromy ero ofiiee pemleHHe HMEET BHI

i x=Acos(.]/§t+a),
x=C,cos ]/—_t-{-C sin )/—t,

Comacuo oﬁumu ¢opMysam, peiienuéM sagasd Kown
Aas ypaBHeHMA (1) ¢ Haua/JbLHHMH YCJIOBHSIMH "

\x<0>=xo. * (0)=1, @

HJH

bSyner QyHKuus

X ==X, C0S ]/_t +09, ]/:—sin -%t.

AMnam'yAa STOr0 FapMOHHYECKOTO KOAeGaHHs -BHIUHC-
aseTcs 0o dopmyae

4=y a2,
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3aMeTHM, 9TO 4acToTa KoJie6aHHsl TOuKH P He 3aBHCHT
OT HadYalbHLIX YCJOBHH; OHa OnpeRessiercs JUIOb Maccoi
TOYKH P H ynpyrocTbio NpYXHHH. AMmIHTYyAa A eyume-
CTBEHHO' 3aBHCHT OT HavdaJibHHIX YCJOBHH, TO XKe camoe
MOXHO CKasaTh H O HadajbHOH (pase.
© Paccmorpum HeCKOJleO YacTHHX CJy4aeB pellEHHs 3a-
naun Ko (1), 2). .

Mycrs v,=0 u x,>0. Torz(a

i
x=x,c08 V/ -k-t

T. €. A--xo u a=0. Jra qayﬂxunﬂ OIIHCHIBaeT FapMOHHYUeE-
CKHe KoJie6aHHA TOYKH P ¢ Maccoit m, Koropasi B Hayalb-
Hbli MoMeHT BpemeHn f,=0 OblIa BHINYyIIeHA H3 TOUKH C
KOOpAHHaTO# x, >0 ¢ HyJeBOH CKOPOCTbIO.

ITycts Tenepn x,=0 u v, > 0. Torza

) x=v, ) & sin Y/ %t

H, CJIefOBAaTeILHO, A=y, y -'-Z-— H a-——;-‘- Sra QyHKuHS

OMHCHBAaeT rapMOHHuecKHe Ko/leGaHHs TOUKH P, KoTopas B
HavyaJbHHA MOMEHT BpeMeHH £,=0 6u.na Burrymeﬂa H3
NONIOXEHHs PAaBHOBECHS CO CKOPO-
CTBIO U,. '

3. Ko.neﬁaﬂml MaTeMaTH4eCKOTo
mMasTHuKa. Maremaruueckuit MadT-
HHK nOpeAcTaBAser cofoii Touky P
MaccH #, KOTopas - Moj AeficTBHEM
CHJIBI TAXKECTH ABHXKETCH MO OKPYXK-
HOCTH, JexalleH B BepTHKaJbHOH
naockoctd. Pammyc sroit okpyx-
HOCTH HaswiBaerca OJaunod masm-
HUKQ. .

Ha oKkpy>XHOCTH JBH)K€HHS MasAT-
HHKa BBEJEM YIJIOBYIO KOOpPIHMHATY
¢, npuHAB 3a Touky O caMyio HHXKHIOIO TOYKY oxpy»moc-
TH, .2 33 MOJOKHUTEJbHOE HANPaB/eHKe — HaNpaBJlenxe CJleBa
Hanpaso (puc. 47).

Touka P HaxoAMTCR MNOA JACHCTBHEM CHJH THKECTH
F =mg, HanpaBieHHO/ BepTHKa/JbHO BHH3: Passoxum F Ha
Iee cocrasasiiomue F; W F,;. Cocrasasiomas Fy, HanpasJjeH-
Hag no pajuyCcy OKDYXKHOCTH, HE HPOH3BOLHT ABUIKEHHS:
OHa ypasnoaemnaae'rcn APYTHMH  CHTIaMH Coctasasioiias
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° F,, HanpaBJieHHas N0 KacaTeJbHOH K OKPYXHOCTH, ABJSETCA
TOA CHJOH, -KOTOpasi NMPHBOAUT B IBHXKEHHE MO OKPYXKHOCTH
Touky P. Besuuuna cuam F, paBHa mgsineg, H 3Ta cujaa
HanpasJieHa [POTUB BO3pacTaHHs yrIJa.Q, NO3TOMY YpaBHe-
HHE JBHXXCHHSl MaTeMaTHYECKOro MafTHHKa HMEeT BHJ

-

‘mlep” =—mgsing,

rie @"—yrjoBoe ycKopeHhe, a l¢”— juHefiHOE YCKOpeHHe
TO4KH P. ] - ’
CokparuB Ha m, NOJNYYHM YypaBHeHHE

lg"+gsing=0,

KOTOpOe H HashIBaeTCs ypaeueuueu Mamemamuqecrcoeo Mosm-
HUKaQ. )
Peutenne storo ypasHeHus NpeAcTaBJseT Gonbune 'rpyn--
HOCTH.
Ecau paccmanusaTb TOJNILKO Majbie KOJeGaHHs MasnT-
HHKa, T. €, CIMTaTh, YTO KOOPAHMHATA @ MO MOXYJIO Masa, To
- sin@ MOXKHO 3aMeHHTb Hd @. B pesyJasrrate nonydum rpu-
-GJIHKEHHOE ypaBHerue

Io"+.go=0.

. "OHo . HasuBae'rca ypaaneuueM Marlx Koaebanutl mamema-
MUUEcKo20 MAAMHUKA. Oqeammo, YO STO YpaBHEHHE $iB-
Jigercs ypasﬂennem rapmonuqecxux KoJe6aHuli ¢

0= -f—. Ero ofinee pemieHHé HMeeT BHJ
o ' =A £y
_ o= cos(]/l t-l-a),
. W ’

: , T @ =C, cos ]/—t+C sin ‘/-_t

Kak u B, npe,uunymeM nym{re MOXHO paccMOTpeTb 3a-
naay Kow ¢ cOOTBETCTBYIOIMMH HaYaJbHBIMH YCJAGBHAMH
M HafTH ee pelleHve.
OTMeTHM, 9TO 4acToTa ® MaJbiX KoJIeGaHUi MasTHHKA
3aBHCHT JHMIIb OT JJIMHBI MasiTHHKa M yObiBaer Boapac'ra-
HHEM JJTHHBI. -
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Yueldo Manbix KoJeGaHHii MasTHHKa B CEKyHAY oIpe-

neasercsi Gopmy.ioi
LT g Z -
v== VT )

roe g~ 9,8 M/c?, ‘a l—zumna MasTHHKa B MeTpax. S

anamﬂenun

8.30. Hafinute ypaBHeHHe TIapMOHHYECKHX xo.nedanmi KOTOpOMY
yzxos.ne‘mo eT QYHKIHA x=sifl{--cos i.
?{axaﬂ u3 GyBknui ONHCHIBAeT rapmonnqecxnﬁ KoJseGaTe1b-
HBI_ nponecc .

a) x._smt+cos t; 6) x=tsint; i i
B)- x=sint--cos 2f; 1) x=cost-A-1? . ) ~

8.32. MaremaTnueckuil MasgTHHK AJHHL / BHIBOAMTCS H3 NOJIOXEHHA
PAaBHOBECHS MIHM TOPASOHTAJbLHLIM - MEDEMELUCHHEM TOUKHM NOABECA Ha
paccrosiine a. Hafinute OTKJIOHeHHe MasTHHKa.

8.33. Taxenas OXHOPOAHAS LeENOYKa Macchl m H IAJUHB 2! JexuT
Ha IJaJKoM TOPA3OHTAJbHOM CTOJIe TaK, YTO MOJIOBHHA €€ CBEMIHBaeTcs
o croqia. OmpenesHTe NBHXKEHHELIEIOUKH BO BpeMs ee COCKaNb3HBAHHS
€O CTON3 H Hamurre BpeMs COCKaTb3LIBAHHS,

§ 30. Jhmeﬁnue nnd)q)epenuuanbﬂue ypaBHEHHS
BTOPOTO MOPSAKA € NOCTOSHHLIMH KosthduumuenTamu

DupdepeHunansHble. ypasHEHHS BTOPOro nopsmxa.
B o6meM ciaydae JH¢pdepeHUHaNbHOE YpaBHEHHE BTOPOro
* NOpsiilKa MOXKHG 3anucaTh B c.nenylomem BHJe:

Fix; g y'; y)=0.. ()

The y =y (x)—HCKOMas HEM3BECTHas Q)ymmua, y=y (x) H
y"-—y” (x)—ee NPOH3BOJHEIE N0 X MEpBOro K BTOPOro Io-
psaKkoB, a F—3ajladHas qum{uua nepeMeHHuX X, Y, ¥°, Y.

®yuknua ¢ (x), x € ]a; }, HaSbBAETCA pewleHuem Ougp-
¢epenuua/zbuoeo YypasHenus 1), ecau oma wuMeer mnpous-
Bozbie @' (X) M @ (x) W écau mna moGoro x € Ja; b[ cnpa-
BeJUIHBO PaBEHCTBO

F(x; @(x); @' (x); ¢ (x))=0.
- Hpyrumu cnoBamu, ¢yHknHs -@(x), x € Ja; b[, nHaswiBa-, °
ercsi pelleHHeM. ypasHeHHst (1), €CAH 1NpH - NOACTaHOBKe
@ (x) BMecTO y -9T0 ypaBHeHHe obpamae*rca B TOXJECTBO
no x. - .
Juddeperunansuoe ypaBHeHne BHJa

Y=Ffwx y y), ’ . 2
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rie f—-sanaunaﬁ dyHknus nepeueunsxx %, Yy, y', Hasbl-
BAaeTCS YpasHeHueM, DASPEULEHHbIM™ OMHOCUMENbHO 6mopoli
npoussodroii. Ilpu mocTaTtouHo OOMIMX NpPEANONIOKEHHSAX HO-
Ka3aHo, YTO Js1 JIOGLIX HaxaAbHOLX Yycaoeuil

Y (X =Yor Y (X)=Y0» 3)

NpHHAJJeXaluX o6JacTH onpelejeHns ¢(ynkuum f, cyme-
CTBYeT, M NPHTOM EJHHCTBEHHO, pelleHHe y=y(x) ypas-
HeHHs (2), yAOBJeTBOpsIOilee YC/IOBHAM (3). .

Mu He 6ynaeM JaBaTh CTporoii QOpMYJHPOBKH STOIO
yTBepXIeHHs. 3aMeTHM JIHILb, YTO OHO COCTAB/SET OCHOB-
HOe colepXKaHHe OAHOA H3 (yHIAMEHTANBHBIX TEOpeM Teo-
puu AuddepeHnHaNbHEIX ypaBHeHHE — meopemor Kowu.

-.2, JluHefiHble OJHOPOJHBLIE YpaBHEHHA C TIOCTOSHHBLIMH
kospunentamu. Huddepennnalnase ypaBHeHHs BHAA

y+eytay=ix, (1,

rfe p H g-—HEKOTOpHE 4YHC/4, HAa3HBAIOTCH AUHELHbIMU
Oudghhepenguarsnoimu  ypasHenuamu: emopozo nopsaoxe. OyHk-
uus f(x) Hd3biBaeTca c80600HbM . “41eHoM HAH npagod «acmsio
ypaBHenus (1).

Ecau f(x)=0, 'ro drpepennnantaoe ypaBHEHHe Ha3Hl-
- . BAaeTCH AuHelHbiM 00HOPOOHOIM ypasHenues. OHO HMeeT BHJ
¥ +py’ +qy =0 . @

B 5ToM nyHKTE GyIeM H3YUaTh TOJBKO ypaBHeHHU: BHAA (2)
IIpumep 1. Haﬁm BCE PeIleHAs ypaBHeHHs

o~ y*—y=0. . ®3)

Pemenue. Jlerko npoBepHTs, 49T0 (YHKUHA y=e*
AIB/IIETCA pellleHHeM RaHHOIO ypaBHeHHs. AHAJOTHYHO IMpo-
BepseTci, 9T0 H (YHKOMA y=e~* SABJIAETCA pelICHHEM
ypasneuna 3). l'ona}xeM, 9T0 NpH Juoﬁux nocTosHHBIX Cy

C, ¢ysknus
. y=Ce* +Cye~* . © @)
9B/fieTCA pelleHHeM ypaBenHs (3). Mmeem
. y*=C*—C,e~%,

- Y= C;e“ +Cem* =y,

4TO H proaanocb lloxasa'rb. ‘
- Takum o6pasom, Jmo6as ¢yﬁxtma Buaa (4) as.nne'rcs
petleHHeM ypaBHEeHHs (3). Bouxee ToroO, .upymx peliennfi sT0
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ypaBHeHHE He . HMeeT. JleACTBHTENBHO, OYCTe Y=@(X)—.
HEKOTOpOEe pellleHHe ypaBHeHHs (3) H nycTs -

= 90@=y» ¢O)=g. (5)~'

Haiinem ¢dynknmio Bupa (4), xomopax ynoane'rnopﬂe'r
STHM YCJIOBHSIM. Hmeem

{ o=C,I+C§’
=C;—Cyu ,
H TO3TOMY ~ .
» Cy= yo+90 , C,=to—¥

2
Cnezloaa'renbﬂo, dynxuss

yo—l-yo e + yo:—yo

y=
SIBJISIETCA peilleHHeM 3aiaud Kown (3), o).
B cuny eMHCTBEHHOCTH pelleHHs sajau Koum

(p(x)_ y0+g0 ex+ !Io"!/o

T.€. q)yﬂKLmn ¢ (x) noayyaercH us (4) NpH  COOTBETCTBY-
IOIUHX SHAYeHHAX NOCTORHHHX Cy; H C,.
Takum o6pasoM, dopmysa (4) 8ajlaeT oflLee pelueHHe
ypaBHeHHA (3).
: Hpumep 2. Peiunts ypaaueune

y'—ay=0. -6

Pewenne. Kak u B npumepe 1, peweune sroro ypas- -
HeHHA *OyleM HCKAaTh B BHJE

. y=e",

rie l.-—ﬂeusnecrﬂoe gucao. Iloacrasus oty q)yummo B
ypaBHeHHEe, NOJYIHM

Me""—4e'“=0.‘

CuefioBaTenbHO, QYHKUHS BHAa €'* yIOB/ETBOPSET ypas-
Heduio (6) Toraa m TOJBKO 'roma, KOrga A yAoBJAeTBOpsieT
YPaBHEHHIO - A

M—4=0,

i _ .
OroMy ypaBHEHH{O YAOB/IETBOPSIOT ABa WHCAA A;=2 H A, ==
= —2, H NO3TOMYy QYHKUMH ¥ H e~ sBAAOTCS peie-
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HHAMH ypaBHeHHﬂ (6) (uto, B qac’mocm, npoaepae’rca H_
HEeMOCPelCTBEHHO).

Teneps, Kak ¥ B npuMepe 1, MOXHO IOKa3aTh, 4TO 06-"
mee pemenue ypasHeHHA (6) sajiaeres ¢dopmyaoit - -

. y=cie8x+cze-2x

tae C, u C »— NPOU3BOJILHHE NOCTOSIHHKIE. 1
3. Xapamepncmqecxoe ypasnenue. PaccMOTpeHHble NpH- |
Mepel HaBOAAT Ha MI:ICJ]b—ﬂOﬂbITaTbGﬂ H B obumeM cay-
uae MCKaTb pemenns Bupa ¢*.-IlycTe sanano Jumeiinoe
O/IHOPOJIHOe  YpaBHeHHE C l'lOCTOﬂHHHMH KO3 PHUHEHTAMH

o Y +py +aqy=0. M
ToxcTasiM dyHKuuio e B ypaseue (1): _ /

\ - MM - phet o+ getr=0..

Orciona crenyer, uTo ¢yHKmHs €M sBAsSeTCs pelueHHeM
ypaBHenus (1) Torza M TONBLKO TOria, Koria 7» yJOBJIETBO-
pser ypaBHeHmo

RSPV

A 4 ph g =0. . - (2)» z

YpaBuenne (2) Ha3bIBaeTCS XAPAKMEPUCMUMECKUM YPas-
Heruem IudxpepenunanbHoro ypasuenus (1).

3aMeTHM, 4YTO XapaKTepHCTHYECKOe ypaBHEHHe MoJyYa- .
.ercs u3 JubdepeHuHasbHOro samenoit i’ Ha A2, y' Ha A
H yHal

PaccmotpuM caydafi, Korla XapaKTepHETHYECKOe ypaB-
HEHHe HMeeT /Ba JeHACTBUTEJbABIX PEWEHHs Ay H Ay, Ag=A,.
B stom cayuae ofuiee peweHHe - ypaBHeHusa (1) 3amaercs
cdopmy.iol _ .
‘ y=Cieh*+Coels B )
rie C; u Cy—npou3BOJIbHbLIE NOCTOSHHBIE. | '

Tor (?pax'r, uto ¢yHkuusa (3) yZoBJIeTBOPSET ypasneumo
(1), mpoBepsieTcss HemocpeACTBEHHOH MOACTAHOBKOH, a TO,
qTO- IPYrHX peleHwui ypaBHEHHe (1) He wumeer, caepyer us
teopeMbl Kowm (mn1s ypasHeHus (1) Bce ee YCNOBHSAL BBI-
TIOJIHEHHI).

I[Mpumep. Haiitu obmee pellleHHe ypaBHEHUS

¥ +4y +3y=0. - 4
" Pemenwne. Hanumem XxapaxTepucrhueckoe - ypaBHeHne
nauuoro AudpepeHIHaNbHOTO yPaBHEHHS:

A 4404-3=0.

S
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D10 ypapHeHHe MMeer ABa pemeHHsi: Aj=—1 H Ay = —3,

[To ¢opmyane (3) nosmyuaem ofluee peiieHue ypaBHeHHsS (4):
. y=Cer*}Cpe?~ i
4. Cryuail KOMNJIEKCHbIX PeleHHA XapaKTepUCTHYECKOTo

ypasHenusi. PaccMoTpuM JimMHefiHOe OJHODOJHOE ypaBHeHHe
C NMOCTOSIHHEIMH Kos(uuHeHTamu: ~

. Yy Aey=0. ()
[TycTh ero XapakTepHCTHUECKOE ypaBHEHHE -
%’+p7~+q =0 2
He HMeeT J.lePICTBPITeJlebe pememm, B sTom caysse -
q——— > 0.

(OGo3HAUHM 3TO YHCJO Uepe3 w?. YpaBHenue (2) HmeerT ABA
KOMIUIEKCHO COMPSIIKEHHBIX PelIeHHs:
A=a+io B A=0—io,.

|
\

= — P
rjae oc/ 5 .
Torna

. »

€M = g®reltr = g (cos wx + i sin ox). S

PaccmoTpuM IeHACTBHTENIEHYIO H MHHMY!O YaTTH 3TOH KOMII-
.neKCHosﬂaquﬁ ynxumm:

e**coswx, e**sinwx.

HenocpeAcTBeHHON . NPOBEPKOH JIETKO  yOEAHTLCSA, UTO 1y’
. OYHKLHH SIBJISHOTCS - PelieHHAMH I depeHIHaIbHOTo ypaB-

neuus (1). (ITposeputs camocrosTenbHO!)
Kak ® Bbille, MOXHO-NOKa3aTh, 4TO B 9TOM- c.nyqae 06-
uee peulenue ypaBHeHHs (1) samaercs ¢opmyJoi

y=Ce**rosax+Ce™ sinwx, _ 0 (3)
rie C; u C3—NPOH3BONbHBE MOCTOSHHHE.
IMpumep. Pemute ypaBHenue
Y +2y +2y=0.
Pemenue. Hanumewm XapaKTePHCTHYECKOE ypaaneane'
A4+204-2=0.
OHO HMeeT J[iBa KOMM/NEKCHO COMpSUKEHHBIX pellleHHs: A=
-——-l-l-l H 9»——-—!—i

w' . . 24§



Haiiziem . IefiCTBHTeAbHYI0O H MHHMYIO 9acTH QYHKUHH e*¥y
eM =e~*(cosx+isinx)=e-*¢osx+ie~*sinx. -
A 3arem 1o cpopn;ly.ue (3) HaxonuM ofliee pelieHHe JAaHHOTO
AudepeHIHaNBLHOTO - YPABHEHHSA:
y=Ce=*cos x/C.e~*sin x.

3ameuanune. K sroMy THmy ypaBHeHMH OTHOCHTCS

ypaBHEHHe FapMOHHUeCKHX KoJeGaHul
Y +o?y=0, ,
Ero.ofuiee peiieHne umeer BHI
" y= Cijcosax+C,sinwx.

5. Cayuail, KOraa XapaxkTepuCTH4YECKOE ypaBHEHHE HMeeT
opHo pewenue. [lycTb xapakTepucruyeckoe  ypaBHeHHE

7»'—_l—pl+q=0,1 ' . - (1)

COOTBeTCTBYIOIee AH(pEpeHIHAILHOMY YPaBHEHHIO
, y+py +ay=0, . T
uMeer ofuH KopeHb A=a Kpathocth 2. Torza p=—2a,

g=a? Kak # BHule, JErko HpoBepseTcs, 4YTO dynxhus e2* -
ABAsieTCs pelleHHeM ypaBHeHnsa (2). ITokaxem, uro B 3TOM -
caydae U (QYHKUHS xe®* fABJIAETCSH pelleHHeM yPaBHEHHs (2).
MeeM ' \
y=xe**, y =e* faxe™, y'=2e* -+ alxe®*
H, JaaJjee, '
Y+ By’ +qy = 206 4-atxe™ + pe®* + paxe™ + gxe** =
= %" (20 + p) + xe** (@ + por +q) =
= e** (20 — 2a) -+ xe** (0 — 202 +02) = 0.

TakuM oGpa3oM, QyHKUHH e** U xe™* SGBJAIOTCA pelle-
HHSIMH ypaBHefiusi (2), H mnosToMmy- Jmofasi (QYHKIUHS BHAA

T y=Cye%* 4 C e : (3)

TaKXKe SBJAfeTCH pelleHHeM YypaBHeHHs (2). M3 Teopembl

Kown caenyer, 4rto ApPYrHX pelleHH#i 3TO YypaBHeHHe He:

HMeer.’ : _
.I[Tpumep. Halitn obmee pemieHue ypaBHeRHS -

¥ +2 +y=0.
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. Pemenue. Xapakrepucruueckoe ypapHeHHE HMeeT OX- .
Ho pewenne A=1. CnenosateqpHo (cM. ¢opMyay (3)),
ofugee ‘pelHEHHE JAHHOrO gmpqaepeﬁunanbﬂoro ypaBHeHH S,
‘MMeeT BHI »

y=Cqe* +C,xe*,

rie’ Cy 1 C;—npon3BO/IbHEIE NOCTOSHHHIE,

6. Heonuopguuue auueiluvie ypasuenus. Crenaem He-
CKOJIbKO 3aMeYiHHH OTHOGHTENbHO HEORHOPOAHLIX JIHHEl-
HbIX AHQdepeRlHaNbHEX YpaBHEHHH .

Y +poy +qy=Fx). . .~ 1

Kak u B cayuae JuHeHHHX Aﬂd)d)epeﬂuna.nbnux ypaBHe-
HUll HepBOro nopsinra, ofilee peileHHe - yPABHEHHS f 1) sB-
JISieTCS] CyMMOH - HEKOTOPOrO YacTHOTO €ro pelleHHs H . o6-
Wero pelieHHs COOTBETCTBYIOUIEro \ OAHOPOAHOTO  YpaBHeHHs

¥ +py +qy 0. . (2)

I/Icnonbaya 9TO 3aMeyaHHe, PACCMOTPHM zea npumepa
IIpusep 1. Haiith obuee pelueHHe ypaBHeHH:

S+ —3y=1. E))
Pewenne. INog6opom Haxoaum, uro pyHKuus y= -—%

SIB/IAETCA YaCTHHIM peleHueM ypasHenus (3). Hafizem Te-
nepb ofilee peileHHe JHHEHHOrO OJHOPOJHOTO yDPaBHEHHS

- Y32y —3y=0. G
Ero xapakTepHcriiuecKoe ypaBHetne '
At + 2A—3=0

MMeeT pemieHUS AM=-—3, A,=1, Cnen.onawenbﬂo, obuiee
pelleHHe ypaBHeHUS (4) nMeer BHA

y=Cee=¥ - Cie*, b

Tak kaK obmee pemenue neomoponnoro ypaBHeHHS §B-
A5leTCA CYMMOH HEKOTOPOro ero 49acTHOrO pefnieHus 4 06-
HIErO PellieHHs! COOTBETCTBYIOHIErO OAHOPOAHONO ypaBHEHHs,
To ofiiee peiueHie ypaBHeHHs (3) sapaercst dopmysioft

. y=Ce=¥ 4 Cyer =, ‘
Mpumep 2. Halitn obmee pemenye ypaBHesus
y+2—38y=x - (5)
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Pemenue. YacTHoe pelenue ypaBHeuua (5) Oymem
uCKaTh B BHJe

- ’ . y Ax+B,

rne A H- B—HEHSBGCTHble qncAa. HOIlCTaBHB 3Ty quHKumo
8 (5), _ToayauM

2A—3Ax—3B x.
I/Is 3TOTO paBeuc'rBa cliefiyeT, 910

, 2A—3B=0, -
: —34=1,
H' IO3TOMY "
A= -3 B ‘92'.' \ -
Cnenoaarenbno, GyHKUHA
- . 1 2
' y=—3*—3

ABJAIETCSt YACTHBIM' pemenueM ypaanemm (5), a ero ot‘)mee

pemene (cM. mpumep 1) HMeeT BHA

P 2

L y-—-Cie""-l-C,e‘——-x——g
Ha stom SaKOHYHM' nsyqeﬂue nuqxqaepennnanbaux ypaB-

Heﬂuﬁ

¥YnpaxHenus

.

" 8.34. Pemrize ypaBHEHHS:

a) A =2t =0; 6) x"+5x* +6x=0; )
© B) 3" —2x' —8x=0; r) x"<4x' 132 =0; .o
) X +x +x=0; €) x"—6x'4-9x=0; —
x) X —x=2 - 8) X"+24' =2;
u) '+ 9x=09; K) X" —2x! —3x =el;

“a) A —3x' 2% =sint; M) ¥’ x=4sint.
8.356. Halinute pewenus ypaauenm’x ynoa.nereopmomne sanannbm
HaYaAbHBHIM YCJOBHAM: -
a) xX'—3'4+2¢=0, x(0)=2, x (0)=3;
6) X'4-2x'+5x=0, x(0)=x' (0)=1;
B) ¥"+6x'4+9x=0, x(0)=2, x(0)=1;
1) 2" 42x'4-2¢=0; x(0)=a, x' (0)=0b;
1) £"—x'—6x=2, x(0)=]1, x©)=0; )
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e) x"—9x=2—'t, x(0)=0, x (0)=1;
K) ¥"+4x=2cos 2¢, x(0)=0, x(0)=4.
\
8.36. Ilpn kakux smauénmsx o u f Bee pelieHAs ypaBREHHS
* ‘¥4’ +px=0
ABASIOTCA NEPHONHUCCKHMEA byHKUBAMHE? - | -
8.37. Ilpn KakuX SHaueHHAX o ypaBHEHHO

2 ax=0

. HMeeT pemenns, ynonamop;ixox_lm'e-ycnonuau % (0)=x (n) =07

- :

J :




Fnasa IX S
YHUCAOBBIE U CTENEHHBIE PAADbI '

§ 31, Yiicaosuie psmu‘

1. Onpenenenune psiga u ero cymmbls ITycTs - 3afaHa uu-
c/oBas ImocJsenoBarenbHocTs a,, n€N. Toraa nocaenosa-
TeJBHOCTh

L4

S,,=a1+a,+...+a,,=2a,,, neN, 1

HA3LIBACTCH HUCAOBHIM pﬂaom H oéosnaqaercsl

r

a+ay+.. +a, +... U Za P

n=1

Uucna ay, asy +»+ HasbBaloTCs 4aeHamu psada (2), COOTBET-
CTBEHHO NepBbIM, BTOPHIM H T. A.j @, HA3bIBaeTCA N-M HIH
obwum 4renom pada (2). - ‘
, CymMmbl Sy=ay, Sy=01+ 03 «ees S,=0+ o4+, 00 .
- HaSHIBAIOTCS YACMUYHLIMU CYMMAMU pﬂé’a (2).

-Pan ’

Zau-l-k"‘aa'l-l'l' +i+""“' 2 ak (3)

k=n+1

HaswnBaerca n-m ocmamkom pada (2). OTMeTHM, uTO Y psAa
(3) nepBniM uwseHoMm saBasierca (n--1)-d uwieH HCXOOHOTO
pafa (2) u k-fi unen pana (3) paBeH G,

CorslacHO ompefiesleHHI0, psAbl—3TO OCOOHIH BHA MoOC/e-
JOBaTeJbLHOCTEH, O3TOMY MOXHO T'OBOPHTb O CXOAMMOCTH H
. pPacXoIMMOCTH PSIOB.

Psip HasbiBaeTcsi cx00Aujumcs, ecau- NocjaeloBaTeJbHOCTh
€ro YaCTHYHHIX CyMM CXOZHTCSi. Ec/H nocsenoBaTeslbHOCTD °
YaCTHYHHIX CYMM psiia PacXoiuTcs, TO OH HashiBaeTca pac-
xo0auumcs. Cnezlona'renbﬂo pAA (2) HasbiBaeTcs CXOAAMHUMCS, |
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ec/M CyWIECTBYET nmpeien . ‘

S= ,li'mS lim Z a;. .-

l,—»/a n-ow k=1

10T Npenen HaspBaercs cymmod pada (2). - :
Ecun psax (2) cxonutcs 8 S — €ero cymMMa, To 6yAeM mHCATDb

=2a

Hpn mep 1. Paccmorpnm pﬂll Z ¢ u moxameM, 9rO

OH CXomuTcs, -ecad |g| <1, u paCXOIIHTCﬂ ec/u lg|=1.

OTOT pAA yXe pAacCMaTpuBaJiCsi TPH H3YYeHHH CYMMEI
reoMeTpHuecKkoii rporpeccuu (cM. Aarebpa, wactb I, § 17,
n. 11). Hanomuum, uto

__2 qk.._

k=1
ECJm lg1< 1, T0 llm ¢"*'=0, H NO3TOMY"

+1 .
s Beex nEN.,

. R TI ' L +1
al—l)nl S—n o nl-l:r:o 1— q 4

=‘7_
I—

CaegoBareasto, ecau |g| < 1, To nanuuifi pax CXOAHTCH H

q
n—_9
§ =1= —3

i

3
]

Ecm |¢]1>1, 10 l1m |q|"+1—+ o0, no:—nomy nocJIeso-

BaTeJbHOCTDL (g"+1) Heorpaﬂuqeuﬂaa H, CJeloBaTeNbHO, He
uMeer npefena. Orcroza chenyer, YTO TNOCJENOBATENbHOCTD
(S,) Toxe He uMeer mpelena, T. €. JAHHHIH psm pacxoggres,

ecmr |g| > 1.
[Iycrs |g|=1. Ecom g=1, 10

Sj=l S=2, es ey S=\n. )

H, KaK JIeTKO BHJAETh, llaHHbIH pAn pacxonured.
Ecann g=—1, 10 -~

Sy=—1, S=-—l+l-—0 Sy=—1,.

T. €. YaCTHYHbLIE CYMMbI C HEUYCTHHMH uomepaMH paBHH ~1,
a C YEeTHBIMH HOMEpaMu paBan'O Takas HOCJIellOBaTEJIbHOCTb

“951
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lim 8= 11m 1 (Syan—Sa)=

“rae Sy— N-3 gactuunas cymma a Ry—cymma N-ro ocratka 8

s

He HMeeT Npefena. Cne,uosa're.nbno, ecJIH |q|—1 TO nannmﬁ
Pl PacXOIHUTCS.

Teopema 1. -Ecau psd cxodtimes, mo u /1}060;1 e20
ocmamox cxodumes. Ecau ‘xaxoii- ﬂu6yab ocimamox pada cxo-
aumcﬂ, mo u pad cxodumcs.

" Ilok asa're.nbcnao. IMycte nam psn Za,,. Pacemort-

pMM HEKOTODEIl €ro oCTaTok, T. €. P Buia 2. amk IIJm

a06oro n UMeeM

. @+N

N ’ -: ) . n
SN-l-n 2 a,,=§ =§ § N+k_‘SN+Sm

e S —n-a YyacTHYHasA cymma N-ro ocrarka xanHoro psna.
O'rcxo;la caenyer, lrro €CJIH PSAJ CXOAHTCA M ero CyMMa paBHa S,
TO : :

“

n—> o

= lim SM-SN_ lim S,—Sy=8—S,

u, caefoBarenbHo, N-i ocTaToK psna cxo;m’rca H8060p0T
ecin N-fi OCTAaTOK-pslia CXOAHTCSA H -€ro cyMMma paBHa R,
TO ‘

lim S, = lim SM,,_ hm (SN-I- Sp) = -
B> 0 ne-> e

5

H, C/IeA0BaTe/]bHO, PR CXONUTCH, Teopema l‘noxasaﬂa_,
Us noxasatenscrBa Teopemel 1 caeayer,. YTo ecad S —
cyMma JasHOTO psla, TO

S SN + RIW

A2HHOTO PsAAa:
- Teopema 2. Ecau pﬂabzco6ugumu YACHAMU a, u b,
CX00AMLA U, -

. 'nzl an=-As zlbn‘:B» ’ )
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mo 0as 606X uuce/zau |3 pﬂa ¢ obuum wretom ¢,=oaa, --pb,
_ cxodumes u

-

-

ngl (@; +pb,) =aA +pB.

Ileﬁc‘rsmenbno,

- lim § (aak-l-ﬁbk)—- lim (a 2 ac+B 2 bk) i -

=a hm 2 a,,+ﬁ hm kz T--ocA‘-{-[:SB,

a4 3T0O M O3HauaeT, 4To psl ¢ OOLHM YJEHOM C,=0a -l—ﬁb
cxonuTcsl M ero cyMma pasHa aA +PB.
[Tpumep 2. PaccMoTpuMm psm

2 (2:37" ¢ 3-2477).

Oﬁmnn YJeH 3TOro. psla HMeeT BHI T

o amx(g)e(a)

Kak nokasaso B mpumepe 1, psasl ¢ o6ummx q.uenamu'
a,,=(-§) Hb =(1_) cxo.uﬁ'rca Ho

- ~

. 1 - . |
“ Ly 3 1 K1\ T ,
— =__ w4 - — =-—————-=l.,
Sr-Fr-b S 0=
B cuny 'reopemu 2 NaHBIA PAN CXONHTCH H f
> @ 3-n+3 21-n)_2 -—+6=7 bt
n=1
Teopema '3 (Heoﬁxonumoe ycioBHEe CXOLH- .

MocTHu papa). Ecam psd c obuwum wrenom a, cxodumcs,
mo a,~— 0 npu n— oq..

JloKasaTeabCcTBO. [ycre pan Za CXOLHMTCS H €ro

' Cymma paBHa S. TOI‘Ila : S

n—-1 .

a,= Zalc Eak_s — Yn-1
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s .mosoro n>2 H TO3TOMY
lim a,= llm (S, -S,,_.i)= hm S - hm S,,_i-S—-S 0.

n~» oo

- Vo

Teopema 3 mokasaHa.

n
Ilpumep 3. Paccum‘puM PR 2 (l—-—) ~
n=1 ’
Has a’roro pAJa He BHNOJHSETCA HEOGXOLMMOR YCJIOBHE
CXOIHMOCTH. .
HeficTBiiTeNBHO, . |

(1t (g (252

- (“’%’ (nil)-"+”=(1—%)“(,+7__1__1)—n+;=

#1, caeloBaTebHO (CM. A.ure6pa, vacts 1, § 17, m. 9),

. . ] -
- lim a,=>>,
. €
A . n > .

, TaKPIM 06pasoM, AaHHHA psA pacxozm'rca.

Mpum ep 4. PaccMotpuM psix 2 —

n=1 ~

Dror psAA HashBaercH' eapmouuueacun. I‘onameM, 4TO OH
pacxoguTcH.

3amerum, 9TO . -

-

IlosTomy
’ n n kel :
S,= ) %>72/ 2—: Aas Bcex'neN .
k=1 k=1 N N

A TaK Kak
n k+l n+1
3 & S L in ! =In{n+1),
k=1
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TO
S, SIn(n+1) s Beex neN,

H, CJIeN0BaTe/bHO, lim S,,=+ 00, T. €. FapMOHHYECKHH pan

pacxoauTcs.
PaccmorpenHbiii npﬂmep NOKA3bIBAET, 9TO H3 YCJIOBHS
lim a,=0 He clelyer CXOJHMOCTL psila ¢ OCUIAM GJACHOM

n>o
a,. 310 ycnoBue siBAfeTcs HeOGXOIMMBIM, HO He ABJSETCA
JOCTATOUHBIM S CXONHMOCTH psza.

2. Pagsi’ C HEOTPHHIATENLHLIMH YJICHAMH. Hpexme BCEro
3aMeTHM, YTO HOC/AENOBaTENbHOCTb YACTHIHBX CYMM JOGOTO

pAjla ¢ HeOTpHLATE/bHHMH tuxenamn Apasercs Heyﬁbmaiomeﬁ .

IefictBuTensHO, MYCTh AaH PR 2, a,c ﬂeo'rpnuarenbﬂumu
YleHaMH: a, >0 Torza '

. n a4+l -
\J
S,= Zakgk%,l 0y =Sp41 A7 BCEX 7.

- HsBectso (cM. AareGpa, wacts I, § 17, n. 9), uro ecan
HeyGhiBalolIasl MOCJEAOBATEJNRHOCTE OrpaH¥ueHa, TO OHA
HMeeT KOHeuHHIi npefes. Ecau ke OHa HEOTpaHHYEHHAS, TO
oHa siBAseTcs GeCKOHEYHO Goapwoil .(cM. Aare6pa, uacrs I,
§ 17, n. 8); npo Hee roBOpAT, YTO OHA PACXOINUTCA K -} o0,
IMosToMy, écan psl ¢ HEOTpPHLATEJNBHBHIMH YJeHaMH Pacxo-
naTcs, T0 OylieM COBOPDHTb, 4YTO OH- pacXOAMTCS K -}c> H
YTO €ro cymma paBHa -}-oo. Takum oGpasom, cOpaBeliHBa
.cleyiomas Teopema.

" Teopema 1. Ecau nocaedosamersHocs KaCHUMHbY
CYMM PAOG O HEOMPUYAITEALHHIMU YACHAMU O02PAHYHMEHA, MO
pad cxodumcs. Ecau nocaedosameAbHOCME  4ACMULHOIX CYMM
pPR0G O HEOMPUUAMEALHIMIE YACHAME HEOZPARKYEHA, mo pad
pacxodumes K - oo.

[Tpumep 1. Paccvorpum psaza :

[} aml ‘

[Mokaxem, 9T0 ecan & > l, 10 paa (1) cxonurcst

T )

PN




Hasa .moﬁoro n= 2 HMeeM

dx
sfdmehh ] f £

. xX—=0%+1 |n o '
“‘”‘S ==l <

oc—-l

M TIO3TOMY, COIJIACHO ‘TeopeMe 1, ~ TpH a>1 psm ‘(1)—cxo-
JIHTCA.
B npexpiiymeM NyHKTE MH yXke noxasbmanu, 4970 IpH
a=1 pan (1) pacxoaurcs. ITokaxeM, uyro o pacxo,uuTcﬁ
- npu _Jno6oM @< 1. Mmeem (cM. npumep 4 m. l)

n n

- “'S,.—Z w=> N> +n),

“- k=

.1 mosromy lim S, = = oo,

n—> &
Takum o6pasoM, psx (l) npu a>l " CXOIMTCA, a NpH
~ aX 1 pacxoaurcsd K - oo.
Teopema 2 (npusHak cpaBHennﬂ) Ilycme 0aa

pAados 21 a,u 2, b, BbINOAHALMCS yeaoeue: cyujecmgyem N -

maxoe, 4mo 0<a,,<b '0as 'scex n =N
. Tozda, ecau psd E b, oxoaumc;z, o u psd Z a, cxo-

dumes. Ecau ace pad 2 a,, pacxoaumcn, mo u’ pad Zb
pacxodumcs.

. > o ) R
e P BT dcaecs bt el s i T

INokasatenscrso. Ecin pax kZI b, cxomiTcs, TO
CXOIHTCS H €ro OCTATOK kZN by (cM. Teopemy 1 m. 1). Ilycts

B— }, b,,, Tofza

[

2 a,, 2 bh<‘ 2 bk’:B Mﬂ BCeX n A’

k=N

»

T. .. MOCIEIOBATENbHOCTS 9ACTHIHEX CyMM psifia k}_“,v a, or- ¥
- =
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pammeﬂa Tak kak, Kpome Toro, a,>0 nas Bcex k=N,

TO B CHJY TeOpeMbl 1 paa 2 ak CXOAUuTCA. CJIéJlOBaTEJIbHO.
) k=N -~ .

CXOMTCA U Al kzl @, (cM. Teopemy 1 m. 1).

Ecau pan us a, pacxomutcsi, To pal u3 b, He Moxer
CXOIMTLCA, TAK KaK H3 €r0 CXONHMOCTH CJIEAYeT CXOXHMOCTb
pazxa us a,

Teopema 2 noxasana. /

mnx

- Mipumep 2. Paccmorpum pﬂnz , TAe X — HEKO-
n=1 .

TOpOE IeACTBHTENBHOE YHCJIO.
sin? nx
T:ix KaK og—ng——< Ias Bcex n M pﬂAZ —5 CXo-
mutcs (cM. npumep 1), To np npusﬂaxy cpanﬂeﬂnﬂ ;xalmhlﬁ
psm CXOMHTCA A .mo6oro XER.

-IlIpumep 3. Pan 2 —n— pacxo;m’rcsl, TAK Kak

. : ln—”>— Anst' BeeX n>3

!:i pPax 2 % pacxoauTcH.
n=1 : o~

: N ‘
Jlemma. Mycms dan psad 2 a,, ¢ 0A0JCUMENbHOIMU YAe-
. n£l
Hamu. Toeda, ecau cywecmsyem q makoe, 4mo

.

"—';;—’gq <1 9s4 scex n, S (2)

n .

mo psad cxodumes. Ecau oce ’
ﬂ'ﬂ> 1 Oas ecex n, s )]

mo pad pacxoaumca \

. JlokasateabcTBO. Ecau Bunosnusercs ycnoaue ),

TO > - | <y .

A1 S qan.\ q an-i < cor SO

CaeoBaTeNbHO,
a, < aig""' 1Ja Bcex n.
9 Anre6pa, u. 2 257
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A Tak Kak pan Z‘alq"‘l, y koroporo 0< ¢ < 1, cxoaurcs,
n=] ~

A . -

TO MO NPH3HAKY CPaBHEHHSA JaHHBIA pal 2 a, TOXe - CX0-
' . * n=]

autcs. IlepBas yacTb JeMMBbI”10Ka3aHa.
Ecau BBLINOJHACTCS YC/OBHE (3), To

ah+i-> a,,/. . .> alt

T. e a,za;>0 s Bcex n. Orciona. CJIelLyerT, ‘qTO’ A1R
pAila HE BLIMOJHSETCA HEOGXOLMMOE YyCJIOBHe cxozmmocm H,
CEelOBATENbHO, PSA PACXOAMTCA. .
JleMma noKasaHa.
Teopema 3 (npusnak Jlanambepa). [lyemo 0an
pPAGA € NONOHUMENLHOIMY UACHAMU Q, 6bINOAHALMCS YCAO8UE

- s Onel
S =
+To20a, ecau q <1, mo pﬂa cxodumes, a ecal g >1
mo pad pacxcdumcs.
HokaszaTteabcTBoO. I/Is onpezle.neﬂua npejiena nocJe-
LDOBAaTeNbHOCTH CJelyeT, 4TO AAA Kamaoro & >0 cymecr-
Bye'r N Takoe, 4TO R - R

'

e<a””<q+a A5 BCex n>N -

Ecan ¢<1, To, BHOpaB &>0 Tak, ura q+e<l,
MOJTyIHM ’ .

.

o a’*—‘*l<'q+e<.l s .Bcex n>=N,

T. e. N-fi oCTaTok IAHHOO pfla yNOB/ETBOPSET, yc.noﬂmo
(2) nemMel. Clief0BaTe/NbHO, PAR CXOAMTCH.

Ecau ¢ > 1, To, Bblﬁpas e >0 rak, uro q—e>l no-
JY4HM

a2+1>q_3>] ,L[:!lﬂ BCEX fn>N:
n ) ’

1. e N-fi OCTaToK pAAd yAOBJAETBOPAET YCJIOBHIO (3) JIEMMEL
* CnéjoBaTeNbHO, PAl PACXOAMTCA.
Teopema 3 noxasana -

Mpuwm ep 4, Paccmmpum paa Z 7 h

n=l
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— .
~

\
31ech =f-, W 103TOM
5n y

T Gner g (D27
lim %2t hm——QW 3

n—sx n n-»eo

Ho npnsnaxy Jlanambepa nauumﬂ psw. CXOlIPITGﬂ.

\

Mpumep 5. PaccMotpuM psaa 2

n=}
3rece a,= 5)— ; Cnenosare.nbno,

107+}.n| —1im 10 10 o

ay
n—>o00 a’l Ne=poo (n+ l)! 10% n-h- +l - )

Mo npushnaky [lanambGepa AaHHEIH pAA CXOAHTCH.

3. AGCOMIOTHO W YCIOBHO cXojsuwiecss paabl, BamHBI |
KJacC CXONAIHXCA PANOB OGpasyloT TaK HasmiBaemEle abeop-
_ JNOTHO cxonsmuecs psaanl. Ilpexae ueM naBaThb COOBBETET-

BylolLee OnpelesieHHe, . JOKAKeM CJIGAYIOULYI0 TeOpeMy.

Teopema 1. Ecau pad D|a,| cxodumes, mo u pad
. A=l ,

Sa, cxodumes.

riz=1
Iloxasa‘re.anTBo. [Nonoxum
__l19n|+an _lan|—an
CPa=E R, Q=

QOueBHIHO, YTO . .
0<p,<la,l, 0<q,<|a,] 1a beex n.

[lo npusuaky: cpasHenus psis Zp,, u 2 g, CXomiTes.

A Tak Kak a,=p,—q,, 10 (CM. 'reopemy g n "1) nanHbBIA
PAL TOXKE CXOAHTCA. Teopema l JI0Ka3aHa.. .

Onpenenenue 1. Paa Za HA3LIBAETCs aiconvmo
n=1

cxX00AWUMES, €CTH cxozud'rcn pan 2, la, |

-4

Teopema 1 yTBepxknaer, 4T0 ecnn pax aeomoTHo exo-

JUTCA, TO OH H MPOCTO CXOAUTCS.

Ias uccnenosannsi psAAOB Ha aGCOMOTHYIO CXOAMMOCThH
MOXHO TMOJIb30BaThCSl BCEMH OPU3HAKAMH CXONHMMOCTH JJm
panos ¢ HeorrpuuaTeanbmu wieHaMH

9+ oo 259




Teopema 2. [lycms 0sa pada Zla,, GLENOAHALMCA
ycrosue ) '

’ lim |8n+il =gq
n-»oo |an| ~

Toeda, ecau g <1, mo pad exodumca abcorommo, a ecay
g>1, mo pad pacxodumcs.

HMexaszateanctBo. Ecam ¢<1, 710 abconmorHas
CX@ZHMOCThb cJefyeT M3 npu3Haka [lanambepa nas p;mos
C NOJIOKHTeNbHBIMH ysneHaMH. Ecau ¢ > 1, To Ans pama me
BRIIGJIHSIETCA HEOOX01MMOe YyCJOBHE CXOAHMOCTH psfa (CM.
KOHEl 1@Ka3aTe/bCTBA JEMMBbI u3 1. 2) u, cAel0BaTeJbHO,
pAA pacxeaurca. -

Teédpema 2 nokasana.

-

TIpumep 1. PaccMorpum psn Zﬂ):—-l, rae o> 1.

Srer psx cxoAuTCs H, Goee 'roro, CXOAMTCSA a6COJIOTHO
HeiicTauTenabHo, 31eCh .
o (=nmt

a, =0 e, =

H pAR 2 v Tae ‘> 1, cxonurca. CienoBaTesbHO, AaH-
. ¥

HBIH Pﬁl CXORKTCﬂ abCoJIIOTHO H, B qacmocm OH CXOAMTCH

Mpumep 2. PaccmmpnM pan Z——-, e o> 1,
. ).
a X — NpeU3BoJLHOe LeficTBHTe b HOE !mc.no .
Aror pal a6COMOTHO CXOAMTCS, Tak Kak s
sin nx \

l ‘ -
- < — Aas Bcex n.
A n® =%

u pan Z — npd a> | cxoautes.

a=l

<1, He aBJme'rc "

n=1
L]

1

a0bCoOJIIOTHO CXOAAIIUMCA, TaK Kak Pl 7, rie a<l
A
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pacxomrrca Huxe Gyne'r ,uoxasaﬂo, qT10 nammﬁ paa cxo-
IuTCA TpH Mmo6oM a > 0.

TeopeMa 3 (mpusHaK Jlei6urna), Ecmu noaae-
Oosanieabriocmb (@,) . U3 NOAOHCUMEA6HbIX 4UCEA MBRERTORHO

y6oisaem u lima,=0, mo psd Zl(—l yr=ta, cxvdumes.
n—>o n=

JJokasaTeabcTBO. PaccMoTpuM jnocieadBatensHOCTL '
YaCTHUHEHIX CYMM [dHHOrO paja ¢ yeTHBIMH A6Mepami:

\

2m -
- Sam ='kzl(—l)k_lah’ mGN
+TaK KaK -
m‘
Sem=0i—a,+ cee FOp-1—0p= kg'l (@51 —@3)

H COTJIaCHO yc.uonmo Qgp-1— Qg > 0, TO NOCIGISRATEILHRCTD
Sam meN MOHOTOHH® Bo3pacraierias. C Apyroft cTepeoHs,

Ssm=01—(a3—0a5) —~.. —@,, < a; AN BCOX m,

T. €. pacCMaTpHBaeMas [0C/e/0BaTeNbHOCTb OrpaHHICHHAS.
CnenoBarenbHo, ona umeer npelea. [lycrs

S= lim S,,. (1)

. m-»>o0

,U,J'lﬂ YaCTHYHHIX CYMM C HEUYeTHbIMH HOMe€paMH HMEeM

lim Spmer= lim (Som—gn) = lim S, lxm a,,,=s @)

Hs (1) u (2) caenyer, 4TO AaHHBI PsiZi CXOAHTCA H €ro
cymma paBHa S. Teopgma -3 n@kasana.
W3 npusnaka Jleid6unua caenyer, 4to psn

L
>

n=l

cxoautcs npu Jio6om o > 0. OnHako on He sBJseTca a6co-
JIOTHO cXoismuMcs, ecan 0 < a<1. .

Onpexenenune 2. Psan . HasbiBaeTcs YCao8HO CX00s-
WUMCS, eClH OH fBJsieTCs cxop.smmmca HO He sBJfAeTcH
a6CoJIIOTHO CXOASIIHMCS.
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v

Hanpumep, o6a psna

2(—4)" Z =

n=1 -

cxofsarca., OiHakG ecau nepBblﬁ pAX a6COMOTHO cXonAmMuAcH,
" TO BTOpOH PSIA He ABJAAETCA aGCOMIOTHO CXOAfIHMCS H, CJe-
IOBATEJABHO, SiBJSIETCS YCJOBHO CXOJSLIHMCS.

AGcomorHo .cxoasAHecs PsAbl 06/1afal0T MHOTHMH -CBOH-
CYBaMH OGHIYHBIX KOHEYHHIX CyMM. B uacTHocTH, A/ HHX
HMeeT MECTO CBOJCTBO, aHAJOTHYHOE CBOMCTBY KOMMYTATHB-
HOCTH: CyMMa a6CO/IOTHO CXOAslerocss psiia He MeHSeTcs
npH /MoGoH nepecTaHOBKE YJEHOB pAJa.

AG6couioTHO cxofsimiHecs: pAAbl MOXKHO nepeMHomaTb no-
uneno.. Bonee TouHo 310 yTBepXCHIHe q)opmynupye'rca cae- -

Y10 HM oﬁpasoM. €Cc/IH PALH 2 Zb aﬁco.momo cX0-

pagest u A= z‘lan, B= 2&”"’ 10 psm, wIeHaMH KOTOpOro
s
ABJAIQTCA BCEBO3MOXKHHLIE [POH3BEACHHS BHa ayb,,s abeo-
MIOTHO CXOMUTCH M €ro CyMMa DaBHA IDOH3BE/IEHHIO AB.
C/IOBHO CXOAsIHecs] Psfbl MO CBOMM CBOHCTBaM cCylue-
_€TBEHHO OT/IMYAlOTCS OT OOBIYHBIX KOHeUHnX cymMm. Ha-
npuMep, AJIs- HHX CUPAaBEJIMBO . CIelyioliee yTBepKIeHHE:
B YCJIOBHO CXOASIEMCS DPsifieé MOXKHO TaK NepPeCTaBUTh WIEHH,
4TO NOJYyYeHHHIH pPsAA GYAET CXOAUTHCH K JIOOOMY Hanepex
3ajignHoMy umcay. Bosee Toro, MOKHO TaK NepecTaBUTh
YIEHH YCJQBHO cxoxsuierocs psifa, 4ra no.nyqeﬂm.m pAR
GyAeT PACXOIAUTREA.
4. IocaeposaTeabHOCTH # PANEI C KOMMJEKCHBIMH Uie-
Hamu, [1ycTs 3ajiaHa NOC/IeOBATETbHOCTD KOMIJIEKCHBIX aHcen

- - 2g, z,, ceey Zyy e (1)

Kak u ,111.11;1 JeHCTBHTE/IbHBIX YHCEJ, 9Ty nocnenosa're.nbﬂocn
6yneM obosmavarh (2,). ) .
Onpenenenne. KomniaekcHoe UHCIO 2z HasbiBaeTcs
ryedeaom nocaedosamesvrocmu (2,), €can
lim|z,—2}=0
. n—»>® -
meAz , — 2| — MolyJIb KOMIJIEKCHOTO uYHCaa Z,— 2.
OC/Ie0BaTeIbHOCT, HMelomas npejed, HasuBaerca cxo-
Oswyeiics. -
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;7 - —

Ecau 4ncao Z ssasercs npenenom nocneaosarenbﬂocm
(2,), TO mHLWIYT ,
limz,=2z uwm 2,—2z nNpu nA—»>o0
e
¥ FOBOpAT, YTO MOC/EAOBATENBHOCTE (2,) cxomrrca K 2
Teopema 1. Hocxzeaoaame/zbuocmb KOMNAEKCHOIX 4ucen
2,=a,+ib,, n€.N, cxodumcs mozda u moasko mozda, K020a
cxoaﬂmcﬂ nocaedosamenbHocmu  ux dedcmaumensHoix U MHU-
MbLx .qacmeti, npuuem
© limz,= lima,+{limb,. . -

n—>oe T > n->ee
lloxasaTeJIbcTBo. I'Iye'rb
lima,=a,” limb,=b"

n=>ee n->ew

4

HoxameM yro Torga limz,=2, rge z=a--1b. Tak Kak

IZM—Z{ = V(an.—a)a'l'(gn—b)’ < l an'-al +Ibu’-bl

u|a,—al—0, |b,—b|—0 npu n— oo, TO |2,—2] =0
npu n— co, 4TO H TpPe6OBaJOCh AOKa3aTh. .
~ Ecan xe limz,=2, rue z—a+tb TO M3 HEePAaBEHCTB

n=»®

la,—a| <[z, —2], -b--—-b-|<|z —z|'

- cJenyer, 4to-|a, ~a|—0 u |b, —-bl—»O npu n— oo, T, e.

lima, =a, hmb =b.

n—=»o n—»w

Teopema | jokasaHa. . : Lo

Ws Teopemsl 1 M COOTBETCTBYIOUHX TeOpeM AJsl [joaeso-
BaTeJbHOCTEHl AEHCTBUTEABHEIX YHCEJ BHITEKAIOT GJENyIOiiHe
yTBEPXKAEHHA AJIs MOC/AeA0BaTeNbHOCTEH KOMMVIEKCHBIX YHCE.

CaenctBue 1. Cxodawas nocredosamervHocms” umeem
eduncmaserusill npedea.

Caenersue 2. . Ecau noa/zeaoeameawocmu (z) 4 (w,)
caxoamquecﬂ, mo npeae/z cyMsz (2, +wn) pasen oymme npe- -
en08:

lim (2, +w,)=lim z, + lim Wy -
a-»ee O=> o0 a—>oe - )
npedea pasuoaniu (2,—w,) pasen pasHocmu npedeios
. lim (2, —w,) = lim z, — limw,,
a~> e 8-> a—>ee
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1\4 npedes npouseedenus (z,w,) pasen npoussedenuro npedenos:
limz,w,= limz,. limw,.

n—>o n—>0 , N—>®

Ecau;, xkpome moezo, 2,0 u limz,==0, mo npedea

n—> oo

4aCcMHo20 (:%’!) pasen uacmnomy npedeaoe:

lim w,
lim-22 = 2=
n-s>o ‘n lim Zn

Kak u B n. 1, onpefensioTcs pAAH C KOMIUIEKCHHIMH
L]

YIeHaMH 2 u,. IlJm HHX OCTAlOTCS B CHJE BCe OMpejese-

HUS H -reopemu 3 1. 1. B YaCTHOCTH, AJIsl PSJGB C KOMI-
neKcHbiMH uneHaMH cnpaBeiJIHBO CHAERyIOUIee Heo6xedumoe
ycadsue cxoau)nocmu’

Ecau pad Zu cxoéumcn, mo limu,=0.

Il-bd)
IMMpuamep 1. PaccmorpuM psan 2 2", TJe 2—HEeKOTOopoe

N KGMEgeKCHoe qHcaIod. | - )
e |z 1, To Ans “HaHHOTO psifa He BHINOJHSETCS
Heo6X01uMoe yC/IGBHE CXOZMMOCTH:

- |z#|=|z|*>1 naa Bcex n,

W, CJIEAOBATENbHO, PAA PACXONMTCS.
Ecnu ke |z|<1, To pap cxopurcs. JlefictButenbHo,
Ins n-f 9acTHYHOH CYMMH ClipaBejJuBa (opMyJaa

H [03TOMY
. limS§, = —z—— lim 27,

n—+o —2 l_zn—»oo . )
Tak kak |2"|=|z[*—0 npy n— oo, T0 lim 2"=0, n

R

To3TOMY

lim k= )
n»wg‘ l_z -
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N
N

od .
TakuMm o6pasoM, eciu |z| < 1, To pax X 2" cXomuTcs
n=1

®
2

a ecan |2| =1, TO pan D)z pacxoauTes.
n=1

Teopema 2. [ycmo dan pad Du, ¢ KOMNACKEHHIML.
n=1

« -
-uneramu. Tozda, ecru pad us modyreii |u,| cxodumes,
n=1

mo u psd Zu cxodumcs.

E,QKaSaTeJIbCTBO IMyere u,=a, -|-lb H, cJjenoBa- "
TeJ'leO, |u |=Vai{b: Tak xax la l(luﬁ[ [bn] <] 8],

H Pﬂll 2_, |4,| cxopurcs, TO MO NMpPH3HAKY CpaBHEHHS PAMILI

Zla H Zb aﬁcomo'rﬂo cXolATCA. Hyc*rb
n=

da,=4, Zlb,,=B. T
n= -
Torza no Teopeme 1

n n
lim Zu,,:: lim (kzla,,+t Zbk)=

n—>w k=1 n-» oo

= lim kz,la,,+tli‘m z,b,, A—|—LB
' n->o =

' YTO ¥ JOKa3biBaeT Teopemy

OrmeruM, 4TO, KakK H paﬂbme, ecau pajn E |u,| cxo-

IuTCs, TO pax 2} u, HasbiBaefcs a600/uomno CX00AUUMCA.
n=1 -

ChnegoBaTesbHO, TeOpeMa 2 yTBep:KJAaeT, YTO €C/IH Psj ¢ KOMI-
NEKCHBIMH 4YJleHaMH aGCOMIOTHO CXOXHTCH, TO OH H NPOCTO
CXONHTCH. .

- \ ’ - 265



-

l'lppmep 2. PaccmorpnM PAX Z

P .re 2 —HEKOTO-

poe Komnnexcuoe 4HCJIO.
3nech

IZI

u,==, |u, l—
- @«
Hokaxem, uro psn ZTL C [IEHCTBUTENbHBIMH YJ€-

HaMH. CXOJUTCS TIPH moéom 2. "

Eciu 2=0, 10 u,=0, a pax u3 Hyae#t cxomurca. Ecan
250, TO |z|>0 H K PALY MOXHO NpUMEHHTL NpHSHAK
Hanambepa. Mveem - .

|ty | Iz
n".?i Tual o a k10

15 Me6oro KeMmiekcHoro 270, u noa'romy psm 2, lu |
CXOJHTCS. ’ :

TaKHM oépaaoM, psA 2 cxonuTcsi abCOMIOTHO WpH
n=1l -
JI060M KOMIIJIEKCHOM 2.

Ynpaxsenka - > R ~

~

9.1. Hafiqure cyMMBl CHENYIOMMX PAZOB:
< 1 1 =N
2) Z (2—n+1"_2n—1)' o nzl—(zm—'_ N TER

G S 0 TS 0 5 (i)

nsl

9.2. Cxopatca uau pacxon;m:ﬂ' clefyloiue paab:

a)21000n+1’ 6)-2(1"‘")
DB

n=l
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93 Hcnoab3ys npu3Hak cpaBHeHHS, ucc.ne)xyﬁm Ha cxo)muocn
cleAyIomHe PLBL ~

o .~l . ’ l .
SPET 27—“:1 D D

n=l

1 < > . 1
2n — H ——,
" 2 sin gt ) 2 Vn(n2+2) K Z VamD

\94 l/lcno.nbsya HpH3HaK lla.rrau6epa, ncc.ue.nyﬂ're Ha CXONUMOCTb
cAefyIOlHE PsAbL:

S N3 .
a) Z(zn_n—"fﬁ’ )),;T';; DIDI-E

n=1

aEE o FEn

n=1 -

9. 5 I/Iccnenyﬁ're Ha a6COMOTHYIO H YCJIOBHYIO CXOJAHMOCTb- CJIeAYIO-
wme psp: - .

00

9 E( n"+ : Z(-—-l)"“n “‘5).2 co:ln;

n=l n=1
(—ly' Ty N D =)
H ) ) ey ————

§ 32.-Crenennbie pajsl

. 1, Paguyc cxopumMOCTH M Kpyr cxonmuocm CcTeneHHoro

psma, B stom naparpaq:e 6y11eM paccMaTpuBaTh PSABL BUAA

- Ea,.(?—zo)", ()

IIe 2, H Ggy Ay -+ oy Gy, -+« —S33aHHEIE KOMILIEKCHBIE YHCAA,

‘a z—nepeMeHHast, TPHHHMAIONLASA M1060e KOMIUIEKCHOE YHCJO.,
Takue psAmM HasbIBAOTCA cmeneHHomu padamu. Yucna

@y, @i, «..y Gy ... HASHIBATOTCA KO3hghuyuenmamu cmenen-
Hoeo pada (1).
O6uuii unen psaa (1)
- Uy=a,(z—z2,)"
aBasieTcs. GyHKUHeR OT 2, W NPH KaXKAOM (HKCHPOBAHHOM
SHayeHHH NEPEeMEHHO! 2z ABJAETCS HEKOTOPEHIM KOMILIEKCHBIM
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gucaoMm. CiefoBaTeNbHO, MPH KaXAOM 3HAUeHHH INepeMeH-
HOM z pan (1) sABAAETCS YHUCJOBBLIM PSAJOM.

OrMeTHM, YTO y CTeNEHHOro pslia cueT 4JeHOB BefeTcs
He C eIMHHUb, a C HYJd: NMepBblil 4JeH HasblBaeTcs Hy.Je-
BbIM, B'rcpoﬁ—gg;eﬁbm H T. 1. Jlaa creneHHof® psxa TAKol
cueT ABafeTCS ¢TBEHHLIM, TaK KakK HYJEBOH diel u, AB-
JseTcs OpoH3SBENeHHEM KO3dpuilHeNTa g, Ha MHOTOUJIEH Hy-
JIeBOil cTefleHH (2—2,)°=1, nepssifi 4IeH u; eCTb NPOH3Be-
JIeHHe @, Ha 22—z, M, BooOlle, n-t 4ex U, paseH npousse-
OeHuro Kosgpgpuyuenma a, Ha mMHo204AeH n-ii cmeneny (2 —z,)".

Tak Kak Mexzy TeukaMH KOODAMHATHOH IJIOGCKOCTH
H KOMIVIEKCHBIMH YMCJaMH HMeeTCs B3aHMHO OJHO3HA4HOE
COOTBETCTBHE, TO YaCTO BMECTO «KOMIUIEKCHOE UHCJO 2» TO-
BOpPAT «Touka 2». Tak uTo ecau paAn (1) cxoputesi npu 2= z,,
TO FOBOPAT, YTO NAHHBIN CTENEHHON PAJL CXOAHTCH B TOUKE zj.

MHeKecTBO BCeX TOUEK 2, B KOTOPLIX PAA CXOAHTCSH, Ha-
3blBaeTci ero o06aacmoto cxodumocmu. 3aMeTHM, 9TO MoGei
cTenmeHHOH P84 BHAA (1) CXOAMTCA B TOUKe 2,, TaK YTO '06-
JIaCTh CXOJHMOCTH JIIOGEro CTENEHHOTO pAAA COHEPKHT 1O
KpaiiHefi mepe ogHy Touky. [anbHefimnde -cBefeHust o6 ycr-
poficTBe 06JIaCTH CXOAHMOCTH CTENEHHOTO PHAA. NOMYYHM H3
caeaymioes 3aMedaTeJbHOH TeOPEMb!, HOCALIEH HMSI HOpBEX-
ckoro Matematnka H. A6ens (1802—1829).

-Teopema 1. Ecau cmenennod psad (1) cxodumcs 6 mouxe
2y 5= 24, MO OH €x00Uumcs abCOAIOMHO 8 060l mouKe 2 Maxodl,. .
umo |z—2y| < |2y —2,|. Ecau sce pad (1) pacxedumes e mouxe z;,
mo ox pacxodumcs 8 nobod meuxe 2z, y Komopod |z—z,|>
>|21—2|. -

Hpyrumn caoBamu, ecan creneHHein pag (1) cxoputcs
«B TOUKE 2, 752, TO OH cxoauTcs abCcoIoTHO B Jil06O# TOUKe 2
u3 Kpyra |z—z,| <|2;—2,|. Ecau xe psan (1) pacxomurcs
B TOUKE 2;, TO OH_pacxoAuTcs B JioGoH Touke, JexKallell BHE
Kpyra |z—z,|<<| 21— 2,| O TOUKaX OKPYKHOCTH |z2—2,|=
=Yz,-—zl,[ TéopeéMa AGess HHUEro He yTBepXKAaeT,

IlokasaTenbcTBO. Ecau uncioBod panx

~

. ©0
2
2 a,(2,—2,)"

R n=0
cXoiuTcs, To oOWMH 4YJeH 5TOro psfia OrpaHHYeH.
Mycrs |a,(2;—2,)*'|<<M nna Beex n. Toraa, ecan

Iz"“zol <|21—2,|, T0

n n lz—z0| L n
|a, (z—20)* | =] a, (21 —2)*|- (157 ) <M-q",

I 21—2]
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4 ‘ ’ .
rie q——‘l——;";‘T < 1. Tlpumenns npusHak cpaBHeHHS (C reo-
MeTpHYeCcKol nporpeccueit), NoJly4uM, 410 B J0GoH Totmez
U3 Kpyra |z—z,| <|zl—-z.,| piin cxopuTCs.

-

[Tycrs Tenepb psn 2 a, (2, —2z,)* pacxenutcs. Toma)

pan (1) pacxoauTcs B .mo6on _TouKe 2,, HIJsi xoroponf
| 2a—20| > | 21— 2, |, T2K KaK ecan 6b1 OH CXOBHJICS B TOUKE 2y, !
TO OH 1O JOKA3aHHOMY JOJIKeH CXOIlHTbC‘il B TOuKe Z;. Teo-
pema 1 JokasaHa.

Vs Teopemb AGens ciiefyeT, 4To 471 CTENEHHONO PAAA (1
BO3MOXKHBI TPH CHTYaLlHH:

1) pan (1) cXexuTCs TOIBKO B- Touxke 2,5

2) psn (1) cxoguTcsi BO BCeX TOUKax 2;

3) cyutecTByer uncio R.> 0. Takoe, 4TO JAJA BCeX 2 M3
kpyra |z—z <-R pAX CXOAMTCA, a ANA BCeX 2, |z —z,[>
> R, pax PacxOXHTCs.

Oupenenenne 1. Uncnio R >0 Takoe, uro psax (1)
CXOIHTCA L5 BCEX 2, |2—2,| < R, ¥ pacXozuTcs A/ia BCeX 2z,
|z—z,| > R, HasbiBaeTcsi paduycom cxodumocmu pada (1).
Ecau pag (1) cxoautcs TONBKO B Touke 2,, T0 R=0. Ecan
pan (1) cxoautcs npu J060OM 2, TO R =+ oo.

Takum oGpasom, y /060OT0 CTENEHHOro- Psifa ecTb paguyc
CXOEUMOCTH R H, coryiacHo onpegenenuio, 0 << R <<+ oo.

Onpeaenenune 2 MHOXeCTBO Bcex TOYeK 2, YHAOBJET-
BOPSIIOUIUX HEPaBEHCTBY |2 —z,| < R, rae R—paauyc cxo-
auMocTH paja (1), HaspiBaeTcs Kpyeom cxodumocmu psada (1).

OrMetuM, uTo' ecii 0 < R < +oce, TO KPYr CXOAMMOCTH
paAa (1)-—-9'1'0 OTKPBITHIA KPYT paguyca R c LEeHTPOM B TOUKE 2,.
Ecin R= 4 oe, T®@ Kpyr CXOARMOCTH —9TG BCH KOMILIEKC-
Has naeckocTs. Ecam R=0, To 'KpyroM CXOAMMOCTH $B- -
JSeTCA NYCTOe MHOXKECTBO.

Teopema 2. Ecau~y cmenennoeo psada (1) nocaedosa-

a o

MeAbHOCTMb g%) umeem KoHeuHsul uau OeCKOHeuHoLld
n+1

npeédea, mo

28 paduyca cxodumocmu cnpasedrusa Gopmyia

- ; R= ”limw T}%}T 2

ILokasaTeabcTBO ﬂyc’rb -

! - lim el 4

n-w ‘an-l-l‘

/



i
Paccmorpum CHaua/a caygafi, korga 0 < A L +o00. Bur

Gepem HeKOTopoe 2;=%2, 1 K YHCJIOBOMY ALY 2 la, ]| z,—gol

npuMeHUM npusHak «Jlanambepa. 311ec1> u ‘-la,,| | 20—z, ",
. H TIO3TOMY

lxm “n+1 lim lanail zi"“zol""'” — .
ne—> o n n—> o0 lanl |21_20|n !

i A —-|z,—zo| hm ! ”“‘ —lz,—zni-—l—

laal 4

Ec.rm —[zi—-zol <l o pan (1) cxonuTes aGCoMOTHO,
ecJH IzI-—z‘gl > 1, TO PSR PacXOmHTCA. C.nenosaTe.ubHo,
R=A : )
Ecin A=+ o, 10 lim ﬂ';*—‘::O a8 -moboro z=~z,

n-—> n
H, c.ne,uosaTe.rbuo, pAx cxonwrcsa npu moGoM 2, T.e.
R=+ 0.

Ec A=0, 1o lim “"*‘-—+oo s moboro z3k 2z,

n ~> % n

H, c.ne;loaare.nbﬂo, pAA pacxoauTcsi NpH JoGoM zaézo, asto’
U O3HayaeT, yTo R=0.
Teopema 2 nokasana.
.B nociegHeM myHKTe NpeABIAyLiero naparpa«ba paccma'r-
pHBaJHCh PAABI

o 0

) -

Seon S5
nl

n=1 n=1

Tam 6b10 MOKA3aHO, 9TO NMEPBBIA PAA CXOXHMTCA AJA BCEX 2,
|z| <1, u pacxomurcs ANs BCexX 2, |z|=>1, a BTopoii pan
cxoautcsi npu Beex 2. CuaenoBatesbHO, y nepsoro psaaa
R=1, ay BTOPOTO psifa R £ + oco. Jlerko npoBepuTh, 4T0
TO Ke caMoe moJiyyaercs W fno ¢opmyJae (2).

IMpumep 1. PaccmorphiM cTeneHHOH psia. 2 —25",; H Hail-

n=_9

JEM €ro paguyc CXONMMOCTH. _

" 3gecs a,,=§l;>'0 AJs BCEX N.
Ilo ¢opmyae (1) Bonyuaem

1.9n+%

R= lim =

n —» v

=2/ c- T
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Tagum- oépasom AaHHLIA PsiJ CXOAMTCS BO BCEX TOUKAX 2z,
2] <2, u. pacxoiuTcsi BO BCeX TOUKAX z, 2] > 2. Ll-ﬂﬂ :
NOJIHOTHI HCC/IENOBAHHSI 3aMeTHM, YTO 3TOT PAJ PACXOAUTCA
BO BCeX TOYKaX 2, |z|=2, Tak Kak B HHX He BBHINOJHEHO
Heo6xozmmoe yCJIOBHE CXOLHMOCTH p;ma

I}pumep 2. Paccmorpum pian 2 n,.A B
n=1 «

y 3’1‘0]‘0 paza BCe KOS(Q(PUUHEHTHI NMOAOKHTENbHBIE: @
== > 0 nna peex n.-Ilo dopmyne (2) nosyyaem

R hm(n+l) l. . -

n-—» e _

CJ1eLOBATeJbHO, |zl < l‘—-—prr CXOJIHMOC;I'P] JlaHHOTO
psama. - . '

Taxk xak psm Z—-cxozum:a To NaHHBIA pAn cxo,qmc;;
“a=1 A
a6COMOTHO AAsi MOGOro 2, |2|=1. o
Takum ‘o6pasom, AaHHblﬁ PAA CXOAHTCA a6como'mo npu -
Beex 2,-|2|<C1, 'u pacxofWrcs npu APYTHX 2.

Ias pana 2— TaKk e JOKa3blBaeTcs, 4T0 €ro pauyc
=1
CXOZHMOCTH paBeH '1. Onnako Ha rpaHuue prra CXOAUMOCTH,
T. €. Ha OKPYXHOCTH |z[=1, HMelOTCA KaKk TOUKH, B KoOTO-
phIX PAA CXONMTCA, TAK ¥ TOUKH, B KOTOPHIX PAN PACXOAMTCS.
Hanpumep, B, Touke z=1 psj pacxoauTcs, a B TOYKE 2= —I]
no mpusHaky JleHGHHLUA OH CXOAMTCA . .

Tipumep 3. Haiitu pazuyc cxomumoctd psna Z-z;:—

. . . n=0
K sTomy psaay Helb3s npumeHHTh gopmydy (2), Tak Kak
y Hero Bce HedeTHble KO3(G(UUHEHTH DPaBHLI HYJIO:

1
A5,41=0 1 Gy, =155 ANS BCEX n

PR HAXOMICHHS panuyca” CXOAHMOCTH saqucnpyem

HEKOTopoe 3HaueHHe zz-0 H DpUMEHHM npnaaax ﬂa:naM6epa
2|2

K YHC/JOBOMY pPsAy C OOLIUM 4/EHOM U, = 5n Umeem .

: lupgr] _ Le[Pnebon  jape R

: lunl - 2n+1|2'2n :

<




: 1
\

JIOTHO, a ecJH |z 2 > 2, TO pSii PacXOAHMTCA. Takum ofpa-
soM, R=V2. - . !

2. CrefleHHRe PAAbI C AeACTBHTENLHBIMH YieHamMn. B sToM

CrenoBatenbHO, ecan |£[* < 2, To psAns cxogutcs abco- ;

NyHKTe GyIeM pacCMaTpHBATh CTeneHHbie psin ¢ AeHCTBH- g
TEeNbHHIME UJIEHAMH, T. €. PAJb BHAA . . g
/ ’ 00 .
- 1
. an (x_-‘xO)n’ (]) -~
. S~ , n=0 - .

TAE Xo, Qo, Qi +eey Gy -+ —33NAHHHE AEHCTBHTEJbHbIE
9hc/Aa H X NPHHUMAeT JHINb JEeACTBHTEeNbHEIE 3HAUCHHS.

3amerum, 4to ‘ecin x NPHHHMaeT NPOH3BOJBLHOE KOMII-
JIeKCHOe 3HayeHHe 2z, TO pacCMaTpHBaeMblie psgbl GyRyT cTe-
MEHHbBIMH pPAJaMH C KOMIIEKCHBIMH UY/JeHaMH, H IO3TOMY
Al HHX OCTAIOTCA B CHJIe BCe OIpeAe/]eHHs H TeOpeMbl U3
m. 1. Tak uto ecin R —pagnyc cxoxumoctd paga (1), to
PAA pacxoguTcs LIS BCeX X TAaKHX, 4TO |x—x,| > R,
M CXOZHTCA I/ BCEX X TaKMX, 4TO |x—x,|'< R, T. e. pas
BCEX X H3 HHTepBajJa |x,— R; X, R[, KoTOpbIl Ha3bBaeTcs
unmepeasom cxooumocmu. B vactHocTH, ecih R= 4 oo, TO
HHTEPBAJIOM CXOZUMOCTH OYAET BCe MHOXKECTBO AEHCTBUTENb-
HbIX gHcesl R=]—o0; +oo[, a eciu R=9, TO psj cxo-
IKHTCS1 TOJILKO B TOYKE X,.

Ha unTepBane cxomumocTH cTeneHHOH PsA onpejensiet
.byHKIHIO . '

S(x)= ngo a, (x—xo)": ‘ “(2)

?
>3
&

3r1a QyHKIHA ‘HAJLIBACTCA CYMMOLU CMENeHHo2 pAada. .

MoxHO 70ka3aTh, YTO CyMMa CTENEHHOTrO Psja Hempe-
pPbiBHA H HMeeT HefpepeIBHEIE MPOH3BOZHBIE JIIOGOr0 MOpsiKa
Ha MHTepBaAe cXeAUMOCTH psAa. Kpome Toro, npo#3BopHas
cymmbl S’ (x) sBfisieTcs cymMMO#l psifa H3 NPOM3BOAHBLIX, T. €. ~

«

S W= na,x—rpt @)

+ AHa/IOTHYHO, ) , TN

8" (1) =2 n(n—1)a, (x—xp)"-?,

n=2

0o AN

‘ SIII (X)= 2 n(n_:_])(n_2)‘an(x_xo)"'-!

n=3 . e




u T. 1. B 3TOM cMbicie HHOTZa rOBOPST, YTO AJIfi CTETNEHHBIX .
psOB NPOH3BOJHAs CYMMBb! paBHa CyMMe NPOM3BOXHBIX WJIH
YTO CTeneHHbIE PSALI MOXKHO AHGGepeHUHPOBAaTh MOY/IEHHO:

(5‘. a, (x—xo)">l= 2 (a, (r—x)Y. (4)

DT0 yTBEpXKAEHHE O MOYJIEHHOM uutbd;epeﬂunponanun cre-
NMEeHHbIX PAAOB MbI NpHMeM Ge3 nOKasaresbcTBa. Takké Ges
J0Ka3aTeJbCTBA NpUMEM H clefyiollee yTBepxKJeHHE O IO-
YJIEHHOM HHTErPHPOBAaHHH CTENEHHEIX PANOB:.

UHMezpas om Cymmbl CMeENnennozo pada pasex cymme pada
U3 UHMe2pan0s om COOMBemCmeylowux 4Aerno8 0aHnoeo pada,
m.-e.

b w b
{s (x)dx=n§ (a,(x—x)rax - (5)

N

0as mobozo ompeska [a; b] us unmepeasra cxadumocmu. Jpy-
THMH CJIOBAMH, CTENEHHOH psifi HAa HMHTEPBaJe CXOAUMOCTH
MOKHO PlHTel‘pH]JOBaTb TMOY/IeHHO:

S z a, (x—xoy* dx = 2 S a, (x—xor (6)

PaccMOTpHM HECKOJIBKO TPHMEPOB.
IMpumep 1. Haittu cymmy cremeHHOro psiaa

' Z‘:-n——xn. M

Tlpexze Bcero HafieM pamuyc cxomuMoctd R psma (7).
Y storo psga kospdHuHeHTH 3amaioTcd dQopMyaol a, =

(———l)———, H nostomy (cM. ¢opmyay (2) n. 1)

n
R= lim ﬂ"—l-= lim "1’1=l.

n—»ool 1 n—>w

Cne,uOBaTeano pan (7) cxomuTca Ha HHTepBale ]—-l 1[
M ero cyMma S (x) HMeeT HenpepbiBHYIO NpOH3BOAHYIO S’ (x),
npuyeM coryiacHo ¢opmyse (3) o nousenHoMm RudpepeHiu-
POBaHUH CTeNeHHOro psja

5= 3= (5) = S
n=1

n=1

10 Asre6pa, u. 2 273



TMocnenunit pan nHa m-rrepBa.ne']-- 1; 1[ cxomuresa k QpyHK- ‘
t
U ¥z’ H NO3TOMY . ) . 3

S’ {x) = T+= +x

Hurerpupys, noayuaem S(x)=In(14x)+C, rae C—Heko-
'ro%?x nocrosisnasg., Tak kak S(0)=0, In(14+0)=0, TO!
n C=0.

Takam o6pasom,

i(—l)"‘li:-=ln(l +x)

ans mobGoro x w3 HHTepBana |—1; 1].
IIpumep 2. Haittu cymmy crenesroro psina

- p
> axn. 8
n=1 it
3nech a,=n H
R = nle“ -Tl' = 1

CnenoBarenbHo, psix (8) cxoquTtes Ha uutepane |—1; I[ w

> axm=x g nxtl=x 21 (x7'.

n=1

[To gopMyane (4) |

i:‘("")' (2"") (1-—:)' =f1—] 7

n=1

Takum o6pasom,

Z’”‘ = l—x)’

n-—l

+ Aan mo6oro x u3 uarepsana |—1; 1.

¥Yepaxnenus
9.6. Hafignte panny;:u cxonnmo«_:;m CHEAYIONAX CTeNeHHHX bsmon:

" RS me o B
n=0

n=_
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r) 232';:-1’ B) anz".

n=Q n=!

9.7. HafiguTe KpYrH CXOAHMOCTH CJEAYIOUIHX CTENEHHHX DANOB:

%) 2( z—1y% 6) 2(2+0"

n=0 n=0
oo —pan oo
) “20—3——"“,, 2= p E‘—,ﬂ-’f ",

9.8. HafinuTe npOMEXYTKH CXOXHMOCTH CJIENYIOLMX DPSIAOB:

|
8) ,,212” x2=; 6) k?l F2xk;

) Zé'%' E~x"
-y xie=1 '
A =Zl 2‘(2n -—l)l

§ 33. Paaw Teiinopa

1, ®opmyna Teitnopa, ITycrb qaym{uml f (x) onpenenena
M MMeeT HenpephriBHYIO NPOH3BORHYIO [’ (X, lsl) B. HEKOTOpO#
OKPeCTHOCTH TOUKH X,. Toraa no ¢opmyae Heiorona — Jleii6-
HHIA ‘ ‘

F)=Flx)+ § 7 () at.

Ecnu ¢ynkuusa f(x), kpome TOro, HMeeT BTOPYIO Henmpe- -
PHIBHYIO NpoH3BOAHYI0 f”(¥), To no ¢opmyJe HHTErpHpOBa-
HHSA MO YacTsM

(rwa=—{rHde=n=
*o ;vc.,~ i
==+ FrOe—ta=

=F (k) (x—x)+ S P (0 (x—tydt

10+ 275



H, CJ/el0BaTeNbHO,

FO)=1 (k) +F (%0) (x—x0)+ Sf‘—'(t)(x-—f)da

-Jlanee, ecnu f(x) uMeeT Tperpio Henpepmanym NpoU3BOX-
HyIO ' (%), 10

(Foe—na={rod=te—t)=
Xo Xo .
—— =t o)+ j PO (6) () dif =

==--f"<xo> P jf'" () (e—tprat”

H, cnenoaarenbno,

R ——
+L2 p—xp+ 5 Sf'“ (t) (x— 1ty dt.

Ananoruuno, ecau f(x) HMeer qersep'ryro HenpepLIBHYIO
npousBo,tuxo vV (x), To

"=+ (o —x) + L ()i

R S ff“'(t) (x—tp dt,

H T. I BooGuwe, ecau f(x) umeer (n+ 1)-10 HenpepHBHYIO
NPOHU3BOLHYIO f"’*" (x), 10

f(x)= f(x.,>+’ 0 (6 —x0)+ LD (4 —xp)+-

+Li<£a).(x._xo)n+__ S ftd (1) (x—2tyrdt. (1)
Xo
Sra dopMmyna HasbiBaercs ¢opmyaot Teﬁﬁopa dynxyuu f(x)
8 MO4YKE X, C OCMAMOYHLIM HACHOM 8 UHMe2passHOl opme,
MHorounen ,

F o)+ L () . L2 oy
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HasbiBaeTcsi mHozounernom Tedropa, a GyHKUUS

Ro)=op (oo @y x—tyat @

~

Ha3bIBACTCS OCMAMOYHLIM YACHOM. - -
‘Ecan cuurarh, no onpeneseHuio, uto f(x,)=7"(x,) u

0l =1, To dopmyany Tefiiopa (1) moxkHO sanucath B GoJee

KOMNaKTHOH ¢opme:

=Y L& xR, (). 3

k=0

CorsacHo TeopeMe O cpenHeM, NpHMeHEHHOH K HHTerpany
(2), cymecrByer uucio §, Jexailee MeXAy X, H X, Takoe,
4TO

-

x .
1 v, (n+1)

Ry (8= foen @) { r—tyrat = 228 e r e,

TakuM o6pasoM, HokasaHa CJenyiomass Teopema.

Teopema 1. Ecau ¢pynxyus f(x) umeem na unmepeasre
Jxo~—0; xo+06[ nenpepoisnyio npoussoduyro (n--1)-20 no-
padka, mo 041 06020 %€ Jx,—8; x,40[ cywecmsyem E,
nexcawyee mexacdy X, u X, maxoe, 4mo

CHo = X et R e —r e 1
: =0

Sra ¢opmyna HasuiBaeTcs gopmyaod Teidropa c ocmamou-
Ho unenom 6 gopme Jlazparoa. Tlpapas wactb ¢GopMyJbl
Tehnopa (1), (3) uanm (4) Ha3LIBAaeTCA passoxcetuem GyHKyUU
f (x) no popmyse Tedropa 6 mouke x, 00 n-20 nopadka.

Teopema 2. Mycms pynkyusa f(x) umeem na urnmepsare
Jxo—8; x, + 8 Henpepoisryro npouseqonyio (n4- 1)-20 nopadxa.
Toz0a, ecau cywecmsyiom wucaa a,, Gy, ++., @, U4 Henpepois-
Has gynkyua @ (x) maxue, umo

f(x) = k§0 a (x_xo)k 40 (x) (x—x,)n*3 (5)

028 m06020 x u3 Jxy—9; xo‘l;ﬁ[, mo ‘
a, = [P (x9 mkfx") , k=
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m. e. npagas uacmo ¢opuysst (5) Aersemcs passoscerues
pynxyuu f (x) no opmyare Teiiropa e mouxe x, 3o n-20 nopadKa.

HokasateannctBo. H3 (8) u dopmyan Teiinopa (4)
caefyer, 4ro
B+ (6 —%0) + . + 0, (X — %) + @ (1) F— £} =

=HEHT () =20+ A L2ED (e
w+1)
- | T,

Tlpu x=x, nonyuaem a,= f{x,). CreaoBarensHo, ‘
Oy 8y (x—Xg) F - o . 4 3, (X —2g)"? +q>(x) (x—xp)" =

=P )+ L (x4 L (o ey
f(n+l) ,
+m‘f—’("—xo)'

[pu x=x, nonyuaem a;="{"(x,).
AHanornyHoO JOKasmBaeTcs, 4TO

7)
a =L f'(xo) ey Gy= fm(xo)
H, HaKOHell, q;()c)=%’l—;l§—)-. Tebpema 2 jnokasaHa.

3ametum, uwTO. fipaBas uacTh GHOPMyAN (5) HaswBaeTcs

pasaosxceruem YHKYUL No CMeneHam X — x, 00 n-eo nopadka.
TeJqbHO, TeopeMa 2 YTBEPXKA3eT, 9TO Pa3JIGMeHHe

¢yHkuuu f(x) DO CTEMEHAM X—X, JO 2-r0 NOPAJKA EZHH-
CTBEHHOE —3TO paljoXkeHue (yHKUHH f{X) no ¢opmyae Teit-
Jopa.

Ilpumep 1. Paznoxkum dysxuuio f{x)=e* no ¢opmyse
Tefiiopa B T0uKke x, =0 J0 TpeThero HOPSAKA.

Tax kak ['(x)=e%, ['(x)=¢", ' {x)=¢*, [V (x)=¢e*
1 fO)=f(0)=F0)="(0)=1, 10 aas M060ro x€ER

e=14+x42 +‘°+fx‘.

rae § JIeXHT MeXAy X B HyJeM,
ITpumep 2. Pasnoxum q)ym{umo sinx NO cTeneHsaM
X—X, IO TPETbero nopsiika.
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Hmeem (sinx)’ =cosx, (sinx)'=—sinx, (sinx)’’’ =
&= —cos x. CiieioBaredbHO,
Binx=sinx,+cos x,- (x—x,) +

+ TG (r— ) + S (x— P Ry (2),

rae .
Ry(x) = §(x—tpsintar =25 sing e e x
Xo

'

TOUKa § JIEXHT MeXAY X, # X.
OcoGeHHO mpoeTOfi BHA PpasjoKeHHA sinx mo ¢opmyae
Tefisropa noayuaercs B TOUKe xo—O HeficrButensHo,

N ing

sinx—x—3+ 255 5
Jlerko BHzeTh, wro ¢opmyaa Tehnopa gas sinx B TOUKe
X,==0 RO ueTBEpPTOro MOPAIKa MMEET BHR

sinx=x— ‘+°°s gJc!

rhe & NeXHT MeXAY X B HyAeM.
MNpumep 3. Kakyo norpewlHocTs UMeET HpHO/IHKEHHe

sinx =~ x—-"‘i AN X M3 OTpesKa [—T’ %] ?
Hs q)opmy.m Tehmopa (em. npumep 2) crexyer, 4910

e (o) |- |2 < (3)-

Cample -TpyOHEe NDORCYETH noxaauaaaor, YTO yKasaHHoe
npub/HKeHHe sinx Ha oTpeake [ T’ 4] HMeer abCoJoT-

HYIO NOFPeHIHOCTH, He npesbuuatomyo 0,01,
ITpumep 4. PasnoxuM QyHKLHIO f(x)—-e"“ no ¢op-
myJe. Teiliopa B Touke %,=0 RO TpeTbero mopsjka.
Paccmotpum ¢yHkmmio €. JLas Hee cpaBelJIMBO CJELRYIO-
liee pasJioxeHnHe (cMm. mpumep 1):

o=l L Dy,

TJle 7 JeXKHT MEXKAY y H HyJeM.
Ilonoxus spech y=sinx, nonymm

enr—=1+4sinx +— (sin x)*-r- (sinx)? + (sm x)%.

1

e



B npumepe 2 Owiio mokasaHo, 4TO

sin x==x—-—-|—°°s t s,

- .
CileioBaTeNbHO,

e a— Tk +§(""'s- )+

Pyt P (e )

Slx—E p g Ao =
==l+x+-§-x’+<p(x5x‘.

rge @ (¥)— HeKOoTOpasi HemnpepuBHasg (YHKIHS.

CorsiacHO TeopeMe 2 9TO H eCTh HYXHOE passIOKEeHHe.

2. dopmyna Tefinopa ajsi HEKOTOPBIX BJIEMEHTAPHLIX PyHK-
uui. B sTOM NyHKTe NOMYYHM pasioxeHHs 1O QopmyJe
Tefinopa B Touke x,=0 10 n-ro nopsmxa q)yuxuuue" sinx,
cosx, In(l14+x) u-(14x)* -

1. ®opmyana Teﬁnopa Anag QyHKIHH f(x)=e*
B Touke x,=0. Hmeem f7(x)=¢*, [’ (x)=e* u, BOOGILE,
f® (x)=e*. Tlosromy d¢opmyna Tehnopa nas dynxunn e*
B TOYKe xo-O HMEET BHJ

=lrt+5 4 2R (),

rpe

xnte,

&
(n+1)

Takum o6pasom, dopmyaa Tefiopa ais e* B Touke x,=0
C OCTaTOYHHIM WwieHOM B Qopme Jlarpamxa HMeer BHI

xn+d
e* = Z (n+l)l
rae §-JNIeXKHT MEXAY X H HyJeM.

2. ®opmyaa Tehinmopa aaa dyHKUHH [(x)=
=sinx B Touke x,=0. Mmeem

R, (x)=-anS (x—2t)n et dt =
0

(sin x)" =cos x=sin (-’21 + x) ,
(Sin x) = (sin (—’2‘-+x.))‘l =sin (é . .’21+x)
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H T.A. Odas n-fi MpoH3BOAHOA MO HMHAYKUHH NOJydaeM

(sin x) =sin (n %—l— ) .

Cnezosatensro, ™ (0)=sin’Y, u nostomy f (0)=0
IJSi UeTHBIX n M f@k+D (0) = (—1)* g HeueTHRIX n =2k 1.
Takum o6pasom, ¢opmynaa Tefisopa ais sinx B TodKe
X,=0 c OCTaTOYHLIM Y/IEHOM B HHTerpalbHOH (opMe HMeer
BHJ .
x2n+1

sinx= x-—-m —|—5, -l—...+( 1) (2n+l)l+
(—l)”"'l'

+tar S (v —ty+ cos L,

a C OCTaTOYHHIM WIEHOM B (popme Jlarpamxa npHHHMaeT BHJ,

sinx=x— I -l- 5 +... + o (2n+l)! xn+l L

L e et

rae Touka § jaexur mexay 0 u
Ilpu noMoiny 3HaKa CyMMBHI E nocjaexHas dopMmyJa sanu-
ChIBaeTcs c.nenyzomnm ofpasoM:

 sinx= 2 (2k+l)l xBRHL &3—3)1 x*+3 cosE.

3. ®opmyana Tefinopa anas Q)ynxuun f(x)=
=COSX B TOYKeE xo 0. Kak 1 nas sinx, nokaswiBaercs

¢opmyaa
{cos x)™ = cos (n 5+ x) .

Iasi uetHeix n=2k ‘
(cos x)*® = cos (kn + x) = (—1)*# cos x,

a zum Heqe'mblx n=2k-+1

(cos x)""“’ = C0s (kn +5 i x) =(—1)¥+1sin x.
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CiefiosaresHo, .
x2 1 (-—l)"
cosx = | "'§T+T|'+ o @l xan |

— ])B+1 ¥ 3
+£(2?:-)_-%§(x-t)"‘”costdt,

- a gopmyna Tefinopa c ocrarounnM uienom B dopme Jla-
FpamKa HMeeT BHR .

k — 1
cos xzz (2;))! 44 l_r:, x+3cost,

rje Touka § Jexur mexay 0 u x.
4, ®opmyna Tedaopa aas GyHRULuH [(x)==
smIn(l+4x) B Touke x,=0. Hmeem
res 2
f,(x)'—',m’ f’(x)g(l_]_xg’ f'd(x)=(l+x)’<

_H T. A. Ilo HHAYKIHH MOJydaeM
(—1)#=3 (n—1)1

o @) ="—gmy—
H
fm (0) =(—1)*"*(n —1)L.
CrenoBatenbHo, :
In(4n)=r—5+5 -2 4 (—1prEy

x."'l 1

TED T e

rae § nexuT Mexay x u HyTeM. Kopoue,

xn+l 1

In(1+x) = E“” P+ (=1 7 -

k=t

3aMeHUB X Ha — X, NMOJYYHM CJeAylollee pas/oXKeHHe:

n
xk xn+d 1

]l’l(l—x)=— T ﬂ+[‘(l—§)'+x.

p. dopmyaa Teﬁ.nopa AAs GYBEHEER [(x)=
=(14-x)* B TOUKe xo=0. Tak kak .

FF=a(l4+2%5, [ ()= c‘(<>&—-1)(1+J¢)“""
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H, BoofiIe, '

f®(x)=a@—1)...(a—k+1) (1 Fx)=-*,
TO
(40 =14ar+ 28D p2e=DE=Nn,
+a(a—i) (fe—nt+1) X+

nl

ezl e,

rae § JMeXHT MeXgy X H HYJEM. .
B wacrroctH, ecad o =n, To ¢opmyaa Tex‘:mopa SIBJIsSIeTC
¢opmyaoit HeloToHa ans GuHOMa

A+x)r=14nx+Cx2+... +chn==§°c;x*.
Ho aHAJOTHH B OGILIeM C/lydae Takxe NHLIYT
(1+x)e= 2 Chxt 4 Curt (1 4 Eyamn-15m4,

rae

C§=a(a—i)..é'(a—k+l)’ Cg'=l.

Mpr ¢ =—1 noayuaem Ct,=(—1)*, u mosromy
(L42)70 = 3 (=1 A (=12 (1 +E)mm2am e,

3« Panwt Tefinopa. [lycts ¢ymxums f(x) onpesenena n
AIMeeT NpPOH3BOAHLIE BCEX MNOPSAKOB B HEKOTOPOH OKPECTHO-
CTH TOUKH X,. Torza cremensoll psia

> (1)
n=90

HasuiBaerc padom Tedzopa dyrxuuu f(X) B TOuke X,
JlemMma. [lan moeo umober pad Tedaopa ¢gmcquu flx) -
cxodusca Kk f{x) e mouxe x, neobxodumo u Oocrmamouno,
umobet ¢ smol mouxe ocmamox ghopsya Tedropa cmpemuics
K HYMO npu n— oo,
HokasareabcrBo. U3 ¢opmym Teitnopa

Fx)= 2 200 ( —xt+ R, (1)

k=0



‘cnenyer, ato ecan R, (X)— 0 npn n— o0, .T0 .

lim 2 B2 x)t= lim (F (1) =R, (x) = (%),

Lhadhadl 3~ 11]

T. e. paa (1) cxomurcs K f(x).
Haoéopo'r, ecan psn (1) cxomutes K f(x), TO

lxm R, (x)= hm (f (x)— Z [P g (x") —r(x—x )”)

-=f(x)—-"1£n}_ ?_‘,(’L"’kﬁi‘l’(x_x,)uo.

JIemma JIOKa3aHa.

Teopema 1. Psd Teiiaopa (,bymcuuu e* 0an a06ozo
X€ R cxodumes & €%, m. e.

;ex—’z fl—'; oan ecex x€ER. 2

n=0

Hokasateabctso. [lpexie Bcero mnoxaxem, 4TO
psl (2) cxomuTcsi aGCOMIOTHO NPH JIOGOM X.

Xxn.
O6mu#i unen psana.(2) umeer BHI K, n =7 H, ClelOBa-
TelbHO,

lim ’“"*:' tim 2L =0

n > co n n-»eon+l -

s moboro x == 0. TTo npusnaky JlanamGepa psin aGcOMOTHO
cxoxutcs npu Jio6oM x € R, H, c/eloBaTe/lbHO,

lim l:ll" =0 1 Bcex x€ER.

n~> oo
Tenepp u3 Gopmynbt ‘Te#tnopa

xn+1 -

e* =2 kl+(n+l)!

‘ B mpenesie npH n— 0o caenyer PaBeHCTBO (2)
Teopema 1 nokasana.
Teopema 2. Pad Telropa ¢ynxyuu sinx ors
X€R cxodumes x sinx, m. e.

K20+l

- sinx=2°( 1)"(2n+1)l Orn  ecex xeR.
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ﬂoxasarenbgrao. 3nec1>
x2n+1 )
= (=1 [P
H TO3TOMY

: | nail — |22 .
nlinl lunl ,,lﬁ“.,, @n¥2) 2nF3) =0

s mo6oro x=0. o npusnaky JanamGepa psan (3) cxo-
puTes abcosoTHo npu Jobom x. CrefoBaresibHO, NPH JIO-
GoM x

lim L e
n => oo (2ﬂ+ l)l

Tenepo us cbopmy.nm Teifisopa

sinx= Z B A gy A oost

H TOro, 4ro
x2n+3

= (2n+3)l

(=Dt

Cn+ )l —0

x2n+3 cos g

~

npu n— oo, caeayer, aro psan (3) cxomures K sinx. Teo-
pema 2 zxoxaaana
AHasOrnyHO HOKasLIBaeTCHd H c.nezxyxomaa Teopema.
Teopema 3. Pad Teisopa ¢yHnkyuu cosx- O/m 106020
X €R cxodumca  cosx, m. e.

cosx=Y" ((;n')): xm 9na ecex x€ER. -, (4)

n=0

.

Teopema 4. Psd Tédﬂopa pynkyuu  In(14-x) Ora
mobozo x € ]—1; 1[ cxodumea x In(14-x), m. e.

In(14x) = 2‘— D" wn Oan'ecex x€]—1; 1. (5)

IokasartenbctBo. B npumepe 1 n. -2 § 32 6wuro
IOKa3aHo, YTO CTemeHHOR pax (5) cxoautcs na Jo6oro x H3
untepBana ]—I1; I[ u ero cymma pasHa In(14x). Teo-
pema 4 noxkasaHa. :
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' Te6 ema 5. Pad Teflaopa ynxyuu (l+x)" Ors nto- -
6020 xe%—l 1[ cxodamea k (14 x)*, m. e.

by
s

(l+x)“=’§00’&x" 0rs ecex x€]—1; 1[. (6)

- JlokasateanctBo. Ecim o paBEO HYMO MJH Hary-
panbHOMy uucay, TO psf (6) sABAAETCSs KOHeWHONt CYMMOH.-
B ocranbHHX cayuasx Bce Kosdxhuii eNTH CTeneHHOTo pana (6)
a,=C% orauunn or Byas. CaeZoBaTelLHO, PaAHYC CXORM-
MOCTH BHIUHC/IA€Tes no ¢opmyae

R= lim Ll jim 2L o gim 2Ly,

n—yo_[an'l- ' n-pu] a—n ' N> o0

- ——t

L RN o YRR 23

Takum o6pasoM, creneHHOR pan (6) CXOHHTCH IS JIO-
6oro’ T nsl HHTEpBala ]—l I[ u pacxomurcs ans moGoro
X |x|>

’ hyc'rb f (x)—cyuma pana (6). Torxza, Jmcmepeﬂunpys
PAL NOWIEHHO, MOJyvYaeM

f‘(x)—
n n=i m _ a(@=—1){a—2)
-.‘?1 nCix @+ alo—1)xf——ag— x4 ...

oy a@=l)...(a=n41) . _
..l+ (n l)l nl_'_“.

meommw 5TO paBeHCTBO Ha (1 x): .
(142 (W) =ataxta@—1)rtala—1)x24...
a(@=—1)...(c=—n1) __
LR + (n_ l)' x‘” :+

+.a(a—12;:(:t)’—n+ Dpg...=a { 14oxt...

(o= l) (a—n-l- 1)

+ (a—l)...(a;u-l:-l)(a—n)x,,_l_“.}=a{1+ax+...
ese +a(¢—l).--(a—-ﬂ+l)xa+.,.}Haf(x).

Pemas nuddepenunansroe ypapHenue (1 + x)f“(x)=af (x),
noanyqaeM f(x)=C (1 x)°.

Ans paxoxnenns nocrosumoii C noaoxum x=0, Torza
_i(0g=C, a Tak Kak f(0)=1, 10 # C=1. CaexoBarensno,
x)=(0+2* -

Teopema 5 noxasanua, '




.

[y

4. dyukuun e?, sinz-u cosz. 13 TeobeM 1,2u3n 3
B TeopemMul AGeJsst AJs CTENEHHBIX PANOB CJEAYeT, 4TO PAlb

oo (—l n oo 1)
Z al Z (2n+)l)l DY ‘Ea'i)z 2
n=

CXOAATCA I/ JIOGOro KOMIJIEKCHOTO Z. Tlonoxum, 110 onpe-
AeJICHHIO,

IR - O |
e‘—Zom» W—Z TS TR
n=

=,

COS 2= (2n) ]

n=0

DyHKUMH €%, sinz H COS z Onpene/NeHH AAA AOGOro KOM-
NJEKCHOrO 2, NMpHYeM AAs JEHCTBHTE/ILHOTO 2= X 3TO OORIYU-
Hble GyHKIMH €*, SinX H cOsX.

IOas z=iy, rae y—pelcTBUTEIbHOE, HMeeM

L2

_ -] y"— ] 3
e"—Z""m—Z g )l+2 B T
—Z( l)k(2k)1+‘2( 1)* m—cosy—l-lsiny.

TakuM o6pasom,
e¥=cosy-isiny
M aHAJOTHYHO _
e~¥=cosy—isiny.

MoxHO n0Kas3arb, 4TO

ll
M.
e K
z|
Ma
IN
I
*
2

o21+2s — E (21+ 2:)"

Us stux ¢opmyn caenyer, uto ecan z=x-iy, TO crpa-
BEJUINBO PaBEHCTBO

e*=e*. ¢ = e* (cos y +isiny).
3ameTnM, 4TO STHM paBEHCTBOM paHee, B TiI. I L onpefe-

JISN0Ch e? Il KOMIIeKCHHX 2. ClieoBatesibHo, HoBoe onpe-
Ie/ieHHe € He NPOTHBOPEUHT YXe JaHHOMY onpezi‘éneﬂmo
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Ynpaxnenus

9.9, Pasjoxute no (f>opmy.ne Tefinopa s“rpqxe x9o=0 caenyomne )

dyHRUHH:
a) Incos x N0 UeTBEPTOro MOPARKaA;.
6) sin (sin x) jo TpeTbero mopsaaxa;
B) tg x 1o matoro mopsaaka.
9.10. Kakylo norpemsocts HMeT NMPHGIHKEHHS:

2

6’ 6
2 .

6) Vidxx l+—’2‘-—% Ha orpeske [0; 1]?

9.11, PasnoxuTe B pAA 1O CTEMEHSM X, CJEAYIOMHe q)ymmm; H Hafi-
ZuTe pajuychl CXOAHMOCTH MONYYeHHHIX PSNOB:

8) y=e™*; 6) y=2"/2;
44-x,
i—

ri r) y=coslx;

a) tg:qssk+-? Ha OTpesKe [—— “]

1 1
B y=qg—zF’ 9 V=153
x4 2x4-3

Viea @ ¥ a=m=3' ® ¥“a_mre

9.12, PasnoxkuTe B pSij MO CTeneHAM X cleAyiomme GyHKUHA B Haf-
JIHTE pajHychl CXOAHMOCTH MOJYYEHHLIX PSJO0B:

a) y=arctgx; 6) y=arcsiny;

X) 2=

B) y==arccos-X; T) y-—arctg x+ l-|-x1
) S -2 gy, e)§s'"’dt; )x)S-a-Ec—:-g—.t-dt. ’
3 4

Yxasanune. [loresno paccMOTpeTb  IPOU3BOJAHBLI 8aJlaHHBIX
Gynkuuii. :

AL A ew. .
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F'nasa X )
PAABbI ®YPLE : .

§ 34, Panu ®Pypoe Jl,mx~ NepHOAHYECKHX (GyHKuUui
, ¢ nepHogom T=2;x _ ~ , .

1. TocTaHoBka 3ajaun M onpepejenne psipa Pypbe.
B npenmayme#i rsnaBe H3yyamHCh pA3NIOKeHHs (QYHKIHH
B CTENEeHHHE DsAlbl, T. €. Pa3/OXEeHHs CJOXKHHX (QYHKIHHA
Ha NpocThlie CTeneHHble QYHKIOHH Buia a(¥x—x,)". Takue
pasnoXeHHss He BCerja BO3MOXHHI H He BCErfa YJAOGHBF
B NpujoxeHHsX. IIpy H3ydeHHH CJAOXKHBLIX NEPHOAUYECKHX
NpOLIECCOB €CTECTBEHHO BO3HHKAeT. 3aliaya O NPeACTaBJeHHH
GYyHKIHHA, OMHCHIBAIOIMMX STH HPOLECCH, B BHIE CYMMHI KO-
HEYHOro HJIH GecKOHEYHOro 4HCJAa MHpPOCTHIX NEepHOJHYECKHX
ynxumi. . )

B kauecTBe Takux dyHkuu#i 6epyTcst IpOCTHE FapMOHHKH,
T. €. QYHKIHH BHJA

Asin (ox 4 a) (6]
HJH, YTO TO XKe camoe, GYHKUHH BHJA
" acosex +bsinox,

Eciun ©=0, To ¢ynxknus (1) aABafercs NOCTOSHHOH, a
ecaH @~0, To OHa fABJAETCA MNEPHONMYECKOA C MEepHOAOM

21
- B uwactHocTH, Kaxjas npocras rapMOHHKa ¢ @ =n, rie

n—uesoe, UMeeT 2% B KayecTBe OJHOTO H3 CBOMX IEepHOMOB.
PaccMorpuM 3aZiagy O pas/iOXKeHHH 2f-NEepHOAHYECKOH
¢yukuun f(x) B psx BHAA

#"224-2 (a, cos nx + b, sin nx) =

n=1 .
=-‘—’-‘l-|-aico'sx+b1 sinx+a,co52x4b,sin2x+ ...
2 -
«eota,cosnx+4b,sinnx4 ..., (2)
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rae a,, ag by ..., a,, b,, ... —HeKOTOpHE YHCJa. TaKkHe
PAABI HA3LIBAIOTCA MPUSOHOMEMPUUECKUMU, @ TUCTA Gy, -« od

a
ooy @y by oo . —HUX KoSGhPUYUEHMaAMY. ‘-Ineu-2—° Ha3biBaeTes

c60600HbIM 4aeHom. CBOGOIHKIA useH GepeTcs B BHIE ﬂ pann
ynobcTBa.

ITpu ycnpBuu, uro TpurbﬂomeTquecxnﬁ pan (2) cxonurest
K ¢yHkuun f(x), HafineM QopMyJsl, BhIpaxaiouHe KoshdH-
UHeHTH pafa (2) uepes ¢yHkumo f(x). Ias npocroTul 6yaem
npexnonarars, 9To0 ¢yHxums f(x) paBHa cymme KOHEYHOrO
qnena npoc'mx TapMOHHK:

f(x)s=§-+2(a cos nx+b sin nx) =

5 %8} agc08 x+b; sinx +...4aycos Nx+bysinNx. (3)

Hponn'rerpnponan paBeHcTso {(3) Mo X OT —N% 0 N,
, IOAYIHM

' Sf(x)dx=.--a2l2n=aon,

TaK KaK HHTETpajHl OT cOSnf H sinnx pasHm Hymo. Cres
lloaaTe.ano

= S f(x)dx. “

YmHOXEHB paBencTBO (3) Ha COSX H NPOHHTErPHPOBAB
70 X OT —X [0 %, NMOJAYIuUM .

§ f(x)cosxdx=ga; § cos’xdx,

TAK KK MHTETPaJH OT APYTHX CJaTaeMHX PaBHH HYJIO.
Ileﬁc'mmenbno

T

S %cosxdx_ -§-§ cosxdx——sin xi =0

- -7

i
S b; sin x cos xdx=--;—bi sin’xltu=0
-n




¥, Hagonei, ecim N> 1, 10

n
S aycos Nxcos xdx=

A
13
=-La~S (cos(N+1)x4cos(N—1)x)de=
-3
sin(N4+1)x sm(N—l)x
=E‘“N( N1 T N—I )I-a
I
. S bysin Nxcosxdx=
-7l

—by S‘(sin(u+1)x+sm(~—1)x)dx_

cos(N4+1)x cos(N—1Dx _
"'2"’1*'(- NF1 N—I )I-a_o'

~

BoluHc/IHM Tenepb HHTErpaa OT €Os?Xx:

k4 144
S cos?xdx= S l—-"'—g’s—”-zﬁ=%- 2% =m.
-2

-1

CiienoBaTenbHO,

ai=% S f (x) cos x dx.

AnanoruuHO, YMHOXHB paBeHCTBO (3) Ha sinx u npoun-
TEFPHPOBAB MO X OT — N JO N, NOJYYHM

“t

[,
b,::% S f (x) sin x dx.
-7t

N Boofie, yMHOXHB paBeHCTBO (3) Ha COSnX H NMPOHHTErPH-
pPOBaB NO X OT — I 10 T, NOJYYHM

1
n

(x) cos nx dx, . (5)

'f-f':a

o9t



a YMHOXHMB Ha Sinnx W NPOHHTErPUPOBAaB DO X OT —
IO T, NOJYYHM

=1
n

:L’Da

f (x) sin nx dx. . (8

Takum o6pasom, B mpocreiimem cayuae, koraa f(x) ects ,

CyMMa KOHEYHOrO 9HCJia FapMOHHK C INepuHogoM 2w, noay-
ueHsl ¢popMyan (4), (5), (6), Beipaxaiomue Ko3(hbULHEHTH
a,, a,, b, gepes f(x).

PaccMOTpHM Tenepb NPOH3BOJBLHYIO 27-NepHOXHUECKYIO
GYHKUHO WM OpocTO GYHKIHIO, ONPENENEHHYIO JHIbL Ha
orpeske [—m; ).

Onpenenenne. I'chrb dynknusa f(x) ompenenena u
HHTErpHpyeMa Ha orpe3ke [—a; m]. Torza TpHroHomerp-
YecKHH psif ’

% +Z (a,cos nx+b, sin nx), (2)
n=1 -~
K03¢dHUHENTH KOTOPOro ONpefie/eHs. no GopMyaam
. 1 n ]
ay=— | F(x)ax, @)
. =3
3
a,=— S f (%) cos nx dx, ()
- -
= ':T S [(x) sin nx dx, (6)

HasbiBaercs padom Pypse yuxyuu f(x), a K03OOHUHEHTHI
a,, a,, b, — koapguyuenmamu DPypse ¢pynxyuu f(x).

) Ecan pan (2) sasaserca paioM Pypoe ¢yﬂxuuu f(x),
TO GyleM IHCATb

f(x)~—+2 (a, cos nx +b,sinnx).
n=1
Vs onpenenennsi caenyer, 4ro HaiTH psan Dypee naH-
HOH (YHKIHMH — 3HAUUT HaHTH xosmuuuemm Dypre aTOM
¢yukuun mo <dopmyaam (4), (5), (6) m HamucaTh TpHroHO-
MeTpuUecKHH psx (2) ¢ 3TUMH KO3dUIHEHTaMH.
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Mpu M e p 1. Haiitu psan ®ypre dpyskuun f(x)=sign ¥,

‘4

x€
g’e me H He. l'Io q)opmy.naM (4), (5), (6) naxonmum:

ao=—:TSsignxdx =0,

n
a,= Ssignxcosnxdx 0,
- -1
a

b,,=% S sigﬁxsinnx dx =

-7

=1|~

o 0
"""IF S sinnxdx—-;t— S sinnxdx =

] 1 cosny cos nx
T e c—
I
l—cos n ”
S E (1 ._(_1) )
CaefoBaTedbHO,

f(x) ~ Z-l %(l —(—1)?)sinnx.

Tak Kak b,,=0, a b,k-i=m_:ﬁ_, TO MNOJAYYEHHBIH

panx Pypbe MOXHO 3amHcaTh mpoiie
f(x) ~ 2 m —sin(Zk—1)x

HJIH, YTO TO K€ camoe,

4 2k—1
f(x) k lslﬂ;k_l )x.

Mpumep 2. Hafitu pan Oypobe Q)yummu fx)=|x]|,
xeL @ @),
emenue, Ilo ¢popmyne (4) Haxonum
0
1
= lxldx--—ngdx-— xdx.
5, <),
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CnenaB 3aMeHy B TOC/JeAHEM HHTerpaie (3aMeHWB X HA —x),
NOJTYIuM

. .
a, =—52?§xdx=-:?x8 ‘:=n.

Anasornuso, no dopmyse (5) HaXOIHM
I

a,,=-:-‘- S | x| cos nx dx =
-3

T
2
---.-,;chosnxdx.
0

K nonydgennomy MHTerpajly npuMeHHM (OPMYJY HHTErpHPO-
BaHUA IO YacTaM:

,S'xcosnxdx=§xd(5i“'”‘ =
0 .

n )
=y Sinnx "—-L{ssin nxde= o8| * IRl
et P n n |o nt
ClieoBaTe/IbHO,
2 (—=1)—1
an‘—_—"R’ ne ’
0 _ 4

T. € A=V, Q1= — 7 @r—1)"

Haxkouen, no gopmysae (6) Haxonam
’ n

3
b,,=-:7 S |x|sinnxdx=—:[-§xsinnx dx —
-7

0
1 .
- S xsinnxdx=0.

Takum oGpasowm,

K 4 X cos(2k—1)z
fR~5—5 2 T@ime -

Lo e oo



+ 3ameuanne. Par Oypve onpelenen nas moGolt wi-
TerpupyeMoli (QYHKEHH, 3afaHHOR .Ha oOrTpeske [—=; &)
OfHAKO eCaqH 3TOT PHAL CXOJMTCH, TO €ro0 CyMMa, OYeBHAHO,
6yzer nepuoxuveckoll QynkuHeii ¢ nepuogom T = 2n. B stom
CMBICJ/IE 3TOT PsijiecTeCTBEHHO CUHTATh pAnoM Dypbe 2m-niepHo-
Judeckod (QyHKIMH, KOTOpas mojydYaercs H3 JAHHOH Hepuo-
JAHYECKHM TIPOAOKEHHEM C HHTepBala |—z; [ “Ha BCIO
JefiCTBHTEILAYIO BpAMYPO R (B TOUKe X =1 OBa MOXeT GLITh
3aJlana NpOH3BOJALHLIM ofOpasoM, pax ®ypbe or 31010 HE
MeHsercs).

2. Teopema o cxopumoctd psaga Pyppe. Dynknus f(x)
Ha3bIBAETCS KYCOUHO-MOHOMOHHOI HA HEKOTOPOM ILPOMEXYTKE,
ec/Ii STOT HPOMEXYTOK MOXHO pa3CGHTb Ha KOHEYHOEe HHCJO
NPOMEXKYTKOB, Ha  KakKJOM H3 KOTOPHIX OHa MOHOTOHHA.
Hanpumep, dynxuus f (x)=sign x, x € [— ; x}, Kycouno-mouo-
TOHHas: OHa MOCTOSIHHAa Ha npomexyrkax [+m; Of, ]0; x].
dynkuns f(x)=|x|, ¥ €[—=; n], ToXKe KyCOUYHO-MOHOTOH-
Hafl, TaK Kak OHa y6uIBajomas Ha orpe3ke [—m; 0] B Bo3-
pacraiontas Ha orpeske [0; x]. .

IlpuBeneM Ge3 J[0Ka3aTe/NbCTBa CREXYIOIMLYIC TeopeMmy -
0 cxojpuMocTH psfa Dypbe.

Teopema. Ecau 2n-nepuoduweckasn ¢ynryus f (x) ozpa-
HUHEHA U KYCOUHO-MOHOMOHRA H& ompesKke [— m; ], mo pad
Dypove amoii Gynkyuu cxodumcs 6o ecex mouxax x € R, I1pu-
uem 8 moukax Henpepeisrocmu gynxyuu f(x) ow cxodumcs

& f(x), a 8 moukax paspoiaa—x f("—o)-;f(:c+0) .

HpyrumMa cjoBaMu, * orpanHYeHHas 2m-NepHoxHYecKas
GyHKLUHSA, KYCOUHO-MOHOTOHHAsi Ha- OTpe3ke [—mx; ], pas-
naraercs B psa Pypbe BO BceX TOYKAX HEMPEPHIBHOCTH.

FHpumep 1. Pasaoxurs B pan Pypoe dyurnuio f(x)=
=signx, x€[—n;n], ® nocrpouts rpaduk cymmb psaAa
Dypre. , )

Pemwernue. B npéaninymemM nyskre (cM. npumep 1) Mbl
yxe Hamu pax Pypore panHOH (PyHKLIUM:

_ N L] 4 .
f(x) ~k2, -(%—_I)-;‘sm(ﬂe-l)x.

Jannas ¢QyHKIHA He MOXKeT GHTb NPONO/IKEHAa NepHO-
JlH9eCKH C NMEPHOJOM 27t Ha BCIO JEHCTBHTENbHYIO NpsiMyio R,
TeK Kak [(—x)=—1, a f(x)=1. Oanako, nanpumep,
dynkumo f(x)=signx, x€[—=; n[, y®e Moxuo neproay-
YeckH ¢ mepuoxoM 2n npojomxkure Ha R. K nonyuewsoit
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2n-nepuogndeckofi ¢ynkuuu (ee rpaduk H3o6paxeH Ha
puc. 48) nmpuMeHUM TeopeMy O cxoauMoctd psaa Pypre. Hs
Hee CJiefyeT, -4ToO :

signx= E (2k sm 2k—=1)x

st moboro x € ]—mn; o[, Tak Kak Ha unrepsanax ]—m; Of
u ]0; n[ nanHas ©yHkous HenpepeBHa, a B Touke x=0

P

Ik
"\ et 7 |t el -
& 1 1 o 1 P
-27 -7 4 ’ r ¥ 4 624 z

Puc. 48.

mpeien ciaeBa paBen —I1, a npemen cnpasa paBeH +l
Anasorauso no.nyqaeM, uTo

sign(x-—-2:n) Z m ysin(2e—1) x

ans gmo6oro-x € Jm; 3n[. K. Booﬁmg,

00

sign (x—2pn)—2 (2k ~sin (2k—1)x

ana mo6oro x € J(2p—1)m; (2p+l)u[ p€Z. B toukax
x=2p41)n pax cxozurca K O. l'paqu CYMMBI psja
Dypre panHoOi QyHKUHH H306paxeH Ha pHC. 49.

&)

Puc. 49.

[MTpumep 2. Pasnoxure B paj (Dypbe ¢byHkUHIO
f(x)=|x|, x €[—m; n], u nocTpouts rpadHK CyMMH! psza
Dypre. }
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Pemenne. B mnpeauaymem nyux‘re (cM. mpumep ~ 2)
GHIJIO MOKA3aHO, YTO

L] 4 cos(2k-—1)x
fx)~3 WA TER—TR

. Jannas ¢yHKOMA MOXKeT GHITh NPONOKEHA NEepPHOAHUECKH
C mepuoioM 2m Ha BCIO JefCTBHTeNbHYIO NpsAMYyI0 R, Tak

Puc. 50.

KaK f(—m)=f(n)=mn. K npoaomkenHo#t 25-nepHoandecKon
¢yukunu (puc. 50) npuMeHHM TeopeMy O CXOJMMOCTH psja
®yprve. M3 Hee caenyer,- 4to

|x|= n 4 2 cos (2k—1)x

2 (2k—1)2

a7s Jio6oro xe[—-n n]. CienoBatesbHO, rpaQUKOM CYMMEI
psana {dypbe Gyner rpaduk NpOLOJIKEHHOH 2m-epHOAH de-
ckoit pyHkuHH (cM. puc. 50).

Mpumep 3. Paznoxuts B pan Pypbe yHKUHIO

0, ecau x€[—m; 0],
f(x)={ sin x, ecntn x€[0; =], :
H NOCTPOMThb rpaduk cymmH psaja Pypee.
Pewenue. Ilo dopmynam mnsa kosdduunentos Pypbe
HaXOAHM:

f

1
a,,-:?

[}
at.’-;:l

a
f(x)dx=lnssmxdx=%;
0

b,= sin x sinnx dx =

al-

Sln Oy

L

5= | (cos (n—1) x—cos (n+1) ) dx=0, n>2;
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by=g

3 (1 —cos 2x)dx =

—2'

a

sinxcos nx dx=

o
I
al-

a
°<.’)a /‘\ °C.’-;a Oy y QQ/}a

w1 (' (sin (n+ 1) x—sin (n—1) x) dx =

=3

1 [ cos(nt-1)x , cos(n—1)x\|%__ (=1)*=2—1 )
T \T T atl + )o— n(n2—1) 22
a;= ,lt sin x cos xdx =0,

CaenoBarenbHO,

f(x)~——+—smx+ w———cosnx:

n(n2—1)

1,1, 2\ cos 2kx
=?+?S‘“""?,§;§r_—l'
fIpono/xuM JaHHYI0 (QYHKUHIO HA R nepHOIMYeCKH

¢ nepuoaom 2x. Ilonyuennas _ynxnas 6Gyler HenpepHBHOK
Ha R H KYCOUHO-MOHOTOHHOH Ha [—; n] (puc. 51). Us

4
N YA NN
2, & 0| K 27 it a

-

Puc. 51,

TeOpeMBl O CXORHMOCTH psila Pypne C/IENyeT, YTO. PAR Oypne
JaHHOM (YHKIHH CXONMTCS K NPOJOIKEHHOH 2fi-NepHONHYe-
ckoit pyHkuHH A% moboro x € R.

3. Papsi dypbe jsif  YeTHHIX W HeYeTHHIX dbynkuuii.
IMpexxne Bcero pokaxkeM CJefyiolsee MoJNe3HOe YTBepPXKICHHE.

Jlemma., Ecau  unmezpupyeman qbyuxuuﬂ f (%),
x€[—1; 1], uemnasn, mo

!

Slf(x)dx=20§f(x)dx, - (1)



- -

a ecau Hewemuas, mo
[
(f(x)ax=0. (2)
-3 )
JlokasateabcTtBo. Hmeem

1 1 -0
. _Slf(x) dx= § f(x)dx+ _Sj(x) dr.

s

B nocienHeM wuHTerpase cienaeM 3aMeHy %=—*¢. Torna
0 ‘0 :
Slf(x)dx=—§f(—t)dt=§f(-—t)dt.

H nos*rduy

. 2 1 l

S‘f(x)dx=gf(x)dx+5f(—x)dx @3
- 0 0 .

(B mocJiefHeM HHTETpajie nepeMeHHass WHTerPHpOBaHHs CHOBA
oGo3HaueHa x).

W3 ¢opmymu (3) caenyer, uro ecau f({x) gernas, TO
cnpaBegiuBo pasencTso (1), a ecam Heuwernas, TO— papeH-
cTBO (2). JleMMa nokasana.

. Paccmorpum Teneps wernylo dynkumio f{x), x € [—m; 1)
Has Hee, B cuay NOKasaHHON JeMMHI, HMeeM:

o n -
=%§f(x)dx. L)
a, =%§ f(x)cos nx dx, 5)

5, =0,

Tak Kak Aas Joboro n€ N ¢ynkuus f(x)cosnx yersad,
a ¢yuxuns f(x)sinnx wegernas. CrenosarensHo, ecad GyHK-
nusi f(x) dernas, 1o ee psx Dypbe colepKHT JHIL CBO-
GonHbIl 4JeH H YJeHH ¢ COS7NX, T. €.

f (%)~ 329-+Z a, cos nx,

" n=1
npuueM KosdduuuenTH Dyphe @, H 4, BHUHCAAOTCH IO
¢dopmyaam (4), (5).
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Ina weuernofi ¢pyukuuu f(x), x €[—xn; n], nonysaem
ao = Q! an = 0’

b,‘,=%Si(x)sinnxdx, ~(8)
: 0

TaK Kak QyHKuHA [ (x)CcoSs nx HeueTHas, a pyHkuus f(x)sinnx
uernas. CrenoBatensHo, paa @ypbe HeueTHOH QyHKUHH [ (X)
CONIePKHUT JHLIL YIEHH C Sinnx, T. e.

f(x) ~ 2, b,sinnx,
<« n=1
npugeM KoddduuHenThl Pypbe b, BHUHCAAOTCA TO ¢op-
myae (6).

®ynknua f(x)=signx, x€[—mn; n], paccmoTpenHas
B npuMepe 1 mpenmiyuiero NyHKTa, SBJAETCS HEYETHOH,
nostoMy ee psii Dypbe COAePKHT JHIL UYAEHH C Sinnx.
Qyukuua f(x)=|x|, x€[—mn; n], paccMoTpeHHas B mpH-
Mepe 2 m. 2, siBasercss derHoil, u mnodromy ee pax dypobe
COJIEPKHT JIHLIL CBOGOAHBIA Wl€H H WIEHBl C COS NX.

Huorpa Tpebyercsi Hekoropylo ¢yHKnuio f(x), onpele-
NeHHyl0 Ha orpeske [—mx; 0] mau Ha orpeske [0; m], pas-
JOXHTb B pal Pypbe TOJILKO MO KOCHHYCaM HJIH TOJIBKO
no cuiycaM. Ecau 1aHHYI0 QyHKUHIO NPOAO/KHM-HA OTPE3OK
[—a; ] ueTHBIM OGpasoM, To psa Dypne noJaydeHHO!H Y4ETHOH
¢yHkuHM He OyAer copepxaTh 4jeHoB ¢ cHHycamH. Ecam
e JaHHYI0O QYHKUHIO NMPOJOJKHM Ha OTPesoK [—; nJ He-
9geTHbIM o6pa3oM, To paj dypee nojaydeHHOHA HYHKIHH Oyner
CONEpKATh TOJDLKO U/EHB C CHHYCAaMH. : _

"TMlpumep 1. Paznoxurb B pan ®Pypee mo KocHHycam
dyuxuno f(x)=sinx, x€J0; n].

Pemenune. Ilponomxnam jJanHyo (PyHKIHIO Ha OTpPE3OK
[—m; n] gerHEIM OGpasoM u Haizem koadxpuuHeHTH Dypbe
No/TyuyeHHOH (QYHKIHH. -

[pexne Bcero sameruM, uro noayyuMm ¢ynxumio |sinx|,
X€R. danee, Tak kak sTa QyHKIHA 4eTHast, T0 b,=0 m1a
mo6oro n€N u i
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113
2 .
a,,=-5§smxcosnxdx==

=%§(sin (n4-1)x—sin(n— l)’é)d"‘?%(—,l,)gr::_l, n>2.

Us TEOpeMHl O CXOAHMOCTH psifia Dypwe cjenyer, 9ro

4 c cos 2kx

9
]sinx[—;—;m pye gy

aaa maboro x € R. )
[Tpumep 2. Pasnoxute B pan Pypre QyHKIHIO
f(x)=2x, x€[—mn; 0]: a) no kocumycam; 6) o cHHycaM.
Pemenune. YUroOn pasioxkHTh AaHHYIO (YHKLHIO @O
KOCHHYCdM, HEOGXOIHMO ee NPORO/KHTb Ha [0; 7] ueTHBIM
o6pasoM. Takum mpopo/mxerneM Gyaer ¢ynkunsa f(x)=|x|,
x€[—m; n]. B npumepe 2 mpejpiAymero nyHKTa GBLIO Hall-
JeHO pasJyioxeHHe B pax Pyprwe sroit dynkuun. Kmenro,

14 4 cos Rk—1)x

X =
2T W T 2R—1)

s mo6oro x € [—mu; 0]. .
HegernpiM npopo/bxeHueM JaHHOM QyHKUHH GyaeT QyHK-
unsa f(x)=x, x€[—mn; n]. Jaa Hee umeeM: @,=0 u a,=0
aas Jqwo6oro n€N. ) B
Haiinem kosgdunuents b, -

-

It
b,,=%stinnxdx=
0

COS nx
n

=2
T =m

n
2 —=(—1p 2
o‘+m§cosnxdx—( l) — -

]

H3 reopeMbt 0 cxoxumoct psaja Dypee cienyer, uro

N o 2
— —_ ]+ 2
x=Y (=1 —sinnx
a=1
as mo6oro x€]—m; nf. B Toukax —m; H ;T aTOT PAR
cxoaurcsa K 0, Tak kxak Bce ero wiens! pasHbl 0. (310 cie-
' ' 801



Ayer W M3 TeOpeMH O cxonumoctH psna dypwe.) Fpadux
CYMMBbI 3TOTO psifia H3o0paxeH Ha pHc. 52.

4, Paznomenune ¢(ynxkumil, 3anaHHbIX Ha OTpe3ke BHJA )

[a; a-}-2x]. 3ameTum, gTo MOGYIO 27-NEpHOANYECKYIO PYHK-
HHI0 AOCTAaTOYHO 3a/laThb HAa HEKOTOpOM OTpe3Ke JJIHHBI 2%.
B ocrajJbHbIX TOYKax oHa Oyjer ompefiejieHa B CHJAY HEepHO-
auunoctn. Hafinem ¢opMy i, BeIpaxkaiomue Ko3pdHIHEHTH!
Oypre 370l (yHKIHH qepesee SHa4YeHHs Ha NMPOH3BOALHOM

\

|
|
l
"58’ /27[ q i (7 4 3 !
I
Puc 52.
K€ JJIHHBL 25!, T. €. Ha NPOH3BOJILHOM OTPE3Ke BHI2

“ [a; a+2n]. Tpexsapurensho HoKaxeM caelyiomee obmiee
YTBepK/eHHe,

emMa. Ecau éepanuqeﬂm dynryus f(x) ¢ nepuoaoﬁ

T » 0 umeem KoHeuroe 4ucs0 mowex paspelsd HA AOGOM Npo-
mexcymre Oaunot T, mo

a+T

T
§f(x)dx= { foyar

043 06020 a€ R.-
Hoxasa're.nbc'rso Hmeem =

a+T T

§f(x)dx Sf(x)dx+ S F(x)dx + §Tf(x)dx-

IIpeoGpasyem noenenuuf amerpan‘
T a+T

{ rar=— S f(x)dx=—-Sf(x+T)dx~——Sf(x)dx

a+T

CrenoBaTesibHO, nmerpanu or 0 no a u or a+T o T
B CyMMe IalOT HyJb. JleMma JoKasana.

Ilyets Teneps f (x)— 2m-neproanueckast QYHKIMA, a d,,
@, by—ee kosdounmentst Pypse. s Jemmul caenyer, wro

o R SRR L KRS iS4

o et o SR




3HaYeHHe MHTEerpaJa or f(x) mo JnoﬁoMy’orrpesxy [a; a+2x]
IJUHBL 200 OIHO H TO Ke, MOITOMY

I o+2n
a=5 | fidr. )
Amnasorugso, ' ’ ~
a+2n )
a, =7 § ftxcosnra, @
ai?u
b= S f (x) sin nx dx 3)

ans moboro a € R, Tak Kak ¢yskunH f (x)cos nx u f (x) sinnx
NepHONHYECKHE C MEPHOAOM 2m.

Ilycts Ha orpeske [a; a+2r] nauEbl 2n sajaHa QyHK-
nus f(x). Ilpogomxum ee nepHolHuEeCKH ¢ MEpHOIOM 2% Ha
BCIO YHCJOBYIO mpsaMyio R (moxker OuiTh, AISl 3TOrO IpH-
JleTcsl U3MEHHTb SHaueHHe f(X) B ORHOH HJH OGEHX TOUKax a
A a+2n). Pax @ypove nonyuernoft 2n-nepuognueckoft QyHk-
UM HaspiBaerca psfomM @ypbe RanHo# QynknuH [(x),
2€[a; a+2xn]. B arom cayuae koapduunenTn Dypne ecre-
CTBEHHO BHIUHCAATH Mo ¢opmyaam (1), (2), (3).

[Ipumep 1. Pasnoxars B pax @ypre dyHKuuio

n, 3n

f(x)=signx, x¢€ [...?; _2_],,

H NOCTPOHTH rpaduk cymmu psjga Dypse.
Pemenune. Ilo ¢opmynam (1), (2), (3) naxomum:
1 8x/2 ) I 0 ]3:!!/2
a=% § twar=L { (—nar+d | a=y,
-mo -51/2 aart 0
—Tlt' S cos}?xdx-[—-:T é\ cos axdx =
-n/2

__ —sinnax]0 sin ax [3n/2 2 . nn
—Tl-m+—na_—lo =—gx s,

I

a,

3nj2
b,,=—-% X sinnxdx+7"- §sinnxdx=
-n/2

€08 fix cos nx [sn/3 2 nxn
= " r—nh rr Io EH(I—COST)'




. ' 3
. Navenum 3navenwe f(x) B TOUKE x==L [ONOXKHB

2 9
i(%’l)==—l, M NPOJOJIKUM STy (YHKIUHIO NEepPHOLMYECKR
c mepHoioM 27 Ha BCIO 4HcjoBylo npamyio R. M3 Teopembl
o cxoaumoctH psna Dypee caenyer, uto psan Pypoe nanHOM

- (pyHRUHYU CXOIlHTCﬂ K signx Ias Joboro x € ]—3‘-' -7“[ ’

2 1
aB 'roqxax---2— H - 2 cxopurcsa kK 0. ['paduk cymmnl psna

dypbe usobpaxen Ha puc. 53.

gh
1= -
. 710 3y 2 7
'2” 2” 2 e . 24-»” 2”' @
~Pﬁc. B3.

IMMpumep 2. Pasnoxutre B pan @Pypse OGYHKIHIO
f(x)=x2 x€[0; 2x].
Pemenune. Io ¢dopmyaam (1), (2), (3) Haxomum:

a.,-_—.ﬂ x’dx——--glﬂ—(2n)3 =2m,

2 2n
1 1 gsinnxjan "2 S - _
,,——;S x¥cos nx dx = 7 o o xsinnxdx =
0

- 0

2n
2 _ cos nx |27 2 4 '
=X nzuS cosnxds =3,
0
on 0 o
1 g —COS nx |23t _
b, ?S smnxdx — ——n———o +'nn§xcosnxdx_
0
2 & 4
4n 2 S 11
———n 2 mnxdx———-—.
-n +nn n_ lo.  nm § n

TaxkuM o6pasoM,
4 Y (4 an
f(x)~5 m+n2—:| (zg cos nx ——=sin nx) .
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MavenuM sHauenuwe f(xr) B TOuke x=2m, mNOJOXKHB
F(2n) =0, u NMPOKIO/KHM STy (YHKIHIO MEPHOIHYECKH C ne-
pHOZOM 9 Ha BCio ghcaoBylo npsmylo. I[Iporomkennas
dynxkuusa GymeT pasphiBHOA B TouKax x=2pn, pE€Z, a
B OCTa/JIbHHX TOYKaX — HelpepEIBHOH.

Kpome Toro, ona Bospacraiomas Ha [0; 2n[. CunenoBa-
TeJIbHO, B cmxy TeOpeMEl O cXoAHMocTH psna Pypbe

x’=-—n’ +2 ( cosnx-——sinnx)

n=l
ana mo6oro x€10; 2nf, a B Toukax x=0 m x=2m sTOT
PAA CXOAHTCA K -2—(215)’=2u'.

¥Ynpaxuenns
10.1. Hafiznre pan Pypoe c.ue.uyxo;unx Gysgum:
: ) 2, ecmm x€|—mx; Of,
a)f(”)"{ 5, ecnn x€i0; ak;
6) f(x)=cos?x; x€[—=; n);
) 2%, ecan xE[—m; O,
B) f(")={ 0, ecan xE€[0; =]

10.2, Pagsnoxure B psan Pypee cieayiomue OGYHROWH (B RaKIOM
caydae nocTpoite rpaduk cyMMB NOJY9eHHOTO Psia):

) f()=sin >, xE[—m xn);
6) f(x)=(sinx+4cos x)}, x€[—m; n);
' T, ecaH xe[-—-g-; %],
b1

—l; eclH xé]-—u, -——2- U ]7; n[;
1) f(x)=22, xE€[—m; n].
10.3. Pasnoxure B pag Pypbe nmo KOCHHycaM cjenyiomue QyHKIHH:
1, ecnu x€[0; 1],
? f(x)a{ 0, ecu x€]1; nJ; N
6) f(x)={ 1= » ecn x€(0; 21,
0, ecnm x€[2; nf; . .
B) [ (x) =3x2—6nx+4-2n2%, x€[0; =)
10.4. Paa;gomme B pan Pypve no cuHycam chaepyiouide GyHKUHHS
a) f(x)=cosx, x€]0; n[;

6) f(x)=sin-’2i, x€[0; nf;
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B) [ (x)=




8) f (¥)=x(n—x), x€[0; n].
10.5. Pasnoxure B psag Pypbe caepyiomme Zunepnonmecxue
dbynxumg:

a) f(x)={

:u—x

5 ecam x€J0; 2nf;

0; e x=0;
x; ecmm x€]J1; 14-2xf,
1+4n, ecmn x=1.

‘@fm;{

§ 35. Paani ®ypbe ans nepHoauuecKHX (yHKuHik
¢ npousBoabHbIM nepuopo- T'==21, I>0

1, Onbeneuenne papa Pypoe, JlioGass neproauueckas
¢ynkuua f(x) c¢ nepumosom T =2I, I >0, sameHol x=%t
npeoGpasyercsi B (pyHKUHIO cp(t)=f(-:; t) ¢ nepHoioM 2.
JeficTBHTENBHO,

q»(t+2n)=f(§<t+2n))=f(§t+2z)éf(;ﬂft)=«p<t).

Ecnu xe ¢yHkius f(x) sajaHa TosibKo ‘Ha orpeske [—I; /],
E>0 T:(|> cpym(uua ¢ (f) OyZler 3azaHa TOJLKO Ha OTpesKe
—;

Hanumem psan Pypee Ans QyHKuuH @ (¢):

q>(t)~ +2 (a,cosnt +b,sinnt).

n=1

Orciona, nocjie 3aMzHbl t=-l-x, 10/J1y9aeM COOTBETCTBYIOMH A
TPHTOHOMETpHYECKHHA pAl AAa dyHkuud f(x):

f(x) ~ +Z (a,,cos +b, sin——)
Dror pfAx HaswiBaerca padom Pypse ¢ynxyun f(x). Has
kKosdduuuenTos a,, a,, b, KOTOpHE, KaK H paHbIile, Hasbl-

- BaloTCA Koappuyuenmanu Pypoe dynkunu [ (x), noayyaworcs
caenyiomue GopMyani:

i
=,ljf<x>dx. | (1)
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8,=+ i F (%) cos - dx, | @
b,,-_-.-}-ff(x)sin"’—,"‘dx. E @)
21 .
JeficTBHTENBHO,
K F 3 4
a=y [ oat=1 ( 1(5t)at=1 [fmax
- , T“ -1
a,,=-,';.Sf(ii)cosnt,dt:}jf(x)cos 2 dx,

rie clesaHa saMeHa t=-’li
dopmyaa (3). -

H3 Teopemnl 0 cxomumocTH psana dypbe Ans 2st-nepHo-
IAvecKoll (YyHKIHH CJelyeT COOTBeTCTBYIOIIas TeopeMa O
cxoguMocTH psana Dypbe A PYHKUMH C NPOU3BOJBHEIM
nepHoioM. -

Teopema. Ecau 2l-nepuoduueckas pynxyus f(x) ozpa-
HUMeHa U KYyCOMHO-MOHOMONHA HA ompesKe ([—I; I, 1>0,

mo ee pad Dypse cxodumca K &_ﬁ—’;f——

Xx. AHajoruuno HoKaseIBaeTcsl H

*+0) 8 moboil

mouke x € R. B wacmnocmu, 8 moukax HenpepuisHOCMU (YyHK-
yuu pad cxodumes « f(x).
I[Tpumep 1. Pasaoxuts B pan dypre GyHKIHIO

_J 0, ecan xe[—1; Of,
FO=\ 1, ecan x€[0; 1],
H NOCTPOMTh rpaduK CyMMBl 3TOro psina.
Pemenue. [lo gopmynam (1), (2), (3), B KoTOpHIX AJ4
JaHHo# ¢ynkuMH [=1, nomyuaem:
: .

ao=de= )
N F

1

a,= S cos nax dx =0,
0
1 . l 1

N . COSs nnx :

bn=SSIl’lﬂJUCdx="——rr 6=E(1—C05nﬂ).

0 - -
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U3 nocaenuero paBeHCTBa CJIEAYET, YTO €CJH n 4YeTHOe, TO

: 2
b,=0, T.e. by,=0, a ecin n HederHoe, TO b,,—-=;—5, T. €.

2
bu-1=@r—n="
CaenoBaTeJibHO,

f(x)~ +Z (2k  sin (2k— 1) mx.

U3 teopembl 0 cxoaumocTH psina dypewe clenyer, 9ro Io0-
JYUEHHH# PSA CXOAHTCA K JAaHHOH (GYHKLUHH AJs1 JI060ro x

N

Puc. 54.

u3 unteppana ]—1; 1[, kpome x=0. Jlerko BHzeTH, uTO
B To4kax x=0, ¥=—1, x=1 on cxoauTcd K L. I'padux

cymMu psaza Pypoe AaHHO! GYHKUHH H306paxkeH Ha pHC. 54.
ITpumep 2. Pasnoxurs B psix Pypbe PyHKUHIO

f()=cosx, x€ [r%; -’2—'],

H NOCTPOMTh IpadHK CYMMHI STOTO psifia.
Pewenue. Ilo dopmynam. (1), (2), (3), B KOTOPHIX Aas

AaHHOA (pYHKLHH lg-g , moayuaem:

' 2 /2 4
Scosxdx——smx w2 =T
-q/2

2 xnj2

a,= S €O0S X 0S8 2nx dx =

-%t/2
/2

= S (cos (2n 4 l)x+cos(2n-— 1)x)dx=

-1!:/2

ale

.'ao"—--'
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2sin(2n+1)-’21 2sin (2n—l)i2t-

1
= —
n

1
T iy
2/ 1 1 4 (—1)n+a
=3z (2n+1_2n—-l)cosnn—_n- ani—1 °

L[I%rmaﬁ ¢yHKuHs geTHas, M nostoMy b,=0 mas moGoro
ne

[Tpono/mkuM naHHyl0 (yHKUHIO NEPHOAHMUYECKH G MepHo-
IoM 7 Ha BClo nedcrureabHylo npsmyio R. TlponomxenHon

g .
'\/.\/_T\/:
- v‘..é’.' g —z’f B %,\a

Puc. 56. ..

¢yukuuelt Gynmer |cosx|, x € R. Ona, oueBuaHO, Gyler He-

: o n:n
npepuiBHOA HAa R M KYCOUHO-MOHOTOHHOH Ha [—3; -2-] .

ChenoBaTe/bHO, B CHJYy TEOPEMBI O CXOAMMOCTH psifa Dypse

]cosx|-——+-—2 =D os 2nx

4n2—

ana moboro x€ R. I'paduk sTofi pyHKuMH H306parkeH Ha
puc. 55.

2. Paagn Pypbe aag YeTHHIX M HeveTHWIX Qynkumii. Ecan
¢yuknus f(x), x€[—14 1], rne I > 0, veTHas, TO, OYEBHAHO,
¢ynkuns - f (x)cos 7= uernas, a Qynkuns f(x)sin"F me-
yerHas, W ToSTOMYy (cM. Jemmy u3 1. 3 § 34)

Ve

ao=3,§f(x) dr, ()
1
an=%§f(x)cosi;5-”dx ©

H b,=0 ana mo6oro n¢&N. ’
Amnanorugno, ecnn ¢yuknusa f(x), x € [—1I; [}, nevernas,

To gynkuns f (x)cos T~ meuernas, a (ynxuma f(x)sin =
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yerHas, 4 nNoatoMy a,=0, a,=0 u
20, nax .
b,,=—l§f(x)sin—l-dx @

aas goGoro n€N.
CuenoBarenbHo, ecan ¢ynknua f(x), x€[—1; ], wer-
Hasi, TO

f(x)~—+2 aqc08

rae Ko3(pPUIHEHTH ay U @, BHYHCAsSI0TCA No dopmyaawm (1), (2).
Ecan xe f{x) neuernas, TO

- F(x)~ }: b, sin 2=

n=l

' rae b, BoiuHcasercs no gopmyae (3). '

Fp HM ia p 1. Pasnoxurs B pan Pypre dpyukumio f (x) = x,
xe[—15 1
_ Pemenne. Hannas ¢ynkuus spasercs Heqe'moﬁ rno-
sToMy a,=0 # a,=0 ana moGoro n € N. Iaiee,

=2 S xsinanxdx=
0
- 1
=— m’ml += lSeosrmxdx=-

———1 =2 +,
= — - cosnq = —— (—1)"*3,

CunenoBaTe/bHO,
F)~ X (—1)r+ -nzu- sin nnx.
Ve n=1

U3 Teopemn O cxogumoctH psna Dypre caeayer, uro

)
x=2l (— 1) 2 sin nnx
n=
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Ang gmoboro x€]—1; I[. B Tourax x=—1 B x=1 sror
pan cxomurca K 0.
pumep 2. Pasnoxurr B paa ®ypse QyHKIHIO

f(x)=x’, xé[ 5 ;]

Pemenune. JlanHas ¢yHKUHA dYeTHad, nosromy b,= O '
aas mo6oro n € N. Ilanee,

) 1/2 12
y=4 §x’dx 4-| =1,
1/2
a,,==4 S Xx2cos 2nax dx =
']

1/2 ‘
g 8in 2n7x l/2 . =
=4x b 2xsin 2nnx dx
4 2 1/2 v
COS Z2nnx
=X +(m), § cos‘2n:rtxdx—- |
' mm=ﬁw‘
()2 T fam)3 *i
CrieioBaTe IbHO,

’

[ (x) ~ 12+Z ((n )F €08 2naix.
Hs ceopemut 0 cxonumoéru pana Pypee eienyer, uro

- + (WB, cos 2tmx
n=

Aaa moGoro x € [—?, ;]

. 3, Pasnoxenne ¢ynxumi, 3a11anﬂux Ha OTpe3ke BuAa
[a; a4-21]. Hs nemmbl 1. 4 § 34 caenyer, uro muTerpan
OT mepHOAMUECKOi GyHKUMH C mepuopoM T =2/ mo moGomy
otpesky Anuubl 2 oaun H Tor Xke. [losromy mas koadpdu-

mueutoB QPypene nepuomuueckoii ¢yHkuuu f(x) ¢ mepHomOM
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T'=2l cnpaBegnuBbl (HOPMYJHL: .

a+2l

=7 | fax (1)
1 a:2l
=7 [ F(0cosEarx, @
o
b= § Flx)sin"Fds, 3)

rae a—Ipou3BOJIbHOE neﬁcmme.nbuoe YHCJIO.

Ilyctb Ha orpeske [a; a+ 2] amust 21 > 0 sanaHa ¢yHk-
musa f(x). [lponomxkum ee nepHoaudeckH ¢ mepuoioM 2!/ Ha
BCIO YMCJOBYIO mNpsiMylo R (Mmoxer ObiTh, AJS STOrO NpH-
Ietcsl HaMEHHUTh 3HayeHHe f[(x) B Toukax a u a-2[). Pax
®ypre nONyueHHOH MEPHOAHYECKOH (YHKIMHM HasbBaercs
psagom Dypse nantoft qynkuuH f(x), x € [a; a+2[]. B srom
caydae KoapdHIMEHTH d)ypbe clleyeT BLIYUCAATL MO (op-

yﬂaM 1), 2), (3).
Mpumep. Pasnoxurs B psaa Pypre dpyrkumo f(x)=x,
x€[0; 1] u nocTpoutb rpaguk CymMMbl STOro psia.
emenue. Ilo popmynam (1), (2), (3), B KOTOPHX AAf

laHHO# (QyHKuUMH a=0 H /=, noayuaem:

—2chos2nmdx 2xsm2wi-— sm2mnxdx 0,

b, =2 S xsin 2nmx dx =
0

i

cos2nnx 1
== 2x I +'m§cos2nnxdx——m.

CaenoBaTedsHo,

f(x)~ __2 sin 2rmx .

n=1l
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Hs TeopemMbl 0 cxomuMoctH psana Pypbe clenyer, uTo

1 - sin 2nnx
x=?-§ nn

aas moGoro x€ J0; 1[. B Toukax x=0 u x=1 nosyueHHuiit

Puc. 56.

- 1
pAA cxoauTed K - . Ipaduk cymmb psza Pypbe naHHOH
¢yHxuMH H3o6paxceH Ha puc. 56.

Ynpaxnenns

10.6. Pasmoxure B psap Pypoe caepyiomue ¢GyHRuuE (B  KaXKAOM
. CAyuae nocrpoiiTe rpadgHK CyMMH MOJYYeHHOro psja):

a) f@=|x), x€l-L lé;[0 I
x, ecan x€[0; 1],
0 ,(x)':{ 2—x, ecnu x€[1; 2];
_J A, ecmu x€]0; I,
5) f(x)f{ 0, ecrn x€14 21[;
. x, ecan x€[0; 1],
T) f(x)-—.-{ 1, ecam xE€[]; 2[s
o 3—x, econ x€[2; 3] ‘
!0.7. Pasnoxnre B psan Pypbe No cHHycaM (yHKIHIO

_ x, ecan x€[0; 1],
f(x)—{ 2—x, ecnn x€[1; 2].
10.8. Pasnoxute B pax Pypbe mepHoamuecKyio ¢ mepHogom T =1
dynxumo
_J 1==x, ecan x€10; 1],
’(")T{ 0,5, ecam x=0.
10.9. Pasnoxure B psan Pypve nepronnueckyio ¢ mepuopoM T =10
byugumO
10—x, ecnm x€]5; 15[,
fm:{' 0, ecnn x=5.
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10.10. Pasnoxure B psin Pypbe NepHOAHIECKYIO C nepnonon T=4

¢byuxumio
x, ecna x€[0; 1[;
1, ecan x€[1; 2,
f(x)=[ 3—x, ecan x€[2; 3,
0, ecait x€[3; 4[. .

§ 36; Komnaexcnas ¢opma psanos Pypne

1s Paast Pypoe pns dyskuufi ¢ nepuopom 2w, IlycTsb
f (x) — nepuoauueckan ¢yHKuHS c nepuoiom T =2m, HHTer-
pupyemas Ha otpeske [—mn; x]. Hanmwem ee pan Pypee:

_ f(x)~-—+2 (a,cos nx+ b, sin nx), (1)

n=1

H mpeoGpasyeM OOIIHA ujeH 3TOro psaja. :
W3 ¢opmyan diinepa (cM. ra. I, § 3, n..6)

e’ =cosq-+ising

caenyer, 9To ]
e~ =cos@—ising.

s sTHX paBeHCTB, KaK H3 CHCTEMH JBYX JHHEHHHX YypaB-
HeHHAi OTHOCUTEJBHO COS @ H Sin@, HAaXOAHM, 4TO

o |
cosq;=&§u’ (2)
sing=f G

s JoGoro qJeR l'lo.nyqemme (popmy.nbl TakxKe HasbiBa-
10Tcst ghopmyramu IJiirepa.

I[TpeoGpasyem oOmuil 4jieH pa.ua ¢ypbe (1) cpyuxunn f(x)
¢ moMomeio ¢opmya ditaepa (2), (3):

a,cosnx+b, sin nx= :
ginx | g=inx b in%X e g=inx

=&h3 R
einx | g—inx b einXx —g=inx

ap— by ap+1iby ~inx
Eu=Bn gins  utlbn pmtnx,
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BBegnem o603Hauenus:

ap—ib a, 4 ib,
’ cu=v_” 3 L, Cop=—- 2_'” ’ )

c=

Go_
2

rne n€N. Torna ans N-fi wactuusoii cymmul psna (1) mo-
JyquM Bmpamenne

,a" +Z (a, cosnx+b sinnx)=

n=1

=C,+ Z (c,,e""* _I_c_ne- inx) —

n=1

=cy+Cie*tcjem + ... +CNe”V" +C-1}e7ﬂv‘.

l'[epec'raBuB MecCTaMM cjaraemMblé, OKOHYaTeJbHO IOJY4YHM

a"+2(a cos nx 4 b, sin nx) =
—oone 1e“"+co+cle"‘ . .+cNe’”‘—

= Z cpelP*

p==N

(3%ecb CyMMHpOBaHHE HMJCT N0 BCEM LeJLIM p OF —N p0 N).
U3 TeopeMn O cxoimMocTH psna Pypne ciefyer, uTO

ecan ¢yHknMa f(x) Ha oTpeske [p—-u n] orpaHHYeHa H KY-

COUHO-MOHOTOHHA, @ B TOYKE X HeNpepLiBHA, TO

N

f(x)= lim E C eiP=,
. Noopa-n

B stom ciyuae Gylem nHcaTh

f(x)= ;c,efl’".

Bripasum kosdxpuuuenTH ¢, gepes pynxumo f(x). Fmeem:
ecid p=0, TO

¥

Co= ——=-§li- -Snf (x) dx;
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ecnd p=n>0, To

— dn— ib,

n
Cp 5 =315S f (%) (cos nx—i sin nx)dx =
-3

=§';_S"f (x)e=tn% dx =5 § tweiesa

ecin xe p=—n<0, T0

op=tatln _ L S f (%) etn dg = S f (x) et dsx.

Takum oGpasoM, a1a JMoGOro ueJAOro p CHpaBeiJHBa
dopmyna

6= S“f(x) e=1p* dx. (5)

Kos¢¢duunents ¢,, onpelensiemuie mo d¢opmyae (5), Ha-
SHIBAIOTCS KOMMAEKCHLIMU xosd)dmuuenma)uu Dypve ynkyuu
f (x), a BepaxeHue

+ o
2 cpete

Ha3BIBAETCS KoMmnaeKcHoil gopmod psada Dypee dynxyuu f (x).

3amerum, uto KoshduunueHTH Dyppe, a ClefOBaTeNbHO
n pan dypbre, MOXKHO HamucaTbh g Jo6oft ¢yHKuuH, on-
pelesieHHOH M HHTErpHpyeMol Ha oTpeske [—m; ). BooGiue,
mobyo ¢yHkOouwo f(X), onpeieseHHY0 Ha NPOH3BOJILHOM
orpeske |a; a-2n] aaMHB 27, nocje BHAOH3MEHEHHS ee
3HaueHH#l B TOUKax a H a-+2n Tak, 4robH f (@)= f (a4 2x),
MOXKHO NPOJO/IKHTb MEPHOAMYECKH C NepHOIOM 27 Ha BCIO
JefictButenpHylo npaMyio R. Pap ®ypbe nosyueHHo# 2m-
nepuofHuecKoli QPyHKUHH HaswBaercs paaoM Pypbe JaHHOM
¢yukumn. Tak Kak HHTErpan oT 2m-mepHoOAHUecKOH (GYHK-
LUK 1o JM060MY OTPE3Ky IJHHH 2%t OMH H TOT Xe, TO K03d-
¢uunenTnl Oypve ¢yHKUHH f(x), sajaHHOH Ha OTpe3ke
[a; a+ 2xn], ecTecTBeHHO BHIUHCAATH MO q)opmy.ne

a+2x

G=gr § Fx)e-irsds. )

a
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IMIpumep 1. Hanucats pang Pyppe B KOMMJIEKCHOH
dopme dynruHH f(x)=signx, x€[—mn; xn].

Pemenue. Koa(mmuneﬂ'ru Dypre u pag Pypre JaHHOR
¢ynkuun Obuin HafiteHH B npuMmepe 1 m. 1§ 34. Tosromy
no ¢opmyaaM (4) Haxoxum:

=0, ty=—7 (1 —(—1)) = T (1—(=1)"),
Cmp= e (1—(—1)").

2
CnenoBaresbHO, c,=0 115 YeTHHX p H GP=—p_u Ana  He-
YETHHIX LEeJHX p, H I'I03’I‘0My

+ co

f(x)N;Z—(Qk_j:{ﬁ-ﬁel iak-f-n X

rae CyMMHPOBaHHEe MJET MO BCeM LEJHM R OT —oo J0 0o,
H3 teopemn o cxoauMmoctH -pana Pypre cuenyer, 4ro

(2k+1) ¥
51gnx —Z (2k+l)u e

ans Jmo6Goro x H3 HHTepBana ]—m; nf. OrmermM, urO,
COIJIaCHO ONpefieJIeHHI0, 3TO PaBEHCTBO O3HAYAeT:

. . —2i
sign x= lim — ol (k+1) %
o8 ,.....kz (=3

Aas_mo6oro x € J—m; aif.
ITpumep 2. Hafitu koMniekcHue Kosdduuuents Pypre
¢$yHKILHH

; 0, ecin x €[—n; 0],
. f( )={ sinx, ecau 15[0; n].

Pewenne., Kosppunuentnt Pypre nanHo#t ¢yHKUUH
6binu HafifieHH B npumepe 3 n. 2 § 34, u moaToMy AJs Ha-
XOXKIEHHS KOMIJIEKCHHIX KO3dpuuueHToB Pypne ¢, MOXKHO
BOCIIO/Ib30BAaTbCA COOTBETCTBYIOIIHMH 3HAYEHUSAMH AJA Q,,

b,. OnHako HafiieM c, HenmocpeACTBeHHO no ¢opmyJe (5).
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Hueem

[,
¢ =-§l; S f(x)e""dx-—-'-;-l- sin xe={P* dy =

oty n

‘ES "”—""' emip% dx = S(etu P x_g=1 Q+PY¥) Iy,

B uacrHOCTA,

4nis (e“'e"x)d"="4:?('dt_x+ ‘,-‘u) l:

Tak kak .
en=cosn+isinn=—1,
e'm=cosn—Isinn=—I,
T0
1 -2 2 1
7 "r—’z') =z

Ecm p=1, To
'a,=—§(1 -m)dx——,-— §‘*”‘dx=—
Ananoruuxo,
10, 1
_ =4_m§¢eux_,:1)dx=§i-.

IMycts Temeps |p|+#1; 'rom)a—

{(1=p)x |n =i(1+p)x |t
1 ¢ 1 e

WAaFn b
cos (l-—p)n-—'l+cos(1+p)n—-l_-_l—(--l)"-P 1—(—1)1+7
—dn(l—p) —dn(l+p — 4n(l—p) an(+p) °

Orciofa BHAHO, YTO €CAH p HEYeTHOE H [plqbl 10 0,=0,
a eCaM p 4eTHOe, TO
‘ 2 C g 1

. cP_4n(l-—p)+4ﬂ(l+p)=u(t-p2)'

§l8

wwwmmmmm* <




poivewy

Takum ofpasom,

c,=;Hl:;_-, ec/IH  p ueTHoe,
¢,=0, ecau p nevernoe B |p|71,
c,=—-’;’:-, ecin |pl=1.

Mpumep 3. Pasnoxuts B pan Pypse (B KOMILIEKCHOM

dopme) dynxunio f(x)=x2, x€[0; 2n].
Pemenue. o dopmyne (6) naxonum

1 2n

—_— 3o {px
Cp= 2::5"‘3 P% dx.

0

CaegoBateabno, ecnu p=90, 10

28
1 1 @ 4t
0'—'2;§"""‘—§;T=T-

Ecau xe p+~0, To, HHTETpHUPYsS 0O 9YACTAM, noTyI2eM

2n
1 ’e-ipx i ] -ipx —_
Cp=7z % —ip.L +2npi§2xe dx=

2R
2n 17 1

= ——p—ip L =Ip% y =
ip € +mi§xe

2%
o, 1 _e-toxfn | : 2ni , 2
== e— em— — O c— -PS = e— —a .
P Tt o Io p,“é‘e dx [ +p!

Takum obpasom,

4 o0 ,
[ (%)~ -;— n 4 g %(%+ni) elrx,
p=0

Hs Teopemn o cxonuMocTH psna dypbe caenyer, ¥to psj
dypre nmanHofi (QYHKIHMHM CXOMUTCA K x? misa Juoboro x H3
uHTepBaia J0; 2xf.

2, Paan dypve nas GyHKUMA C© NPOH3BOJLHBIM nepnonox
T=21I, Tlycts ¢yHKUHA f(xr) nepHOAHUECKas C NEPHOAO
T=2{ u wHTerpupyemas ua orpeske [—/; []. Kak u naa
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2n-neproauueckux GyHKIHHA, BHpakeHHE
i

+ o prix )
D e ‘L, ,
- a0

rie kKo3¢puIHEHTH ¢, HaXomATCA mo ¢opmy.ae

- i
cp=-2l—l Slf xe 7 dx, 1))

HasbiBaeTcsi KomnaexcHol ¢opmod psda Dypee nepuodu-
ueckoil pynxyuu f(x) ¢ nepuodom T =2I. KosapduuuenTs c,
nasu;aamca KOMNACKCHOMU xos¢¢uuuenmamu Dypee dJynx-
yuu [ (x)

3amernM, uTO JMI06YI0 (YHKUHIO f(X), ONpeleleHHYIO Ha
npousBosibHOM otpeske [a; a+T] amunm T > 0, mocsie BH-
JOU3SMEHEHHs ee SHaUeHHH B ToOYKax a H a-+ 7T Tak, 9TOGH!
f (@ =f(@+T), MOXHO NPOAO/KHTb NEPHOAHYECKH C MEPHO-
zoM T Ha BciO ACHCTBHTEJIBHYIO npsmyio R. Pan ®ypoe
NIO/TyuYeHHON NepHOAHYecKOii (GYHKIHH ¢ nepHoioM T HasH--
Baercs pagom Dypbe paHHOR ¢yHKUHH. KoadpduuHeHTH
®ypne pyrkunn f(x), x €[a; a+T), ecrecTBeHHO BHYHCAATD

no ¢opmyJe

a+7' pm

=7 (f@e T ax @)

ITpumep 1. Hafith KoMniaeKkcHe Ko3(pHIHEHTH
Pypbe GyHKLHH

_} 0, ecnm xet—l; of,
f(x)—{ 1, ecan x€[0; 1].

Pewenue. Ilo ¢opmyne (1) naxonum:

w]n—-

=
tpﬂ 0

§—
=i

=g (677 — 1) = e (=) 1)
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ey
e

“x€]0; 1[. B Toukax x=0 H x=1 oH cXoxuTcs K <.

aas p 0. CienoBaTenabHo, ¢, = %— » €p=0 115 YeTHEIX p =0

—1i
H Cp-—;;[- AJid HEYETHBIX p.

Mpumep 2. Pasnoxute B pag Pypre (B KOMIIEKCHOH
dopme) dynxumo f(x)=x, x€[0; 1].

Pemenmne. Tlo cpopmy.ne (2), B KoTOpO# A1l JaHHOM
Qy,nK{mn a=0.u T=1, naxonum:

co=§xdx=—
- —hpnx
4} =§ xe dx =X —— -—i2pn .
1
L ( gmittons gy o €20 1 __ !
+mm) € dx = —2pni=—2pm'—2Tn

s p 0. CnenoBaresrbHo,
f(x)~ 2\+ Z %emux

p#-"
Hs 'reopeMH o cxoaumoctH paxa Pypee caegyer, uro
pan @ypbe naHHON (YHKLIMH CXOAHTCA, K X ANA JoGoro
2
Ynpaxuenns
10.11, Pasnoxute B pax Pypbe (B KomniekcHoll dopme) dynkumio
[(x)=e* x€]—m; n|.
Haiigure anaqeaue CYMMH! § (*¥) NOJYYEHHOTO PHAAA NpPB X==7.
10.12, Pasnoxute B pag @ypve (B KOMMIeKCHOM ¢opme) nepuogu-
"eckyio ¢ mepuogoM T =3 QyHKUHIO
T
COS X, €CJH xe]O; 5[.
t={ 0 em s€[Fia],
1
-2-, e X==7l.

10.13. Pasnoxnte B gan Dypve (B KommiIeKcHOA ¢opMme) nepuong-
veckyio ¢ nepuofoM T =3 ¢yHKuHIO

A, emm x€J0; 1f;
fx)= %"s ecmn x=0; 1;
‘0, ecnn x€J1; 3.
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FAABA VI

" 6. a) 5; 6) 969; R 256; r)k(k+l),n) n. 8.2. a)9 10; 6) 7
) 10; r) 11. 6.3, {3;'4; 5) & {l; 3; 2}. 6.4, 12. 6.5. 16. 6.6, 18; 10,
- 8.7. a) 120; 6) CO; B) 420; r) 83160. 6.8, 72. 6.9, 15. 8.10," 43 200,

BM.7z. 612 2) 8 6) & B) 275 D) 2 613 {4 5 6 7; 8 9}

&;1535 14, 9; 1} a.nma){s 914;6'6){0 1, ...; 27}. 6,15, a) 60;

"10. 6.16. a) 870; 6) 435. 8.19. 15. 6.20. 35.
6.21. 210. 6.22. 4060. 6.23. a) 30 6) 62. 6.24, 5040. 6.25. 15625. 6.26.
Mome'r He xBaTHTb. 6.27. He Gomee 27-10%. 6.28. a) (x2—y)°=

‘ =kz°c" (x2)8=4 (—g)k == x12 — 6xW0g -} ] 5x8y2 — 20x8y3 - 15584 — 6%y

+ 5 6) ‘(3a§-—.2b)‘- = ’;‘% C% (3at)b=K (—26)k =2430%—810a% -
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+ 1080852 — 720a45% - 240a35 4 — 3268, 6.29. a) ( ]/ _%d )ZA+
(VI 4n (VI 45 YT om VE s
+21 ( l/-%_)s-n( ]/-:?)'4-( V§)7;®xu_1exm+112xlo—

-44sx7+1120xc.—1792x+112—3—'—2—f—4+%-f .8.30.2) 109/ T—89 ' 3;

6) 64. 6.31. a) —2099 520+; 6 126 /. 6.32. a) 2523/ x%; 6) 171603 V a b3,
—1716a3b2 {/ b . 6.33. a) 15; 6) 495, 6.34. a) 5280; 6) 5005. 6.35. 10.
6.36. 1120. 6.37. a) 2772, . 6) 625, 7000; 7000; 1120; 16.

1. 4 12 21 —
6.38. a) S0 C?go! 6) 3 (9-g ; B) 37 Cfgs; r) V10~503C;oo

10
6.39. a) 378; 6) 17 550. 6.40. a) 2»—2 (n4-1); 6) 0; B) 22~3; r) 2m—3,
6.41. a) 1; 6) —1. :

TJABA VII

7.1. a) Ilo xpaiinelt Mepe ONME BHICTpen OKasalicsl yAauHHM; 6) BCe
TPH BHCTpeJia OBIH YJAaUHLIMH; B) MHIUEHb MOpPaXEHA OJHHM H TOJbLKO

OBHHM BHCTpedoM. 7.2. B=A, U (A N Ay), B=7A,; N (A;,U7,).
7.3. AUB=U, 1.e. cobutua A u B o6pasyioT NOJHYIO CHCTEMY CO-

6urhit, Cobnrtasa A 1 B He aBasgioTCA HEcoBMECTHHIMH. 7.5. a) -71-; 6) 1 H

5 5 164 9 8
90 g 76 g Mg T8 a0 o ML 9 09%
6 0,38. 7.12. %. 7.13. He woryr. 7.14. He spasorcs. 7.15. 4 n B

saBHcumbl, B u C saBucuMu, A u C HesaBucuMH. 7.16. Ilonapuo sesa-
BHCHMH, HO He SIBJASIOTCA HE3aBHCHMHMH B COBoKynHocTH. 7.17. 0,976,
7.18. 0,819. 7.19. P,=p% (2—p3), Py=p3(2—p)®, Py > Py, ecau
0<p<l. 1720 l—(1—p)t2 7.21. Ilo kpafinei mepe 13 pas.

7.22. % B 7.23.0,78. 7.24. 0,014, 7.25.0,775. 7.26. 7 7.27. 0,998,

728. G=PUPs 709 2. 70, 2. 781 m004 702 w002,
13

1—pipy 3
7.33. 16 7.34. a) BeposrHocts BHHrpHINa TpeX NapTHA U3 qe’ru‘fyéi
6oJibile BEPOATHOCTH BHIHTPHILA NATH NapTHA M3 BOCbMH; G) BepOATHOCTD
BHIHIpHIA HE MeHee NATH napThHi# M3 BocbMH GoJbile BEPOSTHOCTH
BHHIpHILIA He MeHee Tpex mapTHli us uetsipex. 7.35. Pg(5) ~ 0,132;
Ps (4)=Ps (3) = 0,329; P (2) ~ 0,165; Py (1) ~ 0,041; P,{O) = 0,004.

33

7.36. 84, 7.37. BepostHocTb onHa H Ta XKe, Tak kak Cjg 'E) (%) =
1 34

= C}$ l? (%) . 7.38. 0,026, 7.39. a) Moxer; 6) He MOXeT,

7.40. B npumepe 1 He sBaseTcs, B npHMepe 2 fABJseTCA.
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7.41,

0,1250,375{0,375 | 0,125

7.42.
S T 't 9 16 | 25 | 36
N U L (R
- 5|6 ] 6 6 6 6
7.483.

1 | 2
0 3 3 1

0,216{0,432}0,288 |0,064

744, MX =22, DX = 0,76. ' 7.45. Mx_s' ox;;g

3 3 2
746. a) MX =+, X—'T’ 6) MX_ DX—2-§ 747, MX_%-
7.48. MX —— , DX = 7.49. MX =100, DX =38. 7.50. MX =4900,

DX =98
7.51.

S
%"

2 1 :
97 57 452
MX = 27 , DX = =35
7.52. Croumoctb GHJeTa He JOJIKHA mpeBumarb 1l komeek, Tak Kak
MaTeMaTHYeCKoe OXHiaHHe BuHrpmma 11,6 konefiku. 7.53. a) HeBui-

roxHa; 6) BHrofHa; B) Hrpa O6e3o6HaHAa, TaK KaK MaTeMaTHYECKOE OXH-
ga!me BHHTDHINA PaBHO HYJIO.

2
9

w| o

(] I'JIABA vill

81 x=xIn2 x=C.2. 82 x=x1n099 1r=C:0,99"

8.3. T=-‘_'0__ 8.4. 3,9 kr. 8.5.56,5 1. 8.6. y—=4e¥. 8,7, 0 =oe=*.,

8.8. T=20480 (%)U“; 60mus. 8.9. a) Hla; 6) Her; B) Her.

-8.10. a) Ha; 6) ma; B) na. 8.11. a) a=—2; 6) a=-%e; B) 'a=2,

829



a=e3. 8.12. A=0, o moboe; a=~—I, A moGoe.  8.13. a) y—x—’_.
— cos x+C; ; 6) y=In (1—Ce=); B} §=C (x—1)—1; 1) y=Ce "w'

n)y-emxT; e) y=—ln(C—ex), C>0; x) g=Ccosx; 3) y=
=In (Cx34-C—1); B) y=C (14-x)%; x)g=C(l+x)e"‘n)y=tglan

8.14, a) y= l(x+('.‘)3, y=0; 6) g=sin(x4-C), y=I; y:.—.-—l

B) y=(x2+C)*+1, y=1; 1) "=W-'c"?c’ y=0; 1) y=-Ce—_f,——l;
2
y=0; ¢ y= (C-l-s";zx—%) y=0. 8.15. a) x—-—s- t2; 6) x._—!—-i,
6T 8

B) ¥=— 8.16. a) 1) y=x; 2) y=0; 6) y=arcsinx-—£[—.

T+&° )
8.17. y=Cx?% y2=Cx. 8.18. s=25:2/% 8.19. a) (1+y)e-¥=

6) Vi—x2 Vi—y2=1, y=1. 820. a) x=
==Ct-’+-l-t°' 6) x=*Ce-*’+1- B) x=Ccosi+sint; 1) x=
(C+——ta-—-—t‘)etz;a) x=—ﬁ+t 821, a)x ‘ 6)x== !

ost’
) x-8sm??+e“°°"; r) x=3(t+l)2;'(t+l)‘. 8.22, l=-£- X

. R

—

X (l—e L"), Ykasaune 3anaua ceomatcs K HHTErpHPOBAHHIO
ypaBHeHHSA L%-}-—RI-:V npH HavaabHoM ycaopuu [ (0)=0, 8.23. 1 =

L4 sin (mt-arct m_L) YEas agHe 3agaua cBozuTCR
T VR en *®R) ™
K OTHCKaHHIO NEDPHOJHYECKOrO PELIEHHS] YPapHEeHHs L——-]- Rl =V sinot,
824, x=600(1 —e=993), Ykasamme, 3alaia CBOIHTCA K HHTErpH-
POBaHHIO ypaBHeHHs mx’=—kx‘* npu uaqam:ﬂux yeaousx x (0)=0;

. —2kot-8 | eakry_ &
x* (0)=6. 8.25. - U= %) 2k,

CBOZHTCA K OTHCKaHHIO pemeHnss ypasHeHH# ‘_mx" + 2kmx’ = — mg,
h (vi—uv,) ¢

YkKasaHnue 3agaua

yaosaeTsopsiomiero yeaosuam x (0) =0, x* (0) =v,, 8.26. {= -C

U0y ln%-‘
827, me =18 x=_t4-Cyt+Cy. 8. 2. x=-—-1-t5+—'t’+Clt+Cg
8.29, x_—t‘+20t’+l 8.30. x"-}x=0. 8.31. a) Onucuisaer; 6), B),

r) #e omHcwmBaioT. 8.32, x=a(l—cos V%—f) YKasanme.
3anasa CBOAMTCS K HHTEIPHPOBaHHIO ypaBHeHus Ix"-{-gx=ag nps Ha-
330




. . 2. -/
YAMLHH R YCAOBHAX X 0)=x’ 0)=0. 8.33. x=-;—'(e}-/’—‘t+e l/ﬁ')'

T= '/ .?g_l. In (2+ }/"3) Ykasamae. YA0SHO BmGpaThb Hauako

KOOPAHHAT B TOUKe, [1e B RauaibHfi MOMEHT HAXOAHTCH CepeAuHa me-

TIOUKH; TOFa X SIBJIAETCS pelleHHeM ypaBHeunst 2/x"=gx mpH ycaoBnax

x©)=1, £ 0)=0. 8.34. a) X=Cl+8,¢§t', 6) x=C1e‘3t+C’g-§";
R .

- -
B) x=Cie2'+-Cye ® ; 1) x=e"2(Cijcos3t+C,sindt); 2) x =
=il (c,ws—’i;-?t-l-éz sin-@i 3 O x=C+Cl); %) x=
=Cie~t4+Coet—2; 8) x=Cy+Cse~2-}-1; n) x=Cysin3t+Cycos3{+1;

K) x=C;e“+Cze”+% et ) x=Cw‘+Cze"+-,%18int+3c°s 0;

M) x=Cjsint4-Cqycos {—2tcos ¢, 8.35. a) x=e!4-¢%; 6) x =
-_Ze-t(sin2t+cos’2t); B) ::=e‘” 2+70; . r) x=ae-‘c%)st+
-l ain £ = Bt = t_._l. —sty
+(a+b)e sin t, n) X 5 e +1583 3° e) x 2783 278 8t+
4 tmy W) £=2sin2- fsin 2t 8.36.0=0, B>0. 8.37. ami,
h—unenoe uncao; x=C sin k¢, C—poH3BOJbHASA MOCTOSHHAS. ’

i

TJABA IX

5 1 7

9.1. a) —1; 6) —;3-: B) gi 1) —gi N gg- 9-2- 2) Pacxonnres;
6) pacxonHMTCH; B) PacCXOAHTCH. 9.3. a) Cxopures; 6) pacxopures;
B) pacXofHTCA; T) CXOLHTCH; X) CXOAMTCS; €) pacxomutcs. 9.4. a) Cxo-
puTcs; 6) CXORHTCH; B) CXONHTCA; T) CXOAMTes; A) cxomuTca. 9.5, a) Cxo-
JHTCA YCHOBHO; ©) PacXOiMTCS; B) CXORHTCH alCOHOTHO; I) CXORHTCS
YCIOBHO; X) CXQAHTCH YCAOBHO; €) cxonmrcs abeomorHo. 9.6, a) R=2;
6) R=2; By R={/3; N R=+wo; 1) R=0 9.7 a)|z2—1]|<3;

6) |z-4+i] <2 8) Jz41—i]< V2 I) BcA KOMILIEKCHAs MJIOCKOCTH.
0).81. ;;- }-‘—l; i; 6] -1 l,[l: :;‘)‘{—2; 2 1] —s e[;a 0 (=14 15

€) R. 9.9. a) lncosx=-—%—l—2+...; 6) sin(sinx)=x--§-+...§
5) tgx=x+-"3-s-—|-%x'?+;.. 9.10. 2) 0,006; 6) 0,07.

it 3 EW e et 0 3L Rt

n=0 n=0

DY maere R=8 0 14Y Tt R=tw

pyest B a=l
» Z &tz_);?‘.'l.ﬂxn, R=1; € z {(—hnts,  R=l
pr n=0
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Npraoxemume 1
HEKOTOPBIE ®OPMYJIbI AJITEBPBH H AHAJIHM3A

I. 1. a*av=a*+y; a>0,

2, [a¥)yW=a*9y a>0.

3. loggxy=log;x+logzg9; x>0, y> 0, a>0; a;él.
4, log,x'=glogax, x>0,a>0, a1,

5. log,,b=:°g"z, a>0; b>0, ¢>0; a#l, c;ét.
0

1
6. log,,b—Iog i a>0; 6>0, a1, b,
Il. 1. sin’!a+cos!oc=l.
2, sin2a=2sinacosa,
3, cos 2o=cos? a—sin?a,

4, sin§%=’-:°-°—s-9-‘

2 Ld
2@ l4cosa
b, cos? =7 "

6, sin (¢+P)=sinacosf--cosasinf.
7, sin (@—p)=sina cos § —cos a sin f.
8. cos (- f) =cos acos p—sina sinf.
9, cos (x—P)=cosa cos p-}-sinasinp,

10, sina+sinf=2sin —— +B -ﬂ —_—
11, sin@—sin p=2sin 2 ficos -Tﬁ.
12, cos a+cos f =2 cos'—— G+B ——— C0S —2—5-.
13, cos a—cosf=2sin —— +‘8 sin B;a ’

14, sinacos B=% (sin (&4 B) 4 sin (@—B)).
15, sinasin B=-;— (cos (@—p)—cos (@+B)).

16. cos & cos B=% (cos (a4 B) +-cos (@—B)).
334



1L I,

1v.

V.

2

3.

4.
5.
6.
1.

2.
3'

4.

10,

11,

12

13

14.

15,
16.

17,

18,

eX—e=%

mx= 2 .,
chx=b"Fe"*
2 .
sh x
th x=-€h—x .
ch? x—sh2x=1,

sh2x=2shxchx.
ch 2x=ch? x-}-sh2x.

(f) =cf', c—mnocrosnHas.
F+o =Ff+g.
(o) =Ffeg+fe.
(1) =2,
g g

x") =nx?=% n€N.

G s, aE R x>0
a¥)’ =a*Ina, a>0,

{e")’ =e%,

(logg x)' = s a>0,a%l; x>0,

xlna
(ng=p, *>0.

(sin x)’ =cos x.

. (cosx)'=~—sinx.,

’ 1 T
(g =—ay x#:—z-—l-uk, kEZ

’ 1
gn) =——mgms *#k kEZ
1

(arcsin x)’-—-ﬁ—_—;;s [x]1 < 1.
(arccos x) =— li—x ; lx1< L.
' 1
(arctg x) =Tra
’ 1
(arcctg x) =—T5a"
(sh x) =chx.
(chx)’ =sh x.
p 1
(thX) =-6f1_§-;'
(cthx)' =— ) X0,

sh2x



MNpunoxenne 2
HEKOTOPBIE YACTO BCTPEYAIOUIHECS NOCTOSHHLIE

n~ 3,1416

L ~o,3188

14

n? ~ 9,8696
V=~ 1,7724
{/ 7~ 1,4646

e~ 2,7183

1
-
e

e? =~ 7,3891

Ige ~ 0,4343
In 10 = 2,3026
1 papnan ~57°18'

Ve~16487 1°%0,0174 panuan.

{'/e‘ ~ 1,3956

INNpunoxeunne 3
KBAAPATHBIE U KYBHYECKHE KOPHH

Vi Y Ton Vn 8/ Ton l'/ 100n
1 1,00 3,16 1,00 2,15 4,64
2 1,41 4,47 1,26 2,71 5,85
3 1,73 5,48 1,44 3,11 6,69
4 2,00 6,32 1,59 3,42 7,37
5 2,24 7,07 1,71 3,68 7,94
6 2,45 7,75 1,82 3,91 8;43
7 2,65 8,37 1,91 4,12 8,88
8 2,83 8,94 2,00 4;31 9,28
9 3,00 9,49 2,08 4;48 9;65
10 3,16 10,00 2,15 4,64 . 10,00







