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. NPEAVUCAOBHE.

OcHoB2HHEM B3TOTO Kypca CAYMAT ACKUHH, UHTAHHHIE MHOIO B
AeHunrpazckoM YHWBEPCHTETE B 1921/22 n 1928/29 rozax, a
Ta)me AEKIMH, NPOTATAHHBIE MHOIO TaM me HeGOABIIOMY KpPYmKy
cryaentos Becroio 1931 roaa, ma xotophix GhAO HBAOXEHO COAepma-
HHE TMOCAGAHHX TPeX TAaB MOYTH B TOM BHAC, B KakoM OHH HAXOZATCA
B KypCe.

Oun orAHYaeTCs OT MMEIOIAXCH COOTBETCTBEHHBIX NOAHBIX KypCOB,
manpumep or kypea ['ypca ,Lecons sur lintégration des équations -
aux dérivées partielles du premier ordre“, raasnnim o6pasonM caeayio-
OJAMH OCOOGEHHOCTSMH:

1) Teopus moasoro murerpaia JMarpamma ¢ CaMOro HadaAa TECHO
CBs3bIBAETCA C TeopHell XapaKTepPUCTHYECKMX AWHHA B CAyYae OAHOro
YPAaBHEHHA W XapaKTEPHCTHUECKHX MHOroOOpasmii B cAyuae CHCTEMBI.
BeaeacTre 3TOrO MBAOMEHME OTAEGADHHX METOAOB WHTETPHPOBAHHSA
npuobperaeT o6yee OCHOBAHHME, H KamyHMeCA MPH HEKOTOPHIX CHO-
cofax moaxoja K MX HBAOKCHHIO PasAMYMS B HHX B 3HAUHTEADHOH
Mepe CrAaBHBAOTCA, NPHMEPOM 4Uero MAryT CAYXHTD § 118, 119
r 121.

2) Boabmoe smawenmme npunucaso saxzave Komm, mCcaezosanme
KOTOpOfi Be3ze, rAe OHA BCTPEYAETCS, MPOBOAATCS C BOIMOKHOH MOA-
HOTOH, ¢ pPas60POM CAydaeB, KOTAa 3ajaua He HMeeT ONPEAEACHHOro
pelleHHs, X ¢ yKa3asHEM, Kak HAXOAWTD BCE PemeHus, KOT4a MX Muo-
mectso; Takosbl § 18, 45, 119 u Bcs raasa ceabmad. .

[lpu mocramoBke 3ajaYn O HAXOMJGHHW BCEX pElIEHHH, YAOBAETBO-
PAIOIMX AaHHBIM YCAOBHAM, BONPOCH, CBAZAHHbIE C HAXOXACHHEM
0COGEHHBIX pelneHut, UMEIOT HEKOTOpOe 3Ha4eHue, W NOTOMY WM yae-
AEHO AOCTATQUHOE BHHMaHHME; TaKOBbI, HANPHMEP, B TCOPHH AHHEHHDbIX
ypasuennii § 19 u 47. ‘

3) Bropas meroaa flko6u, Koropoii mocssileHa TraaBa AecATad,
A3AQXEHA MOAHOCTBIO C yKasaHHEM NPHEMOB, KOTOpble NPH OGBIYHOM
H3AQKEHHH QKASHIBAIOTCH MCKAIOYEHHBIMH; NPUMEPOM HeNPABHALHOrO
NOAX04a K H3AQXEHHIO MQKET CAYXHTb KoHey § 63 ykasamuoro soimie
kypca ['ypca B ero mepsoM HagaHmH. A

Hsromenne sropoit Meroam fxo6H, a rakme MeToAH A. H. Kop-
KHHa, IOTPE6OBAAD BHECEHHA HEKOTOPDHIX MOAPOGHOCTEH 06 MUTerparax
C. Au, xoropbie H HaxX0AATCS B TAaBE OJHHHAZUaTOH.

CnenmarbHbix TEOpeM CYIIECTBOBAHHS B 3TOM Kypce MHl He ycTa-
HaBAHBAaeM: NOKAa peub HJET 06 ypaBHEHHAX MNEPBAro NOPsAJKa, MOEEO
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ZOBOABCTBOBATBCA TEOPEMaMH, YCTAHOBACHHLIMK B Kypce 00GBIKHOBEH-
HBIX ypaBHEHMH. :

Tlpr cocraBAemHHM Kypca Mbl CTaPAAHCh BKAIOWHTD B HETO H Pe3yAb-
TaThi, BHECEHHBIE B TEOPHMIO PYCCKHMM y9YeHbHIMH; TAABHbIM M3 TaKHX
PEe3yAbTATOB HBAAIOTCA NONOAHEHHA METOADL! Axobu, KOTOPHIMA Mbl
o6asanm H. H. Caarmkosy u I'. B. [ldpefippepy: HM nOCBAIICHA NOUTH
BCA AecATas [AABa; Mbl YKasbiBa€M, jaaee, B § 112 na npumem orae-
AGHHS TePEMEHHDIX B. I'. iMmmenegkoro u MHOIO MECTa YACAAEM Me-
toze A. H. 'Kopkura, xoTopas zaercs BuepBbie B HCHPABACHHOM BHAE
B rAaBe OAYHHAZALATOR, XOTA HENOAHOTA METOAbl MHOIO 3aMOtUeHa elle
g 1922 roay m rorza me pasobpana B aorraze AenmHrpajgckomy
(H3HKO-MaTeMaTHIeCKOMy OOWECTBy; PESYAbTATOB MOHX HCCAEZOBA~
HHil A A0 CHX NIOP HE ONyOGAHKOBBIBAA.

Kype paszeaen ua ase wacTH M OAHHHAAUATD A2B, COACPHAHHE KOTO™
PEIX ZOBOABHO SCHO H3 IPHAOKEHHOrO OTAABACHH, [IpHUEM Kypcy npen-
[HOCAQHO BBEACHHE, IIEAb KOTOPOro — BOCCTAHOBHTD B NAMATH y4allerocs
HEeOBXOAMMbIE CBEACHHS H3 TEOPHH OGBIKHOBEHHBIX ypasHenn#l, a Taxme
yCTaHOBHTb TEPMHHOAOTHIO, IPHBATYIO B OCTAADHOM Kypce.

Tleppas wacTb ABAAeTCA 3AMKHYTHIM IEALIM, AAIOIMM TEODHIO AM™
pefiHbIX ypaBHEHAH, X MOXeT CAYRHTD moco6ueM JAAA OTAEABHOTQ
takoro Kypca. B HeKOTOpbIX MeCTax, Kak HAaOpHMED B § 37 n 38,
MsAQEeHWe GOAee mOApO6HO, ueM TOro TpebyeT COGCTBEHHO TEOPHA
AnHe#nBIX ypaBHeHnﬁ, yT0 BbI3BAHO KEeAaHHEM H3bexaTb B Aaabaefimem
NOBTOPEHHs NPOCTHIX BHIKAAZOK. ['aaBsa werseprasi, cAyxamiasa BpBeje-
HHEM B TEOPHIO CHCTEM HEAHHERHBIX ypasHeHHH, NOCTPOCHHYI0 HA H3Y-
yennn pemenns cucremn § 118, sBagerca BMecTe C TEM He06X0ANMBIM
M eCTeCTBEHHHIM 3aBEepIIEHAEM TEOPHH AMHEHHDIX ypaBHEHRH.

Bo BTopoi#i wacTH, raaBa mectas, o nepsoll MeToxe Sxobu, 1 cezb-
masi, 0 MeToAe Komn, TecHo cBsizaHbl ¢ COACPAAHHEM BBOZHOR mnATOH
FAGBB O MQAHOM mHTerpaie Jarpanmma, ® NpH NPHHATOM H3AOMCHAH
H¥ OAHA U3 HAX HE MOXeT 6uiThb oTAeAeHa oT arofi nocieanefl, Tax xe
Kak ¥ OT Apyrofi, Kak BHAHO M3 CKa3aHHOIO B § 79; uro me xKacaercs
FA&BbI BOCbMOH, TO OHAa CAYXHT TOAbKO BBeJCHHEM B TEOPHUIO CUCTEM
ypaBHEHHH, ABASCL KakK Obl NEPBHIM KOHUEHTPOM atofi reopun. B neft
ZaHbi OCHOBHDIE ONPEAEACHHs, H €CAH B § 106—109 u pasobpansi
ofbiuHble METoAbl MHTErPHPOBAHHA CHCTEM, TO C HCKAIOYATEAbHOR
EADI0 COXpaHeHHd 3a raaBofl AeBATOH, MOCBAILEBHOH KX TEOpHH,
6oaee LEADHOTO XapaKrepa.

Merozaa Aarpanma—Illapnn, Hau6oaee yZ00Has apH HETETPHPOBAHHH
OAHOFO YPABHEHHS C ABYMS HE3aBHCHMDLIMHM NEPEMEHHLIMH, MOMEILeHa
saech B § 104 noroMmy, 4TO TOADKO TOCA€ JAAHHDIX B Havase TAaBH
onpeaeAeHHi MOXHO AATh €€ M3AOKCHHE, HE npuberas ¥ yCTaHOBASHHIO
NpemACBPEMEHHO HOBBIX NOHSATHL.

CozepmanreM NOCAEAHMX TPEX FAaB MOXMHO CUHTATDh HOKPBITOA
BCIO TEOPHIO HEAHHeHHbIX ypasHenHi. Hsromennoe B raase mecroif u
ceabMO#l ABASETCA YACTHbBIM CAyJaeM CKa3aHHOTO B § 119 n 121. Ilpn
ZOCTATOUHOM MATEMATHYECKOM PASBHTHH COAEPMAHAEC STHX IAdB MOMET
6BniTb YCBOEHO NPH 3HAKOMCTEE C oaHoft mepBOi 4acTbIO Kypca. [pn
CHCTEMATHIECKOM M3AOXKCHHH HAuHHAIOIIUM CTyAEHTaM TpyAHO 0COH-
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THCh 6€3 M3yYeHHs NEPBHX UYETHIPEX TFAaB BTOPOH YacTH, HO HpH
NOBTOPEHHH Kypca NPEeACTaBAAETCA BOSMOAHBIM OTPAHAYATD cebs
H3ACXKEHHeM COAcPAAHMs YKa3aHHBIX FA3B, UTO JOCTHFRETCA MO [PO-
AEA3HHOMY MHOIO ONBITY, O KOTOPOM A YNOMHHaA BHawaAe, B 16 uwaco-
BBIX ACKIHAX.

Uuran ofpunbil KypC CTyAeHTaM-MareMaTHKaM, MOKHO HE KaCATbCA
coaepmanna § 18, 45, 75 u 96, cpasaHHLIX C HAMH NPHMEPOB M BCETO
MSAOZEHHOrO B NOCAEAHHX maparpadax, maunsas c¢ § 130, ympocrms
TaKXe H3AOMEHHE COAEPAKAHHs [AaBbl BACHMOH NPEZNOACKEHHEM, UTO
ypaBHEHHs CHCTEMbl HE 3aBHCAT OT HemspecTHOil ¢ymruuu. B srom
cAyuae, koueuno, § 110 goamen 6birh msromen mnepex § 106 m raasa
TpeTbs 3HAUMTEAbHO cokpaigesa. Kypc B moasom o6beme Mor 6ui Guitp
ykasaH TOABKO AAsl 3aHATHH aCOMPAHTOB; BOOPOCH, BONIEANIE B 3TOT
Kypc, FpaHHUaT y®e C TEMH, KOTOpbie MOCYT CAyZAHTb TEMOH AAs camo-
CTOSTEAbHbIX 3aHATHIH.

B Goaee cxaToM Kypce AAA CTYAEHTOB, YHHBEPCHTETa, He CcHEUHa-
AHBHPOBABIIHXCA [0 MaTeMaTHKe, MHOIO, KPOME TOra, omyckaAuco § 19
n 47, nocBamennsie 0COGEHHLIM pelNEHHAM, H3 FAaBbl TpeTbell coxpa-
HAACA (AKTHYECKM TOAbKO § 42, onyckaAHCh NOCAEZHHE UYeTbipe
naparpada raasm uetsepToll, upesBnivafiHO cokpamjarach raasa cejgb-
Mas, npruem Meroza Komn Haxaranach Ha OCHOBAaHHM CKasaBHOIO
B § 86, 87, 88 u 89; onyckaauch NATb NOCAGAHHX Naparpados rAaBbI
AeBATOR M W3 TAaBH JACCATOH COXPAaHAAMCh TOAbKO OEpBbiE TPH Mapa-
rpada mpu yKasaHdH, YTO MeTOAd HYRAAETCA HHOrAa B H3MEHEHHSX,
cBoaAmuXcA K noaoBaonieMy HbiGOpy pemenudt cHCTEMbl AMHERHBIX
ypaBHeHEfl, cBszanHOH ¢ zampoil. '

H. T
17 mapra 1933 roga. fonmep
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BBEJOEHHE.
HEKOTOPBHIE TEOPEMbl H3 TEOPHH CHCTEM OBLIKHOBEHHBIX
VPABHEHHH.

1. CymecTBoBanne pemeunﬁ y cmcTemn ypasmemmii. [loAoman
JaHa CHCTEMa ypaBHEHHH

dx, -__P dX2 .«P dx”’_l P
& =P T T Tae T e @
B KOTOPO# GyHKUHA
P, Py.... P, )
3aBHCAT OT HE3aBHCHMOrQ MEPEMEHHOTQ X H HEHMSBECTHMX (QyHKHA
Xyy Xgpe ooy Xp_ g
TMoAromuM, 9TO HaYaAbHBle 3HAYEHHS X H Xy, Xy ..y X, PaBHOIE
© O O (0)
Xy X] s Xy ge ey Xy (2)

BwibpaHsl TaK, 9TO QyHKUHH (1) pasaoxEMH B psmbl MO BO3PACTAIOUIHAM
creneHsM pasHocTeR
(0) (0} 0
X=X, XyTT Xy Xz—x(z)’ xn—l—x‘(n)—-l'

Toraa, xak H3BECTHO, CHCTEMA (I) umeeT pemenne, B KOTOPOM PYHKUUR

Xy, Xgye ooy Xy
paBHBI YHCAAM
(°) (©) 0)
Xy Xp sy Xyt
(©
Korga x==x ); ; OPH 9TOM, B 3TOM pELICHHH X;, Xy« - . _1 Pa3AOZHMBI

B pAABI OO BO3PAcTalOLIAM CTelieHAM Pa3HOCTH x——x() 9TO pellleHHEe
eAHHCTBEHHOe H HE OCOGEHHOE.

TMoroxum .
— 0y _(© 0) o
=% (n' "'2))---: (n 1 x%, x) 1
(A¥%)
© O (0) ©
Xn—1™" In—1 (xl s Xglaeoe) Yy X >; X)
ato pemenne. [lo ycAonmo HMEeeM:
I 0 o o ,
%1 (xl ’ x2>, Ty x() p X >, P ))Ex(
© O (© 0) o
Pn—1 (xl ’ 2)"") xn)_v X( ) X())~— (0)
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ITpu arom yp-us (A*) pazpemnMsl oTHOCHTEABHO x§°’, xg)), ceny x®

7n—1»

H 3TO pelleHHe HX HPHBOAHT K (opmyram ')
’ ©) __ 0
X = (X Xpeeey Xy g X, X )

® o+ s+ @ 4 s & B e s+ e s+ e & e s =

" (B%

O ©
X, =9, 4 (X, x5..., Xpe1r X» X ).

Beaeacrsne (3) npasmie uwacTu gopmya (B*) TaxoBm, Wro mmeeM TO-
HECTBEHHO: :

0 (©
o, (x;, x3..., X, _ X ), x ))—

4
¥

3 4)

©
(?n—l (xl, XQ,- .oy .l’n___l, X

©)y .
, X )):xn_l.

2. Cobpanme ofmpx pemennii m coGpanme marerparos. [loromnuy,
4TO, 3amuMasch cHcremoi (I), Mb1 cocraBmAH KakHM-HE6YAb Q6pasom
cobpanme H3 n-—1 ypaBHenwil, CBASHIBAIOIHX HE3ABHCHMYIO HeEpe-
MCHHYI0 X M HEW3BecTHbie¢ QYHKUHH X,, X2,..., X, ; ¢ n—1 mnpomus-

BoAbHBIME nocTosmEbiME C, Cy,...,C,_:

ﬂ (Xl, X2y. s ey Xnp X, Cp CZ;"') C 1)—_‘0

rw—

} ©)

. .
F,_y (x1 x9y000y %, 1 x, Cyy Coy. . ., C, J)=0

HpHYEM 3TO cobpaHWe yZ0BAETBOPSET TPEM YCAOBHAM:

1) Yro6nt moscuurs nocaeauee OGCTOHTCAI:CTBO, paccMoTpUM chyqaﬁ 0ZHOI'O ypaB-
HEHDA
dxl

& =h (x1, ¥} @

TloAomam
=29 &2 29, x ()

ero pewenue. Kpuraa (B) npoxoanr uepes touxy (xm), x(lo)). Mepeitzem no xpusoii (B)
H3 TOUKH (x(o) L ) D, O i »
» Xy ) B KaKyio-auGyxb Zpyry:o rouxy (¥ ', x;') Ha Heii, gocraroumo
6AHM3KYIO K TOUKE (x(o), xgol ). Mot 6yaem mmers:
1 0 0 Dy
D g (O, 59, 0,
Papencrao

=9 (), 5, 5 @)

on(%ene(:‘\;ler pemenne ypasuesms (a), B KOTOPOM KPHBag NPOXOAMT !!ef)es TOURY
(s x, ") Tax kaxy ypasuenna (2) ToAbko oamo Takoe pemene, Kpusas (1) He oTAHUHA

§ 2. Co6panne o6mux pemenHi 13

BO'DEPBLIX, QHO PA3PEIIHMQ OTHOCHTEABHO Xy, Xgy--.p X,_4:
=0, (xC, Cy..., C, )

A)

. .. D

X'n—lzq)n—l ('x! Clt C2' c ey Cn-l);

BO-BTOPBIX, X1, X+ .., X, _;, HaflJCHHLIE TAKHM :06pasoM, NPH BCAKOM
smbope mocrosmmnx Cj, Cs,. .., C, _,, o6pasyior pemenne cucremn (I);
B-TpeTbuX, cobpanue (5) paspemnmo ormacmtervno Cj, C,..., C

n—1°%
Cl=df1 (xh x?”' °r xn-—l’ x)

'...............'-. (B)

Cn—lz"!'n—l (xl’ Xose s oy Xy g .X')-

Co6panne (5), rak me xak B cob6panne (A), Mb Gyaem HaspiBath CO-
6panuem obmux pemenufi cucremsi (I); co6panne (B) mb 6yaem nazbi-
parb co6panneM HHTerpaios cucremmt (I), a xampoe ero oraeabnoe
paBeHcTBO mHTerparoM cucremn (1).

Co6panna (A*) n (B*) takme cobpanns o6mux pemenn#i u wuuTe-
rparos cacrembt ([); B HEX pOAD TNPOWSBOABHBIX NOCTOAHHBIX MCIOA-

0 () 0 o
HAIT HAYAABHBIE 3HAUCHHA X, x(z),. . xﬁ.)_l HEH3BECTHBHIX (QYHKIMiA,

Mx cneumaibHbie CBOHCTBA, BbIAEASIOIHEe X W3 PasHOOGPa3HBIX CO-
6paunii (A) u (B), coorsercrayromux cucreme (I), xapakrepnsyiorcs
papencreamu (3) u (4). Co6panne (A®) mb 6Gyzem HasmBath cOGpa-
nueM o6mux pemesnii Komu, a co6pasme (B*) coGpamnem murerparon
Komm.

Koraa cocraBaeHo kaxoe-embyawn co6panze (A) mam (B), npeab-
pasoBaHue ero B cofpanue Komn me npeacrasaser sarpyinenud.
Bce cBOZHTCA K ONPeAGACHHIO NOZOGAIOUMM 06pa30M MOCTOSHHBX
C,, Cg-..., C,_,. Tlorozns

0 0 0
CY =4 () 1, L, 1) ]l
) e
0 0, [© 0
CY =4, , (X X0, 1D, @) J

o
ot xpupoii (B), u mepememasnch Mo Hei, MBI MOXEM BEPUYTHCH B TOUKY (x( >, xg"’ )
3raunt CHpaBeJAHBO PAaBEHCTBO
O = (), 0, L)

Tax xax TouKa (x(l)

rpunoit (B), cnpanegaupo pasencrso:
(0
%

, x(ll)) 6mAa BHOGpana NPOH3ROABHO, ZAA BCeX TOUYEK (x x;) wa

=9 (g, x, o) ),

410 H TPe60BaAOCH JOKa3aTh.
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u samenss B (A) C,, C,,..., C,_, duepes C,o), Cg’),..., Cf)_l, MbI
noaysum cobpanue
0 0 0,
Xy =q)l (xv C(t), C(g)r- try CS,?_1)

« & e 2 8 e w s o+ s . . e .

— (© 0) (0}
f xn—1_q)n—1 (x’ Cl)’ C2 [ Cn—'_)’
KOTOpOe He OTAMYHO OT cobpanus (A¥).

Jeficraureavno, rak xak ypaeueHus (B) moryr 6mnTb cocTaBAemb
pemennem co6panus (A) ornocureavno C), C,..., C, _,, M HMeem

TOXECTBEHHO!
(Dl (x; ('.Jl’ #27--'7 d.)n_q)Exi’ (i=1, ?)-‘-) n—l)’
M, 3aunT, Bcaegcreue (6):
0) © (0) 0% y__ O
o, (2, CP, Cy',. .., ng J=x .-

3. IpeobpasoBanne CBCTEMEI B CHMMETPHTIECKYIO. Y MHORAS KaX AYIO
B3 Qyskum# P,..., P,_, Ha oaHY u Ty Ze QyHKuHiO X H NOAQZKHB

X, =P X, X,=PyX,..., X,_ =P, X,

n
mnt Mozem cucteme (I) garp BuA:

dx, Xy dx, X, dx,_, X, _,
) de X dx X' dx X )
YIAH BHJA
dx, dxgy dx,_, d: .
P A S o ©

Mpo ¢yskgus Xy, Xo,..., X, _;, X Mbl Gyzem mpeanoraraTb, YTO OHH
PAsAOZHMbl B PAZBI N0 BOSPACTAIONIMM CTENCHAM
(L) ) ©)
X X', Xy Xy se ey Xy Xy g

UYro6m x cucreme (I’) Momno 6biac npurommTb ckasassoe B § 1, a0-
CTaTO4HO, 4TO6HI 3HaueHHe X GLIAO OTAMYHO OT HYAS NpH

. —— (O — O . O
X=X, X=X 5.y X, =X, 4.

4. 06 oaHom oBoiicTBEe HHTErpaAOB CHCTeMbl. YKameM Tenepb Ha
0ZHO CcBOHCTBO mpaBbIX uacrell coGpamma murerparos (B).
Teopema. Kamgas us pynxyusi

q’l’ ‘P??' MRS ] dﬁn—l" (8)

cmoswux 8 npasvlx uacmsax ypasrernuii cobpanus (B), ecmy pewenue
ypasreHus
0z

02 dz
Xiget gt X

ox, _

0z
-+ XGo=0. (D

§ 4. O6 oamom cBoiicTBe MHTErParoB CHCTeMBI 15

Ecan mut B co6pannn (B) samennm x;, Xo,..., y,_; HX 3HaUCHHIMH,

paaTeiME u3 co6panust (A), To Mbi noayunm roxecrsa. Caezorareanno,
CYHTadA, YTO B HEKOTOPOR QYHKUHM ¢, apryMeHTB X[, Xp,. .-, X, _; 32~
MeHeHN HX 3HadeHHsMH (A), Mbl mMeeM B ¥, NMOCTOAHHyI0 U ee AH(-
(pepeHUHAA paBeH HYAIO, T. €.

oy o0y . ad

I " dxe - i J
X —daX oo X,

Ox; 1—{.— ox, 2! + Ox, , "t +
Ho ecam x, Xo,..., X,,_, B3ATH 3 co6panusa (A), oHE yzOBACTBO-
psmiot cucteme (I') u, smauur, auddepenyguarn

dx,, dx,,..., dx,_,, dx

04, o
Tx dx=0. (9

nponopgnona)\bnbl q)ymcgn AM
Xl: Xz;-- .y Xn—l’ X-

Toabsysch sTumM, na pasenctsa (9) moayuaem

) 9y 3¢, A,
~ L X, X - X———=0. (1
Xghe KgAK G X (10)
Papencrso (10) xameTcs yCcTaHABAHBAIOIUMM 3aBHCUMOCTb Mexay QyHK-
LHAMH Xy, Xgy. -+, X,y OUpeercHHbIMEH coGpannem (A).
Ho rax xak ouo He coaepmmr

Cl’ CE:- v 3 Cn_p (11)‘
TO NPEeANOAOKEHHE, YTO OHO HE TOXKECTBO, & 3aBHCHMOCTb MeRAY X;
Xa1+++y X,_,, TOBOPHAO 6bl, UTO M3 ypapHeHHH (A) MOXHO HCKAIOUHTD

nocroasssie (11), a mocAezHee HEBOSMOMHO, TaK Kak H3 ypasHeHuii (A)
MOZHO HafiTeH oTH mocTosHHble. Mtak pasencrBo (10) TomecTBo m MuI
HMeeM, 4TO

ay, o oY, 1 0y, —
Kaga Kol b R, SR X =0, (1)

T.€. 9TO pesyAbTaT 3aMeHbnl z uepes ¢; obpamaer ypasmenue (II)
B TOMECTBO, T.e. uTo §, ecrb pemenue ypasuenus (II), uro m Tpe~
60BarOCk AOKa3arb.

Hrax, cocraBns cobpanne murerparos cucremnl (I), Mol TeM cambim
nafizem n—1 pemennit ypasuennsa (II).

Ormerum, 910 KakoBa Obl HE 6blAa (PYHRIHA ©, TOKECTBO

® (qu’ "fZ;' sy ":“'",___1) =0 (x), (13)

B xoropom 8 (¥) HekoTOpas (QYHKIHS OT OAHOrO X, HEBOSMOKHO. 1aKoe
TOMECTBO FOBOPUAO Obl, 4TO W3 ypapHenut (B) mMommO uCKAOURTD
Xty Xay+ -y X,_; HO TaKOE NPEANOAOKEHHE HEBO3MOXKHO, TaK Kak H3

ypabrennit (B) momuo wmaiith x,, Xs,..., X, , ¥ o6paszoBarb cobpa-
gue (A).
[Toaromy naiigenuwie pemenus
q’l’ ‘{’2’- sy df’n——l (8)
ypasuenus (II) moxno masearb arre6pandyeckH HesaBHCHMBIMH.
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5. JABe ocmoBrme TeopeMil. B 3akalouenne joxameM ABe TEOpEMbI.
Teopema [. Karxosa 681 nu 6vira ¢pynxyus © om n—1 apry-
MENMO8, PYyHKUUS :

=0 (b Yoy Yy_y) (14)
ecmb pewerue ypasuenus (I1).
Jupgepennupys @ynxgmo (14) mo x;, xp...., X,y X, NOAyHaeM
s d=n—1 i—a—1 .
o ! 0o 0y, 0% do  OJY,
dx1 ,= d’«‘{l axl ’ 012 - a‘«’{., dX2 v
=1 =1
i=mn
oy _ 0w 0%,
ox gy, Ox
t==1

VMHOZAA HOAyHEHHBIE DABEHCTBA NOCAGZOBATEABHO Ha X, Xo,...,

X,_;, X n cxragbiBas HX, DOAyHaeM:
& 2 & o _
X Ox, + X Oxp Tt X Ox, _, X Ox 7
i=n—1

Jw 09, 09, e 04, Xﬂz_ )
= 2 o, (X‘ ox, X Oxg T X Ox, _, + ox J°
i=1
Ho ma ocmopammu Tomecrs (12) xamaoe craraemoe B npaBof gacTd
NOCAGAHEr0 PABEHCTBA TOMECTBEHHO PABHO HYAIO, & 9TO FOBOPHT, 4TO
¢ zeficreureavno pemenne ypasaenss (I1).
Teapema Il Ecau ¢ nexomopoe peutenue YpasHeRUs (1), mo
cgwecmsyem ¢yHxuus ® om n—1 apyymenmos maxas, wmo
=0 (Y15 Yoy - o "’?n_1)-
Ecan ¢ pemenne ypapuenns (1), To
oy % % 1 x% o (5
X Ox, T4 Oxy ."'+X”“1 x 1+ ox (19)

7 —

Tpucoeaunun k romecrsy (15) Tomecrsa (12), ropopsigue, 9ro QyHKIUM
(8) ecrp pemenns ypasuenua (II):
kol

09 9% Oy o _
% dﬁl X dx; Tt X Ox, _, +X Ox =0 (8)
oty 0%y L Oy 39, _ .
% Ox, T Ox, P Xy ox, _, X5 =0 (82)
Py |y O G4y | by
Xl JX:Z : +X2 ax_z : + s +Xn—1 dxn‘ll _T'X Ox : %0- (Sn—l)

§ 5. O6 oauom ceoificTae uuTerparor CHCTEMB : 17

Ypasuenna (15), (8,), (82),- - -, (8"_1) 06pasyIoT CHCTEMY U3 1 0AHO-
POAHDIX ypaBHEHHHA C HEH3BECTHBHIMU

Xl’ X2,' ey Xn_p X’

#3 KOTopmX X He HYAb; OTAMYHO OT HYAA, HMEHHO, Aaxe €ro Hadaib-
Hoe sHavenue. Ho cHcrema H3 n ogHOPOAHMIX ypaBHeHHH C n HeHs-
BECTHBIMH MOXEeT HMeTb pEIieHHe, B KOTOPOM He BCe HEH3BEeCTHbIe
OAHOBPEMEHHQ PABHEI HYAIO, TOABKO TOTJa, KOrja ONpEeJEeAHTEAb H3
ee Koa(QUUHEHTOB HYAb. 3HauuT

oY 0% ¢ 9%

Ox; ° Ox2 77" Ox,_,° Ox

® & e o s e e @& e« @ s e ' 4 .

Il

0. (16

aq‘n—-l aan—l dl\bn—l ad{n-l
Ox, ° Oxx "7 0x,_,’ Ox

n—1

OHPEAEAHTeAb B AeBofl 4YAaCTH MOCAEAHErQ paBeHCTBA €CTb AKoOHan

pysxuHi @, 4, ¥y ..., ¥, _; 0O BCEM HX apryMeHTaM.. Papencrso ero

HYAI0 COBOPHT, 4TO 3TH ‘PYHKUHM CBR3aHbl 3aBHCHMOCTDIO:

' (4, by Y-, (!"n—l) =0. 17
B onpeaeaurere (16) He. Bce MHHOPHI DAEGMEHTOB NePBOH CTpPOkH
PaBHBI HyAI0; OTAMYEH OT HyASl HMEHHQ MHMHOpD BAEMEHTA %; OH pa-
BeH axabuany QyHxusft ¢, 99,..., ¢, , [0 aprymeHraMm xj, Xg...,

X,_; M PpaBEHCTBO ero HYAID FOBOPWAO Obl, uTo u3 cucremu- (B)

HeAbss HaliTM 9THX NOCA€JHMX apryMeHTOB. 3Ha4HT, KaK BblTeKaeT
M3 €aMOr0 JAOKAasaTeAbCTBA TeopeMbl 06 sAxoGHaHe, KOTOPOIO Mbl
Tenepb NMoOAb3yemcs, u3 sasHcEMoctH (17) MozHO Halith ¢ M Hamucatob

Y= (Y1, Yo+ -y "’?n_i)’
qT0 ¥ TpeboBarOCh ZOKA3ATH.

2 H Twonrep.



YACTH IIEPBASL.

AHHEEHBIE VOABHEHHS B YACTHbBIX NPOM3BOAHBIX H CHCTEMBI
AMHEHHBIX YPABHEHHH.

-

TAABA NEPBASL

AMHEHHBIE YPABHEHHA B YACTHBIX NPOH3BOAHBIX.

6. Onpeaerenne. \unefiHbIM ypPaBHEHWEM B HaCTHHIX NPOM3BOAHLIX
HaspiBaeTCA ypapHEHHEe BUAA

4

0z d
' +Xn dxn :X) (l)

oz 0Oz
Kt Xt Ky

B KOTOPOM Z HECH3BECTHas ¢yHKIAA QT N HE33aBUCHMbIX MNCPEMEHHDIX

Xy Xoye ooy Xy g3 Xpp (2)

9—

a KosQQUIHEHTHI

Xy Xoye oo X,

n

-1 Xn’ X

(YHKUHH HE3aBHCHMBbIX NePeMEHHbIX (2) u z: .
X=X, (X3, X3- - X2 X=X (x3 Xaee - o3 Xp 2, (i=1,2,...,n). 3)

Ecau B ypasaenun (1)

X=0
A OCTaAbHBIE KOS(QHIMEHTH HEe 3aBHCSAT OT Z:
X1=X£ (xl’ Xoye - oy x,,), (i=1: 2.0 n))

TO ypapHeHHe HasHIBAacTCA OZHOPOLHBIM. Mbr paccMaTpHM cHauard
coficTBa OAHOPOAHLIX ypaBHEeHHH.

OTmeTHEM, 9TQ BO BCEM MOCAeZAYIOIUEeM, HHOrAa 8TOTO HE OTOBapH-
Basi, Mbl 6yAeM OpeJmoAaraTb, 9TO KOBQQUUHEHTDI ypaBHeHui 1 Apyrue
scrpevaouiiecs (QYHKUHH, PA3AOXHMbI B PAAH 0O BO3PACTAIONIHM
cTemeHsiM pasHocredl BHAa

(0} ©) (0

Xy Xy Xy~ Xg ye ey XXy,
rze 0. 29 ©
A€ Xy Xp'y- .-y X, HEKOTOpHIE YHCAR, T. €. 4YTO OHH roAoMopdHbD
6 © 0 Oy T
BE6AHSH TOUKH (X', Xy 5-+.5 X,). laKkoe ke NPEANOAOXEHHE Mbl Ze-

A3eM, eCAH 663 OroBOpKM FOBOPHM 06 HCKOMOM PEIEHMH.

Byaytgx r(?))\ouopqmbmn B Hexoropoft 06AacTH, 3aKAlovarouiedt
0

TOYKY (xl), Xg geony x(”)), Ko PUIHEHTDHI ypaBHenull U apyrHe OyHK

1M HMEIOT BHYTPH 9TOR 06GAACTH NPOH3BOAHBIE, KOTAPbIE TaKAe rOAO-

MopdabI-

§ 7. Unrerpuposanue 0zROPOAHOTO YP-Hus. 19

7. Harerpupopamue OZHOPOANOro yPaBHOHMA. [Toromum, aTo aaHo
OAHOPOAHOE YPABHEHHE

Oz 0z \ 0z oz
Xl 0__.7(1 +X2 ax2 +"' TXn.—i axn_l +Xn axn '—'09 (4)

KOR(QHUMEHTH KOTOPOrC He 3aBHCAT OT Z M, Kak (QYAKUAH OCTAABHbIX
apryMeHToB, TOAOMOP@HDB B gexoropofi 06AacTH.

ro ypaBHeHHE TOrO BHA3, KOTOPOMY GhIAM TIOCBALIEHBI paccyxae-
HH5 B Beeenns ; uro6h OGPaTHTDb €0 B ypaBHeHHE (1), sago ToAbka X,
u x, samenntb uepes X u x. OcHopbiBasCb Ha BTOM, ML} MOXEM
yTBEPEAATb, 4TO ypaBHCHHE (4) umeer pemenue, ecAM OAMH M3 €ro
KO (PULHEHTOB HE PaBeH TOXKECTBEHHO HyAIO.

[loromum, manpumep, 9T0 X, HE HyAb. CocrapaM cucTeMY

dx; dxy dx,_, dx,
-—x% = =%, % -
Xl 2 n—1 n
Tax kax X, F* 0, moxso mafita uncra
ORI )

Tak, 4TQ6B HauyaAbHOe 3HaueHHe X, He ODIAO HyAeM. K cucrene
6yaAeT NPHMEHHMO BCE CKasaHHAE B § 1; mombo 6yazer mnafiTH uHTe-
rpaAbl ccreMm (5); mpaBbie 4acTH BTHX HHTErpaaB 6yayr peme-
uuamu ypassenus (4).

Ecaum Mbi xaxkum-BHOYAb 0GpasoM HaflaeM aAreGpanvecku He3amH-
cumpie mHTErpasn cucrembi (5), wacAoM n—1:°

qu (xl, Xoye ooy xn__l, xn)=Cx

)

W, (kg Xyer s Xy x)=C,_,
70 BTMM CaMbiM COCTAaBHUM H n—1 HesaBEcUMBMX pemerHi ypaBHe-

una (4):

IIr"_l (X“ Xoye o vy xn).- .oy wl (x" Xgye ooy .x“), (7')
Cambiv o6mvM pemenneM ypasuenns (4) 6yaer QyHxmus
z=o (7, ¥y..., w"._i), )

B KOTOpPOH ® NMPOH3BOAbHAs (PyHKUAS OT n—1 aprymeHToB.
Camoe obuee pemenne ypasnenns (4) sasmenr, Taxmm 06pasom,
OT nponsBOAbHOH QYHKUHH OT n—1 aprymesToB.

Ipueuanue. Ecan xosppuuuent X; B cucreme (5) me pasen
romecTBenHo HyAlo, To pemenns (77) aareGpauueckn He3ABACHMbE
OT.IOCKTEAbHU APTyMEeHTOB

Xgs Xoge v oy X Xorgpe - Xy
[peanoAomum NPOTHBHOE, & HMEHHO, UTO W3 ypaenennit (7)

HEAb3A HAfiTH YKABAHHbIX APryMEMTOB, HO MOMHO HX HCKAIO-
antp. TOraa umeeT MeCTO TOXECTBO

o (¥, ¥y, ¥,_)=0 (xp)-

~%
.
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Ho aepasn wacth Tomecrsa no rteopeme (1) § 5 ecrn pemenne
ypaBHenus (4); sumaunr ¢yuxuns 60 (x,) ero pemenue.

NoactaBasin BMecto z 8To pemenue B ypasenue (4), ncay-
93aeM TOAEeCTBO '

X, -0 (x)=0,

Kotopoe, Tak kak X; 70, rosoput, uro 8 (x)=0, T e., uro 9 (xr)
OT x; He 3aBHCHT, M SHAuHT nocroannoe. Ho roraa @ynxuum (7')
He aire6pagyecKH HE3aBHCHMBL.

8. 3agaua Komm. OGuixuoBeHHO 3ajaun, MPHBOASIIHME K HHTErpH-
pOBaHMIO ypaBHeHH:, He TPeGYIOT HAXOMAEHMs Bcex pemennudt ypasHe-
mus (4). Hacto mmerca TOAbKO TO pemenne, B KOTOPOM QYHKUHS z
YAOBAETBOPAET HEKOTOPHIM, 3apAHEE MOCTABACHHDBIM, YCAOBHSIM.

Ecan nafizeno camoe obuwee pemenne (8) ypasmenua (4), To aan
HAXOMACHHUA YKAa3aHHOTO HCKOMOTO PEMIEHHs NPAXOAMTCS MOAGHPATD
eme (GYHKUHIO ®© TaK, YTO6bI MOCTaBACHHBIE YCAOBHA GblAM cOGAlo-
ZeHbl; HO MOMHO TAKXE M CPa3y HMCKaTh HyMHOE pemeHHe, HE BBOAA
nPEeaBAPHTEABHO B DACCMOTPEHHE CaMOro o6mero pemenus (8).

Ouenb yacTo, OThICKHBaA pelICHHE ypaBHEHHSA, CTABAT CAeayolee
ycAoBHE. :

Jlanpt gucao xﬁ’) H QyHKyASA

iy (xb X2y - -y xn-—l)’

OT apryMeHTOB X;, Xg,..., X, . Hafith 10 pemenne z ypamnenun (4)
B KOTOPOM, eCAH

x =x0,
n n
TO
z=1% (s xo- -1y Xy 1)- (9)
D1y sazauy HAXOMAEHHs TAKOTO PeUICHHs, Mbl Ha30BeM Jagauesi Koww.

JAf noscHERHA NOCTABACHHOH 284aYH PaCCMOTPHM CAyuail AByX He-
saBHCHMBIX mepeMeHHbix. [lorommm, Aano ypasuenue

D S @)

dxi

Beakoe pemenne ypaBHEHHA ONpEaeAAEST HEKOTOPYIO NOBEPXHOCTh.
Moxno ckasarp, uro ypasuenne (4') onpeaerser cemeficTeo mosepx-

nocteit. Ycaosre (9) umeer BHZ:
€CAH
__ 0
Xg == Xg'y

TO
z= 3 (xl)' (9,)
0
Yopasrennn: xo=x{’, z="2 (x,) onpeaersior HEKOTOPYIO KPUBYIO, Ae-
Ma|gyl0 B DAOCKOCTH, NapaAA€AbHORA naockoértn X; Z,
Ecan ycaosne (9°) cobaroaeno, TO mnoBepxXHOCTb mpoxoxuT uepes
8Ty KPUBYIO.

§ 8. 3apava Komn 21

3uauuT, nocTaBACHHAs 33ajaua PaBRMOCHABHA CAexylomefi: H3 cemefi-
CTB2 MOBEPXHOCTeH, Onpeacrennbx ypasHennem (4), Bubpatsb Ty, KO-
TOpas MPOXOAUT Yepe3 Hanepes 3ajaHHYIO KPHBYIO, - AeAKaILYIO B NAO-
CKOCTH, MapaAreAbHOH nAaockocty X, Z.

[loxaxmem Temepn, xax pemarn mocraBAeHmyio 3agauy, M XOKamew,
UTO MbI HMEEM pelIeHHe, eCAH COGAIOAEHO YCAOBME: pE3YAbTAT 3aMEHDI
B kO3(¢uyunente X, aprymeHTa x, YHCAOM

0
x;)ue PAaBEH TOXECTBEHHO Hyalo. Ecan pe- Z

3YAbTaT #TO# NOACTAHOBKM HE PAaBEH HYAIO,
TO MOXHO H3 OOAAcCTH BajaHHA BHIGPaTDL
4HCAA

© ©0)

Xy Xy gy Xy (10)

TaKHM OGPa3soM, YTO PE3YABTAT 3aMEHBI B

X, aprymeHTOB X{, Xo,. .., X, UMH W QHCAOM
()

x;) He 6bia HyAeM; MBI Opeanoaaraem,

) 10
uTQ xf,) TakoBo, 4o Touka (1, "% - - - x(:?—x’ 4 Pue. 1

xf:’)) ACXHT B 06AaCTH 3aAaHuA KOB(PH-
uuentoB X, Xy,..., X,. Toraa us ckasammoro B § 1 moirekaer, uro
aaa cucremnl (5) mMomHO COCTaBHTD unrerpaim Komm.

B § 2 noscueno, rax mafiru ux, koraa uaBecTHO HeKBTOpOE cobpa-
HHE HHTErpaioR cucremn (5):

‘Fl (xli Xoye ooy Xy go x,,):Cl

1)

W, Gy xaye ey x, 1y x) =L, .
Hyano maiira C,, C,,..., C,_, 1o gopmyram:

0 0 0) 0
T, (xi), x;),..., xf,_l, x;))=C1

P s s s 5 e s 8 & s+ s s e 4+ o =

(.) .0 : ’ ((‘) ) (0; ___.
‘Ifn_l' (xi), xfz e, xn')_l, x)=C, ,

H PEINTb CACTEMY ypaBHEeHHi

0 _(0) © (0)
Yy (x1y Xore vy 2, _p x,) =1, (x(1 » Xy ye vy Xy gy X))
e e e e e e e e e e e e e e e e e e 1)
w0 ©) (0
‘lrn—l (x" X2yeeny Xpop xn)zl‘vn——l (xl 3 Xgiseeey Xyl g9 xn))

OTHOCHTEABHO

- 0 (0}
£, A0
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Hafiaennvie ypaBrenus
© __
X =9 (x1, Xo- .-, Xp_ 1 X,;)
o __
X, =0, (xg, Xoee0y X, 4, x,)

$
6yayr murérparamn Komu cucremnt (5), a ¢pysruun

. @y (X1 Xogeeoy Xy_10 X ooy

Cr—1 (1, Xgy- -+ Xp 12 xn)

pemennsmu ypasrerus (4).
Pemennsa (12) oxasmBaioTcs He CAyuaiino sm6panmbimu. [To op-
myaam (4) § 1 mbt HMeeM TOXECTBEHHO:

¢ s & 4 4 e e s & = s = e

@1 (xy, X0y X,y xg)))Exl,..., i
DA (13)

©)y —
Py (X1 Xy ooy Xy gy X)) =2, 45

anayut Qynkman (12) pemaioT, COOTBETCTBEHHO, 3aZauy Komu npu
NpeATOAOKEHHAX !

¥y, X000y X, =240, B (g Xg o os Xy )=y

Pemennn (12), yaosaersopsiomme ycaopHam (13), mb Hasosem

AAA (o)yao6c’ma TAQBHBIMU, UHOTAA NPHOAHAAEM ,COOTBETCTBEHHO X, =

— €«

=ux, . .
Koraa mafigenbl raaBume pemenus, Mbl Hafijem pelleHue z 3aja4H

Komm, samenne B Qynkuuu 9 aprymeHTBl Xy, Xg..., X,_,; COOTBET-
CTBEHHO uepes @y, @o,..., @, ,, T. €. MOAOKHE

z=8(c?la (sz' <y ?”_1)- (14)

_,0
JlefiCTBHTEABHO, TaK KaK NPH X, ==X, QYHKUHH @1, By .., P, _; 00pa-
mAaoTCA Ha OCHOBAHMH (13) COOTBETCTBEHHO B X;; Xy - -5 X, ., QYHK-
0

una (14) npm xn=xfl) obpaturca B 3(xy, Xp. .-y X, 1)

Hatigennoe mamu pemenue sazauu Komu eaHHCTBEHHOE. Jeticrpu-
TeAbHO, OAOKHM, YTO HMeeTca y ypaBHewns (4) ewe apyroe peine-
uue Z, B xOTOpOM, npn X, =x,? Qynkuus Z obpamaerca Takme
B9 (x;, xg..., X,_,). fcHo, uro pasnocrs

o z—2Z
6yaer Takme pemeHunem ypasuenus (4); npu orom pemenuem, oGpa-
WAoLKMCS B HYAb OpH X, ==x,’), Tak kak NpH 3TOM 3HAYEHHH X,
Kak z, Tak H Z obpawaiotcs B Ty Ae Qynrumuo ¥ (x;, xg..., X, )

Ho kax pemenue ypasuenus (4), z—Z 6yaer Qynxuueii or ero
n—1 HesaBHCHMbIX pemIeHuH, 3a& KOTOPbIE MOXHO B3ATb H T'AaBHBIE,

§ 8. 3agaua Komn '3

Hrak,
g—Z=0(9, P3-+» '1')1,._1).
[loacraBass x,© BMeCTO X,, H3 MOCAEAHEr0 PaBEHCTBA MOAYYAEM
o (g, Xgy. -y x, 1) =0,
OTKyAa ACHO, UTO (YHKUWA © TOXKECTBEHHAa HYAIO H z=/Z, uto ®

TpeGOBaAOCh JAOKA3aThe
Mpumep. Hafirn nosepxuocts, ONpeAeACHRYIO ypaBHEHHEM:

0z o0z ,
Tge—* 5‘"1] =0 (4')
¥ TPOXOAALYIO Yepes KPHBYIO
x=0, z=1(y).

0z
[Ipemzae Bcero samevaeM, 4TO HpH x =0 rosdpPuuuenT mpu 5 He pa-

peH HYAK0. SHaunT 3azaua HMeeT PeUICHHe.
Ypasrennio (4,') cooTsercTByeT cucrema

dx _ dx
v =+
JaB nocaeguemy ypaBHERWIO BHZ
‘ xdx-ydy =0,
HaXOAMM ero HHTErpaA ‘
2t+y2=C.

Wigem muterpar Komu. Pemas ypaBHeHHE
2yt =04 =ye?
OTHOCHTEABHO Y, NOAyUYaEM
yo=V 24y
Taaemoe pemenne ypasuenns (4,"), coorsertTByiouiee x==0, ecTp

Vgt
z=%(V 2|4

Ecan % — npoussoAbHaA (PYHKyHsA, TO HA NOCAEjHEE PaBEHCTBO MOXHO
CMOTpETh Kak Ha NMPOH3BOABHOE pElISHHE.
Ms storo scmo, uro ypaBuenue (4;') onpeaeaser nOBEpPXHOCTD
Bpauenna oxoro ocw OZ.
Hpumeuwanue. Mpbl yxaszau, 94TO pemenue 3aAadH Komu
MOXHO GBIAO 6bl MOAYUHTb H3 caMmoro ofwero pemeHHs ypasHe-

Hus (4):
“) z=o0 (¥, ¥q..., V¥, ) 3)

noaobatomum noxgGopom Qysxkpuu ©. [lokamew, kar BHINOAHATD
3TOT noa6op. JJAx DTOrO MOZHO NOCTYNATb Tak: MOAOKHM

0)) — O \ 0)) —
1'p.l (xb Xy - ';xn_.pxn( )) - lI(l) "y Fn—i (xlr Xoye ooy X.n_u x(n)) _

=0,

MCKOMOE pelIeHHe
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Ecan mboi B (8) samenmm x, uwepes x,®, 710 z o6paruTes
B U(x, xp..., x,_,), u MBI 6yzeM HMeTb TOXeCTBO:

S(XU Xy ooy xn.._l)E ‘D(‘Fx(o), ‘Fz(o):- M | lIf"fg)‘). (15)

3nauur 3azaua CBeAcHa K HAaXOMACHHIO TakoH (DYHKUHMZ ®, 4TOGH
paserctBo (15) 6bir0 Tomectsom. Uro6m maiitu TaKkyl0 QyHK-
M0, TIOAATaeM

4
0 J—
! WI() = 111 (%1, Xgye -1y R x"("))—&',

N e v 4 e 44 ... L B

(16)

L . . LI T

‘Ifn_..l(O) _ lIr'n—l (xl, XQ, cay xn_” xfl(O)) =3 En—]

Bt e

u pemaem ypasrenus (16) oTHOCHTEABHO X, Xy,..., X, _,, UTO

BCErA38 BOSMOMHO, TaK Kak KOBPQPuuHeHT X, 10 NPEANOAOKEHHIO
HE HYAD.
Ecan npu sToM Mol moayumm:

Xy =4 (El’ Em- sy En_l)y ey Xy g zan\_1 (sn E?p- .oy En»—-l)’

TO NOCAC MOACTRHOBKHM HaHAeHHmMX 3HaueHuH B (15) Mbl Zazum
9TOMY TOECCTBy BHJ:

8 @y, a9y . ., “n—l) =0 (&, 8. .., E”_.1);

NOCAEAHEE TOXECTBO ONPEACAAET BHA (YHKUHH .

Cpapnenne cucremm (16) c cucremoft (11) romopur, uro,
NPUMEHAR TOT HMAM MHOH METOJ, Mbl pelllacM aAre6paHuecKH
TOXECTBEHHbIE 3ajauH.

9. OcoGuiit caywak sagaun Koms. Mot ykasaaw, uro yxasanmmiit
HaMH MpHeM HENPUMEHHM, Korza xosdouuuent X, obpamaercs B HyADb
NOCA€ 3aMEHBl B HEM apryMeHra X, ero sauenmeM x,©).

Ws sroro, xoHeuno, eme HeAb3S caeAaTb BBHIEOAE, UTO 3ajaua He
HMEET pEeuIeRHA; TO OOGCTOATEALCTBO TIOBOPHT NMOKA TOABKO O HECO-
Bepmencrse Meroanl. OjHako MOXHO yCTaHOBHTb, UTO B BTOM CAy4ae
BCETAa MMEET MECTO OAHO M3 JABYX: MAM 3ajada HE UMEET FOAOMOPQ-
HOTO pemeHHs, HAM 3a4aya HMEST MHOMECTBO peMIeHHH.

Y6:pumea cHavara, 4TO 3ajaua MOmeT He MMeTb pemeHHHA. YcCAo-
BUMCS BpeMeHHO oGosnauatb 3HakoM (f (xy, Xa,..., x, ;» X,)) pesyAb-

TaT 3aMeHnl aprymenra x, uwncaom x,© B Qynkuun
[l xe ooy x, 4y, x,),

T. e, o¢ymkgaio f(x, xa..., x,_,, x ). 3Bametum, uro anave-
HHE TNPOM3BOAHOR OT 2z NO HEKOTOPOMY apryMERTY X;, OTAHuU-
HOMY oT X,, mpu x, = x,©, Mol MomeM nafiTh, nOACTaBHB CRauara B z
uncAo x,) BMECTO X, M TOABKO 3aTeM, BHLINOAHHB ZH(PepeHyHpORa=
HHE, TAK KaK NPH AWPPEepeHUUPOBAHHH MO X; APTYMEHT X, CUATaeTCR

NOCTOAHHBIM. 3HauHT
0:) _ o) _ 00
ox, 1

dx,  Ox

.

§ 10. O6man sagava Komnm 25

€CAH Z ecTh pelleHne 3ajaud Komn, onpeaerenuoli ycaoBHEM 9).
[Monumas noa z @10 pelneHHe, Mbl HMEEM TOXECTBO

0z 0

2 0z %2 .
Xigo | Koo o X+ X =0

0

0
SameHMB B STOM TOMECTBE x, uepe3s X\), Mbl NOAyuaeM, TaKk Kax

(Xo) =0 3% I 9%
g+ Kot - FE) G—=0 (D

Oz
€CAH, KOHEHYHO, (07 OrpaHHMyYeHHO, YTO Mbl IPEAmoAaraeM, roBops

n
TOADKO O peUHIeHHAX FOAOMOP(QHBIX BOAHM3H HAYAAbBHBIX 3HaveHutt

apryMeHTOB.
Hrak, @pynxuua 9 me MmomerT 6biTb BhHIOHpaeMa TNPOH3BOABHO, 2
AOAKHA YAOBAGTBOPATb YPABHEHHIO

ov '
- Rt A& G=0 17

¥, eCAH OHa BTOMY YPAaBHEHHIO HE YAOBAETBOPAET, TO 3azaua Komn
FOAOMOPQHLIX pemeHHil He HMeerT.

Mbi nOKameM BIOCAGACTBHH, uto, npH cobaroaennn ycaosns (17),
sagava Komu mmeer GecuHCAGHHOe MHOMECTBO pemenuil; HCCAeAOBa-
HHe BTOrO BONPOCAa TPeGyeT 3HAKOMCTBA C Teopuel HEOZHOPOAHBIX
AMHEHRHBIX ypaBHeHHH. _

10. O6mas sazasa Komn. Bmecro Toro uro6mr oThicKuUBaTh pe-
menRe ypasrenus (4), yaoBaeTBopsaioiee ycAosuam § 8, womuo mo-
CTaBUTb 3ajauy:

Haiditu To pemenue ypasuenns (4), xoropoe mnocie MOACTAHOBKH
B Hero BMecTo x, Qynkuuu 8 (x;, xs,..., X, _,) “obpamaerca B QyHk-

umio 9 (x;, Xgy...%, ), T. € TaKoe, B KOTOPOM,
ecar x,=0(x; X0 o vy X, 1), TO 2= (X, Xgu. .1, X, ) 18)
JlAs cAyuas ABYX NepEMEHHBIX NMOCAGAHEE YCAOBHE HMEET BHA:
ecan xy=0(x), To z="3(x,).

Tax rak ypaBuenus
X9 = 9 (-'\'1); z=1"% (xl)

ONPEAEAAIOT NMPOU3BOABHYIO KPHBYIO B NPOCTPAHCTBE, B oGoGIgeHHof
3ajaue [MpejAaraercs, BMECTO MOBEPXHOCTH, ONpezeACHHOH KPUBOH,
Aemailedf B MAOCKOCTH, MaPaAAEAbHOH HAGCKOCTH Zx;, HCKATh MOBEPX-
HOCTDb, 3aKAIOYAIOIYIO KPHBYIO, NPOM3BOABHO DACNOAOKEHHYIO B IPO-
CTpaHCTRE.

Pemenne sTofi 06mel 3a4aUH MOXHO CBECTH Kk pemenuio 3ajaud § 8,
BBEAR BMECTO X, HOBYIO He3aBHCHMYIO MepeMeHHyio £ no Qopmyae

X, — 0 (1, Xare v ey Xp_g)=F (19}
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u pemas sazayy Komm aas npeoGpasoBaHHITO ypaBHEHMS NpM YCAO-
BHH:

ecan £=0, 10 Z="98 (x}, X5,..., X, _,)- (18")

Uro6bt BRACHHTH OGCTOATEABCTBA, CONPOBOMAAIONNE PEIEHHE 3aAauH,
BLINOAHHM B ypaBHenun (4) npeo6pasosanue (19).
O6o3nauas ars yz06cTBa HEH3BECTHYIO (YHKIMIO Z KaK (PYHKIHIO

OT X, X3, {. X, 4 E uepes z, a pesyAbTaT 3aMeHbl B KOB(QQHUHEHTE -

X aprymenta x, cymmo#i 8 (x, x5, .-+, X, ;) 1§ uepes X,, umeem:
9z_0z 0z 0% . 4, .02 02
dx, Ox, & ox? ‘T 0o ot g T o
BCAEACTBHE BTOrO ypaBHenne (4) npunuMaeT BHX
5 02 | 0z - 0z
X‘d—xl+ Xga}—z-}— oo+ X —dxn—1+
5 w0 00 ~ 00\ oz
HB—B R~ K] F 0.

Pemenue sagaun Komnu npu ycaosun (18') mam zoctynmo, ecan koad-

o,
ouUKHEHT anaE-
— Xn_iﬂ_ (20)

-z 08
X, — X, > %
He ofpaimaerca B Hyab npu £=0. _

B stom cayuae Mbl cywmeem Halitm z u, samenss B mei £ ero
BoipaxenueM (19), ucxomyro dynkuHio z.

Ecan me a0 ycrosue He cob6A0ZeHO, T. €. eCAH

a8
X, ('xlr X2y ooy Xy B)_ X (xl: Xay ooy Xp s 0) gx—x'—— s e T
o
_Xn_;(x“x.z, ce ey xn_l,ﬁ)an—_—lso,

Mnl NOCTRBACHHYIO 3ajady pemarb He ymeeMm. M3 eroro, kxoneuno, ne
BbITEKaeT, KAK Mbl YK€ YNOMHHAAHM, YTO OHA PEINEHHY HEe MMEeT,
MomeT 0o6mHapyxHTHCA OZHO H3 ABYX: HAM 3azaud He HMeeT pemenHH,
HAM OHa HMeeT MHomecTBOo pemenHi. Ms ckasammoro B § 8 scHo,
49TO 3ajaj¥a HABEPHOE HE HMEET FOAOMOPQHOrO pEINEeHUA, CAM (QYHK-
wna 9 (xy, x, <. -, X,,_;) He yAoBaetBopser ypasuenuwo (17,), B koro-

poM Temepb
(X)) =X, (x5 x., - - 8).

[TosnakomuBmucy ¢ Teopuelt HEOAHOPOAHBIX ypaBHEHHi, MBI MOKAXEM, :
4TO M B STOM CAyuae 3ajava HMeeT OGeCUMCACHHOE MHOAECTBO pelle- )
uufi, xoraza ycaosme (17) cobrwoaeno.

enepb e OTMETHM, YTO MBI, OUEBHAHO, HMEeM AEAO € HCKAIOYH-
TEAbHbIM CAyuaem B 3azaye Komwu, ecam muoroo6pasme (18), usmepe-

‘9 xn—l’

§ 11. XapartepHCTHIECKRE AHHHE 27

ume kortoporo n—1, ectp mepeceuenre ABYX pemenufi ypasHenus (4):
OHO MPUHAJAEXHT Cpasy ABYM peMICHHSM H NOTOMy PCIICHHE no
nemy sagaun Komn He MOZET MPUBOAHTB K ONpEAEACHHOMY pe3yab-
TATY.

B s1oM, BnpoueM, Aerko yGeautbcA M OPH MNOMOILH HEMOCPEA-
CTBGHHBIX BbIYHCAEHHI.

B cayuae, koraa saaada Komu He HMeeT ONPEAEACHHOrO PEINCHHA,
a MMEeT MHOMeCTEO peleHHE, MHOrooGpasne (18) nasmiBaeTcs %apax-
TEPUCTHKOR, PACTOAOREHHOA Ha KaXaOM H3 BTHX pemennit. lakum
06pasoM, BeAKHE ABA-PEMEHHs ypaBHEHHA (4) umeror ofbmylo xapax-

TE PUCTHKY.
p11. XZpan'repncmecxne Avmmn. [loAOXMM, HMEETCA HEKOTOpOE
emeHHe )
p z:=:0(x1’ x?!"'!xn) (8)
asrenns (4).
7P Cucrema ypaerennit (7) u ypasHenne (8’) onpeaeasior n u3 apry-
MEHTOB Xj, Xy « « +y Xp_1» Xpp 2 B (QYHKRUHR OT (n-+1)-ro, Hampumep,
Z, Xy Xy + o+ Xp_y B QYHKUHH OT X,.

3aHMCTBYA TEPMHHOAOTHIO M3 FEOMETPHN, Mbl MOKEM CKa3aTb, q'r;
ypaenenns (7) n (8') onpeaeAsior AmHMIO B NPOCTPaHCTBE I -
H3MepeHHY, NPHTOM, TaK Kak C,,Cy .-, C,_, NpOH3BOAbHBI, TO HE
oauy, a ceMeHcTBO TAaKHX AHHHA.

[Ipoaoamas aHaAOrHio € NMPOCTPAHCTBOM TPEX H3MepeHH#A, MBI MO-
skeM CKa3aTh, UTO yPaBHEHHA

¥, =C, ¥=0Cy..., ¥, = C,., )
OTpeAeAIOT NPOEKIHH AMHMA STOro CeMeliCTBa B MPOCTPAHCTEO N

naMepeHuii:
P z2=0,

¥ 9TO Kamjas AMHHS HaWlero ceMefictea €CTb AWHHA nepegiaqel-mx
uuaraapa (7) ¢ NOBEPXHOCTDHIO (8'), a camas nosepxuocTs (8) ectp
FEOMETPHYECKOE MECTO BTHX AHHHH.

B zaabHefimeM AHHHH, OlpeAeAeHHbIC TakKHM 06pasom, Mbi 6yaem
HASBIBATH XAPAKMEPUCMUHECKUMU AUHUAMU, PACTOAOMEHHBIMU Ha
pewenuu (8'); ceMeficTBO BTHX AMHHR 3aBHCHT OT n—1 napamerpos.

Aunnn nepeceuenns uuannApos (7) ¢ NOBEPXHOCTHIO

=z=0c, (21)

rA€ ¢ NPOM3BOAbHMA MapaMerp, Mbl HA30BEM XIPAKMEPUCTIUNECKUMU
aunusgmu ypagrenust (4); ¥3 AaHHOrO ONPEAEACHHS BRBITEKAET, HTO
B cAyuae ABEHHOTO OZHOPOAHOTO YPABHEHHA €ro XapakTepHCTHie-
CKHE AMHHH 3aBHCAT OT n NAapameTpoB.

Tax xak pasenctBa (7) HHTErpaAnl CHCTEMBI (5), Mommo cxa-
3aTb, 4TO XapaKTEPHCTHYECKHE AHHHH yPaBHEHHA (4) onpeaerennt
cicremolt

de_dn_ | _ %
X, X, X,

.

dZ ’
=% ®)

n—1
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Mpo cucremy (5) Mbr takxze 6yaeM roBOpUTB, yTO OHa onpeaeAaser
XapAKTEPUCTHUECKHE AMHUH, TaK KaK €10 OmpegercH muAHEAp (7).

Hro6m 3 cemeitcrsa xapaxrepucrayecknx AuHu#  ypasHenwus no-
AY4HTD CeMEHACTBO XapaKTepHUCTHYECKHX AHRHI pemenus, Hazo ¢ same-
HHTb (PYHKUHEH OCTaAbBHBIX napamerpos:

C=—w (Cll Cz, e ey Cn—l);

uTOGB NQAYYHTD CaMmylo HHTETPAALHYIO NOBEPXHOCTb, HAz0 HafiTh
TEOMCTPHUECKOE MECTO BTHX MOCACAHHX AHHEHA, T. e. HCKAIOUHTD
napametpnt Cy, Cy, ... C,_, us ypapnenntt (7) = (21), 9ro Hemocpea-
CTBEHHO NPHBOAMT K ypaBenuio (8).

U3 zannoro B npomaom naparpage ONMpejeAeHHs XapaKTePHCTHKH
BHITEKAET, YTO OHA@ €CTh reOMETPHYECKOE MECTO XaPAKTEPUCTHYECKHT
Aunnit ypasuenus (4), sammcsmux or n— 2 0apameTpos.

JeficTeuteAbHO, ecAn oHa ectb Hepeceyenne HHTErpaAbHBIX Mo-
BEpXHOCTEH

z==u (\Il"’ \IJ"Z,__., ‘Irn—l)’ Z==0y (‘Fl, \Il'2’_ "oy v

TO OHa MOMET GbiTb MOAyueHa M3 ypaBrenuit (7) = (21) noacranoskoi
c=aq, (C, Co .-y Cn.-l)r 0, (C,, C,, .. s Cn_1)="’9 (Cn Co ..., Cn_l)
H HCKAIOUEHHEM OCTaBHIMXCA NPOHSBOABHBIMH n — 2 napamerpos. He
TPYAHO y6eauTbca u B 06paTHOM. Samena C,C,, ..., C,,uc Gyax-
LUHAMH OT HEKOTOPbIX HOBRIX n— 2 N2paMeTPOB H HCKAIOYGHHE HX
UPHBOAUT K XapaKTEPHCTHKE, ECAH B PESYABTATE HCKAIOUSHUS NOAYy-
9alOTCA ABE 3aBHCHMOCTH, OAHA H3 KOTOPBIX COAEPMHT Z.

Ecau B pesyasrare rtakoro mexarouemus Mbl MOAYYHM 3aBHCHMOCTH

z2== ‘D(IFD ‘FQ’ veey ‘Fn_1)) (P(‘Flv ‘F2i ceey lp"_l): 0, (22)

M CCAH M3 BTOPOH M3 HUX MOXHO HaliTH x,, TO Hafizenmas PyHK-
URHA X, yAOBACTBOpseT ypasuenuto (20). Tloroxum, wro BTOpOE H3
ypasrenn#t (22) aaer

n--1 )’

X” 26 (X], .x‘.)_, seey xn—l)'

Coxpanna o6osnavenns § 10, r. e. mommian mog (¥,), (X)) pe-
syavrar samenst B ¥, u X, aprymenra x, vepes B, u zameuas, uro
BTOpoe u3 ypaBuenuit (22) obpamaercs B TOmECTEO 3aMeHOHl X,
uepes 8, Mbl moAyuwaew, AnddepeHnupys 8TO ToXecTBO:

k=n—y k=n—1

do O‘Fk) do <0‘Fk> d6 .
Zawy\o )+ D) =0 6=12.0nm
=1 =

YMuoxasanocaeanee TOxeCcTBO Ha(X,), Aasast i sHaueRHx 1,2,...,n—1
¥ CKARALIBAA NOAYYEHHDIE NMPOM3BEACHHS, HAXOANM:

k=n—1 dz=p—1

Y Q) o Sl S 2

=1

§ 12. NMpumepn 29

Ho rak kak xamaoe V', ecrs pemenue ypasnerHs (4),

oF oY, My _,
Xlé}f’ oL, +X""‘dxn_l+ Xn 0x"

H, 3HaYHT, .
O ow,\ aurk)
o (F)=— @ (532)
%=1

B cHAy aTOro noAyueHHoe HaMM PaBeHCTBO AaeT

k=n—1 f=n—1
dv 6‘1’1‘) d‘; — (X =0,
Ha(wk)(ﬁz z (X)) dx, (X))
k=1 =

1. €. npusoguT Kk ypasHeHmio {20), Tak kak nepmuil MKOHSHTBA?2;;
HyAb; HHade HeAb3s Gbia0 6bl HaliTH x, M3 BTOPOTO YPaBHEHHA .

Co6aoaenue ycraoBus (17) ectp caeacTBHe COBAlOACHHS yc)\o:
suit (20) 1 Toro, uro nepsoe m3 pasencts (22) zaer peienne ypas

4).
ueni‘;. (llg))m!epbl. 1) Haiite Bce pemenus ypaBueHus

9 92 4 (g xo—anx) 02 —
(azxs——a3x2)5§l——l—(asxr—axXs)a;‘f‘(axxz aﬁxl)axs 0.

I/Ix_x_x,eu HHTErpaabl CHCTEMbI XapaKTePHCTHYECKHX AHHHEA

dx, dx; dxs

ay X3 — ag Xy @y X, —ay x3 a; Xy — a, X,
Ymuoman uucamTeAreii ¥ 3HaMeHaTeAeR Zpobeft mOCAEZOBATEABMO Ha
a,, a3, Gz U HA X;, X;, X3 W MOAb3YACb TEOPEMOH O paBHBLIX OTHOMIE-
HHUAX, 3AKAIOYAEM, UYTO

dx1 (IXQ dx3

Ay X3 — A3 Xy asxl"_‘al X3 GIXQ—G2X1

_aydx;Fagdxyta; dxg _xda+ xggxg —+ xsdxs.
o 0

3naunr, ,
a,dx;+asdx,-+asdxy =0, x,dx;,~+ x,dx, -+ x3dx;=0.
Hurerpaast cHcTemp:
a, X, fayxy a3 x;=C,, X xg? +xg?=C.
ZBa HEe3aBHCHMbBIX pemeHHs ypABHEHHSA:
ayx;+-asxgtazxs, 2 x? + xh
camoe obuiee ero pemenue
z=wo(ayx; +ag x2 -+ az x3, 1,2+ .2+ x4?),

rae »(5,7M) npoH3BOABHAR (QYHKUHA OT ee apryMEHTOB.
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2) Haiite to pemenne ypaBHeHHs
0z 0z Oz
X1 53— X9 5 PP X, —— :0
1 0x1 + 2 0x2+ + n 0xn ’

B KOTOPOM
npu x; = xl(o): = {}(Xet X3y = ooy xn)'

3Bazaua HaBepHOe HMeeT peNIEHMHE TOAbKO TOrAa, xorza x,@ £0; -

z
uHave kqedQuUHesT npu 5 - o6pamaeTcas B HYAb NPH HAYaABHOM
1

_BHAYEHHH X;.
CoctaBaseM cucteMmy:

de, _dey . _dx,
x4 Xg x,’

€e HHTErpaAnl Aerko HaxOjuM, CPABHHBaA BCE OTHOILIEHHA C [IEPBBIM:

X9 —_ X3 . Xy,
-—"——Cl, _‘—-Cg,--., — =L,
X1 X1 X1
Jan maxomaenns unrerparoB Komn nmoacrasasem x, Bmecro Xy
X9, ..., x,® BMecToO OCTaAbHBIX MEpeMEHHBIX, H ONPeJEACHHbIE
Takum o6pasom nocrosuuuie C,, ..., C, cHOBa noacTaBisem B8 Hafi-
AeHEylo cucteMy HHTerparoB. [loryuaem:
X2 ___x2(0) X3 —x3(0) Xn __xn(o)
PR 0 Y O Y Ok
Peman ypasuenus ormocureabno xy9, xy®, ..., x,/9, noaysaem
nHTerpaant Kowmm : :
x; X3 x
X @ O Bro—yo . B0y 0,
X1 Xy Xy
[AaBHDIe peleHus YpaBHEHHA
Xg Xg X
_xl(o): _xl(o)n crey '_”xl(n)'
Xy x, x3
Bamensns B QyHKUHM § apryMeHTB X5, X3, ..., X, TEMH TAABHbIMH

pelleHHsIMH, KOTOpbie OGPAamaloTcas B BTH apryMeHTH mph X, = x,©,
NOAYYAEM HCKOMOE pemIcHHE:

—q (X2 Xy X,
z=*% (x—l x,9, ;1 O, .., ixl(")).
3) Mu BHAEAH, UTO ypaBHEHHE
Jz 0z
Yo —Xoe— 0 “4,)

OnpeAeAsieT NOBEPXHOCTH Bpamenus okoao ocH OZ.
HAcno, uro Heabss maliTH onpezeacHHOH ‘TIOBEPXHOCTH BPalIEHHA,
npoxoasilefi Uepes Kpyr, Aemawui B NAOCKOCTH, NePNeHAHKYAAPHOH

§ 12. lNprmepn 3t
K OCH BPAILIEHHs C LEHTPOM Ha ITOH OCH. VYkasauHbie XpyrH H ecTb
XapaKTePHCTHKH YPaBHEHHA (4,'). Vmem pemenne, B KOTOPOM
ecan y=9(x), 10 z="9(x).

[MoroxuM, Kak yKasaHo,
y—0x) =4
Mpi npeoGpaayem ypasuenne (4,') B

(6(-+9% — [+ (09 +9 Y (3] E=0,

AAA KOTOPOTO AOAMHDBI MCKAaTbhb pemenne no YCAOBHSAM:

ecan E=0, o z=¥(x).
Ecan ;

x 80V () =0,
e(x) = ch —x2!

ypaBHERHE UMEET PeUICHHE TOABKO TOrA3, KOTAR ) paBHO nocrosuuo-
my pasHo C;; OZHO H3 ero pemenu# z=C,.
Beskas noBepxmocTh BpameHus, umetomas ocbio OZ u 3araiouaio-

was Kpyr
ty2=C, 2=C,

eCTb €ro pemeHHe, YAOBAETEOPSIOUIee NOCTABACHHBIM YCAOBHAM.
4) Ha#itu pemenne ypaBHEeHHA:

T. €. €CAH

Oz oz
15 + Xog e = 0,
B KOTOPOM
npu x;=0: z="9(x,).

Paccmarpupaemoe ypasHeHne —9acTHbIl cAyua#i ypaBHEHHA IPUMEPA
proporo. Mbl HMeeM A€AO CO CAydaeM, KOrAa NO AaHHOMY HaMmu mpa-
BHAY Mbl He yMeeM HAXOZHTb pemeHHf. Mo cxasanuomy B § 9, ars_
TOro, 9To6B BOOGUIE MOrAC CYLIECTBOBATbD TOAOMOPQHOE PEmEHHe
saaaun, QyHkuus 8 (x,) AOAMHA YAOBAETBOPATL YPABHEHHIO (17), xo-
TOpoe B AAHHOM CAyuae HMEET BHA:

xo 0 (*"2) =0,

b (X' 2) = a,
@ TMOCTOAHHOE. :
Wrak, 3agaua MOXKET TOABKO TOTAA HMETb FOAOMOP(HOE PEMEeRHe,
xorga 8(x;) mocrosunas. Aunus

OTKyaa

x,=0, z==a

eCTb XapaxTepHCTHKa. He Ttpyano y6eaurpcs HEMOCPEACTBEHHOH nOZe
CTAHOBKO#, 4TO, HanpHMED, 5
X

z=atf—-—

Xy —Xg '
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rae b NpoH3BOABHO, YAOBAETBOPAET YpaBHERH10, obpamasco B a npu

x; =0, B 4TO ypaBHeHHe, AEHCTBHTEABHO, HMEET GECUHCAEHHOE MHO-

HECTBO PemeHHH, YAOBASTBOPAIOUIHX MOCTABACHHBIM YCAOBHSM,
lpearomum cebe Temepr HaWTH pemeHHe nMpH YCAOBHH: ecAn

x;="%(xs), T0 2=0(x,).

x,— 8 (xg) =4,
HUMEEM M’l npeoGpaaonaHuoro YpaBHERUA

MNoroxus

Oz Jz
— 4 —— —
: E1+8(x)—x, ¥ (x?))dE +xﬂdx2 0.
VYpasuenue ne umeer ONPEACACHHOIO TOAOMOP(HOrO pPeIMEeHHA, SCAH

KO pHIUHEHT NPH 0—?— pameH HyAalo npu £§=0, T. e., ecan
% (x,) — X3 ¥ (x)=0

# (x3) = cx,.

Mpu x, = cx; ¢ynxuns 0(x,) He MOmeT GLITL NMPOMBBOABHOM, €CAM z
JAOARHO 6biTb Toaomopduof npu tE =0; ypasnenne umeer Bug

0z 0z
Eﬁ—‘—Xga;‘;—O

u Tpebyer, kak Mbl yGeamauch Bnime, uytobut 0(xy) 6miaa mnocro-

SAHHOMN.
3HaunT XapaKTepHCTHKH PacCMaTPHBAEMOTO YPaBHEHHs

X, =CXy, Z=a,
Tak kax camoe o6uiee pemeHHe ypPaBHEHHs JAAETCA PABEHCTBOM

Xa
Z==0O] — »
X1

SICHO, YTO MOBEPXHOCTH, ONPEAEAAEMbIE ypasHeHHEM, 06PasyIoTCa ABI -
AenueM npsaMoit

HAH

x3=bx;, z=0(h),

{b— nepemennbift napamerp) mapaarervuolt maockocrn X\ X u nepece-

xatowe# ocb OZ. Kakaas u3 sTMX NPAMBIX eCTb XapaKTEpHCTHKA.
[loBepxHoCcTH, OnpeAereHHbIE ypapHeHHeM, HASBIBAIOTCH KOHOHAAME.
13. Ypasuenue ¢ mocaeaunm uremom. Paccmorpum Temepn ypag-

HeHue 3 3 3
Z 'z 'z
- - PN — =X 23
X ox, + Xo (,x2+ + X, o, =% (23)
CYHTaA, 4YTO B HEM KOIPPHUHEHTDI Xl, ...,X,,, X aamucar OT X,
Xoy v o0y Xpy 2. ﬂonpoﬁyeu BMECTO z HCKaTb ypaBHEHHE BHJA
V(xl) X9y - -0y Kyps z):O; (24)

M3 KOTOPOTO MOXKHO HalTH 2, yAOBAeTsOpsOmee ypaBHenuio (23).

§ 13. Ypannenue ¢ nocaegunm wrcmon 33
JAugpgepennupys ypasuenne (24), Mbi noayuaem
oV | dVoz oV , dVoz dV | oV oz
ox; +g071—— X 5;2-!—72(-9—;2——0, ERRY +52—0—x,,_0'

OTKyAa HAaXOAHM NPOM3BOAHbIE OT 2z, BHIPAMEHHbIE HEMBHO yepes
X15 X2y .., X, NPH [IOMOIH Z:

oV ) 4 oV
S On o _om kD o
ox, oV’ Ox, oV’ " ox,” oV

0z Oz 3

Ho ypasnenme (23) cpazmpaer IPOM3BOAHLIE OT z, BHIPAXEHHbIE
ABHO H€pes x;, xy, ..., X,; 4ro6n_us (25) nafite Te npousBozELIE OT z,
KOTOpBI® BXOAAT B ypasuenue (23), Haz0 W3 mpaBmx wacTedt (25)
HCKAIOUHTD Z, HallAA ero us ypasmenun (24).

O6osnauas aas yzo6cTea “suakom (f (x1y x3y -+, x,,2)) pesyabrar
MOACTAHOBKH B QYHKUHIO f(x), Xy, ... X,, Z), BMECTO z ero 3HaYeHHs,
Bafizennoro us (24), sakaiouaem, uto B ypaBrenun (23) Hazo moaarats

£=~%§g) j_z:_g‘gll% ;_z=_(—§—ili"—)) 25,)
o, V) o (V""’ - (V'

oz oz 0z
TOCAE YErO OHO 0GPAIUAETCHA, ECAH MB H B KOS(D(HIHEHTAX 3AMEHHM Z
€r0 3Ha'IEHHEM, B TOMECTBO

ovy  (ov ov
—<X1>g%*é;—(xa((37:% —.. '_(X")%’;V_;Em’

HA
(XB(S—K)HXQ) (50) - @ (3E) + 0 (%) =0. ¢

Hrak, ecam ypasmenne (24) zaer pewrsHue ypasrenna (23), rto
ypaBHenHe )

oV v, aVv oV
Xid_a\’x+X2(9x~2+"'+X”<7x:+Xd7=0 (27)

AOAMHO 06GPAalaTbCA B TOKECTBO MOCAE 3aMEHBI B HeM 2 3HaYeHHeM,
HaAACHHBIM U3 ypaBrenns (24).

3azaua, K KOTOPOH MBI CBeAM HaxomaeHue z, NPEeACTABASET UNOBH-
AUMOMY GOAbIIME TPYAHOCTH, uHeM HHTETPHPOBaHHe ypaBHeHHs. (23):
HAZO HCKaTb Takyio Qynkuuio V (xy, xy,- . ., X, z), 40651 panencrso 27)
ACAAAOCH TOMECTEOM IMOCAE 3aMEHBl B HeM z (QyHKuuef, o6panyaso-
wed V(xy, x5 ...,x,, 2) B #yAD.

3 Tontep.
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Ho scuo, uro ecan mmt mafizem ¢ynkumumio V' rtak, 9robp ona yao-
BAETBOpsAa ypasHenuio (27), T. e. 4To6bl 6BIAO

oV . . oV oV . LoV _
Xige gt X X =0, (27,)

to ToxectBo (27,) ocramercs TOMecTBOM, YTOGHI MBI HH OOACTa-
BARAR B HErO BMECTO 2z, M CACAOBATEABHO, OCTAHETCS TOXKECTBOM,
€CAH Mbl/3aMEHHM z pemEHHEM YPaBHEHHs

V(xy, xa5 «o 0y x5 2)=0, 24
NOAYUEHHOro NPHPAaBHUBAHHEM HyAlo HafizemHofi gymxumu V. Tak kax
OHO O6pAaTUTCS MOCAe 3TOro B ToxecTBo (26), M3 BTOrO BHITEKaeT,
uTo 2, gaHHOE ypaBHeHuem (24), yaoBaerpopser ypasHermio (23).

Hraxk, npousterpuposaB ogropoauoe ypasnenne (27) n npupaBHAB
Ryaro Qyaxuuio V, RafifeHHY0 TaKuM MHTErPHPOBAHHMEM, MBI [IOAY4HM
ypaBHeHue, Aalollee (GYHKUHIO 2, YAOBAETBOPSAIOWYIO YypaBHeHHio (23).

Her, oanako, ocHoBanmfi yTBepxzaTh, 4TO, NOCTYNAA OMECaHHKIM
cnocobom, Mb1 Hafigem Bce pemeHna ypaswenus (23), Tax Kak H3 cnpa-
BEAAHBOCTH npu Hekortopoll Qyskumn V Tomectsa (26) me BpiTExaeT,
uto TomectBo (27,) Takme mMeer mecro. Ml aeficTBMTEAbHO, HETE-
rpupys ypasrenne (23) no OonucaHHOMYy NPaBHAY, Mbl MOXEM HHOTAR
HOTEPATb HEKOTOPbIE €ro PEIIeHHA. JTH PElICHHs, HA3LIBAEMBIC 0CO-
Gernvimu, O6GARZAIOT, OAHAKO, PE3KO BLIPDAKCHHBIMH CNELHAALHBIME
cBoiicTBamu, Grarojaps 4eMy ORH cMoryr GriTb HaiaeHM ocoGhMA
npHEeMaNH.

Bcaeacrere 3toro, kax Mbl yBHANM, ykasaHHbii HaMH NpHeM, He-
CMOTPS Ha €ro BHAUMYIO Ipy6OCTb, MOXHO CYHTATH HCYEPULIBAIOLIMIE
saAauqy.

14. Pemenas o6Likuonennoe H ocobeanoe. [loromum

z=0 (xy X3 ..., X,) (28)

ectb pemenHe ypaesenas (23). Mb HasoBeM ero OGLIKHOBEHHbIM, ECAH
OHO MOXET ObITh MOAyYeHO H3 HEKOTOPOI'0 JPYroro peileHHs 3TOrOo
ypaBHEHHS

Z=19 (X1, Xgy oy Xy a)) (281)

SABHCAWEIO0 OT MNPOH3BOALHOIO MapaMeTpa @, 3aMEHOK® @ HYAeM.
B srom CAYYac HMeeM TOXREeCTBO

(P(xl’ Xgy o0y xn)E(‘f (xv Xg; + 00y Xpsy O)'

Ypasuenne (28,), BcAeAcTBHE NPOM3IBOALHOCTH d, ONpeAEeAsieT ce-
Mef{cTBO pemeHuil M, 3HauuT, OGBLIKHOBEHHOE pelieHHe eCTb OAHO H3
cemeficTBa pelleHMH, 3aBHCANX OT OAHOIO MapaMerpa.

OcobeHHbIM Mbl HasoBEM peIIEHHE, €CAM OHO HE MOZeT ObiTh
NOAYYEeHO YKa3aHHbIM O6GPAasOM H3 pelleHH, 3aBHCAIIMX OT napa-
MeTpa.

Teopema. Beaxoe obvixknosennoe peuwternue ypasnenus (23)
MoMem 6ounb HaiiOeHo OMUCAHHOT B8bIUle MEMOJIOL, COCMOAWelk
6 unmerpuposanuu ypasnenus (27) u 8 pewenuu Ypasunenus (24),
ROAYUEHHOW RpUpaBHeHUeM HYAO HAliJeHH0W pewerus ypasHe-

n.ast (27).

§ 14. Pemerua obnikaonennoe u ocoeruoe 35

Foaromum, uto

z-—=<P(x1, xm""xu) (28)
06LIKHOBEHHOE pelieHHe, MPHHajAexallee ceMeficTBY
z=9%(x;, X3, ++ 5 X,y @ (28)

Horomum, uro (28) noayuaercs ns (28,) sameHo0 @ nyrem.
Pemum (28;) orsocureabHO a:
W (xp; xo5+ . s X,y 2)=a

H COCTaBHM ypaBHEHHE

V= W(xlr X2y + v oy Xy z)_—a:()' (29)
Ypaenennio (29) yaosaersopsier qynxuus (28,); 3aMenus B meM a my-
A€M, Mbl NOAYYHM ypaBHEHHE

V=MW (x;, x5, -y X, 2)=0, (29)

KOTOPOMY yaoBaeTBOpseT QyHkuus (28).

UYro6u yGeautbes B CNPABEAAHEOCTH TEOPEMBI, HAAO HOKasarh, 4To
dyrrgus V' yaoBaeTBOpseT ypasHeHHIo

v oV oV ov
anrg'i*Xag;a*}‘- . -+X"5;”+X‘d;=0, 27)
T. €., 4TO cnpaBeaAKBO TOXeCTBO
oW . _ oW oW, oW
XI‘K;+X2‘E+' --+Xn5;”‘+X—0—;E X (30)

[MpucTynas k AokasaTeAbcTBY, OTMETHM, YTO NMOACTAHOBKAa B (28,) ma
Mecto @ QyHkuuu W obpamaer paBeHCTBO B TOXECTBO:

z2=¢ (% xy -, x,, W); (31)
W, uMenno, mafizeno pemenneM ypasuenns (28,) oTHOCHTEAbHO a.

[oromum, wro romecrso (30) Momer 6bITb HEeCcnpaBeZAHBO; BO
BCAKOM cAy4ae, Aepan 4acTb (30) HeKOTOpasn QYHKUUA OT Xy, Xy). - ., X,, 2t

ow ow ow ow
Xl")—x;—}—XQd_x;—}—. . .+Xnax_n‘+Xa7=w(xl9 Xo, ...,X”,Z). (32)

Tak kax (28,) ectb pemense ypasuenns (23), To samena B AeBo# sacTH
(27) z ero snavennem, nafizennvim Hs ypasnenns (29), . e. dyuxuuei ¢,
AOAKHO O6paIaTh € TOMECTBEHHO B HyAb, SHAYHT

*) (G )+ @ (F2)+- - -+ (3X) +e0(3F) =
=0 (Xg, Xoy o0 0y X,,¥) =0,
qu 6bl Mbl IIH 33aMEHAAH d B TOXECTEBE

© (X3, X9y vo vy Xy Y (xq, ..o, x,, a)) =0,

TOXECTBO COXpaHHTCA; noAcTasuM B Hero W ma mecto a. Mbi moay-
uuM Ha ocwoBanum (31)

0y Xg ney X,y (x1s X9 - o0y xy, W))=0 (x,, Xoy - ey Xy 2) =0,
T. €. 4T0 To®ecTBO (30) AEHCTEMTEABHO HMeeT MecTo.
3*
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15. XapaxrepucrauecKne AMHHH. 3aMeHHB HHTErPHPOBAHHE yPaB-
HCHHA

0z 0z 0z .
- — —
X, o1 X, (?x2+ —{—X,,dx” X (23)
HHTErpHPOBAHHEM YpaBHEHHA
ov Vv ov oV _
! X1C7_3q+X25.x_2+ +X”¢K.+X3?_O 27
H HaxOXAeHHEM Z U3 YpaBHCHHA

V(xlv Koy oo ey Xy z) =0, (24)
MBI ZOAXKHBI MPERAE BCETO HCKATh  (HE3aBHCHMBIE MHTETPAaAbI CHCTEMBI
XapaKTepPHCTHYECKHX AHHuA ypasHenus (27)

dx, _dx, L _dx, _dz
=%= - =%=% (33)

”»

Ecan »TH HHTErpaabi: .
by (X1, Koy - ooy X0y 2) =C

.. (34)

q’n (xl’ X2y o0y Xpy Z) :Cm

e ® o+ & ® ® s =2 .«

TO camoe obmee 3HaueHne V' paBHO NPOHM3BOABHOK (QYHKUHH OT HX

AeBbIx HacTei:
V=2 (l‘fli ';’2’ LR d\’n,p q’n)!

a camoe obuee ypaBHenme, Aaiouiee OGBIKHOBEHHOE pEmEHHE z ypaB-
Henus (23):

Q (4 by - Yy ) =0. (35)
[Nocaeanemy ypasnemuio, pemas €ro OTHOCHTEABHO ¢,, MOKHO ZaTh BHA
b, = (('.)h by vy df’n—-l)! (351)

NOHUMAas NOJ © TPOH3BOABLHYIO (DYHKUHIO.

VYpasuenun (34), uncao KOTOPHIX n, ONPEACAAIOT B MPOCTPAHCTBE
rn-+1 usmepenuii MHOroO6pasusi OAHOTO H3MEPEHHA, T. €. AHHHH,

Cemeficteo Ammnit (34) sasucar ot n napametpos C), C,, ... C, %
C,; MBI Ha30BEM BTH AHHHH XQAPAKMEPUCTUMECKUMU AUHUSIMU Ypas-
nerus (23). XapakTepncTrueckme AMMHE AHHEHHOro YpaBHEHHs C N
HE3aBHCHMbIMHNE PEMEHHLIMH 33KAIOYAIOT, TAKHM O06pa3oM, n mnapa-
meTpoB. Uro6sl noayunrs, npu nomomu AHamid (34), pemenne ypasue-
uus (23), mazo cBA3aTh BTH NapamMeTPbl OZHOR 3aBHCHMOCTBIO

e (Clr Cieisy Cn_.p C,)=0 (36)

HAH, YTO TO e CAMOE, BAMERKTDb HX PYHRLUAME 2pyTHX n — 1 napamerpos,
Bol6paHHbBIMH TaK, 4TOGBl HCKAIOYEHHE ®THX HOBHIX IAPaMETPOB NPH-
BOAHMAO K OJHOil 3aBHCHMOCTH (36), B HCKAIOUMTb B3TH HOBblE mapa-
merpn Ha ypasnernfi (34). Hanpuwmep, 225 noayuenus ypasuenns (35,),
AOCTaTOYHO NOAOKHTD

C,=0(, C,...,C,_)).

§. 15. 3azaua Komm 37

CemetictBo Aunuft, saBucamux or n—I NapaMeTpoB, COCTABAGHHOE
YKa3aHHBIM Bble OGPA30M, MBI HA30BEM CEMeHCTBOM XapaKTepHCTH-
YeCKHX Aumuit pemenns ypasHenna (23). Yro6n no cemefictsy Xapak-
TEPHCTHYECKHX AMHHA PEIIEHHA MOAYYHTD CaMOe pemeHHe, HAZO H3
YPasHeHHH ceMcHCTBA HCKAIOUHTD ONPEAEAROIIHE ero napaMeTps
APYTHMH CAOBaMH, BCSIKOE OGBIKHOBEHHOE peuIeHHe ypaBHeHusn (23)
ONPEZEAAET NOBEPXHOCTb, KOTOPYIO MOKHO TPAKTOBATh KaK rEOMETPH-
4YecKOe MeCTO XapakTepPHCTHUYECKHX AHHHE.
oCHCTBMy (33), onpeaerstomyo unterparnt (34), mbr HasoBem cucme-
MOU XQPAKMEPUCTNUHECKUX XUNHUTL
16. 3apaua Komm. Hafitn To pemenne ypasuenus (23), B xoTo-
pom
—_ O
npr x, =x,0 z=9(x;, xp ..., x, ). (37)
JAra pewenns orofi 3azaum uiiem To peumenne ypaererus (27), B ko-
TOpOM :
EX ALK
HPH x” xN h

V=z_8(x1, Xoy o0 0y Xn_l)- (371)
Moromnm, uro V (x;, xgy + ., %, ;, x,, z) ecTb Taxoe pemerue u z
HaitAeHO H3 ypaBHEHHA
Viksx, ..oy x, , x,, 2)=0.

To snauenne, kotopoe npummMaer z npu X, = x, mbt Hafaem,
NOACTAaBHB B NMOCAEAHEE ypaBHeHue x,(") BMECTO X,; HO BCAegcTBHe
BhiGopa Qyuxmun V mocaeanee ypasmenue o6paTurca B

z—8(x, x5 ..., x, ,)=0,

OTKyAa ACHO, 4TO HauYaAbHOE 3Havenue z paBHO Y (x;, xg, ..., x, ).
Ilo nomoay cxasanmoro, oamako, caeayer oTMeTHTH OfHO OBCTOR-
TEAbCTBO XAOBOADHO AEAHKATHOIO XapaKTepa.
Briro paswacheno, uto Mbi He cymeem mafitm mcKOMOE pemenue

'ypasuenna (27), ecau B mem kospduumenr X, obpaaeTcs B HyAb

MOCAE 3aMEHbl X, ero snauenuem x, )

Ecan rosppuument X, saBucur or z, TO Momer CAYYHTBCH, 4TD
OH He 06pallaeTCA TOKECTBEHHO B HYAb NpPRH X, = x,) Ho geAraercs
PaBHBIM HYAIO, ECAH MBI CBEPX 9TOT'O 3aMeHUM z dYepes & (x;, X, . . 3 Xp_g)e
B arom cayuae y mac me momer 6mrtn ysepensocts, uro, pemas ypas-
menue (24), mbi afizem AA% z PyHKUHMIO, KOTOpPaA 6biaa 6bi rOAOMOP(HA
B6ausn Toukn (x,, x,®, ..., x, @ x, @) npn Beaxom BHIGOpE UHCEA
9 2, .., x, @ By Takme yBepenmocTH, uTO HafijeHHOE 3Haue-
mue V, ecam ero maiitn mommo, eaumcTEenHOe.

JefictButeAbno, pemasn ypasmenne (24), MBI ZOAKHDI 33 HAYAABHOE
aHaqeHne MCKoMofi ynkuun z 6patb uncao ¥ (1,0, xO, ..., x, @). Ho
ecan X, obpamaercs B HyAb NOcAe 3aMeHH x, 4epes x,O), a z uepes
8 (x4, X9, - -5 ¥, ), X, paBen HyA10 B TOUKE (e, X0, . ., x, O, x\9, z0), w
Ha OCHOBAHMH CkasawHoro B § 1 y Hac Her ymepemmocTu B cyme-
cTBOBaHHHy cucreMni (33) pemenns, o6pamaromeroca s x,, X0, x, O
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2,=9(x,®, x%...,x,9) mpu x,=x,” u roaromoppuoro s6rnsH
rouxn x,%. Bce xe sakaioueHMa BBeAeHHA NPeANOAAraiH, 4TO Takoe
pemenne CYileCTBYeT H FOAOMOP(PHO.

Jlas pemenuss ob6weft 3agaun Komm: maBitu pemenme ypamue-
uua (23) raxum o6pasom, urobn npH

xn = 0 (xli x2’ LS ] x”.__i) rz= ﬁ (xlv X2y o (% ] xn—l)’ (38)
noaaraem g ypasHenuu (27)
! xn'_'e(xn Xy + 00y X, -1)=El (19)

H HIUEM TO peIleHHe npeoGpaaosalmoro YPpaBHCHHA, B KOTOPOM

npu £=0 Ve=z—38 (xq, 2oy 0.0y x,_,)

YxasanHoe npeo6pa3oBaHHE MOMHO, KOHEUHO, BLINOAHHTb H B CaAMOM
ypasuennn (23) H 3aTeM HCKaTb €ro pemeHHE MO NPABHAAM, yKasaH-
HbIM B Hauaie naparpada. KoHneuHo, Bce ckas3aHHOE TaM oOcCTaeTca
B cHAe W, 3MauuT, He npu Beakod ¥ (xy, xg, ..., x, ;) 3azava wumeer
OnpeXEeACHHOE pelleHHe.

EcAn 3azaua, onpeaerenHas yciosuwsmH (38), nmeer muOomecTBO
pemennfi, 7O MHoroobpasue (38), umewmee n-—1 HsMmepennil, Mbl
Ha30BEM XapaKTEPHCTHKOH, PACINOAOMEHHOH HA KaxJAOM M3 3THUX pe-
wenuii, JadHoe onpejereHHE DABHOCHABHO CAGAYIOLIEMy: XapaKrepH-
CTHKOH, pPachNOAOKEHHOA Ha HEKOTOPOM pelleHHM ypaBHeHHs (23), na-
sniBaeTcA MHOroOOpasme usMepenua n—1, npHHajzAemallee sTOMY H
Kakomy-uubyzb Apyromy pemenmio ypassenas (23). Ouesmano, uro,
Bhibpae mpH nocraxmoeke 3agaun Komm 3a (38) yxasamnoe wmmoro-
o6pasue, Mbl AOAXKHDI BOCCTAHOBHTb KaK B3fTOE PellleHHE, TaK M yKa-
BaHHOE [PYyTOE.

17. Npumepni. Heckoabko oTkAazbiBasm HccAezOBaHHE CAYvaes,
B KOTOpHIX 3azauya Komu He nMeeT ompejeAeHHOro pelieHHs, HpuBe-
JeM cHauana HeCKOABKO IpHMEpPOB.

1) Haiitu o6mwee pemenue ypasneHus

0z oz | 0z
a‘7x—1+025x—3T —f‘aug;’:—L (39

OThicknBas z KaKk PEUICHHE YpABHEHHA
V(xg xg5 -« <y X, 2) =0,

NOAyuaeM, 4TO B CAydyae OGBIKHOBEHHOro pemeHus ¢yHkuus V yzao-
BAETBOPAET YPABHEHHIO:

Vv oV oV Vv
alFx_l_i’-a?a—x?—!— .« e +an0—x”+—0‘;‘—0. (40)
MHTBI‘ppr}I CHCTEMY XapaKTepHCTHYECCKHX AHHHA
dyy_dxy _ _dx,_ dz
a — as T a, T 1 ’

NoAyYaeM HHTErpaAbl
xn—az=C, x,—az=C; ..., x,—a,z=C,.

i

§ 17. Npumepn: . 39
Orcioza sAcHO, uto
X1 @12y XgT—A9Zy <.y Xy @p2
He3aBHCHMbIe pewieHHs ypaBHenua (40),) u uro
Vixy—az, x,—ay, ..., x,—a,z)

camoe obmee ero pemenne. Camoe obygee pemenme ypabmenus (39)
noAyuaem, peinasi ypaBHEHHe

V(ie—az x,—ayz, ..., x,—a,z)=0.

Yro6b1 HETEPNPETHPOBATD MOAYUEHHDIH pe3yAbTAT, PACCMOTPHM cAyuaf,
xorga n=2, Ypasnenue (39) npurumaer BHz

oz 0z
a 0_,v:+a2072—1' | (39,)

Camoce obiyee ero pemesue 2aHO ypaBHEHHEM

V(x— a2, x3— ayz) =0. 41)
Tloromus

Xy —az=0a, Xy,—a;zz=f, 42)
suauM, uro npsmbie (42) aemar ma nosepxmoctn (41), ecam

V(e,8) =0.

3uaunT, nosepxnocts (41) ecTs reomerpuueckoe Mecto mpsmbix (42),
KOTOPbiE MNapaAreAbHbl Mexzy co6olo, T. e. noBepxuocTs (41) ects
BHAMHAD, O6pasylolue KOTOPOro MapaAAreAbHbl npsmbim (42). Ypas-
Henue (39;) onpeserseT UWHAHHAPH C TAKHMH O6Pas3yIoIHUMH,
[Ipearoxam ceGe Temepb HafiTH UHAMHAD, OnpeAeadeMbiii ypabme-
mnem  (39;) u sakarovaomuit xpusyio

z2=0, x;="0(x). (43)

0z
Taxk kak KO3(pPHUHEHT NPH 5 He paBeH HyAl0, 3ajaua uMeeT onpe-
1

AEACHHOE H E€AMHCTEEHHOE PEINEHHE,
JAa pemenHs 3azaun HAzO uHTerpain (42) 3ameHHTb HHTerpa-
Aamu Komwm, kotopnie B AaHHOM cAywae, Tak kak z =0, uMeloT Bug
) ()
xl—alz=x1( ), xg—agzr—‘xg( ).
T'aaBubie pemenus ypasmenus (39;) tenepn
ST a2, Xp—a 2,
a HCKOMas NOBEPXHOCTH
x; —a;z="0(xs—ayz).

Tocrasum Tenepp o606wennyto 3agauy Komm. Hafizem pemenne ypas-
unenna (38), B xoTopom
npu x; =8 (xp) z=%(x,).
[loromus
x,— 0 (x2) =5,
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ACTKO TOAywaeM, mpeoGpasys ypasmenme (38), ypasaenne
Oz Oz
fa;, —a,®’ (XQ)]W ‘{"023;1 =1 (44)

38.1’,&'{& NoxeT He AaTh FOAOMOPQHOrO pEulcHHA, €CAH

—a, b =
T e. a;—ay (xe) 0,

$

s a
! 0(x2)==—a—1x9—}—7.
2

Ars BosMommocTH B BT 1073
OM CAydae pemleHus HajAO, 4TOOM
B (xp) YAOBAeTBOpAAA YpaBHEHHIO A pym
a i Yo) =
O'rxyaa 2 ( 2) ly

O(x) =5 xat-B

3azaua MomeT Gmith BO3MOXHA, KOTAa

.y 1
xl-—;j«rz'*“n 2=ZX2+?- (43,)

B sToM ca
ae AHHH
Onpeueaeuggq s (43,) napaareAbna 06pasylowmd muAHEApa
METOHTeCK ro ypasHennem (41), uTo MoxHO 6mA0 mpessugern. I'eo-
MH . quoa ACHO, 9TO 3ajaqa B BTOM CAyYae HMEET GECYHCACHHOE
OKECTBO pemteHu#, ¥To MOXHO NPOBEPUTD H aHAAHTHUYECKH.

gHTas, 910 O B 9 pue
0T BHMGpaHHEIe 3HAYEeMH
HenmmeeTHoe, r oo p s, BBEAEM HOBOG

z=—1—x2—]—ﬁ—}~iu.
a

Mu moaysnm gasa HaXOXACHHUS u YpaBHEHHe

ou Ju
£ 5);2 = 0, 0—.762 =0,
OTKyza
u=A(),

rae A (}) npoussorpras OyHryus or £,
ACAOBATCABHO, HCKOMOE pemenHe
1
z=— . a
a 2+B+(x1 a, 2T )A(Xl—a—: xn—Y)

rnezA (E) MpousBoAbHAS Pyrxuus ot ece apryMeHrTa.
) Haitry oblgee pemenne YPaBHCHHSA:

»

—0) 02 Oz
G =8 Got gt b e s (a9,

Orvickuras ypasnenne aas maxompenus z:
V(x, xy...,x,, 2)=0,

§ 17. lNpnuepn -4
HaX0AHUM dV dV ()V
(xl——al) axl +(x2—d2) _‘E;_{_ v +(xn_an)—a:+
oV - :
+ —a) -5 -=0. (40, »

Hurerpupys cucremy

dxl _ dx2 _ __ dx. _ dz

= = = ’

xl"_al xz—d2 x,,-*d,, z—4a

HaXO4HM €¢ HHTErpain
log(x;—a,)—log(z—a)=log C,,

HAHK
Xy &y s
“-z*‘_—_‘—a“‘: 4 (l=1, 2,...,n), (45)
u pemenus ypastenus (40;)
X — % Xo— 0y X, —¢%,
2%’ 2 e’ e

Camoe obmee pemenue ypasmenus (39;) Haxoamm, pemas ypaBHeHHe:

X, —a Xy — Oy X, — @&
P, mme nms)

z—a z—a '’ z—a

Yro6n HHTepNPeTHPOBATH NMOAYUEHHbIH PE3YABTAT, NOACKMM n = 2.
Toraa nocaezuee ypasHeHHE NPHHEMAET BHA

V( Tl xﬁ_“”):o

z—0Q z—0

H OIIPEACASECT IIOBEPXHOCTD, HA ROTOPOﬂ AeXaT IIpAMbIE

X, — 1 Xo— &
1 1__-—_—_m’ ._2_—2=n;
z— 0 z—0a

HanpaeAsiioNIHe KOBQ@PHUHEHTH M MW n STHX NPAMMX CBA3aHbI 3aBU~

CHMOCTDBIO
V(m, n)=0.

3BnaunT, noBepxHOCTH, 3ajaHHbie ypaBHeRHeM (392) cyTb KoHycHI, Bep-:
mHHA KOTOpHX B Touke (a4, @, a).

TeomeTpuuecku scHO, YTO BCAKasA MpsMas, MPOXOAAILA depes ITY Bep-
mAuHY, €CTh XapaKTepPHCTHKA.

Jan pemenns 3azaur Kowm, noroxus ars ygo6cTBa 0 =85 =
=—a¢ =0, uyeM koHyc, onpeAeAreHHbH ypaBreHHeM (39,) u mpoxoas-
WH# yepes KPHBYIO:

Xy = xl(O)’ z= % (x,).
Jrs onpeseAeHHOCTH 3a4aYd Maj0 NOAGKHTD x(f) #+ 0.

Iepeaeaniaem unterpaast (45) 8 murerpaan Kowm, moroxus
0! Q

2O x x5

zg ° z 7

N‘k
2
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OTbICKHBaeM 2o H xg(m:

L. I © __ Xo ;s
ZH=—_% , Xg == @
X1 Xy
T'aaBube pelleHHs ypaBHEHHS, COOTBETCTBYIOWHUE X; == Xxm=
zZ_o Xy _ @
- X , —=Xp .
X1 X
I
Hckomas HOBEPXHOCTD HMEET ypaBHEHHE!
. z 0 X o
. = x9 =9 X2 @),
Xy xy

3) Hs «xypca auddepeHuHAABHOrO wucYECAEHHS H3BECTHO,
uro ecan V ogmopoaman Qyekums mamepenma k or apryMeHToB X,
Xoeo ey X ny TO

av

A4 v
xlb;—f‘hg};"i— .o tx, dx, =kV.

Tenepp Mni Moxem yGexutnes u B o6paTHOM M mMOKa3aTb, YTO MocAeg-

HEMy paBeHCTBY YAOBAETBODAET TOADKO OZHOPOZHAS (YHKUMA H3Me-
penns k or ee aprymenros.

JeficTeuTeAbHO, CBOAS HHTErPHPOBAHHE MOCAEAHETO ypaBHEHHA
K HMHTErpHPOBaHHIO OZHOPOJAHOTO ¥ OTLICKMBAS JAS HEro ypaBHEHHe

o (x,, Xyye oy Xy V)=0,
KOTOPOMY YAOBAETBOPSAET V, HIIEM ® H3 ypaBHEHUS

ow On Jw do
Xx'gil—+12‘51—2~+ .o —l-xu‘g;:—l—kV*d‘v‘:O-

HHTGPPHPOB&HKC MOCACAHErO ypaBHEHHSA CBOJUTCA K HHTET pPHPOBAHHUIO

CHCTEMbI
dxl=dX2= — dx”____dV
Xy X X, LV
HHTErpaAbl KOTopoi
Xa X5 _ o v
v T T gy - ns r
X1 Xy xl Xy

Ortcroaa sicro, aTo camoe o6ee snavenne V um nafizem, pemas ypan-

HEHHe
Q(ﬁ X5  Xa ~K)___O’

xll xl"‘ 3 xx! xl

B KOTOpOoM @ mpOM3BOAbLHAS QyHKUAA U KOTOpoe AAs V aaeT Bnipa-
XKenue :

X3 X X
V=yx/8{22, 22 . Z22),
Xy X1 Xy
Kakoma 6bi nu 6pira Pymkuus ¥, B npaso#i wacT mocaeauero paBeH-

CTBa CTOHT OAHOpOAHAS (pyHKgHﬂ H3MEPEHHA k oT aprymMeuToB Xy,
Xay. ooy X

§ 18. Ocobue cayuan sagaun Komu 43

18. Ocobnie cayuam sagatu Komm. Bosspamasce x ckasamsomy
B § 16, npogorxaem mccaegosanne 3azave Komm.
Hiercs pemenne ypasHeHns

oz Oz Oz
Xl-ax—l—]—Xza—;—}—. .. +Xﬂ5x—"=X (23)
IPH YCAOBHH

npu x, = 0(x, Xp5. ., %, _ )¢ z=8(x;, xp-., X ). (38
[Npumenss ykasaHHbIA TaM npueM, Mbl AOAXHN HalTH TO pemleHue
ypaBHEHHUSA

oV oV oV oV oV _
sz;;l—‘i—Xz‘a‘g“i‘ ce +X"—1_3};_1+X"dx,, + X5z =0 @
B KOTOpOM
npu Xn=6(xl) Xy s x,,_l) sz_'(}(xp Xgye ooy xn——l) (381)
H MCKATb Z M3 ypaBHEHHA

Vixy xp. 000 %, 4 X, 2)=0. (24)
BﬂﬂOAHHB BBE€JCHHE€ HOBOTO HE3aBHCHMOIO NCPEMEHHOro E no q)OpMyJ\e
xn——e(xl' Xore vy x”_l)zE,

mbi npeoGpasyem ypaenenus (23) u (27), npmueras Qopuyam § 10,

_ COOTBETCTBCHHO B

Kl”gf;’{‘{z'g—%—*‘ ce ‘i‘?_(,,_l—gji;_—l—{-
XSl K+ K g
(A G K g )Gt X =0 €T
B KOTOPbBIX

-)_(i:::Xi(xl,xg, e Xy 6+E, Z).

EcAn KOoa()pHUUMEHTH NPH NPOH3BOAHHIX MO £ B 3THX ypaBHEHHAX
paBHBI HYAIO NpH t=0, TOXECTBEHHO HAM NIOCAe NOACTAHOBKH B HHX
¢ynkuun 9 Ha MecTO z, TO ypamHeHue (23), Tak me kak m ypaBHEeHne
(27), moryr umerp TpebyeMbie pemenus ¢ mpoussoxHofi no & ocraro-
wefics orpannuensol MpH § = 0 ToADKO TOrAa, KOrAa COGAIOAEHO YCAOBHE

o ) 99 _
) g+ () Gt T &) g — D=0, (6)

B KOTOPOM (
(Xi) =Xi (xp Xoye o vy Xn—1y 0, l")-
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Hrax, ecan
KT p oy P D _
dx, Jx, n1) G T T (XJ=0, (@7)

ypaBnenne (23) MoxeT mMeTh TOABKO Toraa pellicHHE, KOTOPOE YAOB-
AeTBOpseT ycaoBusm (38) u B KOTopoM mponssograsn

9z —(9z
f 0%, Jn =9 _(T)e=o

OrpaHuuena, koraa coba0zeHo ycaosme (46).
4
3ametumM, uTo, ecan KO3 PHUHEHT mpn I He obpamaercs Toxe-

CTBEHHO B HYAb INOCA€ MOACTAHOBKH {==0, HHYTO He MemaeT CcoO-
CTaBMTD rAaBHbIE Pellerns ypasHenns (27;) u maira (DOYHKIHIO, YAOB-
?;;‘)Bopmo!gym ycropusau (38,). 3nauenme z, HafizcHHOEe M3 ypaBHERHA

» ¥AoBAeTBOpuT ypaBHeHuo (23); Ho ecam ¥ He YAoBAeTBOpAET

z
yeaosmo (46), mpom S—
(46), mpouseoaras Jx, We MOXET oCTaBaThCs OrpaHmveH-

noﬁnnpu x, =9, a HafizeHHOe pemcHHE TOAOMOP(HDIM.
pumep. Hafitu pemenue ypasnenns

Oz Oz
a__,) 92 bz _
(0’ —2) 5 +y 9y —*
HPH YCAOBHH
5 ecan x =0, To z=yg2,
z
Kosppunnent mpu - He obpamaerca B Hyap npm x =0; on 06pa-
WAeTCA B uyAb npu 2z = Yy° Ycaoene (46), nmeromee Temeps Bug
g
— 0= 2 0
Yy Yy —y =y £ 0,
Tencpr He COGAIOACHO; HO HeT NPEeNATCTBHA K MPAAOKEHHIO MeTOxa

‘% :i6; TOAbKO HAlAeMHOE peleHHe ue MoXeT OHWTb FOAOMOpD(PHBIM.
CHCTBATEAbHO, 3aMEHHB JAHHOC YpaBHEHHe YpaBHEHHEM

ov oV oV
PRy S - 1 —_——
a(y z) oty gg T2 =0
HHTECPHPYEM CHCTEMY XapaxTepPHCTHYECKHX AHHHH
dx _dy Uz

¥¥—z y z’
I/Iu'rerpupysx CHajaAa ypaBHEHUE, JaHHOE ABYMS NOCACAHHMHM OTHOLIE-
HHSMH, HaXOAHM

Zz _ A
Y
BHTOrpHpys 3aTeM ypaBHeHHe
dx —d
y—A ~ %

§ 18. Ocobme cayuan sagaun Komnu 45

noAydYaeM
x— % ¥+ Ay=B,
49TO AA€T BTOPOH MHTErpax
x+tz— ——;— y3*=B.
OrnickuBan muterpaan Komm, cocraBasiem ypasnenus
L

z oz 1, 1 o2z, 1
= =20 x z— — = Z,
y A + 5 Y 0 2.'10 y!lo 2!10

Pemas nx, moayuaenm

z z? d
= = 4yt —2z—2x, 2o =—Yo.
Y= +‘/y2 y 0=y e

Mo cmbicAy sagaum wmeTcs Qyskuus V Takas, uto mpu x==0:
V=z—y2%

Bna-m'r, HCKOMOE YpaBHEHHE JXAsA HAXOXAEHHA Z:

.’Io(_;——yo ) =0.

Pemas ypaBuenune

yo:i",— l/%+y9—22—2x=0,
y )

HAXOAUM

1

—_—y?
z=—y?—x.

29
D710 z, yAOBAETBOPsAs YPaBHEHHIO, HE YAOBAETBOPAET NOCTABACHHDIM
HauaAbHbIM YCAOBHAM H JZOAXHO 6blTb oTGPOLIEHO.

Pemas ypasuenne

z s
7_y0=——l/F+y9——2z—— 2x=0,

z=y*yV2x

Bro z yAOBACTBOPSET W ypaBHEHHIo W mauaAbuomy ycaosmo. Ho npo-
H3BOAHAA OT HEro 1O X He orpaHmueHa, koraa x=0.

lloxaxem Temepp, 4TO NMpH OAHOBPEMEHHOM cOGAIOJEHHHM yCAOBHi
(46) u (47) ypasuenne (23) umeeT GecuucacHHOE MHOKECTBO pelllenmi.

[lpn aTux paceymzenusx mbi SyzeM npeamoAaratn, yto 0=0, T.e.
4TO B ypaBHeHHM (23) NpeABapHTEAbBHO BBINOAHEHO HpeoGpazosanme
(19); 3To mpeanoOAOXKeHHME He yMEHbIIAeT OCINHOCTH 3AKAIOUEHHHA.

[Npeanoaaras, uto ycaosme (46) cobaiogeHo, BBEAEM HOBOE HEH3-
BECTHOE U, MOAOXKHB

z={)(xlt x‘b"‘)xn._l)_l_xnu' (48)

HaxoaHM
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Hueem
0_z__ﬂ_ ou Oz ou
dx‘ - 0x‘ +X” -5;;_7 (1—1;2)"" n'—'l)v 'gx—;':xn—dz—l_u.

Ilpeo6pasoBanHOe ypaBHEHHe NPHHHMAET BHA
= Ou = Ou - Ou
:"”(X* o, T T g T )

o a0 -
. +X‘79}—1+' . .+Xn—la-x:=X——uXm

rae
Xi =X (x}, x5 . X 1y Xps 3+x” u).

[Mocareanemy ypasueHmio Mbr ZaznM BUZ

- Ou - Ou - Ou
% Ox, e X dxn_1+X" ox,
L - 0%
X—X, s—— ... — —
—_— Xl axl i dxﬂ—-l Xn
— - M 49)

(2]

B cray ycaosnii (46) n (47), us koTOpBHIX MOCAEAHEE HMEET Telepb BAA

(X)=2X,(x1y-.» x,_,,0,8)=0,
cAaraeMbie B NpaBOil YacTH paBeHCTBa:

— — 9% -
XX — X o

—1 5" -
X,
- —

jg«

1

b

X, X,

TOAOMOpQHbIE QYHKUHK OT x, BOAM3H Toukm x, = (),

HAYHT, MOXHO HaliTh GeckoHeuHOE MHOMECTBO pelncHmil ypamHe-
Bua (49), ecan, KOHEYHO, OZMH H3 KOIPPHUIUEHTOB

X)), (K)o (X)) (50)
He paBeH HYAI0 TOXKECTBEHHO.
[oacrasass B (48) pasamunbie snaueHun u, walfizemucie us ypas-

Henus (49), noaywaem pasamurble pemenus ypasnenus (23), xortopbie
BCE YZOBAETBOPSIOT ycaoeuam (38).

B cayuae, xoraa sce ¢ymxpun (50) paBHsl Hyato, BOTPOC O cyuie-

CTBOBaHMM TPeGYeMOro roAoMopHOro pemenus y ypasHeHus (23)
OCTAETCH OTKPBITHIM.

[Mpuuep. Halitn pemenne ypasnenns

NI
(Z y) Ox +y~§;=zs
B KOTOPOM
npr x =0 z==y.

8§ 18, Oocobme cayvan zagawm Komm 47

Yeaosms (46) m (47) co6AloacHD; ypaBHEHHe JOAKHO MMETb Gecun-
crennoe MuomecTeo pemennfi. Mmen @ynxumio V ms ypapHenus

ov., oV _

av
—u) ]
(z—y) ox +y dy % "0z 0.
Urrerprpya cucremy
de dy  dz
z—y y z’
A€rko NOAY98EM CHAYaA& WHTErpaa
2 =4,
Yy
PR TMOMOWH KOTOPOro OCTaBIleecH ypamsHeHHWe NpeoGpasyeTca B
dx
y
H A3eT
x—(A—1)y=2~8,
YTO MPHBOAUT KO BTOPOMY HHTErpary
x—z+y=~B.
OrTbickuBas muTErpain Komm, cocTaBasieM ypanHeHHs
z _ % Yo(—z13)
—_——= —_— = —Z _
7 7o x +Y ) v

A3 KOTOPHIX HOAydYaeM
x—z+ 1)y x—z—Y)z
g.:=( _y)y’ zo=( = y)z
y—=z y—=z
Jas pyskmam V mmeem 3Hauenue x—z ¥, OTKyZa 3aKAIOYaeM, UTo

z=x+4
HaflAeHHOE M3 YPaBHEHHA:
x—z+y=0

YAOBAETBOpSET H AAHHOMY YPaBHEHHMIO W MOCTABACHHBIM YCAOBHAM;
Ho m3 HafifeHHDIX FAABHBIX pemeHufl BAZHO, 9TO

z=y
Tak&e pelieHMe YPABHEHHA M pelllenne, yAoBAeTBOpAloljee LOCTaR-
ACHHDIM YCAOBHAM. 3HAYHT, YX€ YCTaHOBAECHO, YTO TEOpeMa o6 eaun-
CTBEHHOCTH peleHHs HE MMEET MECTa.
Ecan Mbi moAoxuM
z=y | xu, ' (51)

TO ML ACTKO HOAYYHM JAS U ypasHeHHE

du du S |
xu—d—x—+y —(—)?——u ne.
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Hurerpupys ypasnenne
oV ov av

XU 5

R !Igy—'f‘("—u“)w=0.

y6expaeMcs, 9TO COOTBETCTBYIOmAs €My cHCTeMa

dc _dy _
xu Yy u—y?

H
HuMeeT HATerpaAaMu
, 1—u
x(1—u)=A, L)_.:B'
, u
OTKYyAa ACHO, 4TO BCAKOe U, HafijeHHOe M3 ypaBHeHus

?(x(l—u), L(l—u—:u—))=0,

B3 KOTOpOM % MOZRHO BBIGHPaTh MPOU3BOABHO, 6y11er. NMocA€ mnojacra-
Hoekn B (51) gaBaTp pemenme pammoro YPaBHEHH: )
Hanpumep, moroxus

@(E’ "1) 25“7]2:
HaxXOAUM

2y?
P Ve T2

H COOTBETCTBEHHO 3TOMY CcAeAymollee pelcHue YpaBHEHRA:

2yx
A /L S,
gV "ok

Hs aokasannoro BRITEKAET, 4yTO MHOrooGpasue (38), mpu cobarozenun
yearosuii (46) u (47), ectp xapakTepucrThka, PACNOAOKEHHAS HA HEKO-
TOPOM pemeHHH ypaBHerua (23).

GTPyAHO NPOBEPUTL HEMOCPEACTBEHHO, UTO MHOrOOGPASHA M3ME-

penns n—1, HasBaHHble XapakTepHCTHKAMA 16,
veaosuam (46) u (47). p P B § 16, YAOBAETBOPAIOT

PHMCM BO BHUMAHHE HHTCPP&AH
h=Cp t=Cp ..., 4,,=C, , $,=C, (34)

cucremn (33).

o onpez(ei\eumo' § 16 mm NoAy9aeM XapakTEPHCTHXY, CBS3aB
Dynxguu §;, by, ..., Yu_pr ¥, ABYMSA 3aBHCHMOCTSMU

"°1 ((1')1’ (!Jz’ c ey ‘:Jn—l’ ({;n) =O, 0)2 (qﬂl, _4’2, .oy ({Jn—l’ (‘Pn) =0, (52)

€CAM U3 BTHX ABYX 3aBUCHMOCTeH MOXHO Ha¥iTH z W OJHH H3 OCTAAb-
HBIX apryMeHTOB, HaNpHMep X,.
INoarox i i
AOKHM, UTO MOXHO u3 ypasHenni (52) HafiTn x, u z u uro Mm

H0AyUHM
£

=0, z=1,

”

§ 19. Ocobennue pemerus AMREHHOTO YPABREHHH 49

O6o3uauas uepes ({,) pesyAbTar 3aMeHbl B ¥, apryMEHTOB X, H Z 4e-
pes 8 u ¥, nMeem

fi=mn k=n
SEATMNE WAL
a(({‘k) (axi + a(‘\"'}.) dxn dxi I
(53)
aml _d_‘?k) _ai: j — _:_]
B 2 iy (5) Fm=0 (=12 )
M Taxoe XK€ TOXECTIO AAA Oy,
Tax kax ¥, pemenne ypaBHemns (27):
t=n—1
0%y 0%, O
zX‘, Ox; + X Ox, + X oz
=1
Vunomas tomecrso (53) ma (X)), saBan [ smawenmn 1, 2,..., n—1n

CKA2JbIBass MOAYUYEHHbIe TOXXECTBA, NOAYYaEM BCACACTBHE B3TOrO:

k=n i=n—1

S5 | 2wk -
D Gl () G, —X) |+
k=1 i=1 /
k=n f=p-—1
() S -e0)-

k=1 i= .

H TaKO€ #Xe TOXECTBO AAA @,
aK Kak

k=mn Fe=n l
i) Sl |
a(y) \ox, I° a(,) \ 0z |

k=1 k=1 i+0’

k=n k=n i ’

Sale) Si-(2)
d() \dx, /)’ () \9z ]

k=1 k=1

nHaue H3 ypapHenuit (52) HEAb3s 6bIAO 6bl HAHTH X, ¥ 2z, MOAYyYeH-
Hble TOXECTBA NMPHBOAAT K ycaoeuam (46) u (47).

B sakarouenme 3sameruM, uTO pemenne 3agasd Kown npusoaut
BCErAa K OGhIKHOBEHHDbIM pemeHAsM. ECAM MK He uMeem jeAa ¢ OCO-
6biM cAyuaeMm 3azaunm Komwu, Mb1 moxem samenmts dymxprio  uepes
4 a ¥ NOAYuHTb ceMeficTBO pemeHHH, 3aBHCAINUX OT @, KOTOPOMY
npa a =0 npunagrexnr mckomoe. B ocobom xe cAyuae umeeM MHO-
KeCTBO pelleHMil, CpeAM KOTOPBIX eCTb M 3aBHCAINEe OT NPCH3BOAb-
HOro napaMerpa.

19. OcoGennnie pemenus Auneifnore ypasHeHms. 3afiMeMcs Te-
nepb BhIsSCHEHWEM cBOACTE ocoGeHHbix pemenuit ypasnerus (23).

4 u T'waTep.
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[NoaoxumM, uTo

z==9 (x5, Xy -, X,) (54)
€CTb HEKOTOPOE€ PCUICHHE YpaBHEHHNA
0z 0z 0z
el =L = p
Xlax1+X2dx2 i +‘ "ax“ X' (23)‘

Teopema. Ecau (54) o:0bennoe pewenue ypasnenus (23), mo
1) wru nécae noacmanosxu smecmo z pyuxuuu o (x,, Xp ... X,)

sce xoagppuyuenmot X,, X,,. .., X,, X obpawasmes 8 nyiv, 2) uaw
0 0, 0 0
8 Kax Aol mouxe (x‘l g x; N, x;), @ xg ) x; o, ng))) 0JUN U3

xoappuyuenmos X, Xy. .., X,, X nepecmaem Goimu r0romopdprvise.

Jas ZokasaTeabcTBa NpPeANOAOKHM, UTO PEIYABTAT NOACTAHOBKH
BMecTo z QyHxumd @ (x;, X3 ..., X,) He ofpamaeT B HYAb OAHOTO
u3 road@uunenros X;, X,, ..., X,, X, craxem, X, u uTo ecTp Touka
GO, XD 2D e (!, X0, L LX), B6amsm koropoft mee KO3~
“pHumentsr X;, Xy, ..., X,, X roromoppun. Joxaxem, uTo B oTOM
cayuae pemenue (54) o6niksOBERHOE, T. €. MOxeT GbiTh Hafizeno pe-
IN€HUEM yPABHEHHS

V (xy Xgy -y X, 2) =0, (55)
B koTopoM V (x;, x5, ..., x,, z) YAOBAETBOpSET ypaBHEHMIO
v ov : av , oV
Xi—+Xo—+ .. +X, 55—+ X—=0.
ldxl_*_ 2()x2+ + X 5xn+ 0z @7
0 0 0 (0
Moroxm, z,= o (x! e, xfl)) B6ausn Toukn (xi o e xff), Z,)
Bee Ko3(dHuHEHTH ypasHennus (27) rorOMOpQHb H Tak Kak pesyAbTaT
samerm B X aprymenta z wepes 9 (x, Xo ..., X,) He pamen myw,
)
MOXHO HafiTH, BHAOM3MEHSA HX, X, X3, .. ., 2’ tax, w€robm ero
0} _(0) (] ) 6
3HaueHHe B TOuke (X;, X, «-., X, Z,) GHIAC OTAHGHO OT Hyas.

Ecan Tak, To MoxHO wmaliTH riaBHbie pemenus ypasuenns (27),
COOTBETCTBYIOUIHE Z == Zo. [loAomum,

Uy Uy ey U, (56)

8TH TAaBHbIE PEMIEHHA. IJTO QYHKLIHH OT Xy, Xy ..., X,, Z Taxue,

uTO AKOOHaH

Ou;, Ou, Ou,
a"‘x—l, a;;, e ey a?"
e (57
Ou, Ou, du,
a}:, Eﬁ, .« . ey ’d-’.;;

He paBeH TOXKECTBEHHO HYAIO; OH HMeHHO ofpamaeTcs B } mpm
z =12, Tak kak @ysakuan (56) npn z =z, 06pamAIOTCH COOTBETCTBEHHO:
BI'J,XQ,...,X’,. - - _ -
Ycaosumes o6osnavatp smakamu Xj, Xy, ..., X, X, uy, uy ..oy u,
pesyAbTaTel samembt B Qymrmuax X;, Xy ..., X, X, uy, ...,um,

§ 19. Ocobennuie pemenHs ArHeEHOro ypaBBeHus 51

apryMeHTa z ero sHaueHHeM 9 (Xy, Xg. .., x,). Oynxuun uy, uy, ..., 0,
QYHKUHH OT X;, Xg, - -, X,. DBIYHCAMM Tenepb sxoGHaH

D (uy, uy, - .., u,)

D (xlr Xay «v ey xn)

Cocrasasisn ero # mnoAbsysch TeopeMof 0 aH(GEpEeHIHPOBaHHH
CAOXHOH (YHKUMH, OYEBHAHO MMEEM

D (u,, u, ...,E,,)=
D (x, x5 ..., x,)

| Owy | 0wy Oz Juy , Ou 0z Ou, | Ou, 0z |
o, Tz oxy ox, T oz oy~ ox, T 0z ox,
= | (58)
| ¢, , 0u, 0z Ou, , Ou, 0z Ou,, | Ou, 0z

| 9 T Ozoxy o T oz 0% " ox. T 0z ox,

Boiumcassa nocaegunii OnpEeAeAHTEAb, NPEACTABASEM - €TO B BHAE
CyMMBl onpeleAHTeAelf, B KOTOPHX Kaxabii CTOAGen  o6pasoBaH u3
NEepEbIX HAH BTOPHIX CAATAEMBIX B dAeMEHTax ompeaeanteAs (58). 3a-
METHB, YTO ONPEACAHTEAH, B KOTOpbIX zea croabua o6pasoBanmi n3
BTOPHIX CAaraeMbix COOTBETCTBEHHDIX BAEMEHTOB, PABHBI HYAIO, BH-
auuM, uTO

D(;“ 712, -..,-l;") — D (uy, uy .-, u,) _(?_iD(ul,uz, cees ) +
D (xv Xay <oy xn) D (xl’ Xgy e oy X,,) OxlD(z, xz: MR ] Xa) (58,)

0z D (uy, uy ..., u,) 0z D@y uy ..., u,)
+0x2D (x1, 2, xg,- - .,x,,)+ et ox, D(x;, x95--., %, _1,2)

Mu Moxem 6e3 Tpyaa BHIPasHTb KOB(QHUHEHTHI NOCAEAHErO ypaBHe-
Hus uepes Koadpguuuwentn X, Xp, ..., X, X. Bametum aasa sroro,
aTo @yuxyun (56) o6pasyloT pemenue ypasHenHms (27) ¥ Mmbl HMeem
n ypaBHEHHH

du 0111 _d_lil le=
Xl&i"“‘Xz;x_ﬁ"i_ +X"(9X"+Xdz—
P (59)

Ou, 4 5 Oa, Oup | xOtn_
Xlzt‘l"l‘xz"a;;"" +X“dxn+Xaz =0

cBaamBalomnx n -1 aprymenr
Xn XZ) RS | Xm X. (60)

4%
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-
I'a. 1. Anneiinne ypamuenns B wactusix npomaBogHBIX

Tax kax He Bce onpeaerurernm TaGrmybs

au‘ le_ 6& Ou, 4
Ox," dx, o, Oz !
au" (_)_I{L‘ oun du”

H Ox, Oxy "7 d—-x,,’ Tz ‘

g:m;ué TOXECTBEHHO HYAIO, — MMEHHO MPH HameM NPeANOAOKEHHH
o J‘:b u( 51,\7}{1‘61\]) M3 MNEpBHIX n CTOAGUOE ecTb KaK pas onpegeAn-
e ) —aprymentnt (60) npomopumoRaAbHB OnpezeAnTeAsM TaG-
b, B3ATHIM C COOTBETCTBEHHBIMH 3HAKAMH, H Mbi HMEeM
X, . X,
g(ul, ug,...,u,) (_I)D(ul,ue,__,,u") = ...=
(x2,%3,. . 1 Xy Z) D (x), x5, .. s XpyZ)
— - X, _ X

n—d) (U, usy .- . - ] )

(—1) (u,, u,, ) U,) (____l)nD(ulv Uy . - ,U,)

D(xl) Xaye o 3 X 1)) D (xpy X3 . .,X")

.
. nd:penozm B ONpEeAEAHTEAAX, CTOAILHX B 3HAMEHATEANx, CTOAGey
¥
POHIBOAHLIMH OT 2z Ha TNOZOGalOllee MECTO, COOTBETCTBEHHO pa-

Benctay (58'), moayuaem
— Xl — Xy
( _l)n—lg (un Uiye ooy un) (_ l)n—lD (uin Uy, . . ‘Y.uﬂ): T
(z, Xay. - .,X”) D (xly Zy vy xn)
— Xn — X
(_l)n—lg_(uh Ugy. - - Unl) (_l)uD(un li2"“’un).
(%0 Xg5+ -+, 2) D (x,, Xaye -y Xy)

3
aMeHss B NOCACAHMX PaBEHCTBAX 2z ero 3HayenueM (54) u o6osmauas

vepes (—1)" M o6wee 3m
aqeHUE BCex 5
moAyUaen: OTHOMIEHHH B 9THX PABEHCTBAX,

é—(uwl’ S llLy) X lj_(_ul" ey U,) X

D(Xx,o--,xn)-_M’ D(zm)_-—_M)--~)
D»(ul,. ..,u:j X

n

Dix,. ox, 2) M’

BCACACTBHE 4ero pasencreo (58) mpunumaer Bug

D(uyuy.--.u) = =0z - 0z = Oz

D (xy, %3 - 257,.) -—X—XIU_X:—X;de_— _X»EX_.

B npas
pasoifl YacTH Mbl MOAYYHAM pe3yAbTAT IMOACTAHOBKA BMECTO z €ro

§ 19. Ocobennnie pemenns AMHeHHOTO ypasHCHAN : 53

snauenns B ypaenenne (23), T. €. HyAb, Tak kKak (54) ecTp pemenne
3TOr0 ypaBHeuus. 3HAUHT,

D (@, e ) _
M U(x“ X+ ..,x,,) =0.

Ho M He paBHO TOZECTBEHHO HYAIO, HHAUC 6Bp1AM 6bl HYAH BCE KOB(-

puumentst X, Xi,...X,, 9ero Her IO NepBOMY APEANOCAOKCHHIO O 2.

ne

SyauuT Mbl MMEEM TOXKCCTBEHHO

D (uy, uyy- -_-’ﬁ)

D (xl, Xoy- - -,X")

‘OTKyAa EBbITEKAET, 9TO QGYHKUMH Uy, Uy, - - - u, CBA3aHDbI HexkoTOpoi 3a-
BHCHMOCTBIO, H MBI MMEEM TOXECTBO

=0,

o (up Uz -y u,) =0,
oTkyza sicuo, uT0 (54) YAOBACTBOPACT ypaBHEHMIO:
® (ul! Ugy- - vy un)=0’

1. e. uto (54) ectb OOLIKHOBEHHOE pEIlCHHE yPaBHEHHH (23).
Mpumep. PaccMoTpum ypasuenne: :

0 0
(@t 2D E A (gt VIZZAYV BTy Fo—1D) 5y =0 6
KosdppuuueHTnl ypaBHEHHA (61) obpamaioTes B HYADb, KOTAA

z=V1—x% (62,)

ecAn 3HaKu KopHed V1—z%, Vx*-+y*--22—1, pasunx npu BbI-
6paHHOM Z COOTBCTCTBEHHO = x, ~=y, Bui6panni nojoGaromum obpasom,
Jlaree, BTOPOR KOBPQHUUHCHT ypPABHEHUS (61) nepectaeT GHITH roAO-
MOpHbIM BOANSH Besikolt TOUKH (Xos Yos 20); B KOTOPOH MAM Zo== 1 Bau

! J—
x@ gtz =1

=1 (625)

Ho

OuYeBUZHO, PEUIEHHE ypaBHEHHA (61). Takme ypaBHeHHIO YAOBACTBO-
pAET, Kak He TPYAHO y6eanTbes,

z= VY 1—x2—y% (62;)

3pauHT, NpH MPHMCHEHHA METOZA § 13 pemenns (62,), (62;), (62;)
MoryT GbiTh nMOTEPAHDI.

Vien Tenepn OOGHIKHOBEHHBIE PELICHHA yPABHEHHSA (61). Onn na-
XOAATCA pellleHHEM YPaBHCHHA

Vix, y, z)=0, "(63)



54

Fa. L. Auueiiunie ypasrenns p uscrumx NPON3B0AHBIX

B xotopoM V' yzomaeTopser ypaBHEHHIO

2 [ g v
@20 Gt Gy -V T—FV # Fra—D Y=o,
v

nocmnnemy YPaBHEHHIO oTBeyaeT cHcTeMa
dx d

o Yy dz

FHE—1 Tyt VI=2 Vergia—i 0

Ouann us e HHTerpaaos

zZ =2y, o
' 04
Ocraercs nmrerpuposats ypaBHeHHE o

dx . dy
xt4 221 xy—l—Vl—szmm ’

CYHTas B HEM, HA OCHOBAHUU
[Toroxus

(641), Z f0CTOSAHHBIM,

=Vi—zu, y=yi—z Y,
Mu npeoGpasyeM NMOCAeAHee ypaBueHHe

du dv

u?— 1 - uy 2 2
Ecau moaroxurs TeNepb Ve
o=V do— Ut du - (u® — 1)dt
2 ’
6yaem mmerp V" '
diy = utdu - (u® — 1)d¢ —
il Vﬂ\—}- 1 me Ver1 dyg— (u?—1)dt,

OTKyAa

LVedi_
u—1
Vcﬂi

Bosspamascs k CTaphIM mepeMeHHLIM,

cront Haxoaum ®TOpOH HHTerpaa cu-
yHVetfye e
x— Vl'%—__ 22 = B! (642)

OTKYAa BBITEKaeT, uTO cambii o
HOBCHHBle pelHeHus z:

(%ay+Vﬂ+f+ﬂ‘1)
x—Y1—7
Oreroza ACHO, uro (62
SCAH MBI NOAOZKHM

Guuit Buyg ypannenns, ZB3I0IYEro O6bIk-

=0, ( 63')

2) O6bIkHOBeHHOE pelmienue; OHO moAywaercs,

‘I)(u, ‘U):u——l;

§ 20. 3ameuanna oliyiero xapaxtepa 55

Taxxe (62,) OObIKHOBEHHOE pELICHWE; OHO MOAYHaeTCH, €CAH Mbl 10~
ACEHAM .
O(u, v)=—.
(m,0) =
Ho pemenue (62;) ocobennoe. [Moroxus

z=V1—xt—yg?,
¥MeeM paBecHCTBO

e y
(D __x2__ 2 et =0,
Vimx=¢ Tvety
xoTopoe mpn mexoropod P, ecan pewmenne (62;) me ocobenHoe, ZOAKHO
6LTb TOXECTBOM, Yero GHITh He MOZET, TAK Kak Toraa Goiao Goi To-

XRECTBOM H PABEHCTBO
R S
CD(u, Vl x u >=O,

©OYCBHAHO ycTaHaBJmBaloxgee 33aBHCHMOCTb MeXJy X H U.

['AABA BTOPASL

CHCTEMbI AMHEHHBIX 0JHOPOZHbBIX yPABHEHMH B YACTHBIX
NIPOU3BOAHDIX.

90. Bamedannn obiygero xapaxrepa. YcaosuMcs oGosHauaTh 3ua-

KOM p,; TIPOH3BOZHYIO OT Z MO Xi
0z
p£= dx

¥ pACCMOTPHM CHCTEMY H3 /M OAHOPOAHDBIX ypaBuennfi:
)
Xx(z)inl)P1+X(12)P2+ +X(ann =0

. 1) ! 2) ' i n) o __ I
Xm(z)——:XSnpl—i— X:np‘2“i_ .o —\'_"Y:upn-io’ l
B KOTOPOﬁ KOS(I)(pHgHeHTH Xik) 3aBHCAT TOABKO OT HE3aBHCHMDIX nepe-

MEHDBIX Xi; X9y« sy Xyt
po ypasuenus (1) Mot Gyaem BCerAa MAPSANOAArarTn, 4TO OHH

:ﬁﬂﬂeﬁﬂo He33aBHCHMDbI OTHOCHKTEABHO
P Pasee sy Pu (2)

<. €. YTO U3 MMX MOXHO HAWTH m M3 dTHX apryMEHTOB.

Ecax Mbl HMeeM
m _ n’

10 m3 cucTemm ypapucmufi (1) Mozmo HAaATH BCe AapryMCHTH 2)
# 3aMeHHTb €€ CHCTeMO#i
p.=0, pp=0,..., p.=0.
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Iocreanss cucrema rosoput, uro exmmcrsenmoe pemieHne cucTeMm
(1) B atom cayuae ecrb
z=C_,

rae C—npouspoabHas nocTrosunas.
O6osnauas aesyio wactn ypasnenus (1) ¢ mymepom i sHakom X, (z):

X(2)= X{p, +XPpyt ... L x®

Mbi GyzeM;HasniBaTh X,(z) AMHeHHDbIM onepatopom. 3Hak X, (z) noka-
3bIBAET, KakHe ACHCTBHA HaZ z, COCTOMLIHE H3 AHpPepeHUIHPOBaHUE
H YMHOXEHMH COCTABACHHBIX NPONSBOAMLIX, HAZO BLUIOAHHTD AAS
HaxXOKAEHHSt BTOH AeBo# wacTH.

Onepatopn
Xi(z), Xf2), ... ., X.(2)

MBI 6yzeM AAs yAO6CTBA MMOrza HASLIBATD onepatopamu cHcreMb: (1).
Cucrema (1) noaywaercs IPHPABHEHUEN HYAIO €€ OlepaTOpOB.

21. 3ameuanns o AHHeHHBIX onmeparopax. BroifepeM aBa kaxux-
nubyap ypaswenus cucremnt (1), Hanpumep YPABHEHHA, OTBevalolILe
onepatopau X(z) u X(z) u BoinoaHuM onepayuio -

XX @) — XX ). - 3)

Buipaxenne (3) xametcs saemcamum or BTOPHIX TIPOM3BOAHBIX OT Z.
Ha camoMm aeae a10 me Tak. Momuo, umenno, goxasarn:

Teopema. Buipaxernue (3) me sasucum om npoussoanvix emo-
poo niopstaka om z,

Jrn zoxasateancTBa goctaTowmo YCTaHOBHTD, YTO KO3(PQUUHEHTbI
PH BCEX BTOPLIX MPOH3BoAHHX B (3) pamanl myato. Bosbuem OZHY u3
TPOH3BOAHBIX BTOPOrO MOPHAAKA

0%z n
dx, Ox," ()

1

Jra MpoussozHas MomeT 6bith NOAYu€HA ABOAKUM 00pazoM: MAM Aug-
depenyupoBaHNeM N0 X, NPoM3BOAHOH p;, WAM AuddepeHINPOBARNEM
o x; npoussoanof p,. Migem kosqouuuent npu npoussoaroi (4)

X(X{z))- &)
7} .
ﬂpouanoanaﬂdip, MoryuaeTcs mocAe AuQQPEPEHUUPOBAHAS IO X, Ki-

koBoe B oneparope X, cHabxeHO yMHOmenHeM ua koapopaynent X
D <
€AAraeMoro X_; Pi cymmbt X (z); 3naunT yKasa®Has MPOM3BOAHax B(5)
BXOAHT ¢ KO®S(PPHUUEeHTOM XS‘)X(;) . ‘
9 .
IMpoussognas o, Pi moayuaeTcs nocie uddepeRuupoBanus no x,,
kakoBoe B oneparope X, cHabxeHo YMHOMECHHCM HA KO3(QHUUEHT

X9 caaraemoro X® X{2);
‘ 3; Px cyummm X{z); oTcioaa ACHO, W9TO ykasamnas
Nponssoanas B (5) BxOAM ¢ KOBPPULUEHTOM X(il) X7,

§ 22, Cro6un [Tyaccona 57
Bcaeactoue sToro kosdpuument npu upoussoauoil (4) s (5) pasen
k) 3 (1) 1) yik)
XOXO 4 X0 XD,
MNorTOpsis npusejeHHbIE PACCYXACHHS ZAS o
X,(X ), (5)

yBHAHM, 4TO Ko3(Puuuent npu npoussozuo (4) B (5') pasen
Byl D p®
X9 X4 X0 X

CpaBHeHHe MOAydeHHbIX ABYX KO3 QHUHEHTOB FOBOPHUT, UTO KOB(PPH-
umeHT npu npoussoauoit (4) B pasmoctn Buipamenuit (5) m (57) pa-
BEH HyA10, 4TO M TpeGoBarOCh AOKa3aTh.

Tak xax oT zupPepenuuposanus aprymentos (2) B Bupamennr (3)
HHYEr0 He OCTAeTCs, TO INPH COCTABACHHH Bbipaxenus (3) Ha aTn
apryMeHTH MOXHO CMOTpeTb kak Ha mocTosuHbie. M3 artoro scwo,
yTo KO3(QHIUEHT NPH HEKOTOPOM p, B BhipaxeHHH (3) paBen

X{XE)— X (X
U 4To, C)\eAOBaTeAbHO, MBbl HMéeeM
k=n
X(X(2)— X(X(2)) = (X XP)— XX p,. ()
: =1

k=

22. Cxobxn Ilyaccoma. [loaoxum, uTo Aanbi ABEe PyHKUHH
f(xl! Xoye oo s Xy P1y Py o ee ’pu), F(X], X2y« o2 Xpy Pis Pay oo ’Pn):
B KOTOPbiX Ha BCE apryMEHTHI:

X1y Xpre v 25Xny Pty P2s--sPn
Mbl CMOTPHM XaK Ha He3aBHCHMBIE NepeMeHHBIC.
Bupameune .
=N
(2L 98 _gf oF )
A\ 0p, O0x,  Ox; Op,
k=1

Mb1 6yzem HasbiBaTh cxobxoii Ilyaccorna w o6osnauatp 3nakom (f, F):

k=n
0 F)= D\ o1 G~ oy 1) ©
k=1

OtueTm caeayiomne cBoiicTBa cko6ok [lyaccona.
1) Bmipaxeune (3) ectp ckobka Ilyaccona zas X(z) u X(z), 1. e.

(X, X) = X(Xf2)) — X(X(2). Q)

JeficTBATEADHO, CMOTPS HA Bce APTYMEHTH B
1 2). An)
Xfz) =XPp, - XPp,+ ... -~ X" p,
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KaK Ha HE3aBHCHMbIC nepeMeHHble, OUYEBHAHO HMeeM
0%, _ yo,
op;
SuaunT, He BHINACHIBAN COKPAWAIOWMXCA YACHOR CO BTOPHIMH npo-
HBBOAHHM", HMEEM:
X =5 et K Sy +5u 2K

0X, 0X 0X; 0X, 0X; 0X,
X — YNy OA Y43 Yn,
KRy =G Sh g ST SKiOKe

OTKyAa HENOCPEACTBEHHO BLITEKAET CHpaBeAAMBOCTb pasexcrsa (7),
TaK KaK N0 ONPEAEAEHHIO CKOGKH

k=n )
0X,0X;, 0X, aX,)
s Xf’“Z(oT,, 3 0%, Op )

2) MNepecraBasia pynxuun fu F, Mbl OYEBHAHO MEHAEM 3HAK Kax-
aoro caaraemoro B (6), oTkyaa BBITEKaeT, uTo

(f, Fr=—(F p. (®)

3) Tak xak MOCTOAHHBLIA MHOXHTEAD BHIHOCHTCA H3-0J 3HaKa mpo-
#A3BOgHON, HMeeM

(f, CFY=C(f, F). )

4) Tax xax

2[3{» e A e I

k=n
iiﬁ:.iﬁh 2L oo o on
Op; Ox,  Ox, Op, apk Ox, Ox, dpk]
. k=1

HMeEeM F
. ’ - D) = > _I" ) ¢ .
5) Tax xax th F+O)=(f, H)+-(f, ®) (10)
"N (c_)L NF _of OF
2 Op; 0Oxy dxk de)
k=

- S+~ i )]

B k=
2: of oF of dF)
o= ) e e L
(dpk Ox; 0x; Opy ™

k=1

§ 22. Cxobxn [lyaccona 59
AN
o Z (dpr.- Ox;, ~ Ox; dpk '
k=1
HMeeM : '
(2 F) =1 (f, F)+ Ff, 1. i)
€) Tak xax
k=n .
(gf_ 0B (01,9520 Of 0% (91, - - .'.og))z
op, Ox, dx; Ox,
k=1
k=n =8
. (df 0P dcp, df 0(1) 03, )_
h Op;, a?z 0xk dxk d‘-”z de
I=1 =1
NV oo of 0n
d‘?l de Ox;  Ox, Opy
1=1
nMeeM

i ®on s 2) =gy 2+ glfy - ol (12)

7) Yro6bi uMeTh B oaumom MecTe Bce cpoiicTBa cko6ok [lyaccoma,
OTMETHM €UIE CACAYIOCE TOXECTBO:

(o o)+ (@ 9 (o, {3 $)==0. (13)

B 9TOM TOKECTBE KamAo€ NOCACAYHILEE CAAracMo€ NOAy4acTcsA u3
NpeAbIAYNIEro KpyroBo#t nepecTaHOBKOH SAEMEHTOB
Dk 0.

Tomecrso (13) maswiBaeTcs TomecTBoM Slko6H.
Jrs ero gokasaTeabcTBa 3aMedaeM, 4TO cKoGka

o= S (22 80y o
G (1‘)_‘2(611.' Ox, Ox; ap,)

¢=1

ozmopozmaﬂ (YHKUEA KaK OT NPOMBBOAHBIX ¢, TAK M OT IPOHIBOA-
Hbx ¢,

Buaunr ckobkn, BXOAsIlIME B (13), oaMOPOAKbIE PYHKIMA OT BTOPHIX
NPOU3BOAHBIX OT PymKuuil ¢, ¢, ®. CaregoBaTerbHO, A0KasaB, 4TO AeBas
uactb (13) He 3aBMCHAT OT BTOPHIX MPOH3BOAHBIX OT ¢yHknm# o, ¢, ®,
Mbl STHM CaMbIM JOKaXeM, YTO OHA TOXECTBEMHO paBHa Hyiwo. [loka-
#EM, YTO OHA HE RaBHCHT OT BTOPHMX MNPOHMSBOAHLIX @yHxkumm 9. OT

9THX IPOH3BOAHBIX MOTyT 3aBHCETb TOABKO ABA IOCAEXHME cAaraeMbie
B aepoit uactn (13).
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IMoroxmum
N[ o o o)
(q)r f) - 2 ( (/P, dx‘ 6xi ?'Pg - Xl (f)
=y

B . N AN
D= DG e e o) R
U =1 :

TOrAa

(% (0, 9) = X, (X2 (2)), (@, (5,9)) = — (o0, (4, 9)) = — X(X,(&))
(@, (®,9)) -+ (o, (3, ) = X, (X, (2)) — Xo( X, (2));

HO Bblpamenue, NOAYUMBUIEECH B NPaBOA YaCTH OCAEAHErO PaBEHCTBA,
KaK Mpl ycraHOBHAH B § 21, He 3aBHCHT OT BTOpHIX NPOHSBOAHBX
or 9. Mrax mame yrtBepxaenue zoxaszauo.

23. Samrnryrnie cucremnl. Bosepaaenca. k cucreme (1). Coctanum
Bce BosMoxubie ckoGku [lyaccona, BbifHpas no zBe AeBble 4ACTH ypas-

uuf (1):
He W X, Xj) =X1(‘XJ(Z))"‘ XJ'(Xi(z))'

Kamgas Taxkas ckobxa no ckasanuomy B § 21 pasua Ammefimo#t (ymx-
nud
k=n

Y X — X (xPyp (14)

ot aprymentos (2).
K z pemenne cHcreMb (1), TO HMeeM TOXECTBCHHO
X{z)=0, Xfz)=0
7, SHauur,
k=n

X X)= X X&) — XX )p=0.
k=1
Ha sroro scno, aro B'mbaeﬁmem CAEAYET pa3AWMaTh JABa CAy9Jas.

Cayuafi (A), B xoTopom xaxaoe Buipaxenue (14) ectp Anpefimas
§yuxuns ot GyHrnni:

Xl(z)’ XQ(z)t sty X,,,(Z),
T. €. CAy4aH, KOrja TOXECTBEHHO
Ko X)=A2X, + AP X, - AGX,

B 3TOM cAy4ac Kamjoe PaBEHCTBO
CnpaBeAAHBO CaMO 006010, eCiM CNPpaBeZAMBR DEBECHCTRA

X -0,...,X,=0.

[y

§ 23. 3amkuyree cHCTEMB 61

B cayuae (A) cucrema Hasnisaerca 3amxuyTol. Hrak, cnctema samx-
Hyras, ecAu ckobxa [lyaccoHa aas A6bix zBYX €e OmeparopoB ecTo
AnHefinas QyHKOHA OT €€ OllEePaTopos.

B cayuae (B), xoraa ycaosus cayuas (A) me cobawoaeHs, cuCTeMa
Ha3biBAETCs HE3aMKHYTOH.

Hekoropeie paseHcTBa

=1

X, X) = X, [X (X)) — X(X)p =0, (15)
k=1

HE NPeACTaBAAsS C060I0 aAre6paHYecKHX CAGACTBHH CHCTEMb (1),
YCTaHABAHBAIOT HOBHIE 3ABHCHMOCTH MEXJY 3pryMeHTaMH (2), xoropste,
OAHAKO, AOAXHDI YAOBAETBOPATHCA BCAKOR (yHxuued z, yAOBAETBO-
pawomeii ypasuensau (1). CaezosaTeanro, NPHCOEAUHHB K CHCTEME (1)
te us paseHcTs (15), koropsie aareGpanieckd HESaBHCHMbI OT ypas-
mennfi cucremnt (1), ¥ OTKHHYB B HOBOH CHCTEME TE YpaBHEHHS, KO-
TOpbie AMHEAHO BBIPAMAIOTCHA YEPES APyrHe, Mol NOAYYMM HOBYIO CH-
cTeMy ypaBHEHHH, KOTOpbe COCTOST H3 ypaBHeHHH (1) » mexoropux
APYTHX ypaBHEHHH:

XD = X-(111¢)+1p1+ S +X£:)+1Pn=‘) ]

R j (1)

n
. X"j,_!_,"}l(z) = X(nlt)ﬁ-mlpl + e +X(m-)(~m‘pn= 0,

UMCAO KOTOPBIX MO xpafinell Mepe He MeHbuIe OAHOrO; UPH 3TOM OT
samenni cdcremnl (1) cucremofi H3 ypaBHenuht (1) u (1,) He noTepsna
BR oaua u3 QyHRuHE z, yAOBAETBOpAIOWHX cucTeme (1).

C nmosott cucremoii Hs ypasrenufi (1) u (1,) Mu Moxem BO30GHO-
BuTh Hamu paccyxaeuns. OHa MOXET OxasaTbCs 3aMKHYTOH H, 3HAUHT,
DPHrOTOBAEHHOl K HHTETDUPOBAHHIO, HO MOMKET OKA3aTbCA HE 3aAMKHY-
roil. B mocaeaneM cayuae Kk HeH MOxHO ApubaBHTD HECKOABKO, M0
kpafiHeil Mepe OZHO U3 yPasHeHHE:

n | n) _
Xm-{—ml-f-l(z) == Xm-*—m,—{-lpl R +Xm+n11+1 Pn 0
S (1,)
) __ ¥y | n) —
Xm-}-ml—{—mz(z) - Xm+m,+m,pl s + )(:n—{-ml-}-m,pn 0

W 3uMeHHTb CHCTemy u3 ypasenufl (1) m (1,) cucremoi us ypasmme-
muit (1), (1), (1), me notepss Hu oamoro pewemun cucremni (1).
lMpoaoaman Tax Aaree H 3amedas, uTO NocAe Kamaoff onepayus
YHCAO ypasHEeHHA CHCTEMbl YBEAHUHBAETCA IO !ipaﬁneu Mepe Ha €ju-
HuLy, Mbl, IOCAE OTPAHHYCHHOTO uncAa AeHCTBHH, HAM MOAyHHM BaMK-
HYTYIO CHCTEMy, YTO 3aCTABHT WaC NPEKPAaTHTb AAAbHeHmHe -npeobpa-
30BaHHA, HAH MOAYHHM CHCTEMy M3 n ypaBHeHHi.
" PBeaxaa CHCTEMA H3 N ypaBHEHMH, OUeBHAHO, 3aMKHYTas; €CAH
Mm=n ¥ ypaBHEHHs arrc6PaHuUECKH HE3aBUCHMDI, H3 ypaBHeHuR

Xl(z) :X(ll) Py + L +X(1n)pn
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MOAKHO AWHEAHO BBIPA3HTL Ppy,..., p, uepes X(z),...,X,(z) u 3ma-
4HT, BCAKYIO ckobky Ilyaccora, xoTopas ects Aumeiinas u OAHOPOAHAH
QYERUUSA OT Dy; Poy-++y Puy MOKHO AHHefiHO BblpasuTh 4epes X,(z)
X.2),- .., X,(z). nen
o6upas BCE CKa3aHHOE, 3AKAIOUYAEM, YTO HHTErpHPOBAHAE BCAKOI
HesamknyTol cHcTeMbl (1) MOmer 6biTh 3aMemeno MHTerpHpoBaHHEM
3aMKHYTOH CHCTEMbI.
24, flyo6mena cmcrema. Ecau cucrema (1) 3aMKHYTafl, TO BCIKaA
cxobxa [lyaccona (X, X;) ectp Aunefinan ¢pynkygus or X, @)X, (2), 160

. — A6 ) %
(Xz"Xj) = 4.41 Xl(z)+A2 Xz(z)+ ore +A(m )Xm(z),
i=12,...,m j=12..., m).

Ecan B nocaesnux gopMyrax Bce kos(uymenth Af’j) paBHBI HY-
A0, 10 Bce ckoGku (X, X;) TomecTBenHo pasmbl HyAar. B atoM mo-
CAEJHEM CAyYa€ CHCTEMA (Jl) HasplBaeTCA AKOGHeBoH. MTak, sxofue-
80N cucmeMOW Ha3bIBaeMCS cucmexa, xoiza sce cxobxu Ilyeccona,
cocrmasaeHHble NPU NOMOWL e€e OMepamopos, PABHLY HYAD moxe-
CMBEeHHO.

25. lse Teopemm o BaMKEYTHX chcreMax. Jokaxem xse Teo-
PEMBl O 3aMKHYTHIX CHCTEMAX:

Teopema 1. Ecan cucmema (1) samxuymasn, coomsemcmsenno
AXOGUEBE, W €CAU MbL BLUIOAHUM KAKOE-HUBYAL npeobpasosanue nepe-
MEHHDLX, BBOJA BMECIO Xy, Xy,. . .,X, NEPEMEHHBIE Yy, Ys,. - ., Y, 1O (OL-
MGACM

J1=% (xI’ Xaye o .,x,,)]
- - - - - - . - L] '
} - (16)

yn = :?n(xl’ Xy - "xﬂ)’J

MO Mbl MOAYHUM IAMKHYMYI0, COOMBEMCMBEHHO AKOGUEBY, CUCTIeMY.

Ecau g, nponssoanas or z mno Y, TO unpeobpasopanue (16) me-
HAET oneparop X(z) B AuHEHHYI0 QYHKUMIO OT ¢y, ¢y - -,g,. O603Ha-
qan ee yepes Y ,(z), uMeeMm, nocAe BHITOAHeHHs npeo6pasosanns (16),

X(z2) =Y (2), i=12...,m). 17)
_ﬂo.\ompm, yTo cHcrema (1) aaMkuyras: Torza
(XOX,) = X‘(X’(z) )'—Xj (X‘(Z)) =
=AM X(2) + AP X () .. +AVX,, 2)

Boimoansis B nocaeanem romectse nmoactanosky (16) m noansysen (17),

MOAYYHM:
YY) —YLY.i(@)=(Y, V)=
=AMV @)+ APV o) ...+ APy (2),
OTKYZAA sCHO, YTO BbICKa3aHHasd Teope_yxa cnpaBeAAHBaA.
B nocaeaneM paseHcTse 3HaXOM f mbl o6o3Havaem $YHKIHIO OT

APryMenToB Y,,...,YJ,, NOAYUEHHYIO H3 (DYHKIUH f(xl, Xy o .,X,,) oyres
HCKAIQUEHHS apryMEHTOB X, Xg,..., X, IOH §OMOIIHA Gopuya (16).

§ 25. Jlse TeopeMul O SAMKMYTHIX EHCTEMAX 63

Ecan, B yacTHoM cayuae, Bce ckobku (X,, X;) 6mam paBubl HyAI0

TOMECTBEHHO, TO GbIAH HyAH BCe KOD(PQHIHEHTH Af"” d, 3Ua4HT, Bce
ckobku (Y, Yj) paBHbI HYAI) TOXECTBEHHO, UTO NOATBEPKJAET yTBEp-
XZEHHME TEOpeMbl O CAy4ae sIKOOHeBOH cuCTeMbl.

Ormetnm, na Beaxull cayuafi, 4yTO ypasHEHHS CHCTEMbI, IOAYYEHROH
upeo6GpasoBaHieM mMepeMeHHbIX, OUYEBHAHO AMHEHHO HE3aBHCHMDI; [pex-
MOAOKEHHE [POTHBHOrC, MOCAe 06paTHOro mnpeobpa3oBaHHs NEpPEeMEH-
HblX, NpPHBEAO OBl K 3aKAIOUEHMIO, 4TO H ypaBHEHHA JaHHOH cHCTEMb
CBsi3aHbl AHHEHHOH 3aBHCHMOCTDIO.

Hafizem ewe svipamenue Y,(z), atro zacT mam QOpMyAy, KOTOpPOi
Mnt gacTo OyjeM NOAD3OBaTbCH B JaAbHelmew.

Tak xax
0z 0z 0d9 , 0z Op 0z Oy
Ox, 0y, 3x, T Oyy 3x, T Oy, ax,
TO
.k=u a a ki’f‘ 6\9
) = Koz _ 0z Y OP1
A= ZX‘ Ox, Oy, X:k 2 T
k=l k=]
0z NN oot 0z N 0o
_z_. k)-ﬁ [, )__‘2. f—3

k=1 =1

3
=g, X(51) + gaXi(92) - - . T 9. X(2,).
3paunt, MBI HMeeM

Y{z)=X,(2)q: -+ X, (#97:+ - .. + 4, (_'1"1.)%- (17,3

MNoroxam
P,=A0x

+ AP X, . AT

« e - e . .« .

P,=AVX, +ADX,+ ...+ ATX,

cuuTas, 9T0 ONPEAEAHTEAb

)]
l> (18)
|

1 {
AV, AP, A ]

1) (m)
AP, AP AT

He PaBeH TOXECTBEHHO HYAI.
B arom caywae crpaBeaAMBOCTD DABEHCTR

P,=0,...,P,==0 . (19)
BAeueT 3a cofoit cnpaBeZAMBOCTbD PAaBEHCTB
X1==0,. . ,X" :‘0;

obpaTHoe 09EBHAHO.
Cucremnt (19) u (1) Mbl HA30BEM 3KEUBAAEHMHBIMU.
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Teopema 2. Ecau cucmema (1) samxnymas, mo sxeusarenmnas
eii cucmema (19) mome samxnymas.
. Ilpeo6pasoBanne (18) MOXHO BHINOAHHTD MOCTENEHHO NpPH NOMOWK
/M WaroB, BBOAS NPH KamAoM mare OxHO u3 ypasuenuii (19) u coxpa-
Has m—1 ypaBrennfi, BBeJEHHbBIX B NpPEAWECTBYIOWEM mIare.

Ars BHINOAHENHA NEPBOro Wara MOXHO NOAOXHTD, €CAH, HanpuMep,

1
KO3 PHIACHT A(l) ue paBeH Hyalo (a oaus us kos@uymuentos AP,
7
@ ... /A" sapeproe HE HYAD):

: P=APX LAY X,+ ...+ A"X,
Pg‘:Xg,- . -,P,n:Xm.‘

Beipasus X, uepes Py v X,,..., X, Mbl Hallzem us (18) Bnipamenus
Py,..., P, uepes P, X,,...,X, u 3amerun,uto P, u P, He cessaubi
AHMERHOR 3aBMCHMOCTDIO, CMOXEM MPH BTOPOM INare 3aMeHHTb onepa-
Top X, onepatopom P,, coxpamss onepatopw P, X,...,X, u Ttax
fOCTYNaTh Janee.

JAs A0KA3ATEADCTBA TEOPEMBI, CACAOBATEABHO, AOCTATOYHO AOKA-
3aTb TeopeMy AAs npeoGpasosanus (187).

Tax kax npu »TOM npeobpasoBamul BBOAHTCA TOABKO ONepaTop
P, To AOCTaTOYHO PaccMOTPETH CROGKH

(Py, Xs), (P, Xy),. ..y (P, X,

(18)

Uneem
k=m k=m 9 k=m
Py, X)=Y AV X, X)= Y AV (X, X)+ 3 X (AP X). 20)
k=1 k=1 k=1

Ho Bcaeacteue samwmytoctn cuctembt (1) xamaan cxobka (X, X))
paBua aunefinoft pymkuum or oneparopos X, X,,..., X,; 3Hauut npa-
Basg 4YacTb MOCAEAHErO 'PaBEHCTBA — AMHeRinas QYHKUMA OT BTHX Orme-
paTopoB W Tax Kak Kamami onepatop X, X;,..., X, HA OcHOBaHHH
{18') paBen AumedtnoRt dymxumn onepatopos P, P,...,P,, To cxobxa
{P; X,) smipaxaercs Takke AunEHHO uepes 3TH ONEpPATOPH, 4TO
H TpebyeTcst AOKasarh.

26. Hopmarnmas cucrema ypasuenmii. BeaeacTaue nx aareGpanue-
CKOH He3aBUCHMOCTH OTHOCHTEABHO aprymenTtoB (2), U3 ypaBHeHumit (1)
MOXHO HAliTH HEKOTOPHE M W3 BTHX aPryMEHTOB: NOAOKHM, 4TO
MOKHO HaHTH

P1 P2reesPy, (21)

# npeoGpasorath cHcremy (1) B cucreMmy Buaa
(1) (m12)
p1+al pm+1+ a, pm«{-? + __.-i..a(ln)p"‘:O )l

mt-1) w0 T T
pm+am pm«i—l + am pm+2 T e + a,p,= 0. j
Cucrema (22) nasmBaewcs Hopmaavroii. QOua, ONEBHAHO, SKBHBA-
acntHa cucreme (1): xamaoe ee ypaBuenHe moiydaeTcs U3 ypaBHeHHH

§ 26. Hopmarbuas cuerema ypasmennii 65

cactemp! (1) ymHomenuem mx Ha nOzoGalOlVe MHHOPH ONPEACAHTEAS
1) 2) m)
X0, x2 L XG

1) 2 m)

CAOXECHHEM NPOU3BEAEHHA M ACAEHHEM Ha BTOT onpeaeanrern. Cae-

AoBaTeAbHO, mO BTOpolt Teopeme § 25, ecam cucTema samruyTa, TO

cooTBeTcTBYIolan efi HopMaAbHas cucrema (22) Toxe samkmyTas.
Teopema. Bceaxas samxnymas HOPMAABHAS cucmema ecmb

‘SIXobUeBa cucmema.

JaB ypaBHeHHaM HOpMaAbHOH cHcTemb (22) sug
— (m--1) n)
P(2)=p,+aq Pmir + oo+ p,=0
Pm(z)_pm—}_am pm-|—1+"°+a$:pn_0’
M5l MOXEM NHCaTh, Tak KaK cHcTema (22) zamMkHyTas, 4TO
k=n

(Po P)= E(a—& i h P = piop 4
%

|
:> (22)
J

+ ByP, G- ... BYOP,, (23)
Ho ckobxu (P,, P,) He 3aBHCAT OT aprymeHToB
Pis P2yeesPipe (21)
JeticTeHTEeADHO, IPOH3BOAHDIE
oP, OP;
dpi’  Op;

OT 3THX apTyMeHTOB He 3aBHCAT, Tak Kark P, ..., P, Auneiinbie QyHk-
uuH oT aprymentos (21); nponsBozEble mMe

P, 0P,
ox,’ Ox,

oT aprymenrtos (21) He 3aBHCAT NOTOMY, 4TO B ypaBHenwsx (22) xoag-
(QUUHEHTB [pH 3THX apryMeHTaX paBWbl 1 M 3RAYHMT NPOHM3BOJHBIE
0O X;, Xgy«.+s X, OT OTHX KO3GPHUIAEHTOR HyAH.

Caegosareanro, npasas Hacto pasenctsa (23) He saBMCHT OT apry-
menros (21). Ho B meit or p, 3aBucur ToAbko P,; sHaunr B;””panen
HYAIO; Aaiee OT p, 3aBHCHT TOAbKO P,; 3HaumT ij’”’ paBeH HYAIO.
Tlpogormas Tak Aaree nepebupaTb caaraeMbie npaBoil wacTi paseH-
ctBa (23), Mbl ybegumcs, 9Tt0 BCE KODP(QHUUHEHTH B HeH HYAHM, H 4TO

cKobka
(Pir PJ)

paBHa HYAID TOMECTBEHHO, 4YTO H TPC6OBa)\OCb AOKa3aTb.

5 H. I'oatep.
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2]. 06 suxobuesnix cmcremax. OcuoBbiBasice Ha Teopeme § 26,
MOZHO YTBEPHAATb, YTO CIPABEAAHBA TeOpeMa:

Teopema. Beaxas samxnymas cucmema momem 6wmv nepese-
Aana 8 sxobuesy. .

Takoe npeobpasobanne mMOmeT ObiTb CzEAQHO MHOTHMH pa3AHY-
HbiMH criocobamu; 4TOBH ZOKAa3aTh TEOPEMY, AOCTATOYHO yKasaTh OAUH
u3 HHX. Takoli cnoco6 npeobpasoBaHus MBI MMeeM B npecOpa3oBaHMH
B HOPMAaABHYI0O CHCTEeMYy, KOTOpas o teopeme § 26 axoGuesa M B KO-
TOpyi0 MofeT 6biTb npeofpasopana BCAKAA CHCTEMA.

eopema. Ecau cucmema (1) sxobuesa u

? (x]) Xgs e+ -,.X'”)
ecmb O4HO U3 pelleHUHl YpasHeHUS
1 2
X@Q=X"p+X2 pot ...+ X7 p, =0,
npunagrexawero cucmexe (1), mo raxzas us gyrurxyuit
X2 ("?)’ X3 (c?)a' A Xm ((?)

peuleHite 3IMO0 YPABHEHUS.
JeticTBHTEADHO, Tar kak cHcTEMA AKOGHeBa, Mbl HMeeM Toxe-

CTBCHHO!
(X, X)=X, (X (2)) — X, (X (z))=0.

I'Ioacraamm ¢ Ha MECTO z B MNOCAEjgHEe TOMECTBO H 3aMeyas, 4TO

no 3ajjanHuio
Xl (‘P) = 0)

Xl(‘X't(cP))EO’ i=2"'°)m,

9TO0 M TpeboOBaAOCh JOKa3aTh.

28. Meroaa fxo6m. MeToza HHTErpHPOBaHHA CHCTEM OZHOPOXHBIX
YPaBHEHHH, K H3AOKEHHI0 KOTOpPOH Mbl mepexojuM, TpebyeT, 4TOGHI
HHTErpUpyeMan cHcTeMa Obiaa sikoGHeBOH.

Ecan gamsas chcrema

X @=X"p 4+ X7 pot. .. + X" p,=0

3aKAOMaeM:

8

A . » e . .. - A e e e

— y @) my
Xm(z)—mel+Xm P2+---+Xm pn"_'o J
6yayun 3aMrHyTOH, He SKOOGHMeBa, TO paHee NPHAOKEHHA METOABI HAZO
3aMEHHTDb €€ € BKBHBAAGHTHON HOPMAaADbHOM cCHcTeMO#l, cKa:meM cocTa-

BuTb cuctremy (22). Ilpeanoroxum, uto cucrema (1) sxobuesa, T. €.
YTO CTPaBEZAHBHI TOMECTBA

Xi2), X; @)=0. (i=1,2,...,m,j= L2,...,m) 29
Bri6epem kaxoe-nuGyap ypasnenwe cucTembi (1), manpumep mepsoe:

X@=X"p+XP pt o+ X" p,=0

8 28. Meroaa fko6n 67

1 HafiAeM CHCTeMy €ero HE3aBHCHMbIX PEMIEHHH, YHCAO KOTOPBIX paBHO
n—1. Jaa sroro Hazo HafiTH HHTErpaAbl CHCTEMbl

“dxy dx; dx

n -
m— @ m) 3
X0 Xt X!
A€BbIE YACTH STHX HHTErpaioB O6yayT Tpe6yeMbIMH pemIeHHsIMH. IMo-
AOKHAM,

P2 (xp Xgy e -1-1’1:)- Ps (xh Xoy - - '?xn) 3oy Pn (xu Xoy- - "xn) (25)

STH penieHHs.
Tak kox Qyuxuum (25) pemenns B3ATOro ypaBHERus, TO

X, (9)=0, (k=2 3,...,n). (26)

TMoaoxum, 4T0 KO3DPHUUHEHT X{l) He paWeH HyAIO; OTZajgdM Ha OCHO-
BaHWM BTOrO NpPEANOUTEHHE APTYMEHTY X; H BBEAESM HOBbie NEPEeMEHHbIE
HE3aBHCHMBIE, COXpaHAA X, M B3AB 3a OcTaAbHble Pyukuwmn (25). Qéo-
sHayas 8TH NepeMeHHble OYKBAMH Yo, Ygy. - 1Y,y HAMEEM

y2=‘1°2r.‘]3=°?3,- "7yn:(Pn°

M3 nocaeanux ypasHeuufi MoxHO HaftTH Xy, X3). .., X, TaK KaK 1O A0~
xasaHuomy B § 7 ¢ynxguH (25) aareGpamueckH He3aBHCHMbBI OTHO-
CHTEADHO DTHX apTyMeHTOB.

EcAu Mpl ycAOBHMCS 0GO3HauaTp HEPEB gy o,- - -5 §» OPOUIBOZUBIE
OT z 1O HOBLIM NEPEMEHHbIM HE3ABHCHMbIM, TO TNOCAe BBEJEHHS HOBDIX
NepeMeHHHIX mnepsoe ypabHemne cuctems (1) upumer no Qop-
myae (17,) sua

X, (x1) g1 -1 X (92) g+ ... +X %) g =0,

rae wepToli HaBepXy, KaK M TNPEXAE, Mbl 0603HATaEM pPE3yAbTAT BBE-

ACHHA B (QYHKUHIO OT Xy, Xgy- - -» X, APTYMEHTOB X1y Yoy w1 Yne Beaea-
creue (26) mocAezHee ypaBHeHHE MMEeT OYCBHAHO BUZA
[C R
X, g,=0.

Ypasneune c nymepom (i) cumeremn (1) nmpeoGpasyercs 5 ypasHeHue
X+ X et ..+ X(e) g, =0

n cucrema (1), Tag Kak O4EBHAHO

X, (x,) =X1-(1) .

npeo6pasyercsi B CHCTEMY

X =XDgq,=0
)_(£a=;‘?§ﬁqi +X2(<?2)‘12+' b +X2 ("Pn) In =0

o o 8 e+ % & v e o = P
¢ e s e .- . .

]I
T i )
p A C I oy PRSIy oy o PIESL N
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3aueusem cacremy (27) et axBHBaAEHTHOlN

q1=0
1% _ 2)
‘Q(Z)'——Y; q2+Y(23)Q3+...-—1—Y(2n’qn:O }
...... @”..“..“..njfﬁf f (12)
;Y=Y @t YR g+ ... ¥Wg —0 |

MOAOXYB JAst yA06cTRA
) o _
Y¢ =X, (%)

Eax;ﬂt;zx; Tcpxc"fema 1) ﬁgz\a AKoouesol, cucrema (27) Taxxe sxoGmesa
8 , 3aMKHyTas. 3HaunuT, sKBUBaAeH
THas edl cucrema (1
- 2) Takke
c:-1 KHyTas. Mu: zoxamem, ognako, uTo cucTema (L) xxoﬁﬂesa)n 4TO,
Bepox aTOro, KO3QPUUHEHTbI €€ OT x; HE 3aBHCHT. ’
TMETHM, 4TO Koraa cucrema (1) Hopmarbmas, cucremn (27) (1

HE OTAUYHBI OZda OT APYroi; of )

PYTOH; B CAyuae HOPMAAbHOH CHCTeMbi, IMEHHO

X0=1, X"=0,i>1.

y

B J;G?Cg(;‘;?fa.r% a’:élg y'rsepmae;zg;, ACCTaTOYHO BCNOMHHTB, UTO IO nep-
e CHCTEMa ), Kak

y NMOAyUHBIIARCH H3 AKO6 i

CHCTEMBI TIPEOBPA3OBAXAEM Ile s Gorre
©MEeHHBIX

cuoTOMS! T p HE3ABHCHMbBIX, JOAXKHA OBITH

nosromy, TOACKHB AAsT yAOGCTBA
A1) __ 3 (D)
Ak =Y k

H o6osnavas uepes X, X X, .
P, O AEBDIE YACTH H
npemie BCEro, UMEEM " ypasenil (27), ot

=n .
= T\ o 0X Xy
(X, X)) =XV =80 y®_ 1 —
; 1 0x, qu-—l‘ ¢ oy, =0,

£ B 2. A 3
OIKyZIa “p“pa HHBasA !{VAIO Koa‘p‘p“g“eﬂxm np“ q y Q3, ’qn 33KAMO~

oYy or® oy
— 0 - .—_.1/— e
dx, 07' L] dx, - 0!
T- €. 4TO Hallle BTOPOE yTBepaAeHWE CHpaBeAAHBO.
Hpumenss zaree popmyay (3') § 21, umeen
k=n
Y Ty Ny vEy o
X X) = Y ()~ X, (r )] g, =0,

k=1

Ox, ’

OTKy A2

- — — (k) (k)

X (Y% (¥®)=0=x09i _pw Y
TGV =0= X0 e =Xy () =Y (r ) =

=Y, (Y(;)) _ Yj.( Y(‘;)) =0,

§ 28. Meroza Sxobn 69

CaeaoBaTeAbHO,
k=n .

(Yiv YJ) = E[Yd (Y‘(ik)) - YJ(ng))] g, =0,i=2, 3,...nj=23,..,n
k=2 :

910 H TpeGOoBAAOCH AOKa3aTb.

W3 crasamHOro BBITEKaeT, 4TO NOcAejHune m—1 ypapHeHuft CH-
crembl (1) 06pa3syloT caMOCTOSTEAbHYIO 3aMKHYTYIO CHCTEMY orm—1
HE3aBHCHMOH NepeMeHHOH M HHTErPHPOBAHHE CHCTEMEHI C n mepeMeH-
HbIMH He3aBHCHMbIMH HaMM (AKTHYECKH CBEACHO K HHTErpHpOBaHHIO
cuctempi ¢ n— 1 nepemennolt HesaBHCHMOH.

Otaas npeanouTenne NEpBOMY yPaBHEHHIO BTOH NOCAeAHEH CHCTEME

Va=YP g+ VP gt ... + 17 0.=0, (28)
po3oGHOBAsseM Ha cucTeme (1,) onmepauwy, BHIIOAHEHHBIE Haj CHCTE:
mo#t (1).

Ecan

%@2: Y- - '!yn)" ) "‘{n(ym Y- - “1¥n)

pemennus ypasHenus (28) u ecan B ypasrenun (28) xoa@uument Yf)
He pased Hyiwo, Gepem B cucreme (1y) s3a HOBble NepeMcHHBlE HE3a-

BHCHMBbIC
Xy, Yn by =4 (Yo, Ys»- - ek s Lp="%n (Y2 Y5 - 40

EcAn 1y, Fay- - +» Iy, TIDOHBBOAHbIE 1O BTHM NEePEMEHHBIM HE3aBHCHMbIM,
to cucrema (1;) npeo6pasyeTcs B CHCTeMY, 9KBHBAACHTHYIO CHCTEME
R (z)=r,=0 l
Ry(z)=r,=0 , ]
3 4) )
R3(2)=R§)’3+R3 ’4+--'+R(3" r,=0 I( (1)
|
3 4
R, (z)=R(ni rs-+ an)r,t—f- ,1,13(1:) =0, |

B KOTOpO#

R(:) - Yk (d{s)'

TMocaeaunsa cucteMa sxobueBa H B Hell x03(QPHIHEHTDI Rf) He 3&BH-

CAT OT X; H ¥s.
Bo306HOBAsIS paccyXACHHS Haj MOCACAHHMH m—?2 ypaBHeHHAMH
cuctemsl (1;) ¥ nmpozoAmas Tak AaAee, Mbl NOCAE m—1 onepayui

NOAYYUM CHCTEMY
Sy (z2)=3,=0
Se(z)=s,=0
e (1.)
S, 1@)=s5, 4= 0
Su (@ = S™ s, LS syt S, =0,

m

[ ————
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k;
B KOoTOpoffi kos(pPHUEBEHTHI S,(”) HE 3aBHCAT OT Xy, Y, Ly,.. U, 5 e
PEMEHHDbIE HE3aBHCHMbIE 'um, ‘l}m_,_l, «+ ¥, MOCAESAHETO YPaBHCHHA CH-

cremnt (1,) yAOBACTBOPAIOT ypaBHEHHIO ¢ HymepoM m —1 cucTembi
m—17°
Ecan

Crit-1 (vm’ Uimfrse - "vn)’ s Oy (vm’ Umgerre - ,‘Z}n) (29)

aATeGpanuecKH HE3ABHCHMBIE PEMICHHS TNOCACAHEIO YPABHEHHS CH-
cremnl (1,), TO OHH, xaKk He 3ABHCAUIHE OT Xy, Yo, Ly« + +slly 1, YyaOBAE-
TBOPAIOT BCEM ypaBHEHuAM cHcTemb (1,,). ‘

bipaxas B HHX U, Uy, -.,0, [OCACZOBATEADHO Y€pe3 HE3aBH-
cumbie nepemennble cucreM (1, ), (1.—9), (1) u (1), Mot npeo6pasyem
oyrkuun (29) B @yuspuu

{)m+1 (xly R 2 TRIN) X,,),- - "“}n (xl’ Koy s ey xn)’ (29,)

obpasylomue pemerne cuacrembi (1). Dtn ¢Qynrgum aare6pamyeckn
HEe3aBICHMDI; ASHCTBHTEABHO, ECAH CNPABEAAHBO TOMECTBO

Q ({)m'f-l’ﬂmﬁ! o 38‘”) = O,

TO BOBBpAalIaACh K MNEePEeMEHHbIM HE3aBHCHMBIM Xy, Yo, 1. ..,U

m— 19
Upy+ + +»V,; Mbl 3AKAIOYHM, YTO CNIPaBEZANBO H TOXRECTBO

9 (mm+1’mm,+2,- .o ,(!)n)EO,

4ero 6biTb He MOXET BCAEJCTBHe aArcbpanueckoli HESABHCHMOCTH
¢ynkumii (29). M3 ckasaunoro emie sbiTekaeT, 4TO HaMH HafiAeHbI Bce
arreGpantecks HesaBHCHMble pemenna cucTembl (1); ecau 6w cymse-
CTBOBAAO €IlIe OZHO PELIeHHe DTOH CHCTeMbi

£
l.)n",‘l (XU Xy er X,

TO OHO, MOCAEe BBEJCHHA MEpEMEHHbIX HEe3ABHCHMBIX cHcTeMbi (1,)
06paTHAOCh Gbl B HEKOTOpOe pemeHnne cucremnl (1,):

@4 (vm’ U412+ - - yv”)’

H, S8HaYHT, KaK PemICHHe NOCAEAHEr0 YPAaBHEHHs 5TOH CHCTeMbi, Bb-
pamaroce Obl arreGpamueckn uepes ¢ymkuum (29); oTcioza scHo,
ato U, Boipamaercs aAreSpamyecku sepes (29').
TaK, 3aMKHyTas CHCTEMa W3 M ypaBHEHHA ¢ n NEpeMEHHDIMH He-
SABMCHMBIMHA iIME€ET Nt — m aAre6paudecKd He3aBHCHMbIX pemeHHH.
Otmeram, uTo ecan 2 npou3soAbHAR GYEKUHS OT ee apryMeHToB, TO

Q (8m+l)8m+2)' .. ’{},,)

pewenne cucremnt (1); nocaeanee sicmo us Toro, uro

2 (wm+1,m+2,. . .,(DM)

ecTo pewenne cucremn (1,,). O6paTHoe Takxe crnpapegAHEO! Tax Kax
BCiKOe pemenne cuctemnl (1,,) nexoropas DYHRUMS OT ®,,.L1,...,®0,, BeA-

xoe pewenne cucremnl (1) mexoropas Qymxmus ot &,,...,¢

» " ne

§ 29. Npamepm !

BameTHM B 3aKAIOUEHHE, UTO €CAH H3 CHCTEMDI 1) M)&ry'r 6biTD
eAnTe
HafigeHbl NPOHBBOAUBIE Py Pos- + - Py T. €. ECAH ONPEX

X0 x>, X"
» & * o o & o = © (30)

X0 X3 X
4 -
He paBeH TOMECTBEHHO HYAIO, TO QyHxuuH (29") arre6pamueckn Hesa

aTOro HE
BHCHMDI OTHOCHTEABHO AapTyMEHTOB X, 4. - Xy Eean 6u

6biAC, TO, HCKAIOUas 3TH aPryMEHTHl, MOZKHO 6bIAC 6bl yCTaHOBHTH
’

HCTBO
pane Q (ﬂm-}.pﬁm-}-o? et ’%n) = (xlv Xgyee s .,xm),

B KOTOPOM (QYHKUMS $ He MOCTOSHHAf, TaK KaKk HHade QyHKIMH 29)
He 6BIAH 6b1 aAre6paHyecKH HE3aBHCHMDI. Ho, no cxasannomy, ¢ pe

HicHy¥e CHCTEMD! (1), oTCH0Ja BbITEKaeT, 4TO d
. {4}
p 09 | w02 o xm 9% __g
X{ ax14~)ﬂ axg%— i

« e e »
a ®@ a ® = ®» & « ®» & & @
« 8 s e

- e N
Y92 4 x® 2 4 XM T =0
ox, X 6x2+ + X Xm

H BCAECACTBHE HEPABEHCTBAa HYAH ONPEAEAMTEAA (30):

0o
—@7=m£$:mpnﬁf—=m
Ox, dx, X e
. €. OTHBHO YCAOBHSM, NOCTOAHHA.
' 829?’1';1}fﬂmepbl. }1,) Haiitn camoe ofiee pemeHHe CHCTEMBI
X, (2)=pit+ X1 x3ps= 0,

xlg + xg'l — 0

SR =0

X9(2)=P2+X2X3P4:0, X3(z)= ps—+ 3

(1
Xm

HUccreayem npemae BCEro, 3aMKHYTa AH CHCTEMA. CocraBasas croGKH
Ilyaccona, naxoaum
(X, X)=1-0-+4xx5- 0—(1-0-x, x5-0) 520+x \
xl ! 2 . =
(X1, Xp)=1"x, pitx X 0"( 1 'X1P4.+——2—‘— 0) =0
at o\ o
(o Ky =1 1ypu-t50-0—( Lo xapu 25 0) =0
cHCTEMa 3aMKHyTasi; TAK Kak OMa HOPMAAbHA, TO OHA axoGuesa.
Hurerpupys nepsoe ypaBHeHHE CHCTEMBb
pitx1 X3 pa=0,

COCTaBAAEM CHCTEMY
dxl (71./‘.’2 de d.X4 .

1 0 0 x1X3’



72

€e HHTeI'p&J\bI
Xg = C2’ xs == Ca;

NOCAEAHHA HHTErpaA HaxXozuM HHTErpHPOBaHUEM YpaBHEHHR

dx,—x, x3dx; =0,

8 KOTOPOM X3 NOCTOSHHO, W NMOAyYacM
| C
! X, ——7 X% Xz == (4,

.
Hrax pemenna nepsoro ypasmenust creTemsi
L
Xoy X3y Yy == x4 — o X173

Bepem 3a nepemenmvie x,, xy, xs, Yy Tax rax

XQ(JQ—-%)(l?xs) == Xp Xg,

TO HOBasg CHCTEMa HMeeT BHJ
Y1 (Z) =¢;=0
Yg(z)=qg+x2x3 9,=0

X2
Ys(z) ==4qs +_22‘“94=O'
I/IHTerppru BTOPOE ypaBHEHHE CHCTEMBI:

72+x2’f3 g,=0,
COCTaBASIEM CHCTEMy

dx; _dxs  dy,
= — L

Y X9 Xg

H
€€ HHTEerpaAn

1
xg=0Cy, g, 9 %92 x5 == Cpa

Pemenns ypasuenns:
1
Xy L=y ——5 x?x,

Bepen 3a nepemennbie

X1y Xoy Xgy 4.
Tax xax

Y3<y4—-§-x22,(3) =73 X22+7 x2=0,

HOBasg CHCTEMa HMEEeT BHA

=0, rp=0, ry==0.

Ta. IL Crcremm aunefinsix oznopozumix ypaBHenuii

N

§ 29. Mpumeprn: 73

E#t yaosaeTsoPseT QyHKLus ,
Z = ly4.

XOZHM:
Bosspawasch k cTapbiM epeMEHHbIM, OCA€AOBATEARHO HAXOA

2
. il ..
r=L =Y R = 3
Hrax oano m3 pemenuil cHCTeMb:
X3} xg?
- 1 2 ¥
Z= Xy 2 3

a camoe ofulee ee pemeHHe
xy® -1 x> x ) ]
z=oly——p— %
2) Hafirn camoe ofmee pelleHHe CHCTEMBI .
X, (z)=xlp1——x2p2—\—x3p3—-—x4 Py =0
Xo(2) = xgpy T Xy P2 — X1 Ps— Xg Py = U
Hecneayem, saMKHyTa AM CHCTEMA. Tak kax
(X Xy)= (—x1ps ~+xap4 +x3p; — Xy pa)—
—(x3p1— X¢P2— X1 P3 +xp)=0,
Bl:
TO cHcTema sxobuesa. VlmTerprpyeM neppoe ypaBHEHHE CHCTEM
Xy P ““_le’e'}_ XgPg—— Xy Py 0.
CocraBus ypaBHEHHA XapaKTEpHCTHYECKHX AMHHA

dX1 _ dxg _ CIX3 (IX4

?
X1 — X X3 — X
AErKO HaxOAUM HHTErpaAbi
Xy Xg == Ypy Xo X3==Ya, X1 X4 == Ygo
BbITHCASICM:
BHCHMBIE MCPEeMEHHEIE,
Bass x,, Yo, Js Y4 338 HGBhIE HE3a

SV 1. £ S,
Xo(g9) = xaxo o, X, =¥s T X, (ys)=x.x3—X1 Xo 7 2
Y ¥s
X, (g)=Xsxy X3 x, = P Y-
Jaunas cucrema npeoGpasyercs B
;=0
! Ys Y. - ) =0
YsYs __, | = q .
(ys“‘r!]‘i)f]e"{“(—;g ya)?aﬂ ( s Y2194

Bepem Bropoe ypasHenue. CucTteMa ero xapaxTepHCTHIECKHX AvHRE
dy, — dys _ dy, -
— - i
(maty)ye  gsYs—Yo"  YsYi— Y
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Cucremm auveiinbix OAHOPOAHBIX ypaBReHH
HMEET OYEBHAHBIH HHTerpaa

n—y;=C,.

Jian naxoxmaenus BTOpOro HaxozHM, NOAb3YACH TeopeMolt o pas-

HbIX OTHOHICHHAX!:

dy, — Y dys +ysdy, -y, dy,

; (ys—yo) Y2 J39. (st
OTKyAa

’

!h'dys!h —YsJs dy2 +u? dy,=0, d (*y% T Y2 ) =0.

Bropo#& murterpaa cucremsi, CAEZ0BaTEABHO,

s 94 47y =0C,.
Ya

Camoe ofuiee sHaueHHe z 3HauuT

y .
z=o0 (.’14_.’13: ;24 ’i"!]z) =o(x Xy—Xg X3, Xg X+ x, Xg).
[Tpounrerpupyem eme pa3s NpPejAOKEHHYIO CHCTEMY, NEPEAeAaB ce

NpeABAPHTEABHO B HOPMAABHYIO, 4TOGbI OCBETHTH 3HaueHHE BbiGpanHOil
AAS MHTErpHPOBaHHA SKOGHEBO# CHCTEMBI,

Peman otocuTeAbHO p; W p,, HaxOZUM:

!
Xy xy?
X1 Xy 7 Xg X

.X3 X4 X XQ
Yl (Z) = P1 + o
Xy Xy Xg X3
xy® 1 xg?
Xy Xy T Xp Xy
Hurerpupyem ne pBoe ypasHeuue cuctembl. CocraBasieM CHCTeMY
dx, _dx, dxq dx

- 4
Xy x4+ %y xg

Oanu us nnrerparos cucremm x, = C,.

YMHOXas WHCAHTEAD H BHAMEHATEAb LEPBOTO, TPETHETO M yeTBep-
TOro OTHOMICHHH COOTBETCTBEHHO HA X;, — X;, X, M NPHMEHAA Teopemy
O paBHDIX OTHOUIEHHMAX, HAXOAUM, UTO HANMHCAHHBIE OTHOLIEHHS PABHHI

Xodx,Fx dxy,— x, dx,
0 :

ps=0.

Xg Xy — X1 Xg _
ps—+ ! py==0.
Xy Xy X X3

V() =py—

I T ey 2 42
0 Xg Xy — X{ X, X2 — Xy

,
T. €. 4TO
X, X — Xg X3 ="C}y
€CTL APYTO# HHTETpaA CHCTEMEI, a
. X Xy — X9 X3
OAHO H3 peuleHHH ypaBHeRUA,

+

§ 29. TNpumepm 75

Boruncass Y, (X, X, — Xo X3), Mbi MOTAH 6bi HafiTH €lle OzHO peme-
ume ypasuenus !, (z) Ha ocuoBanun ckasamsoro B § 27. He npene-
6peras STHM, HAXOZHM:

x:2 £ x4

" 2
Xy Xy X5 Xg

Hosoe pemenue ne naifizeno; HO BbiumcAeHHe Me GecnoiesHo, Tax
KeK JOAMHO 6LITh BCE PaBHO BBHIMOAHEHO MpH npeobpasoBaHHHM CHCTEMDI.
YMHOxan Tenepp YHCAHTEAS H 3HAMEHATEASl NEPBOTO, TPETHEro M YET-
BEpTOro OTHOINEHHH COOTBETCTBEHHO HA& Xy Xy X3 H HNPHMEHSIS TEO-
peMy O paBHbLIX OTHOIICHHAX, HAXOAWUM, 4TO HANHCAHHbIE OTHOMCHHA

aBHbI
P Xy dx, X, dxy - X3 dx,
0 ’

Xg Xg— X X
37 172 %, =0.

Yo (X, Xy — %5 Xg) = — %3 + Xy Xy~ Xg Xy

OTKyJa fCHO, q9TO ﬂOC)\eJLHHﬁ HHTErpaA CHCTEMBbl H NOCAeJHEE penie-
HHE ypaBHEHHSA COOTBETCTBEHHO

Xg X+ X3 %, =C,
H
Xy Xy - Xg Xy

BroauMm HOBbie HE3dBUCHMBIE NEpPeMEHHbIE Is H Y, NMOAOKHB
Xy Xgy Yg ==Xy X;— Xg Xgy 4= Xg X3 ~+xg x,.
x,2 4 xq?
Xy Xy T Xg Xy

TO Tpeo6pa3OBaHHas CHCTEMa UMEeT BHJ

Tax xak
Xg X4 — X1 Xo
Yo (g2, + x5 x) =2, —

Xg = 0,
X X;"l— Xp X3

91=0, q2=0'

Eff yaAOBAETBOPSHIOT QYHKUHM Y5 H Y, 3HaydT AaHHO# cucTeMe
yAOBAETBOPSIOT

Xy Xy Xg X3, Xo Xy X3 Xy
H camoe ofilee ee peillcHHE
z==0 (x, X, — Xp X3, Xy X1 X3 X,),

rae ®— NPOW3BOAbHAs (YHKIHA ABYX €€ apryMeHTOB.
3) Haiita camoe ofiiee pemiende CHCTeMbi

Xi=pFp+ps=0 Ay=x P11 X ppt+xa p3=0.
Briuncassa cxobry [lyaccoma, Haxozmm
(X1 X)=p, +‘P2 '*{‘Ps =X,

T. e. 4TO CHCTeMa 3aMkHyTas, HO He sirofuesa. Ilepepess ee B HOp-
MaAbHYIO! ;

—X
Xg — X 1 3 o
2872 p=0, P2:p2__.__:7p3_0,
Xy — Xy X 1

P =p —
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noAyuaem sikobueBy cuctemy. HMurerpupys nepsoe ypasmemwe u co-
CTaBHB AAA HErO YPaBHEHHS XapPAKTEPHCTHYECKHX AHMMHA, NOAywaem

de  dey dx,
xx—x, 0 — (g —xa)
Hnrerparm cucremsr:
5 Xq = Us, el k. RS bs.
‘ Xo — Xy
Tak xak
) Py =1, Py (ys) =0
BTOPOE YPaBHEGHHE B HOBHIX IEPEMEHHBIX
g.=0,
OTKyAa
z=9(y) =v (—i’:ﬁ)

4) Cucrema
Xi=pi+p,—p;=0, Xo=1x3py+ x3pa+ x; ps=0
HEé 3aMKHYyTa, TaK Kak ypaBHEHHE :
(X, Xo) = p;— P2 ps==0

He €cTh CAeACTBHE ypaBHemHil cucremnt,
Camoe obmee pemenne aTo#f cucTembr:

z=0C,
rze C npoussoabHas nocTosuHas.

30. 3agaua Komm. HMwmes zero ¢ 3amMKHyTOH cHcTemoit (22), pe-
WIEHHOH OTHOCHTEABHO MNPOH3BOAHBIX Py Poy...,P,, MOKHO NOCTABHTH
CA€aylolHM 06pasOM 33487y O HAXOMACHMH PEIIEHHH, yAOBAETBOPSIO-
4ero 3apanee MOCTABACHMBIM ycAoBusM. JaHni umcaa:

© @ 0)
Xy Xg e Xy ,
npHYeM BLIGpaHBI TaK, 9TO BO6AUBM HHX KOIPOHUEHEHTH CHCTEMDI (22)

TOAOMOPQHDI KaK GYHKUHH OT X, Xy,. . - ,X,,, KOTga Xopt13+ + «3X, 384aHbBI
B HEKOTOPDHIX O6GAACTsX.

Kpome roro gama ¢ysxkuus
B (Xt 15Xmt2s - - -2%0)s

roAoMOpdHan BOAUIH HEKOTOPBIX BHaueHHI X1y
o6aacTtef.

Haittu 10 pemenne cuctemm (22), 8 xoropom

- +sX,, H3 yKa3aHHBIX

z2=08(Xpt1,Xmin -y Xy, (31)
Koraa
0 0) 0
X =X5 2:X§),'--, xm:x;(n)' (31)

YKaaam{ym 3ajady Mbl HazoBeM sajauell Kommu.

g

§ 30. Bagava Komn 71

Pemenne 3azauf NOAYYaeTCH NPOCTO, €CAH MNPEABAPUTEADHO €€
— THBIX CAydasx.
eMHTD B HEKOTOPbIX 7— M YaCrHBD
? Hafigem cmauara n—m pemennit cucTemb (22), noarosus B (31)
®yaxuaio 0 (X, +1,. - X, JIOCACAOBATEABHO PABROR X, 415 Xytay-+ +1¥ne
['axue pemenns Mpl 6yaeM HasbiBATH TAABHBIMH.
3uaunt, PYHKUHH

{ . e X, e
q)m_l_l (X“ Xoy - s Xy xm‘*'l" . .,Xn), Y t+2 (-xb' sy Xy X1y i n)’ ’
dfn (xn- o« Xy Xpt19e e .,X,‘)

06p33yIOT rAaBsHbI€ pEeUICHHS, CCAH HMeEM TOXECTBCLHHO.

0 0 © =
VRN (xl( ),xz( . X'y X g 1o - CiX,) == X 1,
© =
‘?m+2(x§0)’x‘z(o)" =Xy Ly et "xn) =ty
0 0 ©) =
b, (xl( ):x~z( ),. S MNP SENTIEET! xn)——xn.

TTokaxewm, kak HaliTu rAaBHbIe PelIeHHs, KOTAa KaKuM-HHOYAD oﬁgpga)—
30M HafizeHbl n — m aAre6panuecKH HE3ABHCHMDIX PEIICHHA CHCTEMDI (22).

[Moaoxum, uTO

Pmt1 (xh Xoy« o os Ky X1y e ..x,,), P2 (x1>x2" e o9 Xy Xop -1 2- = ?Xﬂ)' e
@ (Xpye v o3 Xamy Xogebppe = +2X) (32)

cyTb Takue peiieHus cucremst (22).
CocTaBuM CHCTEMY ypaBHEHHH )
(0 © _(©® (0
== . X. e 0y X
Pm +1(x1’x‘l" 0 Xm? xm+1!' o X'n)_‘?m+1(xl e Xy s X p *n

e e = e . . .
e + & s s s+ ®'c e 4 e e s s s s s .

0 © O (0)
(). cop X Xy gy e Xy, )

)
1(33)
J

(©
= X
%n (xhx‘).""’xm’ Xom 100" .,.\’n) An(xl [’

B NpaBbIX YaCTHX ROTOPOR Xi,...,X, 3aMEHEHl HX HAYaADHBIMH 3Haue-
HUAMH, 8 X, | 15+ - X, HOKOTOPDIMH IPOHSBOALHO BoIOPAHHDIMYE YHUCAAMY
’ m

©) (O]
D R

Ecan Mbi B ypasnemusx (33) saMeHUM X,...,X, HX HauaAbBHIMH
3HaueHUAMH, TO Mbl MOAYYHM CHCTEMY YypaBHEHHH

0y (0) )
©_©® _©O — ((0) O O P
X oy esey X X, ,.~-)xn) P, WXy s Xy yeensXm s X md- b4 l
‘Pm+1(1a2 X Koy 11 m4- ....:.....(331)
0 0 (0 _(‘H‘
( ),.,.,x:n), Xy 4 gyoees ),

e o o & 4 & & ® s s e & s s e =
e & = .

© _ © ©) =0 (r@ x
Pa (xl 9 X2 se e Xy s Xy L g - “’xn) Qn(xl » X2

KoTOpass HMEET OUeRUAHOE pelICHHE:

0 (0)
x”('/_)!_1=xm+l,..., X

(33:)

n o Xne

© © .
Pemum cucremy (33) OTHOCHTEABHO X, i - -epX,, - TNocaeauce BO3

MOXHO; Mbi MOKasaan B § 28, uro ms Qynxuuil (32) meapsa HCKAIO-
YHTb NOCAEAHHX R— M aPTyMEHTOB.
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ITpumeuanue. Tocae guee 6uir0 YCTaHOBAEHO B NPeANOACKEHUN,
y

4TO mEepBbHIC Mm a MCHT
7 pry OB MPOU3BOAbLHDBI H, 3HAYUT, HMEET MECTO,

;!(czm X1s- oy X, BOCTATOUHO MPOKH3BOAbHDL Pemmus B § 34 3azauy
omn Apyrok METOAOH Mbl YBHAMM, 4TO YCAOBHSA, NEPEYHCACHHDIE
B HavaAe maparpada, JOCTaTOuHBI.

[Moromum, uTo MBI HOAYYHM:

©©
Fm+1'_‘q)m+l (xly.XQ,---, Xm, xm_!_l,...,xn) I

e e e e 4 4 = e & e s
o . . e

(34)

xP =y (x1s Xgy- ooy X, X )

n n \7v1y 2y - s myfm_!_p---axn. ]

Kamaan us Qymeumit ¢, ,,..., %, Gyaer pynxguef oo, ,,,...,9
2y

KaK HeNOCPEACTEEHHO BHAHO H3 cHcrembl (33)
H, 3Hauut, Gyzer -
menuen cucremnt (22). ’ » oyaet pe

Janee cucrema (34) pasuocuapna cucreme (33). SBuauur cucrema
(0)

—d © _(0) 0)
X1 Tm1 (xy ' x5 -’X,(n » Yopp11° - oXy)
©___4 7,0 _© (0] .
=4, (P20, kD, Xy 1se 9 Xp)

pasHocuAbna cucreme (33:), a Tak kak (33,) pasHOcuAbHA crHcTeMe (33,)
TO, 3HAYHT, MHl HMEEM TOAECTBEHHO! )

@ O ©

o
T 11 (X1 3 Xg 3o e Xy Xy e e 0 X)) ==Xy

o @ + e @ o s 4 s e . .

Y D T

© _© ©)
4

\
B (X X9 e s,

”,X

m4127 0 ’Xn) =X,
OTKYZAa BBITEKACT, 4TO

J

q’m-{-l, dfm.*_2" ‘s (‘Jn

HCKOMbDIE I'AdBHDIC pemenml.
Koraa mafizennl raaBubie pemennsi, pemensne 3ajawd Kowmu noay-
uaeTcs cpasy. HeTpyano EmeHHO y6eauTnes, uTO

z="9 (‘{’m—{—l, ‘1."m+2" tt q)”l)
€CTb UCKOMOE pelleHHE.
EDym{gmx z--pemenne cuctemsl (22), Tak KaK z QyHKuHA pemenuit
‘aT0# cucTembt, [Tpu 3TOM MOCAE 3aMeHbI X, . . .,x, Yepes x., . ..,k pyHk-
nus z ofpailaercsa B " v Y

b (x’”/"'h Xm4 2y« - -:xn);

TaK Kak nocie sTok cuctemm ¢, ., ...,%, obpayaiores B X, FRTERTE A

§ 30. 3agava Koum 79

OrMeTnM, 9TO Ha#AeHHO® HaMH PEmIEHHE CRUHCTBCHHOE. Ecan 6n
sagaua HMeAa JABAa peIIEHHs, TO Pa3HOCTh BTHX pemennil Gnira 6br
pemerneM cuctembl, OGpallaloHMCs TOMECTBEHHO B HYAD IO 3aMeHe
X{, Xgy-+ +1X,, HX HQYBADHDIMH 3HAYCHHAMH. Kax peimeBHe CHCTeMbl,

aTa PasHOCTL OniAa ObI HEKOTopOoR (PyHKRUHEH

! J v
© (Vm +1? ('Jm+2" - "('lln)
OT TAGBHbIX pelIeHmil; KaKk TakoBas, OHa O6paaraco 6o B

m(xm—i—l’ xm—i—z" ° "x'n)

[OCAE 3aMEeMbl Xj, Xg. ..X,, WX HAUAADHDIMH 3HATEHUAMH.
Ortcioga SCHO, YTO yKa3aHHAs PA3HOCTD @ PABHA HYAIO TOMECTBEHHO.
PaccuoTpEM ars mpumepa BTopoik mpumep § 29. Mot wamawn,
TO cuCTeMa 3aMKHyTa W MoxeT OmTb npeo6pa3’oBaHa B CHCTEMY:

p +X3-Y4_X1X2 . x42+x22 p =0
e T T < NSRRI 1 S
xyxy -+ XoXg XXy XoX3
2 2
X X XaXy —— XX
pp— -1 + x5 3%y 1 2p4=0,

XXy Xgxg' O XXy XaXs
XOTOpas MMEET PELIeHHsMH:

Xyx; — XXy, XXy - XsXes
Boi6upaen HauaAbHbIE 3HAYCHHH x(io), xy)

0 0 )
X A xé) pe JOAXHBI GHITh OAHOBPEMEHHO HYAsAMH; €CAH OHH He HyAW

OAHOBPEMEHHO, TO BCETAa MOKHO BbI6PATh HaTaAbHbIE BHATEHHA X3 H X4
TaK, 4TO6BI X;X; | XoXs MMeAd HAYaAbHOE BHATCHHE, OTAHYHOE OT HYAS.

Monroxum, aArs yao6cTBa x§°)=0, x(20) + 0 u BafizeM COOTBET-

CTBYHOLIHEC HM rAaBHbI€ pEIICHHSA. Ilo JaHHOMY BbIlIC npaBHAY HaAO
Q 0
PEHHTD OTHOCHTEABHO x(3), xi ) CHCTEMY ypaBHeﬂHﬁ
0) _(0) O ©
Xixl—x-:;x:;:_x;)x:; ’ XQxl+X3X4——x3 Xy

apryMeHTOB Xy, Xg. Yucaa

BoimoAHsA BbIKAAAKH, HaXoguM:

(0) — XoX3 — X4Xy O __ _(0)XoXy —+ X%y
D=TES G, Xy =Xy o
Xy XoX3 == X4Xy
Hckombie rAaBHbIE DELISHUS:
XoXg— XXy L (0 xoX1 ~F X3%4 :
x(zo) 7T Xaxg— X0

EcAx Hajo HafiTH TO pellleHHe CHCTEMBl, B KOTOPOM
__ O
z2=0(xg, x,), xoraa x;=0, X=X,
TO HCKOMOE pEIIEHHE:
Xo¥g—— X4X3 () XX 1 XXy
2=t T8 T :
X, XoXg — XXy
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31. Hecrepopanme Goaree obmero caysas. Ecan umeerca cucrema:
XpAXp A A X X gy e A X9, =0 |
I L
WPt Pate L X ot X g X, =,
3@MKHYTad, HO HEHOPMAAbHAL, TO MbI YMEEM PEWaTh MOCTABACHHYIO
B npomaom haparpage 3agavy Komn Toabko Toraa, xoraa cucrema (1)

paspemnmMa OTHOCHTEALHO D, Py, - -,P, HIOCAE pEHieHAS JaeT CHCTEMY,
K0P PHUIHEHTBI KOTOPOiH FOAOMOPdHDLI BEAN3H gHCEA x £O ©
m

1y Xp geearX
HEKOTOPHIX HadaAbHHIX 3HAYEHHH OCTaibHBIX apryMeHTOB, :- €. KOorja
ee MOXHO npeobpasoBaThb B HOPMaAbHYIO cHcTemy (22) co cpoficTBammy,
ONMCAHHbIMA B NPOIUAOM maparpade.

Ecau cunrath, uro xospouumentsi cucrembt (1) roaomopgmbie
GyHKUHEY BOAM3H YKa3aHHDIX 3Ha4YeHHH apryMeHTOB X, Xs,. . .,X,, TO 83TO
06CcTOATEAbCTBO OyxeT cOGAN0ZEHO, KOTZA OLpPEeaEeAHTEAD

1 2.
X0, x®. ., x™

* & s e & & e

e e e (33)
X0 x® ., xm
e 06palgaeTes TOMECTBEHHO B HyAb MOCAE 3aMeHB! Xi,..., X, Yepes
xiu),...,xf:). EcAu MMEHHO OH He paBeH TOXECTBEHHO HYAID HOCAe
9TOH 3aMeHbl, TO MOMHO BbIGpaTb HAYAAbHbIC 3HAYEHHA X,, Xy

TaK, 4TOGH €ro HayaAbHOE 3HAUCHHE GHIAC OTAHYHO OT HyAS M 4TO6HI
KO?(@PUUHEHTH HOPMAABHOH CHCTEMbl, NMOAYYeHHOH peIICHHEM CH-
creMbl (1) OTHOCHTEABHO py,. . .,p,,; OKa3AAHCH FOAOMOPMHBIME BOAH3H
HaYaAbHbIX BHAYEHHH HE3aRHCHUMBIX NepeMEHHbIX.

Ecan aTo ycaoBHe He COGAIOZEHO, TO He MPH BCAKOH (yHKIHM
B(xm_‘_l,...,x,n) cucrema (1) Moxer HMETb roaoMopduoe pemerHe,
obpamaroleecs B ﬁ(xm+1,. - -»X,), xoraa

— O 0, o
Xy ==X, , x2———x§), cey xm—:x(m). (31)

Uro6u1 y6eauTbcs B 3TOM, YCAOBHMCS BpEMEHHO 0603HAYATH 3HAKOM
(k)
X

%

PE3yADTAT 3aMEHbI B Xé) APTYMEHTOB X, Xgy « + «5 X,, YHCAQMH
) (0)

Xy s+ enyX, « llpn TaKom ycaoBHOM 0GO3HaueHMH TO O6CTOATEABCTBO,

uTo onpejeAuterb (35) paBen HyAlo, KOrda Xy, .., X, 3aMEHEHDI Yepes

(1)
x(l),...,xm), SAMHIIETCSA TaK:

X, (X9, ..., x™)

L R R ] EO, (351)

# o s e e o e s =

XY X9y, ..., (X

O T

. § 31. Hceaegonanre 6oaee ofmero caydan 81

MonaraeM, 4YTO z ecTb TrOAOMOpPQHOE pemeHHe, O6paimyaioieecs
B 6(x,, | 1++-+X,) KOrZa BHINOAHEHA 3aMEHA (31,). Noacrasaaa B ypasue-
nua (1) BMECTO z €ro SHaueHUE M 3aMeHsA, 3aTeM,B HHX Xj, Xp,. . -:Xp

0! () 0 .
yepes xf ), x;),. ..,xgn), HOAyYaeM paBeHCTBa: :

X0 (p)+&D) (p)+ - - - + &™) (pw) +
U S R )
(36)

XD )+ ) () - X () +

m db myy 00
+E ) G KDY 5 =0
m -1 n
B KOTOPBIX
(pl); (PQ): ceey (Pm), (37)

paBHbIE Pe3yAbTATAaM 3aMEHbl B IIPOH3BOAHBIX OT Z IO Xj, Xg. - -5Xy
STHX apryMCHTOB MX HAQYaAbHBIMH 3HAUYEHHSMH, OTPAHHYEHDI, E€CAH Z
6bIA0 FOAOMOp(}HDIM pPeNIeHHEM.

Beaeacrsue paBeHCTBa HyAlo onpegeAnters (35,), n3 ypasuenni (36)
MOXHO MCKAlOYHTb Qynkuun (37) ¥ HOAyYHTD OZHy HAH 6oaee 3aBH-
cuMocTedl, CBA3BIBAIOIIMX NPOH3BOAHKWE oT QyBKDuK 0; oamy, ecau
ecTb MHHOp onpeaeAuTers (35,) He paBHblE HyAI0; MOXET OuThb He-
CKOABKO, €CAH BCE MHHOpBI €T0 HyAH.

Ecan xoTh oana u3 arux sasucEMOCTell He cO6AI0A€Ha, CHCTEMA 1
He MOXeT HMeTb TrOAOMOPGHOTO peleHHs, TpeOyeMOro BHAA: OHA HAH
COBCEM He MMeeT TaKOrO pelIeHHs, HAH MMeeT He FOAOMOpPQHOe, TAKOE,
B KOTOPOM XOTb OjHA H3 HMPOH3BOJHBIX

Pis P2s+ - «sPm

mepecTaeT ObITb KOHEYHOH MOCAE 33aMEHBI X;, Xy ..., X, depes

U ~
x(l), xg)),. . .,xﬁ?. Hanprmep, nonoxns B npuMepe IpOMAOTro mMaparpaga

Q)
x(lo) =0, x(z) =0,

3aKAIOYaeM, 4TO cucTeMa mpumepa 2 § 29 moxeT HMeTb roroMopd-
HOe pelieHHE, B KOTOPOM
z=0(xg x,), '
Korga :
X1:0, x2:Ov
TOADKO TOraa, Koraa

09 00
—_— Xy e ==
*3 dx, ‘£ 0x,
T. e. Korga 0 — QyHKkuMs OT MPOH3BEACHHS X3X.

B aTom caysae Hama cHcTeMa HMeeT 6ecYHCAeHHOe MHOKECTBO
TpeGyempix pemenuit.

0,

6 H. Tonrep.

+
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Hanprnmep, xaxaoe pemenne aTo#l cucTeMbl, HMeEollee BHA

2= 8 [xgxs 4 x1%2 - (e — xaxg) © (xgxs 4 2,39, X4%; — Xa%3)] +
+ (x4%; — x2x3) ¥ (xsxy + x3x9, X161 — X2X3)y

rae ® u ¢ npouspoAbubie QYHKLMH OT HX aprymeHroB, ofpaiaercs
B 8(xg x,) npu x;, =0, x,=0.

DTO OGCTOATEABCTBO HMEET MeCTO H B O61ieM CAydae; Mbl OCBETHM
ero, 3aHHMGHACb CHCTEMAMH HEOJHOPOAHBIX YpPaBHCHHI.

32. O6imii cayuadi ragasm Kommn. [Toao6no tomy xak B cayuae
OJHOTO ypaBHeHHs, Mbl MOXEM PAaCCMaTPHBATb CAeAYIOILYI0 3ajady:

Haiimu pewenue cucmemsl, 8 xomopom npu

X = ¥ (xm ERTRR .,x,,), Xg = 8 (xm +oct ’x“)’ T (311)

X =V Oy X ge - 2%

umeem . I4
2=0(x, |, Xy s Xp) (317)

Sdta 6oaee o6uwlas 3ajaya CBOAMTCA K pacCMOTpPEHHOH BBEAeHHEM
HOBBIX HE3aBHCHMDIX [epPEMEHHbIX.
Toroxus
xy— =k, xp—%=k. . .x,—8,=i,

Mbi CBOZHM 3ajaiy K CAeaywoweil: mafiTh pemlenne mpeo6pasoBaHHOH
CHCTEMbl, B KOTOpo# mpHu
t . —
£, =0, §=0,...,t,=0: z—ﬂ(xm+1,. cey X

Tak kax
oz 0z . 0z 0z 0z 0% dz 09, -,
oo i<m, ox, ~ dx,  0x, 0x, SR Oxj’]>m’

to cucrema (1) mpeo6pasyeTcs B cHCTEMY

29+ .. +Z7q, + XY gt - X q,=0,
(k=1,2,...,m),

B KOTOPOR Z HEM3BECTHAA (YHKIHS HOBDIX HE3ABHCHMBIX [epeMeHHDIX,
@@y -G, €CTb €€ MPOH3BOJHHE MO BTHM NEPEMeHHbIM, X PEsyAbTaT
HCKAIOUEHHA CTAPBIX [epEMEHHBIX H3 COOTBETCTBEHHOTO KO?(PH-
upnenra X u
@ __¥®__ ymry __ 0%
29 = X9 — X

Bap,a'-la MOXET He HMEeTb pelieHHsd, Korja HayaAbHOE 3Ha4Ye€HHE OIpe-
)
ZeABTeAs W3 KODQDHUMeHTOB Z, paBHO HyAI0; B 9TOM CAydae
oynkuus 6(x,, 4. -)X,) He MOZET GbITb BRIGHPaeMOH MPOH3BOALHO.
33. XapaxrepHcruueckoe mmoroobGpasme. O606mas ckasannoe

B §11 un 15 mm HasoBeM xapakmepucmuueckum mHOw06pasue
usveperus m:

X

. 38
m41 0.1,‘” ( )
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(Pm-}-l(xl" Xy X ’xn)=bm+1

# e e 2 s+ s s & & s a e s+ e " . e .

e ¢ o & e a & ¥ 2 s e s . .

@, (X1 + <y X, Xy e - X)) =14,

i - 69
z=gc, )
8 xomopom ¢ Hesasucumvle pewenus cucmemst (1). Xapaxrepucruye-
ckoe mHOroo6passe (39) B cayuae cucremmt m AuHefiHbix ypasmemuil
sapucur OT n—m-+1 napameTpos.

Benomunan ckazammoe B § 11, us dopmya § 28 zaxawuaewm, uro
AAA NOAYYEHHA XapaKTepHCTHYEeCKHX MHOrooGpasui, pacnoromemHbIX
Ha pemennn cuctembl (1), HaA0 ¢ 3aMeHHTb OyHKUHe#i OCTAABHBIX
napamerpos b,, . ,,...,b, n ur0 BeAxoe pemenne cucremm (1) ecwn
FEOMeTpHYeCKOe MeCTO ero XapaKTePHCTHUECKHX MEOToo6pasmil.

Kax soiscreno B § 30, ars maxomaennsn pemenns, B xoTopoM mpn

; 0) ).
x1=x§ ,...,xm:‘xin), Z:B(xm_*_l,...,xn)’ (31)

T. e, AAd HAXOXACHHA PCUHIEHHA, 3aKAlOYaroliero JaHHoOe Mnorooﬁpasne

31 0) ()
suza (31) m=azo HcKawouHTD X, 419+ +sX,  H3 ypaBHEHHH

© 0) (0
P pt{X1se o 13X X g - o o9 X,) =9, 11 (xl),. . x("z,x(m)_f_‘,\ ‘e x:’))
................(O.)..EO).(;D....(.] (39/)
O (Xpy e v s X Xy pp e e o9 X,) = 8n (X000 00, Xy e ey X
0 0
z=0(x(m+1, ...,x()).

Mot mMenno TaM HaxogmAM M3 Iepebix n-—m  ypasHenu#t (39)

@ )
Xy 412 v 2%y, C TeM, 9TO6Gb HallZeHHDIC A HAX 3HAYEHHS NOACTa-

BAATD B IOCAEZHCE YpaBHCHHE.
Ho ypasuenus (39) onpeaerssoT rpynmy xapakTepHCTHYECKHX
mHOTO06pasuil, BbiGpanBbix us (39), 3aBucAWUX OT n—m napame-

0
TPOB x(m)+ peres X, H IPOXOAALIHX Yepe3 TOYKH

©) (W] (0) (0) (0) (J
Xy e Xys  Xpigy cecrXys ﬁ(xm+1, ...,x;))]

Ha MHOroo6pasuu (31).

Hrak, ars pemenns sagaum KomHr Hago us xapaxrepucTHueCKHx
uHoroo6pasui (39), sasucamnx or n— m-{-1 napamerpos, BLIGpaTD
rpynmy 3aBHCSIHX OT n—m HAapaMeTPOB M HPOXOAALIMX 4Yepes TOUKH
Ha muoroo6pasuu (31) u cocTasuTb HX T'eOMETPHIECKOE MECTO.

Tak xax pemenue obwedt sagayn Kowm cmoaures k paccemorpen-
HoOft MpOCTBIM NMPeo6pasoBaHAEM HE3ABHCHMBIX EPEMEHHLIX, & B BLICKA-
3aHHOM HaMH NPaBAAE BbifOpP HE3aBHCHMBIX NepeMEHHBIX He (QHKCHPO-
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BaH, 3TO NPABHAO IMPHMEHHAMO H OPH pelleHHH o6uieil sazaun Kommn,
Cc ToH TOAbKO pasHHUeH, YTO JaHHMble TOYKH BMECTO TOrO, 4TOGBI
npuHazrexars MHoroo6pasmio (31), aoaxHBI npHmazAexaTp MHOrO-
obpaszuio

X3 =81 (X 1 pp o osXp)s - e Xy =8 (X i)y 2=0(x Ly yX)

H3MEpEHHEe KOTOPOrO TaKKe PaBHO n— m.
Jaa mpumepa, BepHeMcs K mepsomy npeMepy § 29 u maffaem TO ero
pelieHHe, B' KOTOPOM

COpH X=Xy Xg==Xy, X3=1: z=o0(x).

O61ee Bbipamenne TOYCK, AeKAWMX HA NMOCAeAHEM MHOrO0GPas3HH:
(02,1, o(2),

rae ¢ — HPOM3BOADHHI mapamerp.
Ypasuenne xapaKTepHCTAYECKOIO MHOrooGpasma B pacCMaTPHBae-

MOM ciydae OyzeT:
Bl ot
2 Xg = Dy

Xy zZ=c,

ypaBHeHHs MHOroo6pasuil, NPOXOAAILHMX YEPE3 YKA3aHHBIE TOUKH:

2,2
X1°— Xg
X,— " xy=0—2a3,

2

YpaBHEHHE HX reoOMeTpHYeCKOro Mecra:

1 1 Tt
X=o (E‘l—' l/ 71"_"X4+xl__2i:’xiX3 >-

1loBTOpsn onpeaenenud, zannnie 8 § 10 u 16, Mol HasoseM xapakre-
PHCTHKOH, pacmoAOXEHHOH Ha JAaHHOM pelIeHHH, BCHKOE MHOrootpasme
H3MepeHns n-—1, NpHHAAAeMallee STOMY PEMICHMIO H HEKOTOPOMY

APYroMy.
Taxnm obpasom ypaBHenHs

z=wo(2);

z=(“)1(¢m+p'-"q’ﬂ)’ Z=‘”2(‘Pm+p---,¢n)
ONpPEAEASIOT XapaKTEPHCTHKY, PACIOAOXEHHYIO HA PEMEHHH

Z==0 (q’m.;.p' .. q’m), (40)

KkakoBa OBl HH 6bIAa QYHKUMSA ©z, OTAHUHAT OT ©,
He Tpyano y6eaurncs, uro ecam mHOrOooGpasue

== (x2, ey X,,), Xy =9 (x27' . .,x,,) (41)
€CTb xapax’repﬂc'mxa, TO COGJ\XOACHBI 3aBHCHMOCTH
t=n
-5 0% 60
X0 E—Xk =0, (k—=1,2,...,m). (42)
§=2

e
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JeficTeuTeABHO, NOAOXKHM, YTO H3 ypaBHEHHs
wl(q)m+p' [RS) q’n) - w‘l(q)m_*.p' . ':"P”) =0

mMoxno HafiTH Xx;. JeBad dWacTh STOr0 ypaBHEHHA YAOBAETBOPAET
cucreme (I); o6osmaunm ee uepes ¢ (xy,...,x,). Orpickusas npoussox-
HblE OT X;, HAXOAHM

ay 99

o -
0x; Ox,

ox,

(i=2...,n). (43)

3 .
Yuuomas mocaeanee ypaBHeHHE Ha X,E), AaBas [ 3HA4YCHHA 2,...,n H
CKAaZbIBaAd HOAYYEHHBIE [POH3BEJAEHHS, HAXOJUM, BOCIOAD3OBABHINCD
TOKECTBAMH

a' 7 a'
e SN T +X§‘>%Eo, k=1, 2,...,m), (49)

kE Ox,
4To ‘=1
T N —_— 9 —
_g%_ EX’(:') aa__XI(cl) =0, k=1, 2,0...,m)
! i=2 xi

OTKyaa Borrexator Toxecrsa (42). Mynkyua 0 nme momer 6bTh BHI-
6upaeMa NPOH3BOALHO; HE TPYAHO YCTAHOBHTL 3aBHCHMOCTH, KOTOPBIM
OHA YAOBAETBOPSAET. :

M3z crazawnoro fcHo, WTO XapaKTEPHCTHKA E€CTb IEOMETPHYECKOE
MECTO XapaKTEPHCTHYECKHX MHOrooGpasmil, sasHcAmux oTr n—m—1
napaMeTpos.

Mot ykasaan B npomaom naparpade, uto sagaya Komn He Bcerza nmeer
onpeaeaennoe pemesnne. He Tpyano y6eanrbcs, 4To mocaegmee o6cro-
AAITeABCTBO HMeeT MecTO, Korja MHoroo6pasue (31’) msmeperns n—m
NPHHAZACKAT HEKOTOPOH XapaKTepHCTHKe. JeficTRHTEABRO, eCAH

Ops Ve ve sy Xy 10eep,) =0, (45)
TO
f=m -
3 8%, . ab ,
2 9% o, - o= 0, (j=m-1,...,n) (43)

rAde wepra HaBepXy OGO3HAUaeT DPESYABTAT 3aMEHBl Xi,...,X,, Yepes

3,...,8,. YMuoxas mocaezHee ypasHeHHE Ha X,(‘D H [OAb3yfichb CHOBA
HAMUCAHHLIM BblIE TOXECTBOM, MOAYYaeM
Yy, 0% e Y (m)
;;;IZ:‘:’+7;;;ZR’+-~ to 10 =0, (k=12,...,m)(46)
m

rae ZS) dysxyun (38). Mz mocaeannx tomects sakawovaem, uro ompe-

ZeAuTeAb M3 KOQOHUMeRTOB Z., BOOGIIE rOBOPA, paBeH HYAIO, U4TO
m Tpe6oBaroch aokasaTb. M3 ckasaHHOrO fcHO, YTO BCe MHMHOPHI
BTOrO ONpEJEAHTEAS HYAH, koraa MHoroo6pasue (31°) npumagaexur
ABYM XapaKTepHCTHKAM H T. I.
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34. Meroaa Komm 1), [loroxum, uro AaHa cucrema

X, @=p+a"" " ppy .- Fa p,=0

¢ - . . e » 4 s+ e & s e s 2 e . s e s e

@7
o (m 1) (n) _
ng,(z)—‘pm—{—am pm+1 —}w"‘—l—am pn'—_o l
u uncaa x7, xO O 86

1s Xy 3+ +3X,, y BGAHSH KOTOPHX KO3(QQHUHEHTBI CHCTCMDbI
FOAOMOP(DHDI KaKk QYHKUHUHM OT Xjy Xgy- -y Xpyy KOTAA X, 4 5.0y X, 387

A2Hbl B HEKOTOPBHIX OOAACTEX.

Ycaosumea npexze Bcero 0603maYaTh 3HAKOM

(;”) (“48)

PE3YABTAT 3aMeHbl B KO?(Q@HUHEHTE a;-') apTyMEHTOB X{, Xg,. - -, X THC™

) 0 0)
AaMH X7, x(z),. . .,xi)-

Taknm o6pasom (ay))l QYHKIAA MEPEeMEHHDBIX Xgy X3, -+ +y Xy QPYHK=
une (48) saBHCAT TOABKO OT X, FIPTRRIE
Aemma. Cucmena ypasuenuii
1
(X: (@), = P2+(a(zm+ X Pm+1+ o —I—(a(z”)), p,=0

- (479

+ 1
X, (2h=r, + (af:.n ))1 Pm 41 + ... —l—(affi’)l p,=0
BAMKHYMAS, eCAU CUCMeMa 47) samxnymas.
Tak xax cucrema (47) samkmyTas, TO AAs Ka®aoft ckobxu:

X, X)=0 i>1,j>1,

u60, 6yayun HOpPMaAbHOH, oHa sikOGHeBa.
Ho npu cocraBaeuun cko6km Qymuyuii X, X, Ham e npuxogurcs
Audpepenguposats M0 x;. /le#CTBHTEADHO, K3 BHAA CKOGKH

k=n
A
(X, X,,=2<ax oX; _ 90X, aX:)
k=1

Op, Ox; Ox, Op,

BHAHO, YTO MPOM3BOZHBIC O X, OT X, X; yMHOXAOTCA HA NMPOM3BOA-
Hble MO p; oT oTHX QyHkguii; Ho mpu i>1, j>1 dymkuun X, n
X; or p, me sasucar. Ms ckasammoro acmo, d9ro 6espasanyno, same-
HHTb AH X, 4epes xio) B MOCAEAHEM BbIPAKEHHH, HAH BOLIIOAHHTb 3TY

1) Mn sanmcrsyem massanMe metoant 3 xmmre: E. Delassus, Legons sur
la théorie analytique des équatlons.

;
5
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sameny B X; u X, cocraeuB (X)), (X;);, u sarem BuuHCAHTb BTy
CKOBKy. 3HAuHT, ECAH ]

i> 1) j> 1: ((Xa)v (){;)l) = (Xh ){j)l EO:

4TO H TPe6OBaAOCH AOKABATD.
Teopema. Ecau cucmema (47) samxnymasu z =" (g, X3+« -5 Xy)
xaxoe-nubysy pewenue cucmemsvl (47;), a

z2=0 (X Xg. - sXp)s (49)
mo pewenue nepsow ypasHeHust cucmemst (47)

P1+a(1m+1)Pm+1 +-"+a(1”) P, =0, ) (50)

0
xomopoe npu Xx; =x§)

wernue cucmemvt (47).
Us roro, uto ¢ (xy. ..y x,) pemenue cucremsl (47;) morexaer, aro

(X)) =0, (X3(¥).=0,... (X, (), =0.

Haitaem pememme ypasmemua (50), obpamaromeecs B ¢ mpu
X = x(lo). Toaoxmnm, uro (49) Taxoe pemenwe. Torza mo Teopeme,
aokasamHofi B § 27, Bcaeactsume Toro, uro cucrema (47) axobuecsa,

Kaxzaa s QYHKuHi
X3(9), Xs(@h- -, X (%) (51)
ectb pemenne ypasnerns (50).
Ho xaxaaa n3 @yuxumit (51) o6pamaerca B MyAb mo sameHe X;

0
gepes "(1)° JleficTBHTEABHO, TaK Kak

obpawaemcs 8 Y(xg X..., X,), mo (49) pe-

Gh="1
Mbl MMeeM IpH [ > J:
X (@) = (X, ($)), =0.

CaezoBateabno, @ynkuuu (51) cyto pemenus ypapnenns (50), o6pa-
maromuecs B HyAb OPH X=X .

Tax xak sazaua Komm aaa ypasmenua (50) mpm czepanHHX ycao-
BUSX MMeeT eJHHCTBEHHOE pEemieHHe M Tak kak ypasmendmio (50) yao-
BACTBOPACT PYHKLHUA .

z=0,

TO H3 CKas3aHHOTrO BblTeKaeT, qTO
X (9)=0, Xy(9)=0,..., X, (s)=0,

T. e. 4TO (QYHKUHA @, KpoMe NEPBOTO YPABHEHHA CHCTEMbI, yAOBAE-
TBOPACT H OCTAAbHBLIM €€ ypaBHeHHAM.

Mz cka3aHHOrO BHTEKaeT CACAyOLEH cmocoG pemeHnd 3ajgadd
Komu. Mpucoeaunnm x cucreme (47) u (47;) eme m—2 cucremo::
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(X, (Z))z—Ps+(a(m+ )y Pt 1 + . —}—(a”))g p,=0

. SR R YA
(X (z))g—pm—i (am+ )2 P 1 + +(a‘">) o =0
N
Xy 1 (D= )
-—p,,,_,+< o ) Py T oo (@ D=0 § @)

(X, @) _y=
=P @)y o Ppgrt - @) _ap, =0
X, (@), _,=

=ppt (@), _lpm+1+ o (@ ey Pa=0.  (47,)

Hmem pemenne ypasnemns (47,), obpamatomeecs 8 6 (x,, 4. +»%,)
npu X, —~x( TToroxum, 9TO )

z=19 (x,, Xpygype e “X,) (52)
€CTb HCKOMOe pelleHHe.
Hwem peménne nepsoro us ypasuenuit (47, _,), o6pamaromeecs

0
B Y, (X0 X FIRTI -y X,) TpPH xm_1=x( )_1. Ha ocuosanun nocaeasedt
TeOpeMbl BTO pelleHHe yAOBAeTBOpAeT cucreme (47, )

[Toromnm, uro

z=4, (Xp_p X LIPS & | (52,))

)

ecTb pemenue mnepsoro s ypasmemni (47, ). Ilpm x,_,=x,

(0) —
xm ono ofpamaercs B 0(X,, . ;,...,x,) Tak xak npa X 1=

©)
1 Ym_, OO6pamaerca B ¢, a ¢, mpu xm=xf:) obpamaercsa

B 0. ﬂocTynan Tak jaice, HIUEM pellleHHe:

z=q’m—2(xm-—-2’ Tm—10 X 3 Xy g gse - ;Fx) (529)

NEePBOr0 yPABHEHHA CHCTEMbI (47,,_,), ob6pamatomeecs s 9, _

1 TpH
(0
X, o= ) _,. Dymkgus ¢, yaoBreTBopseT cucrteme 47,_, mn
0 0
oGpalgae'rcyl B O mpn x, ,=x0_, x,_,=x0_ p X =205 mT.g,

Sarem mulem peinenue EPBOTO ypaBHEHUA CHCTEMbI (47,), o6pama-
yeecs B Y3 mpu x2=x2 Ecan

z="(Xp, X3,-..,%,,, Xy 410 x,) (52, _,)
€cTb 9TO pelleRHe, TO OHO yaOBAeTBOPAET cucreme (47,) m o6pa-
maercs B U mpn x,=x,, ..., X,,= x,,; HaKOHel, HIlieM PelICHHE
—d
z2="% (¥, xo...,%,, Xy 1oe 0 X,,) (52, _,)

§ 35. [oacranoska Maiiepa 89
- 47 ! = x?.
nepsoro ypasmenus cuctemn (47), o6pamatomeecs B Yo IpH X; =X, ;
dyuxnua ¢ 6yzer HckOMOe pelneHHe CHcTemb (47).
akuM 06pasom pemeHHe 3agauM TpeOyeT HHTErpupoBaHHA m
ypaBHeHH: mpHueM
OZHOTO ypaBHEHHs ¢ N HE3aBHCHMBIMH NepeMCHHLIMH,
0AHOro ypaBHeHHA ¢ n-— 1 He3aBHCHMBIMA IepeMeHHbIMH,
oxHOrO ypasHemHsa ¢ n— M-} | He3aBHCHMBIMH MepeMeHHLIMH.
[Mpamep. Orvickusas pemrenne cucremnl npumepa 1 § 29:

x2+ xo2
by +x%ps =0, pa-t-x2x3p,=0, P3+*l-‘2+‘gpa.=0:

ofpamalomeecs B x, koraa x; =0, xo=0, xg=0, MbI MOZeM HayaTb
HHTErPHPOBATb ¢ 3-r0 ypaBHeHHs H HafiTH cHayana pemeHue CHCTEMBI

=0, ps=0,
obpamaromeeca B x; mpu x; =0, x3==0, cynras, komeumo, B arof
CHCTEME HE3aBHCHMbIMH MEPCMEHHBIMH X, Xg M Xy
Stum pemeHnem Gyxer z=x,. OcraeTca uafiTH pemenne ypaBHeHHs

»

obpamaromeeca B x, npu xg=~0.
+ Tlocaeguemy ypapHemHio OTBedaeT CHCTeMa

_(i._xl . d.X2 o dX3 . ‘JX4
0 0 1 x,2 4 xg2
' 2
u HHTerpaan! Komn
0 0) x:2—-x
—x§),x2——xé - 1+2 X—x‘)‘

Hcromoe pemenne 6yaer

-’512“}“-’522

z=xT T X

35. Moacranoska Maiiepa. [loaoxum, uro cucrema (47) samxuyTas
H aazuM eff JAA KPATKOCTH BHA:

X, (z)=pi—}—A1=0, } (53)
X, (@) =p:+A4,=0,...,
X, (2)=p,+A4,=0.
Orpickusan pemenne ee, obpamarwomeecs B 8 (x,, FRTRDRIE ,)» KOraa

()

0 0
X = xl), Xg= x(2 ),. cr X, = , BBEJEM HOBble HepeMeHHble, TONOXHB:

x1=x(10) _'_ylv XQ—Xz) +H1y2:- cey X, = X © +y1ym (54)

H OCTaBAsA MEPEMEHHBIE X, \ 5. - «» X, TEMH Xe. 3a mBavanbHOE 3Ha-
yeHHE ¥, CAEZYeT B3ATb HYAb; HA4YaAbHbIE SHAYCHHA Ygi-+ 9 Um



90 Ta. II. Cucrempr annefinbix OJHOPOAHBIX ypaBHeHH:

He ofipejenceHbl MPHBEACHHBIMH Bbillle DABEHCTBAMH, W HX MOXHO B3ATb
npoussoabro. O603Havas GyxkBamu

qlqu,' . ')qm’ qm+1,- . -,q”
fIPOMSBOAEBIE OT Z NO HOBbIM HEPEMEHHDIM, HMEEM
9 =p1+ PGt - T Pulim
/ 92=Po¥ps+ + s § = Pl
. qm,-l—l:pm-i-l""’qn:pn'
CaexoBaTeAbHO, eCAH

(Al)’ (A'Z)l R ] (Am)

0003Ha4AI0T PE3YALTATHI BBEZCHHMA HOBLIX IEPEMeHHBIX B (QYHKUHH

pe++9A,, TO HOBble ypaBHEHHA CHCTEMbl HMEIOT BHJ:
‘71"‘(‘41)"" (Az)y2+ oo +(Am)ym=0 } (55)
g9:+(A) y, =0, ...... y 9+ (4,) 1, =0. :

Tpumenaa meTogy nmpomroro maparpaga, Mbl CBOAHM HHTErpHPOBAHHE
CHCTEMbl CHaYaAa K HaXOXAEHHIO pelieHHSA CHCTEMI:

q9=07"-;qm=01 (56)

o6pamaromerces 86 (x,, P +»X,), KOTAA Yg,- « +4 Y, PABHDI HAYAABHBIM
SHaYeHHAM.
Taxoe pemenwue, ouesnano, Gyaer

. z=e(xm+l,. . .,xn).
Tlocae aroro ocraercs mafite TO pelieHne ypaBHEeHHA

91+ (A) +(A) g+ - - - +(4,) . =0, (57

KoTopoe o6pamgaerca B 0(x, 41+ s X,) 0pH §; =0 u BepuyTbeA K cTa-
puiM  nepemenunM. Harerpuposanme cucrempt (47) cmogurca Takum
o6pasom moacraroskoit (54) k unTerpuposaumo ogroro ypasnenna (57),
XOTH, BOOGULE FOBOPA, HECKOADKO CAOMHOTO BHAA.

[Mpumep. llpouurerpuposarsp cucremy:

Xy (2)=py + (xo -T2, —3x)) pg 1 (x5 2,0, +x,x) ps =0
Xy (z)= pat+(xax,— x5) Ps —+ (xy1xsx4 %y — x1%9) p = 0.

He smas, 3aMKHyTa AH NOCAeAHAA CHCTEMa, Mbl HE MOXEM elie IOcTa-
suTb 3ajgayn Komu. Cocrasass cxobru [lyaccona, maxoazum

(X1 Xo) = (xo ~+x—3x) (eps -+ x1x0p0) -+
+ (g4 22+ x,%,) (X3ps ~+ x;x5p) —
— (ps +x1ps) — (1053, + x5 — x1%9) (ps 1 %1p4),
OTKyAa fCHO, 4TO, NPHPABHAB HYAIO 8Ty CKOGKY, Mbl MOAyYaeM ypas-
HeHHe
ps-+x1p, =0,
He3aBHCHMOe OT AaHMBIX.

§ 36. Haxomaenne oaHOro pelieHHs cueTeMul 91

[pucoesunns 8TO yPaBHCHHE K CHCTeMe, MBI npeobpasyem ee

B CHCTEMY: Y@ =p1+ (1 3x,%) ps =0
Ys(2) = po-t-xops=0
Y3(z) =ps+x,ps =0

[Mocaeguns cucreMa ectb saMkHyTad. [leAcTBHTEABHO,
(Yh YQ) =0, (Yn Ya) =P PL=E 0, (Y29 Y)=0.

HMuem pemenne nocaeaHel cucrembl, ofpaujarolleect B X, IPH
x,=x;=x3=0.
[Toaoxus | .
Xy =Yy, Xp=YY» Xs=Yils
Mbl 3aMEHZeM HWHTerpHPOBaHHE CHCTEMbI HAXOXACHHEM TOro pelleHHA
ypaBHEHHsA:

‘h““ (7,93 -+3y,2) P4+H1.92P4 y !Ia"l‘!]um ‘ys=0,

T. €. ypaBHEHHA
¢, -+ Qyys 4 3y2+y1y:?) p=0,

B KOTOpPOM z ofpamiaeTca B X4 HpH =0
Unrerpupys cucremy, oTsevarolyio NOCAeAHEMY yPaBHCHHIO:

dyy _dys _ dys dx4

1770 0 25yt 3yituy’

Aerko maxoanm HETerpaabt Komm:

1 __ . ©
y2=y-z(0)» .'13’;!13(0): x4——y12y3—y13———2— 2yl =Xy s

OTKyAa BBITEKAaeT, YTO KCKOMOE PEHICHHAC 6yaer:
1
8 — py.2y.2
z=x,— Y Ys— Y — 5 YiYs-
Bosspalgancrx K cTapbiM nepeMeHHbIM, noAy4daeM:
3 1 2
Z=.’C4——X1X3'—X1 —TX2 .

36. HaxoxaeHue 0AHOTro peleHHS CHCTEMBI. Mokaxem B 3akAl0-
YeHHe, Kak MOXKHO HHOTJAA gafiTH peHleHHe 3aMKHyTOR HOPMaAbHOH
CHCTEMBI

. X,(2) =0, Xy2) =0, ..., X.()=0. (58}

Takylo 3ajady, Kak Mbl yBHAHM, HaM TPHACTCA PEINATD, NPHMEHSA S
Tax HasbiBaeMylo 8mopyw Memody Skobu.
Mbr cyuTaem, YTO CHCTeMAa peHIeHA OTHOCHTEADHO MPOU3BOA-

HBIX Piye -y Pme
Hmem kakoe-HuGyap pemienne ¢; ypPasHeHHH

Xy(2) =0, (59)

OTAHYHOe OT OYEBHZHLIX pemIeHH# Xo, X3y .+ .) Xme
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Tak kak ¢ pemenne ypasHerus (39), a cucrema (58) axo6Guera, To

Xo(p) =2,
€CTb TOXE pemenue ypapnenna (59). Ecan o, pemmenye, aare6panyeckn
HE 3aBHCALEE OT Py, Xy, ..., X,, TO BHUMCAZEM CHOBA:

Xo(o) =4

¥ NOAydael HOBOE pemleHHE ypaBHeHHs (59). Ecan ¢ aareGpaungeckn
HE3aBHCHMO OT 9y, ¢y, Xy, - .., X,,, NPOAOAZAEM Tax Janee, OKA NOCAe
HECKOABKUX Onepauui, YUCAO KOTOPHIX He MpeRbIMAET 12 — 1, He Haiigem

PeMenns ¢,y ;, Bolpamaroleroca yepes panee Hafizennbie ¥ nOAydim:

Xo(ey) = 95, Xa(9g) =, .. - Xo(21) = 0 (%o, Ko ey Xy 1y Doy« ooy k)
[TpoGyem Tenepn YAOBACTBODHTD NePBBIM ABYM YPaBHEHHAM CHCTEMbI
Xi(2) =0, X,(z) =0, (60)

HOAOXHB
z=3%(xp X, ..., %, P, Pay v ny P (61)
Dyukuus z, kax PYHRUNA pemennit ypaeHemna (59), NEepROMy M3

ypasuenuii (60) YAOBAETBOPACT, KaKOBA OB OHA HH 6Gbira. MMoxcrasass
BMECTO Z ero SHa4YeHHe BO BTOPOe ypaBHem™e, HAXOZHM:

0% v 0% o%
’0?2 <y (12)—{"'07(3 X2 (xs)+ se +5}; X, (xm)"l"

g% 0% 09
T, Ko Gt G K @)t 5 0 (e )=,

T. e.

oy g% Al 09
Oy T O PTGy BT T el Xy 9 ,2) =0, (62)

Ecau (61) KaKoe-HHOyAb pemeHHe ypaBHeHHA (62), mpt moayuum
U3 HEero, saMeHus @i, ..., ¢, HX 3HAYEHHAMH, HEKOTOpoe pemenue ¢,

cucrempt (60), oramumoe ot X3 «+«y Xy, OYCBHAHDLIX PEMEHHE DTOH
CHCTEMBI; ecAH 6b1 ¢, 6blA0 PaBHO (QYHKUUM OT »THX apryMesnTos,
TO MEKAY X, Xgy -y Xy D1y Doy +ovy Dy CylWecTBoBaAa 66 HekoTOpas

3aBHCHMOCTD, 4TO MPOTHBHO MpeANOAOKEHHIO,
Tak xax ¢, pemenne cucremn: (60)

X3 (4) =1,

€CTh Takme peMeHME BTOH cHCTeMBI; ecAu Y2 aAre6pudecky He cBA3AHO
€ X3 ...y X,, $;, TO HMeCH
X (%)Z%’

KOTOpO€ TOke ABAACTCH PEUIEHHEM CHCTEMbI (60) u OPOZOAKAEM Tak
Aaice, MOKa He HalAEM pemenme cucTeMpi, aArebpamdeckd BhIpasal0-
weeca depes gannble. Mol moayunm:

X; (4’1):‘!’2: Xs (‘1’2)2%: . (‘;’1)="’ (x5, e X Yy, ., q’z)-

§ 36. Haxoxaenne ofHOro pemennsi crCTeMH 93

[po6yem Tenepb yAOBAETBOPHTD NEPBbIM TPEM YPABHEHHAM CHCTEMbt:
X (2)=0, Xz (2)=0, X;(2)=0, (63)

HOROHHE z={)(x3, ceey Xppy 441, ‘1’21 ct l;’l)' (64)

Dynxnus z yA0BAETBOpsAET NEPBLIM ABYM ypaBHeHHAM cHcTeMbi (63)
npr Beaxkom Bbi6ope #. Uro6wl oma yaoBAeTBOpAAA M mOCAeZHEMY

ypaBHeHHMI0, HaZ0, YTO6b § yaoBAETBOpAAA ypaBHEHH:O
0%
b 9, L, O sy ey X By -y ) = 0. (65)
'd_xs‘i‘;;'l‘ ‘!’2"1‘6% H’a‘i‘---—“d% (x3 v
enne (64) mnocaegHEro ypaBHeHMS M BBIPAsHB ero
qepgaizgﬂ pe?c] HMbl gOBZ)GHOBJ\HCM onepanny, NPpHBACKAas NOCAEZOBA-
E RS | ny
aBHEHHSA
TORREO Y X.(2)=0, ..., X,,(z)=0,
noka He Halijem pemenns Bcefl cucremn (38).
[Mpumep. Hafith pemenne cucremor
X, (2) =2xx2py + x3"x4p s + xgPx5p5 =0
X, (2) = 2xopy— x4p4+ x5p5 =0
X, (2) = x2x2ps 1 %1 Xg%4Ps - %, x3%;p5 = 0.
Cucrema aTa He HOpMaabHA, HO 3amxHyTa. JeilcTBUTeAbHO:
(Xyy Xo) =0, (X;, Xg)=2x2X;(z) —2x,x3X; (2), (X X3) =0,

HEHHE ,
Ve 2x5%2py 1 Xg®X4ps - X5PXsps =0

X5
©, == -—, KAK BHAHO H3 I[OC]\GAHEI‘O ypaBHeHHﬁ CHCTeMbl
HMEeT pemeﬂﬂe 71 y

dx, dxg=jii3= dx, __di

x¥x,  xg?xg

2
QXQX4 0 0
HOACTaBJ\ﬁH 3TO pelleHHe B BbIpAXKEHHe:

1
2—x2 X2 (Z):
HaxoxuM 1 x. (%5 =i=i%_
2x, 2\ x, XgXy X
[Toroxus

z=1 (x2’ X3y (Pl)’

Mbl MOAyYaeM AAa § ypaBuenne:

0% | 9% 9
535—2 09,  Xg !
H3 KOTOPOro SICHO, YTO MOXHO MOAOKHTD
p="1,
Xg



94 Fa. III. CrereMm auneiiHmx HeoJHOPOAHNX ypaBHeHHIX

ChaegoBaTeabHO,
1 X5
— 1= =\"1
X3 XgXy
YAOBAETBOPSACT MePBbIM ABYM YPABHEHHSM CHCTEMbI.
Moacrasaaa aro ¢, B Bblpameﬂne'

5 X3 (z
| e O
BHAHNM, 4TO’
1 X,
. 9 X3 5 — 0.
XZX4 xzx‘
3aaunr -
X
z o= 5
XoXy

€CTb pecUIEHHE NPeAAOKEHHON CHCTEMbl.

Ilpumevanue. Mbi npegmorommanm, yro cucrema (58) HOp-
maAbHasA. Ecan cucrema ?58) Aaxobuena, He GyAyuM HOPMAABHOH,-
NOMBITKA MPMMEHHTb K Helt yKasaHHbIH IpHEM He Bceraa MomeT
yaactbes. Ecam, Hanpnmep, Mbl MOAYYHM, 9TO

X (¥,) = C == nocrosnnomy,

TO NpOUEecc NepBOro Iiara MNPHAETCA CUYHTATD 3aKOHYEHHBIM
n pemenne cHcremb (60) malizenHbiM; HO aTO pemenue ecTb Ho-
CTOSIHHOE, NOYEMy HENPHUTOAHO AAfA HAIIMX peAeil.

TAABA TPETLS.

CHCTEMbI AHHEHHBIX HEQAHOPOAHBIX YPABHEHHH
B YACTHBIX IIPOH3BOAHBIX.

37. Cxo6xn flxo6m. [lepexoasn k uayuenuro cucTeM HEOAHOPOZHBIX
paBHeHHPI, pachoTpﬂM IIpexje BCEro HEKOTOPbIC OGpaBOBaﬂﬂﬁ, aHa-
aornumble ckobkam llyaccoma.

[Toroxmum, uTo zamel zBe QyHKLEH

F(xb Xoy «o 3 Xy Zy Py Py + - ‘7Pn): f(xv Xgy vy Xps Zy P1y P2y - + -5 P) (1)
OT apryMeHTOB

Xy X - ooy Xy 2, P15 P2s + -5 P (2)
H DOAOXHM
k=n
. of of oF
7 =2 |5 (st ) =5 ()] @
k=1
Buipamernue
[F, f]

Haswsaemcs cxobroii Axobu

§ 37. Ckobru Skobr ¢5

Ecau @yuxunn (1) He 3aBHCAT OT z, TO HacTHbHIC [POM3BOZHEIE o

%E paBup! HyAl0, n cko6ka flko6u He oTAmuaercs ot cxo6ku [lyaccona.
z

Cro6ku Slko6u o6razaror cBOHCTBaMH, aHAAOCHYHBIME CBOHCTBaM
cxobox [lyaccona.
fcno, umenHo, 4ro

) [F, fl=—1f F]

H 410
1) . [F, Cf1=CIF f]
1) [F, fi-+Al=IF Al+IF fl.
JeficTBATEADHO
oC oCf of of\ o0Cf . 0
f+ k——— (0x,+ P dz)’ Aapk Cal{k
a 1 2) 0 1 afl f
(fa;;f o AR (%, %)
A o\ oh-t+rf__ Of | Ofe.
T (0—£l:+pk d_z)’ 10pk B dp; + op,’
TaKk Kax ' :

Of 4 O pmr (Lt SE )+ (g 55
0)‘f=k§—f+fk0—

opy,
TO OYCBHAHO HMECM
v) [F, Mi=)IF fi-+fIF A
Toromum
f=(I) ((?1’ D25 -y C?s)'
Tak xak
l=8 =8 =8
of Nt oon o _Niov on o Niow o
Ox, O3, dx, dz Jgy dph a9,  Op;
=1 P=1 i=1
H, SHAYHT,

1=
o . of )P (Q@_z _f?_z)
?x_kTPk oz d?, +pr :

OTKyJa HMEEM
k=

S on ) n )

k=1
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l=28

k=n
. 6F * oD a(P, Oo
—E[apk 2"0?{( +""")
— 9% g aF
< % apk) (0-’( +p az):|
l=3s k=n
=22‘§[2_éf_(0@z+ ). 2n oF
Oy opy, Pr "0z Opy (ax TP dz)]

[F': ® (‘?17 Doy o« oy (Po)]='5(;' [F» .1]+ [F'; (PZ]—f—

V) +oo ot G I 9l

Papencrso, x0TOpOE TOYHO COOTBeTCTBOBaAO GBI TOmectsy Slko6w,
ara ckobxnm Hko6u He cHpaBeaAHBO.
YCJ\OBHB].“HCD [IHCATb AAA COKpaIgCHHﬂ InucbMma

af_i_"?i dx

Mbi MoxeMm pasencTBy (3) zarh Bug

k=mn
N\ (9 df o dF ,
% 11 2 (dpk Ox,  Opy 7;:) - ()

Ipumeuarue. Mbl ynoMAHYAH, 9TO paBEHCTBO, TOYHO. COOT-
sercTBylomee TomecTBy SIko6H, ne cnpaseaanso. CocTaBass Boipa-
AeHHe, AHAAOTHYHOE €r0 AeBOH YacCTH, Mbl HMEHHO HNOAYIHM:

£ 1, o1+ 1f, [ FI-L, Rﬂ]=§§[f, 9]+
of
+5; [ F1-+ -——z- [ f1. C)
JeficTBuTeADHO, IPEXAE BCETO, pacCyxjad kak B § 22, mu
MOXeM yCTaHOBHTDb, UTO AEBAas YacTb NOCAeZHETO PAaBEHCTBA He

SaBHCHT OT BTOPBLIX HPOHU3BOZHLIX OT F, f, ®, Yrobm IOKa3aTh,
YTO OHO HE 3aBHCHT OT BTOPLIX TponsBogunix or P, pac-

CMOTPHUM CYMMY
(5 Uy OIS [@, £,

KOTOpaa ojHa TOABKO H MOTAa 6bl COAEPXKATD 3TH IIPOU3BOJHDIC.

Toroxus
[F, ?]=X;, (D), [f, 2]=X, (D),

TpakTys B onepaTopax X1, Xa Bce apryMenTH X;. . .,X,, 2, Py + - -5Pn

§ 38. 3ameuanne 0 ckobkax Slko6m 97

KaK HE3aBMCHMBIC [EPEMEHHBE, MBI MOXCM nocaeaueit cymme
ZaTb BHA
% 15 ‘I’]H—[f (@, Fli=[F, I, 114 £ 2ll=
=X, [Xy (D)]—4X, [X, (D)},

OTKyza ACHO, YTO Hamle NOCAeAHEE YTBEPAACHHE CHPABEXAAHEO.
CrelOBaTeAbHO, BblMHCAAA (4), AOCTATOYHO COCPEAOTOIHTD

cBOe BHWMAHHE Ha YAEHAX, 3ABHCALIMX TOADKO OT NPOH3BOAHBIX

nepsoro nopsaxa. [IpeneGperas MOBTOMy HACHAMM, 3ABHCAILHMH

OT BTOPDIX ﬂpOHBBOAHb}X, Mbl MOXKEM HIHCATh:
* k=n

_ of 0% 0% af)
[F‘, [f, ¢]]—-... ”—‘2 (ap,‘ 02 apk dx,,
k=l
k=n
_ +a/ V00 dF _ 00 N O dF
= . 5—‘ apl; dxk dz apk dx,,
=1 k=1

Brimoansa kpyrosyio nepec'ranonxy, HOquaeM
k=

_ oF df aF od df
If [‘P. Fll=. --_+g Opy dx 2 Op, dx;
k=1 k=
k=n =
Ly ENY 2 oF d¥
[¢’ [F'? ﬂ]— M + dz dpk dxk ap,, dxk '

E=1
CkaazpiBas HOCAeZHHe PAaBEHCTBA, OAYYaeM, TAK KaK 4ASHD,
cozepmallue BTOPbIE NPOH3BOZHDIE, coxpalgalo'rcn

E 1f, @117, 1@ FI+1®, [F =2 1, a1+
+%L 10, A+22 F N

kak H TpeGOBaAOCH.
B 6amxmaimmpx raasax HaM He NPHAETCA MOAD3OBaTbCcA I0-

CAGAHHM PaBEHCTBOM.
Mot moMemaeM €ro B 3TOM IpHMEUaHHH, YTOGbI HMETb B OZHOM

MecTe Bce cpoficra ckobox fxo6wm.

38. 3ameqanme o ckob6kax Axo6m. Pasencrso (3) ecrs moka pa-
BEHCTBO CHMBOAHYECKOe, JaHHOe AArA 6oaee Aerkoro 3anoOMHHAHHA

paBeHCTBa (3). Ecau cumratb, uro B (1) z, pi, --.; Pn CYTb QyHKLHH
OT Xy » ¢ +y Xy HPHIEM pl, ceny Py cy'rb NPOH3BOAHBIE OT Z IO Xy, + - -y Xy
TO npouznoaume or fuF mox; ..., X, HAZO BEIMMCAATD MO GOPMyAAM:

df _of 0f f 0%z of 0%
dx, Ox, T +0plf axlag;k + Opy 0x30x; +
d Z

7 H. I'varep.
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Cunras, uro z ecTb QyHKUHA OT Xy, Xy ..., X, & Pi...,p, ee

NPOH3BOJHbIE MO 3THM AapryMeHTaM, COCTABHM BblpaxeHHe:
k=n

E: (‘?_FL.EL_QL.S’E
. dpk d&% apk ka) . (5)
1

H JAOKaxeM TeOopCMmy.

Teopewya. Bupamenue (5) ne sasucum om smopurx npous80AHbIX
om ¢ynxyuu z. Urobb yCTaHOBATD CIPaBeAAHBOCTD TeOPEMbI, 3aMETHM
npexze BCEFO, UTO

0’z dp, _ Op,

0x,0x; = (E T ox,

2
CJ\eAOBaTEJ\bHO, AAAd HAXOKRACHHA KO3 PHIHEHTA IIpu _02_ BCyMMe
o dx,0x; °V

oF df
| dp,; dxk (6)

k=1

HAajO MPHMHAMATL BO BHHMaHHe ZBA CAAraeMblx aToH cy:MMbI: TO cha-

raemoe, B KOTOPOM BBLIOAHSETCA AH(PEPeHIHPOBAHNE MO X;, H TO CAa-

raeMOe, B KOTOPOM BHIIOAHACTCH JU(GEPEHLHPOBARAE 1O 4.
Koasg@uunenr npn "

z__ op,
B TOM caaraeMoMm cymumbi (6), KOTOpO€ Aupdepeninpyercs mo x;, paBen
OF of
dp; dp,’
KO3Q(PHUHEHT #Ke mpu
: 0% Op;

oxOx;  Ox,
B caaraemom cymmni (6), koTopoe Zuddepenugpyerca mo x,, pasen
oF of
Op, 0p;’
CaezoBateabno, road@uunent s
) 1L npu d—x,d_;; B cymme (6) pasen
OF Oof | OF of
dp; Op, ' Op, dp; @
Tak kax cymma (7) e memsercs or mepecranosku F u f, To KO3~

z
HLHEHT N
puy pu Ox,0x, B CyMMe

T et O
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2
pasen Tomy xe umcry (7), OTKyAa ACHO, 4TO HPOM3BOAHAS —ag—az;—
0x;

B cymme (5) coxpamjaetcs, a aTO H Tpe6OBAAOCH ZOKA3ATH. !

Hs aoxasamno#f TeopeMbl ACHO, 4YTO 3alHCAHHAA CHMBOAHYECKH
8 uae (3') cxo6ka SIko6u pasra sripamenmo (5), ecan B pynkuuax (1) z
TPAKTyeTCA KaK (QYHKLHA OT apryMeHTOB X3, Xg, «+<» Xp.

39. Cayuait Aumeiimmix Bbipaxcenmii. [loaomum rtenepn, uTO
dynakpun F a f AnnefiHbie QYHKUHH OT Py, Pz - - -7 Pu

[Toromum :

X, @=X"p+ X p % X P — X

" (8)
X2 (Z)ZX‘.?) pl—%_X;Z) p2+ tte +Xé ) pn_X;O)’

‘ rae KO9QQHUIHEBTH Xl(i) " Xéi) 3ABUCAT OT Xjp, Xgy -+ s X, Z-
Cxobxa
k=n
N ok (o, 0k ok (o o))
[X. X,] “2 [dp,;, (axk +pi oz _apk (dxk +ps oz

k=1
nerHHeAHAS OQYHKUAA OT Py, P, -« +» Pn; ACHCTBHTEADHO, cCAaraeale

0X,  0X,
Px _5;’ P —(72_

QyHKUIMH BTOPOH cremneHHm OT 3THX apPryMeHTOB. Ounennm sHagenwe
YAGHOB HEAMHEHHDIX OTHOCHTEABHO Pj, ..., P,. YIMeeM, Tak Kak

aX1 (k) 0X2 (k)
?l—’;:)ﬁ ’ Fp“k:Xz ’
YyTO
kE=mn k=n <3
0X, 0X, 0% 0% 0% N yor,
Opy, . k 0z Opy, * 0z 0z Lo
- k=1 k=1
o OX e
N 0, =0 (K, ) X — 1 X, @K
9z Ll
3HAYNT k
_ N (0K, 0Xy 0K, 0X,\ | yo 0K
X, Xz]_z <5}; % PRt )+X1 =
. 28 0X

_ o 9%, _ 9%,
Xz Oz + Oz Xl (Z) Oz X2 (Z)'
M3 nocAezHero BbipaKeHHA ACHO, YTO €CAH Py - -+, P, BoIOpaHH

TaK, 4TO yI.IOBJ\CTBOp}HOT YPABHEHHUAM

Xl(z):(); X2 (Z)zo’

7#
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paccMaTpHBaeMbiM Kak aArerauqecxne YPABHEHHS OTHOCHTEADHO

Pi» Py - <) Py TO CyMMa UAEHOB BTOPOTO H3MEPEHHA OTHOCHTEADHO
Py P2 - -y Py B crobre [X;, X,] pasna myao. -
[loromum, orkmavisas B (8) cBo6oanbie urenn:

X@D=X"p+XPp, - ...+ X,
RACES RS IR RIS ®)
He TPYAHO yOGeauTbcs, 4TO
: [X, X.]= )?; (X (2) — X, (X, (2))-

JefictBuTeasro, TpPakTys z kak (QYHKUHIO OT Xy, ...,x,, @ p,
n 1

P2y +--3 P, KaK €€ TPOHUIBOAHbDIE,
HepaBencra &) nmee‘:a ble, HA OCHOBaHHH cKasamHoro B § 38
k=mn
9X, (09X 0X,\ X, (0X
1 2] pa 0]’): d'xk i pk 02 dpk dx,‘ +pk -;:El- =

1
k

=N
2 0X, dX, 0X, dX,\__
op, dx,  Op, dx,‘)—

=1

k=mn

_ ndX, dx. — —
= 2 (X< Tt gx—) =X, (X) —X; (Xy),

k=1

ar0 n TpeboBaroch ZOKA3aTh.

40. Cucrema meopmopogmuix ypammenmwii. [loroxuM Temeps, uTo
AaHa CHCTEMa K3 M HEOAHOPOAHDBIX ypaBHERHL:

X, @=X"p,+Xp,+ ... L X"p,— X =0

)

X, @ =X p + XD p+ .. XD p, — X =0.

Msyuenre cuctemnt (9) kak cucrembr ypasnennii nepBofi cTenemu
OTHOCHTEABHO Py, Py, - - .5 Py, YKA3BIBAET HA CAEAYIOUINE BO3MOKHOCTH.

I. Moxer cayunTbesi, uTo cucrema jgomyckaeT pemiende OTHOCH-
TEABHO M H3 N apTYMEHTOB P, Py, ..., P, T. €. UTO ypaBHenwus (9)
AHHEHHO HE3aBHCHMbI OTHOCHTEADHO 3THX apTyMEHTOB.

II. Mome® Takxe cAyanrbes, uTo s ypamHemn# cmcremsl (9) Heap3sa
HafiTH M U3 n apryMeHTOB Py, D,, ..., p,, HO MOKHO BCE HX HCKAIOUHTb.

B aToM nocaesnem cAyuae MOryT O6RapyRHTbCS aBe BOIMOEHOCTH.

1) Mckatodenne apryMenToB p;, poy - . ., P, DPEBOZHT K TOKECTBAM;
B 3TOM cAydae wacTb ypaBueuuii (9) runeliuble QyHKyHE OT OCTAAbHbIX.
OTu ypaBHEHHS MOTYT GbiTb OTGPOIMEHBI, M UHCAO ypaBHeHHH cHCTEMbI

o
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MOXHO YMEHbHIMTb, 3aMEHHB TPH BTOM CHCTEMY ApYroi, noaxoasuei
k caysawo (D). ]

2) Hckalouenne apryMeHTOB Py, Py « - +5 Py AAET OJHY HAH HECKOABKO
3aBHCHMOCTEH, CBA3LIBAIOWHNEX APTYMEHTBI Xy Xgy « -« Xpy Z:

® (X1, Xgy -+, Xy, 2)=0. (10)

B aToM mocAegHem cAyuae oNATb MOTyT OGHApy&WTbCS ABe BO3-
MOKHOCTH: HAH
a) cpegu 3asucuMocteit (10) ecTp oama, He 3aKAlouarOWan z:

o(xy, Xy .oy x,)=0. . (10)

B sToM cAyuae cucTema Aupdepenuuarpubix ypasnenufi (9) me
EMeeT peureHu#i: MMEHHO, NPEANOAOKEHHE, UTO PENICHHE €CTb H ¥, aB-
nenun (9) cosmecTnnl, npusoaut K papenctsy (107), oueBnano nesos-
MOMHOMY, TaK KaKk OHO OrpaHHUMBAET HesaBucuMpbie Nepemenmbie. Ho
BO3MOKHO,

b) uro Bce zaBucumoctn (10) cozepmar z. Torza M3 oAROH M3 HHX
MOKHO 3TO z HaliTu 6e3 kakmx-AmGo murerpuposanmit. Momer cay-
unThCs, UTO HafiACHHOE Z YAIBAETBOPseT BceM ypasHeHmaM (9), B teM
Aerko y6eguTbes HemocpeicTBeHHOA mojcranoBkofi. B arom cayuae
HaxozuTca pemenne cHcrembl (9) 6es murerpmpopasms; HO MOmeT
CAYYHTBCSH, 9TO HaRJECHHOE Z He YAOBAETBOPAET OAHOMY H3 ypaBHeHuH
CHCTeMBI; B 9TOM CAyuae CHCTEMa He HMeeT PEIeHHH.

Urax, npeasapuTerbHoe u3yueHHe cucTeMbl (9) NPHBOAUT K 3aKAI0-
YEHHIO, YTO HAW OHA AMHEHHO HesaBuckMa (cayuait [), HAn MomeT GbiTH
saMeHeHa AHMHe#HO He3aBHCAMOH cHCTeMOH ¢ MeHbIIHM HHCAOM ypas-
vennit (cayuat Il, 1), ecan ona BooGwe HMeeT pellleHHE HAH, ECAH TO
pemente ne Hafigeno monytro (II, 2), uto oma He umeer pemenuil.

41. Bamrayras cacrema. [loromnm, uto cucrema (9) Aurefino Hesa-
BHCHMAa OTHOCHTEADHO Py, Pay -« +y Pu- 10TA3 MOXHO HaHTH HEKOTOPDIE M

K3 DTHX apryMeHTOB, CKAKEM Pis P2y -y Pme
Cocrasum BeeBo3MoxHbie ckobku Sko6u u3 gynxuud Xi, ..., Xt
(X Xl (1)

Mo ckasaunomy B § 39
X, X=X (X; @) —X; (X, ()); (12

3HAYHUT, BcaAKas @YHKYUS 2, YAOBAETBOpAKOMAas CHCTEME anddeped-
uuarbupix ypasHeru@t (9), T. e. obpawaiowas B HyAb X, (2) n X;(z},
obpawaer B HyAb H ckobry (11).

Mo cxaszanroMy B ToM e maparpadge:

k=mn
0X, 0X; 0X;0X, o0 0%
(X, XJ]=Z (—ifg ox,  Opy E)—[‘Xi 0z
X, 0X, 0X,
~XJ50) ”J»zi “}"a—;Xi (Z)—‘“d_zi )(; (z}, (13)
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OTKy4a ACHO, YTO BCsAKOe pemenue cHcrembl (9) ZOAKHO ya0BAETBOPATH
H KaxAOMYy M3 AHHeHAHbIX ypaBHeHwuii:

k=n

09X, 90X, 0X; 90X, ® 0X; () 0X, p
2(@"E‘E'E)+X4 @ N =0 43
k=1

hitax, x cumereme Amueiinbix ypasuwenu# (9) momuo NPHCOCAMHHUTD
elle CTOABKY AHHEHHDIX ypaBHEHHH, CKOADKO MOMKHO COCTABHTb CKO-
6ox (12). Momer cAyunTbes, 4To Kamaoe H3 STHX NpHCOe ANHEHHDIX
ypaBHeHuH: -€CcTb CAeACTBME YypaBHeHHH CHCTeMbl, T. e. AHHeRHas
Pynxgus oT X, X,, ..., X,,. B atom caywae cucremy (9) mnt Hazosem
samxnymoil. Beaegersue pasencrsa (13) ycaoBmem 3aMKHYTOCTH CH-
creMpl (9) cAyxuT zAa kamgoid ckobku  Skobm CHOpaBeJAHBOCTD
paBeHCTBa

[X. )(,] =A.X (Z)J[‘A2X2 @+-.. +Ame (2). (14)

Teopema. Kaxosa 6ut mu 6orra cucmema (9), mom»o0 nocae
O0!PAHUMEHHO0 UUCAQ AECMBUL 3aMEHUMD ee SAMKHYMOW CUCMeMOit
AUHEHHBLY U AUHEVIHO HE30BUCUMBLX YPaBHEHUT, UAU yGegumbcs, 4mo
cucmema (9) He umeem pewenuii, uru me nasimu ee pewerue.

_ Ecam cucrema samkmyra, ro mocae npmcoegmmenns k mefi Beex

AHHEHRBIX ypaBHenn#t (13°) Mpt moaywsm cucremy, NOAXOAAIYI0 TIOA
cayyait {Il, 1), B koTopom Bzo6aBok Kxammoe u3 BHOED NPUCOEAUHEHHBIX
ypaBHeHHH €CTb CA€JCTBHE PaHE€ JAHHDLIX. SHAYAT, eCAH CHCTEMA He
SaMKHYTasd H Mbl He HMeeM Zeaa co caywsaem (II, 2), B koTopom urm
HaxoauTcst pemenne Ge3 MHTerpHPOBaHHH, HAH YCTaHABAHBAETCS OTC yT-
CTBHE peLIenyi, Mbi uMeeM ZeA0 UAK €O cAydaem (1), uru co cayuaen (11,1 ),
B KOTOPOM OZHO M3 NPHCOSJMHEHHBMX YPaBHEHHH He eCTb CAGACTBHE
paHee JAHHDIX.

B atux cayuaax mocae mpucoesunenus ypasrensni (13') cucrema (9)
SaMeHAeTCH APYrod, Takxe u3 AMHSHHO He3aBHCHMBIX ypaBHeRui,
B KOTOPOH 4MCAO ypaBHennfi Goabme umeAa ypasmewmfi crcreMbt (9).
C aroii cacreMolt MB MOseM BO30GHOBHTH BDIMOAHEHHYIO OMNEPaHio
npucoeaHneHnst ckobox Slkobm.

Cucrema, B xoTopoit n-11 ypasuenne, ne mMomer 6bTp aarebpau-
UCCKH HE3aBHCHMOH OTHOCHTEABHO N APTYMEHTOB Py, Pay --.p Pyi
HaflACHHDI® M3 HEKOTOPLIX N ypaBHEHHH, BCe BTH apryMeHTbl Moz
CTaHOBKO# B n-1~1 ypasuenme MckalowaloTCA.

Tak rax Kampas onepauus npucoeamHeHHs CKOGOK fAxobu, ecan
HE MPUBOAHT K HAXONJCHHIO PEIEHMS CHCTEMbl M HE YCTaHABAMBAEeT
HEBOSMOKHOCTH CYUIECTBOBAHHS PEINGHHS, YBEAMWMBAET YHCAO YpaB-
HeHull 10 KpaitHell Mepe Ha ezWHHLY, ACHO, 4TO MOCAE 72— m BO3OGHO-
BACHHMH 3TOH OMepayHH Mbl HAH OOAYYHM 3aMKHYTYI0O CHCTEMY, HAHM
yCTaHOBHM, YTO CHCTeMa He uMeeT penlennfi, HAM Me HafizeMm ee
pemenue.

42. 3agaua o HaxoxAeHME HeoCOGEHHEIX pemenmii. [loaroxuu,
uto cucrema (9) samrnyras. Paccymaan kak B § 13, Mm cBegeM ma-
XOMACHHE €€ PEWeHHA K HHTErPHPOBAHHIO 3AMKHYTONR CHCTEMBl OJHO~
poausix ypasueanft. JAs 8TOro, BMecTO TOro, 4TO6HI HEMOCPEACTBE HO

§ 42. Bagaua o HaxomjeHHH HEOCOGEHHBIX PEMIAHHI 103

McxaTb QYHKUMIO 2z, yaoBAeTBOpsiomyio cucreme (9), Mol 6yzem HexaTh
ypaBHeHHE

V (xl' Xgy <oy Xpy z): 0’ (15)

xoTopoMy sra QyHxuus yzosrersopser. Cunras, uto z ecTs pemenue
ypasienun (15), Mbl, xak H3BECTHO, HalizeM NPOM3BOZHBIE OT 2 MO
NEPEMEHHBIM X, X9, ++ ) Xn, NOACTABASS B BBHIPAKEHHSA

v 1 v
Pl=_-a%v P2=_'?'I;! ey PaT ?K (16)
0z Oz Oz

BMECTO z €ro 3HaueHWe, HafigeHHOe pemenuem ypasnennft (15). ©)
OTcioga BLITEKAET, YTO BbIPAKEHHs, MOAyYEHHbIE M3 ypaBHEHHA

UOCAe 3aMEeHbl B HHX Dy, P, +++y P, KX BhIpAKCHHIMH 6):

ov ov m OV ooV _
: Xf)gg-erx(z)'a—@‘—i“---—i‘Xf TY;_I_X‘ 57 =0
oV ov mwm oV, LoV __
m_= @ 4 XY+ X, =0
Xz ox, +X2 (3x2+ + 2 ax”—r 2 " 0n L 17
oV @ OV my OV © 0V=0
W XD X X 5
K 0x, X Oxy oK 0x, Oz

AOAZHB! 06palllaThcs B HyAb IOCA€ 3aMeHbl B HHX Z €ro 3HaueHHeM,
HafigenHbM u3 ypaBHenus (15). )

TNoka, oaHako, 3aAaya HaXOMACHHA PEMIEHHA CHCTEMEI (9) cse
ZeHa HaMH K 6oAee CAOXHOW Ha BHMA: HA#TH Takylo (QyHKLHIO

V (xy X3 - -+ X,» 2), 4TOGDI KaXAOE ypaBHEHHE CHCTEMbI (17) 6niro
caeacreueM ypasuenus (15).
Slcno, uro Beakas Qyuxums V (xy, Xs, - . -, X, Z), YAOBAETBOPAIOWAS

cucreme (17) He3aBHCHMO OT TOTO, COGAIOZEHO HAM HET ypaBHEHHE (13),
T. e. TOrZa, KOrZa 2z TPaKTyeTCs KaKk HE3aBHCHMOE MEPEMEeHHOe,
A4CT BO3MOXHOCTb HajiTé pemenne cucTemsl (9); cocraBus npu nOMO'Il..L:,)If
ee ypasHenre (15), Mbl MOAY4HM, HMEBHO, ypaBHEHHE, pemenm; za:;qn_
poro yaosaetsopsier cucteMe (9). Ho caeayer aymars, 1?0, o % -
Basch npm pemiennn cuctembl (9) Temu ypasuenumsmu (15), B K é)cex
dyukgus V Hal'fmen;) pemennem cucTemn: (17), Mo He Hafizem
#i cHcremn (9).

peml\?ll;xm;asoaem 're( penleHust CHCTEMDI (9), xoropbie MOryT GniTH Haj;
ZeHbI TIpH OMOLUH OMHCaHHOrD MpOUecca, OGLIKHOBEHHDIMU PEmEHHs s
cucremnt (9), AaBas TeM pEUIeHHsM, KOTOPhie MPH STOM MpoUeC
MOT'YT yCKOABSHYTb, HMS OCOGEHHBLY PEeUleHUL. . .

Mol mocsaTum maxoxaennio OcOGeHHbix pemennil OTZEAbHbIR na
parpag. [Toka ke ykaxeM 0gHO CBOHCTBO OGbIKHOBEHHDIX PENIEHHH.
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Ecau V(x, xo, ..., x,, z) ymosaersopser cucreme (17), To et
YAOBAETBOPAET B (QYHKIHs

Vixy, x3 o2y x, 2)=a,
rae a OPOM3BOADHOE NOCTOAHHOe. 3HAYHT Z, HafifeHHOE K3 ypaBHEHMA
V (Xl, X3y o ey Xpr Z) =a, (151)

B KOTOPOM @ €CThb NPOU3BOABHOE NOCTOSHHOE, eCTh pelieHHe CH-
cremnt (9), m To peulenKe, 0 KOTOPOM TOBOPHAOCDH paHbille, IOAYYAETCS
H3 HErO 3aMeHOH @ nmyaem. 3HauuT, BCAKOE HeocOGeHHOE pemenne
NPHHAAACKHT CeMeiiCTBY pemeHuf,, 3aBHCAIUMX OT NPOM3BOABHOIO
NapaMeTpa @ M IMOAYYAETCS 3aMEHOI0 3TOTO MapaMeTpa HyAEM.

O6parnoe Taxxe cnpasegimso. Ecan HEKOTOpOe pelieHHe TPHHAZ-
ACHHT CeMeHCTBy pemienni, 3aBHCAYHX OT NapaMeTPa @, TO OHO E€CTb
pemeHre O6bIKHOBEHHOE,

JeficTBETEADHO, TOAOMMM, uyTO

z2=9 (xh Xy ooy Xy a) (18)

NPy MPOU3BOABHOM a YZOBAETBOPsieT cucreme (9) m npu a =0 o6pa-
aeTcs B AaHHOe pemenne 3Tof cucrembl. Pemus ypasnenwme (18)
OTHOCHTEABHO @, MBl NMOAYYHM ypaBHeHHE

Vixy X2 ooy X 2)=a, (15,)

KGTOPOMy yzoBAetsOpsier (18) m npu @, pasoM myao, aamnoe peme-
nue. CocraBasa npu nomown (135,) cnauara Boipamenns (16), a sartem
ypaerenns (17), MpI OAYSHM cucTeMmy ypaBHeHHfi, ABHO OT @ He 3aBH-
CAIYX, HO KOTOPbIE BCE OGPAIlaloTCA B TOXKECTBA NOCAE HOACTAHOBKH
B HMX 3HAYeHHs z, Ha#djemnoro us ypaememms (15;), T. e. Pyux-
unu (18). Ho Torpa xammoe us ypasmenmit (17) goazuo 6biTh TO-
RECTBOM W /JO HCKAIOUEHHS 2: €CAM OHO TOXECTBO KaK (YHKLHA OT
X1y X3 - -y X, B @ TO OHO OCTAHETCH TOMECTBOM H NOCAE OBPATHOroO
BBCJECHHSA Z MYTEM MCKAIOUEHHs @ NPH nomowu ypasueums (15,); mo
noscTanoska B (18) ma mecto @ ero smauemms (15,) o6pamaer (18)
B TOKECTBO.

43. 3ameHyTOCTE CcHCTeMELI, Aalomeli He oOCOGeRHBIE pemenHs.
[lpuctynas x aoxasareabcTBy Teopembl, Mo KOTOPOH cHCTeMa 17)
3aMKHYTast, PACCMOTPHM CHAYaAa, B BHAE BCNOMOTAaTEAbHOH TEOPEMB,
6oree obmmyio 3agauy.

[loaroxnm, uro gamm gBe QyHrIuH

f(Pn P2y ooy Py Xy5 -« -y Xy Z). (19)

O6osnauas npomssogusie or pynrmar V npomnroro naparpada uyepes

s Xy 2)y, F (pys poy - -

vy Pps X19 +

G Gay - - +» 9us 9
T, €. NOAQKHB
oV ov oV
qt='5:\,?! SR qn:'d?" q:Tz’

s

e s

iy g B
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Mpl MOxeM 3asmcumocTam (16) aate BHA
% p,,=—l"—- (20)

p1=-——--—-q—, a ey q

VYcAaoBuMes BpeMeHHO 0603HaYaThL uepes f) pesya%al' 3auen:
B QyHKUHH f apryMeHTOB Py, -5 Py MX BBIpAKEHHAMH (20), 7. e. m

caTb, HampuMep, ,
(f)=f(—q—ql’ “_‘_qqls ey —%n X3y Xy + - -9 Xo» 2) l
9n
(}')ZF(—%W _%! RN _7’ Xy Xgy o oc3 Xny z) j
4 HafileM 3aBHCHMOCTb MexJay ckobBkaMu
Ir Fl, ) (F)

H mepe-
flko6n n [1yaccona, cuuras B (PyHKEHAX (f) n (F) nesaBucumbIMu nep
MEHHDBIMH HE TOADKO X;, Xg, »- .y Xy HO H Z.

(21)

Tak kak ‘
a0 (2)(-4). $2-(2). - (%)
() g+ ()5
L {(&) ot ) 0 |
0= S (A0 KA A
LD oA A
S ()~ (20)) -
S () (48} -0 (25 () -

— S () e () () [(5) +
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Hrax

. §
(N (F)= g (U FD. (22)

8'1‘0 H €CTb Ta 3aBHCHMOCTD, KOTOPYyI0 Mbl MMEAH B BHAY.

Mepexo
o X pH an K AOKa3aTEAbCTBY 3aMKHYTOCTH cucremn! (17), sameuaem
PH HANIAX HOBLIX O6O3HAYEHHAX 3TA CHCTeMa HMeeT BHA: ’

¢ n
v’Yl'“Xi 71+X§2)q:z+ v "[‘X(x )qn-{—Xio)q:O

.....

U SR ¢ )
= x® (2)
Ym anql_}—quz—}—...—l——X(’:)qn—[—X(’:)qu Jl
TiprdeM mo cnocofy noAyvenns ee ypasHeuull, Tak kak
X)=—x0N_x09 __ _ xymI _ xO
q i q * 1 q i’
HMeeM
Y =—q(X) (23)

113 23 a 10 1aeM, ﬂOJ\bswle CBoﬁc-IBah!I! c“-060l< IlyaCCOHa, 1T0

Y, Yj) = (q (X)), q (XJ)) =

0
=P 0N +e) 22y 2 gy
Tak KaK, Hampumep ‘

(@(X), ¢ (X)) =g (X)), ¢ (X)) +(X) (9, 9 (X)) =
=g (), g )+ () LE.
Beaeactsue aroro, no gopmyre (22) noAy4aem:
Yy Y)=—q (X, X))+ Ag (X)+ Bg (X)),

o6osnauas Gyksamm A m B mue umeio
B paBencTse (24).

Ecan cucrema (9) samkmyras, o
[Xv Xj] =C X1+C2X2'{‘ eve "[‘Cm X
rae xoapduumentnl C,, Cy,. .., C, saBucar or x,, x
Pase s P ) e
3uaunt, B 3TOM cayuae
' (Yo Y)=—q[(C)(X)+(Co) () -+... +(C,) (X, )]+
T Ag(X)+Bg(X)=(C) Y, +(CHYot...(C,) Y, — AY,— BY
m P

OTKyAa sicHO, uTo cucteMa (17°) samxnyra.

IIHE 3HAUYCHHSA KO3POUIHEHTHI

++y Xy, Z HOT py,

) HS CKasaHH! §
oro B 3 ACHO, YTO TOABKO (p
1 9 T KOBCP HITHEHTbI i 3
, o ) yid C' n C:’ BaBHCAT OT
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Ipumeuanre. Tlocae mpHBeaenns NOZOBHLIX YACHOB B mpa-
BO# UACTH [OCAEZHOTO PAaBEHCTBA, KOHEYHO, MOAyYAETCA PyHKUHS,
B kOTOpOl KOBDOHMUHEHTDbI MPH

Yy Yo rrsVm : (25)
HE RaBHUCAT OT
G392 - rInr G-

Tax Kax BoiBejCHHbIe (GOPMYABI MOTYT O6bITH HPOYMTAHH! H
cnpaBa HaAeBO, ACHO, UTO M3 BAMKHYTOCTH CHCTEMEI (17’) wmomuo
caeAaTb 33KAIQUEHHE H O SaMKHYTOCTH CHCTEMBI (9). Beaeacteue
aTOrO, TaK Kak obpamenne co ckobxamm Ilyaccona npome, sem co
cko6kamy S1ko6H, MOZHO NpH pelleHAA BOMPOCA O 3aMKHYTOCTH
cuctempt (9) Boibupars caegyrommii myThb: npeo6pasoBbiBaTDh
cucremy (9) cuawara B cueremy (17') n satem m3yuars cxobxn
Tlyaccona, cocTaBAeHHDBlE MPH MOMOULM QyHKUMH (25).

[lpu sTOM, OAHAaKO, HaAO COGAIOAATL HEKOTOPBIE NPEAOCTO-
POMHOCTH, 4YTOGHL He MOTEPATD BO3MOMXHOCTEH, OTMEYEeHHbHIX
s nyaxre (I, 2) § 40.

Ecan cucrema (17’) He 3aMKkHyTas, TO B Pe3yAbTATE H3yHEHHS
cko6ok IlyaccoHa Kk Heil JoAxHbI ObiTh TNPHCOSAHHEHDI HOBDIE
ypaBHeHHS .

Ho no cmmicay samaum, kx cucreme (17°) HeAbss npmcoesu-
HATb ypaBHEHHs, H3 KOTOPOrO MPH NOMOUIA OCTaAbHbIX ypaBHe-
HHf BbITeKaAO Gbl ypaBHEeHHe

g9=0,

Tak kak QyHk@us V, yaosaeTBOpsiOias cHCTeMe (17), aoaxma
3aBHCeTb OT 2: MHaye H3 YPaBHEHHA

V (xys Xgpe v o5 Xy 2) =0 (15)

HeAb3s Obin0 Obl HalTH Z.
BnauuTt, ecaM B X0Ze mpoluecca ofHapymUTCS YpaBHEHHE BHAA

qm(xlv Koy ooy X Z)::O’
T0.H3 HEro HYAHO CAEAaTb 3AKAIOMEHHMe, YTO HE ¢ PaBHO HyRIO,
a CnpaBeAAHBO PABEHCTBO
o (xlv Koy ooy Xno 2)=0,
KOTOpPOE NPUBOMT K TeM Ke 3AKAIYEHHAM, KOTOPbIe Gpian cae-
aAaunt B § 40.
Ipumep. [IponnTerpuposats cHCTEMY

f=pi—ps—2z=0, F=py,—pg—z—x3=0. (26)
Cocrasass cxobku flko6m, nmeem
[ Fl=1-(—p)—1- (—1—p)—1-(—p) F1- (—p) =
=—p ol l=—p—ztptzrnptl=1ltx
[Mocreaunil pesyAbTaT FOBOPHT, UTO CHCTeMa peimmeHudl He
umeeT. Samenss cucremy (26) cucremoit

fqu‘——qs—{—zq=O, ?::%_%—l—(z“rxs,\qzo
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Ca. HI. Cucremnt Ammefinnix HEOAHOPOZRBIX VPAaBHEHRH
n cocTaBasisi ckob6ky [lyaccona, maxopmum:

(fF)=1:0—1-9+29—1:04+1:0—(+x)g=—q(1+ x)
tak Kak ¢ 7~ 0, umeem
14 x,=0;
T. €. CACTEMA pemenuﬁ He HMeeT.
44. Wagerpupopanme 3aMxayTOM CHCTEMBl. YCTaHOBHB 3aMKHY-

-roc'rt(u) cuctemnt (17), M(l;) MOAYYAEM BO3MOXKHOCTb HPHAOXHTh K HHTE-
IPHPOBAMHIO CHCTEMDI BCE CKasaHHOE

1 06 MHTErpHpOBaHHU -
POJHBIX CHCTEM. PP " oane

Bo-nepsoix, tax xak cucrema (17) M3 m ypasHemnmii sasucuT
OT n-}1 HesaBuCHMLIX NepeMEeHHEIX, OHa ZomyckaeT n--1-—m axre-
6panueckn HEBaBHCHMbIX penleHui.

Ecan

Vrw Vg oo Vo Vo @7)

3TH pPELICHHd, TO

Wiy Vi oore o Vo Vol

o
rie ® mpPOU3BOAbHAA (PYHKUMA OT ee apryMeHTOB, eCTh caMoe ofmiee

pemenne cucrempt (17), a camoe obmee pemenne cucrempr (9) Mni
HafigeM, OTbICKHBasi z M3 ypaBHEHHS

(V41 Ve -1 Vi Vo) =0. (28)

Bo-sT
OphIX M3 CKa3aHHOTO SCHO, YTO, HHTerpHpys cucteMy (9), Moxno
OCTaBHTh CAefyromyio 3agawy Komm.

Jaubl uncaa:

© _© 0
Xy 5 Xy 5e s ©

o Xy,
K QYHKLHS

A LA C MR )
Haiira To pemenne cucremnt (9), 8 xoropom npu

— .0 0
T, = x, ,x2=xé),...,x

— LO.
= Xm+ 2=9(x

12 X,
Slcno, uTOo AAs nOAyueHHE HCKOMOTrO pemeHHst HaZO HCKATh TO
pemenue cucreunt (17), B xoTopoMm mpu
NG R ©
Xy ==Xy Xg == Xy ye .,xm=xm): V=z2—38(x, ;- %,

Zlas aTOrO Hajo MckaTh raasuble pemenua cucremsl {17), T. e. Te ee
peuleHHs, KOTOPbIE, KOrja

— O — . 0
X=X, , Xg =X, ,...,x,m:xfn),

vbpamaroT
PAILAIOTCA COOTBETCTBEHHO B X, 4 15+ + +5 Xpy 2o

( )
s TH € y
ECJ\H 2; HMEYHO 3 [S1185328%8 TO HKUHUSA
p ) q) g Z HaxXOZHTCH H3

Vom0 (Ve V) =0,
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Mpur naxomaeHuH pemieHud (27) MO®HO, KOHEUHO, IOAb3OBATHLCA raxzoft
M3 yKasaHHbIX ABYX METOL: metoaoft SIko6n mam merozoii Komm.

BametHM, UTO BCe CKasaHHOE B § 31 goaxno 6bITp IPHUHATO BO BHH-
MaHHe MPH HHTErpPHPOBAHHN CHCTEMBI (17); Ho 6oaee, Tak Kak B aei-
CTBATEADHOCTH HHTETPHPYETCA CHCTEMA (9), To MoryT o6mnapymHTDOCH
B OGCTOSITEABCTBA, aHAAOTHYHbIE TeM, O KOTOpHIX FOBOPHAOCD B § 16.
Jas Toro, uro6nl cucTema (17) umeaa McKOMOE FOAOMOPQHOE pellenHe,
ZOCTATOYHO, YTOOBI OIpeAeAHTEAD

X0 X
A 29
X0, X

He 06paiyaAcs TOKECTBEHHO B HyADb [HOCAE 3aMEHbl Xp,. - -5 X, KX Hadarb=
HbIMH 3HAUEHHSAMH.

Ecaun 31O ycaosue coBAIOJEHO, TO MOKHO Bni6paTe HavaAbHble 3HA<
YEHHUA Xy g+ 2 X 2 tak, 4To6bl HavaibHOE 3RAUCHHE ONPEAEAWTEAA

ge GhIA0 paBHO HyAlO; HO KOMJa HMHTErpHpyercs cucrema (9), MOXHO
NPOU3BOABHO BbIGHPATb TOADKO HAuaAbHDIE SHaueHHA apPTyMEHTOB

Xm+1, “e ey Xy HaYaAbHOE X€ 3Ha4dcHHE apryMeHTa 2 ONPEACACHO paBen-

CTBOM:
z2=3 (X Xm v ) x,)
CAegoBaTEAbHO, ECAH OMPEJEAHTEAD
XD, AL
e e e e 29,

1 n;
XDy, (X5
noayyaempiit n3 (29) 3aMeHOI00 APTYMEHTOB Xy, Yo« « o9 Xy AX HayaAbHbIMHA
apaueHHsMH, OGpalaeTca B HYAb NOCA€ 3aMEHbl Z Hepes 3, mnb He
MOXeM yTBEPKAATD, YTO CHCTEMA HMEET FOAOMOpP(HOE pelIeHne, YO~
BAGTBODSIONIEE MOCTABACHHBIM yCAOBHAM.

MoHo Aaike, HCKAOYas H3 CHCTEMD (9) smaveHns NPOM3BOZHBIX
P1» P2y + +1 P TPH HAYAABHEIX SBHAUCHHUAX ApPTYMEHTOB Xy) Fgy+ « 9 Xy COCTA"
BUTb yCAOBHs, QHAAOTHUHbIE YCAOBHSAM § 18, cesasbiBaomue BbIGOP
(YHKIHA 3, 6e3 cobalozennsn KOTOPLIX cucrema (9) HaBepHOE He HMECT
FOAOMOP(QHOTO PeUICHHs, ECAK BOOGIE OHa HMMCeT HEKOTOpoe peIleHKe.

BosMOKHOCTS NOSBACHHA TOROBGHBIX O6CTOATEADCTB JOCTaTOYHO
pasbscHeHa B § 18, mocBsIIeHHOM 3aAade, sBAAICIIEHCA TOABKO HacT-
HbIM CAydYaeM TpakTyemo# Temepb. 3aMeTHM TOABKO, YTO TeNepp ASAO
3HAYHTEADHO YCAORHSETCS; ©CAH BCE MHHOPDI onpeaeanters (29))
rakme O5pamaloTCA B HYAb, TO 0 momeT GbiThl CBA3aHA HECKOADKHUMH
sappcHMOCTsMH. Mbl OCBETHM STH OGCTOATEABCTBA B CACAYIOUIEM napa-
rpage. Tenepp ®e 3aMeTHM, UTO KOrAa KakuM-Hu6YAb ofpasoM HaRAeHD
aAre6pamueckn HE3aBHCHMbIE pEUICHHS (27) cucremmt (17) m cocras-
aeno camoe cbmee pemenne (28) cucTeMbl (9), mmausHayaAbHOE H3Y-
yenne ypashenus (28) momeT MPHBECTH X HAaXOmAEHHIO pelleHus, Y40~
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BAETBOPAIONIETO TOCTABAEHHBIM YCACBHSM H B TOM CAydYae, KOrza
He Bce Oaaromoayuno ofcromt ¢ ompegernTereM (29); MbI TOABKO He
MOXEM eIllle CKasaThb HHYErOo ONPEAEeAeHHOrO O CYLIECTBOBAHHH TAKOro
pelleHHss B 06 er0 aHaAMTHYECKOM XapaKTepe.

[Tpuwmep. [lpounterpuposars cucremy:

2p;=(x12) (ps—1), 2py={(xs—2) {ps - 1).

[epenucad cucremy B BHae:

2p—(xs+2) ps- (xs+2)=0, 2py—(x3—2) ps—(x;3—2) =0,
npeobpasyeM ee B OJHOPOJAHYIO:

fi=2q,— (e5-2)qs—(x3-F2)g=0, F=2¢,—(x3—2z)gs5 |

+(x;—2)g=0.

Cocrasass ckobku [lyaccona:

(fF)=2:0—(xs2) (—g5-+-9) — (x3+2) (g —¢) —2- 0

+s—2)(—q3—q)—{xs—2) (—q3—q),

ybempaeMcs, 4TO CHCTEMa 3aMKHyTa.
Uro6pl HafiTH ee rAaBHbie pemennus, COOTBETCTBYIOIHE

x1=0, Xg=0,

HIEM COOTBETCTBEHHbIE IAaBHble pelleHus BTOPOrO ypaBHeHus. Mure-
CPHPYs CHCTEMY:
dxy  dxg dz

2 —(yy—2) A3—z

’

HaX0ZHM HHTErpPaAbl

0 0 'y
X5 —}—‘Z — xé )+ Z( )’ ea (1‘3 . Z) — x;()) . 2(0),

OTKYZd 3aKAIOYaeM, YTC HCKOMbIE TAABHLIE PEMIEHHS:
1 3 1
’2_[3-’3 +z-+e" (xs—2)], D) [x3+z—em”(x3—z)]. (30)

Ocraercs nafitn pemenns nepBoro ypauuemms, obpamarommecs npu
x;=0 B Qysxunn (30).
Cucrema, cOOTBETCTBYIOIIAA NEPBOMY YPaBHEHHIO

dx, _ dxs _ dx, d

20 (w2 —(uf2

HMEET HHTErpaAke:

0] 0 0
r=x, xs—z=x0— 29, e (xz+2) = x4 2O,

ChrezoBaTeAbHO HCKOMBIE pemeHHs CHcTeMul HoAyuaiotes ms (30) sa-
MEHOI0 B HHX Xy, X3, Z COOTBETCTBEHHO Yepes

Yoy "é— [xs—z-t-e™(x;+2)], ‘;‘ [";x'("a“}“z) — (x3—2)].
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Hckompie pemernns
2 I @2 b — )], 5 [ () —e™ (1—2)]
Camoe ofmee pemenne cucTeMbl HaflzeM, pemas ypaBHeHHe:
0 [e™(t, +-2)Fe™(r—2), € (- 2)—e™(t—2)} =0,
B KOTOPOM ©— MPOM3BOAbHAS (PYHKIHS.

Pemenne, obpawaromeecs B U-(xg) npu x; = x, =0 naiigem, pemas
ypaBHeHHe:

2 1 (et 2) e (g 2)] —

% [% (€™ (g 1 2) ™ (x5 — z)}] —=0.

45. Ocobbie caywaun sagaum Komm. Paccumorpum Tenmepn cAyuau
sagaun Komn, B KOTOpPHIX, OCHOBbIBAsCb Ha CKA3aHHOM O CHX MOP, MbI
He MOXeM yTBepkJaTb, UTO 3ajaua MMeeT pemeHme. Mpl BeTpeTnames
¢ Takumm caysasmu B § 31 m oTAcmmMAM Tam mccaegoBamms mo paspa-
60TKH NPHEMOB HHTETPHPOBaHHs HEOZHOPOZHOTO YPABHEHHs; B NMpPO-
IMAOM maparpage Mbl CHOBa NOAODIAH K YKA3aHHDIM CAyYAAM.

Sanrmascp cHcTeMoOd

Xil)pl.—}—X](?)pQ'—l_--.-—l—X;n)p”_XI(O)____0 i
...-....:4........0.-% (9)
|
]

1 2 () 0 __
X0p,+ X0 py 4 X p— XY =0
Mbl MOXeM CuUupTaTb, HE Hapymaﬂ OGIgHOCTH HCCAeAOBaHKﬂ, 9TO HMeeM

Zero co caegyromed sagauet Komn. Halitn 1o pemenme cucremn (9),
B KOTOPOM NpPH

x;=0,..., x,=0:2=0. (31)
AeﬁcTBKTe}LbHO, ecan OBl OTHICKHBAAOCH TO pemenre, B KOTOPOM npu
x-l == 81 (xm+1,. . "xn)" ey X T {}m (Xm+1,- . .,X,n):Z =0 (xm+1,' . -,Xn),

Mbl CBeAH Gbi erO HaXOmAeHHME K 3ajave, OnpeAeAeHHOH ycrosusmu (31),
TTOAOXHB :

X =¥ (L ox)=. o, x, — 8 Cp1se - s %) =15
z——@(xm_l_l,. co¥) =y
wu TpakTys £y, .., §,, ¥ kax HOBble He3aBHCHMble MepeMEHHbIE H HOBYIC

HEH3BECTHYI0 (PYyHKUHIO.
[Toromnum, nMes pero c¢ kakoH-HEEYAL QyHKyHed

JOo Xy o 32 Xy o 0%y, 2)
OT Xy, X3,. .., X, HZ, UTO

(f)=f(0,...,0,xm+1,. oy Xy, 0)
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Ecauw onpeaenuterb
1) ‘m)
X0, . (X)
e (29)
1 )
X (D) |
HEe paBen WyAlo, TO, KaK BbIACHEHO B MPOWIAOM Maparpage, Mbl yMmeem
HaXOAMTb MCKOMOE peIleHHe ¥ HAXOAHM AAS Hero ejzWHCTBEHHOE 3Ha-
yeHne. .,
Ecam xe ompeaernterb (29,) paBeH HyAl0 TOXECTBEHHO, TO CymIe-
CTBOBaHHE FOAOMOQ(HOTO PEMEHUs BO3MOMKHO TOABKO MPH COBAIOACHHH

O/IHOTO HMAM HECKOADKHX YCAOBHH.
B cayuae saganms (31) Mbl mOAyunmM STM yCAOBHSA, HCKAIOUas

(). - -» (pn) B3 ypasuenufi
&) )+ -« - + X)) = (X

« e e « o .

X o0 F ™) (o) = (X9)
Taxk KaK B CAyuae 3ajaHHA (31):

(p)=0, ecam j>m.

Ms1 6yaem mpeamoaaraTb, UTO 3TH YCAOBHS COGAIOAEHH.
[MoAoxuM, YTO MHHOP TOpsgka s ompeaernteas (29,):

&), .- AXD)
L (2)
(X, .., (X"
He paweH HyAI0, HO YTO BCE €r0 MHUHOPHI mOpsaka s 1 pasnor mHyato.
[peamoroxum ewle, wTO OJWH U3 ONMpeAeAHTeAed nopaAka m Ta6-
AR
. X X7)
D (X)
sakaovalomnii onpezeantern (32), HanpuMep OMPEACAHTEAD
XD, . (XE), (XYY, (X )
L. (33)
XDy, (X (X0, (XS
He paBeH HyAlO.

Ecan 6m aTo BTOpOe mpeanoromeHue He OGniA0 COGAIOAEHO, TO
MOXHO 6bIAO 6Hl COCTABHTb ypaBHeHHe, B KOTOPOM HAYaibHbie 3Have-
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HHMS BCeX KO3(pdHUHEHTOB OnAK 6bl paBHbI HYAI0 H Mbl HMEAH 661
AEAO CO CAydYaeM, aHAAOTHYHBIM HCKAIOUEHHOMY HaMK M3 PACCMOTPEHM

B § 18, ‘
O6parnm Teneps cuctemy (9) B cucremy

: , ,
X0q + %Pt -+ X, X g=0
Sl (17)

L) .
XPgy + X2+ .+ X g+ X =0
oanopoaunix ypasennfl, o6osnayas GyxBaMH g, HPOUBBOAHbIC OT QyH-

xkume V. [locTaBrenHas Hamy 3ajada Komu o6pamaercas aas
cucrempt (17) B 3azauy: nafity TO pelIeHHE CHCTEMBI (17), B xoropom

npa x;=0,..., x, =0

V pasua Qynxuyun, obpawaomefics B HyAb npH z==0.
CoOTBeTCTBEHHO IPEATIOAOKEHHSM, CAGAAHHBIM 06 onpejeAnTeie (33),
cucrema (17) moxér GbiTh pemeHa OTHOCHTEADHO NPOHM3IBOAHBIX

Gis @25« 390 Gm+13 > 392m — s
# npeoGpa30BaHa B HOPMAADHYIO CHCTEMY:

2m—g 1)
ql+b§8+l)qs+l+""‘)‘b(lm)qm‘i‘b(lm o Pom—s i1 T
+ o8, b9 =0

om —s-+1)
q8+b(ss+l)qs+1+"'—[—bgm)qm—l_b.(sm oF q?m—s+l+
Fo 6P q,+bg=0
(m) (2m —s +1)
qm+1+b$i? qs+1'+ +b'n?+l A Tom—s+1 +
(0) —
+...+b$)+lqn+ bm+1q'—0

- « 4+ e e e

(&0

(Zm—s+1)
qu—s+b(2int1;qs+1+"'+bg’1:n)—sqm+b21::'—: q2m—s+1+
( ©) —
*{ﬁ"'_l_ 22—3qn+1)2m—sq_0‘

[Npu Bcem aToM BCe KOIPPUUHEHTDI b ocTaroTcsa roAOMOP PHLIMHU BOAKBH
TOYKH

© ©)

=0, 0, X, =0, Xyt =Xy X=Xy z=0,

0 0) _
€CAH YHCAA xsn) Fpe xfb Bbi6pannl nogoGaroyum 06pasoM, u crpa
BEJAMBBI TOXECTBA

(6 =0, i=s-+1,...,m,0, k=m~+1,...2m—s. (35

0
Ecan 6n (b,(‘ )) 6piAM OTAMUHBI OT HYAs, 3aMeHa B MOCAEJMHX /M —S$
ypasuenusx (34) xy, Xg,. - - X, # 2 HyAAMH IIPHBOZUAL 6bi K IPOTHBOP EHHIO.

8 H. I'marep.
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Ta HI. Cueremmr AunefiHbix neosHOPOAHHX ypasnenuii

K mnurerpuposanmio cucremn (34) npumensem meroay Kourn,
Zannyio B § 34.

[Toroxum
0 (Xg e r Xy Xom g 1re e -o%y) (36)
NPOH3BOADHAS (QYHKIHSH, YAOBAETBOPAIOMAS YCAOBHIO
oa(O,...,O,xzm_s+1,...,xn)50 (36,)
4
M HUleM cHayaAa pelleHHe CHCTeMbl [0 YCAOBHIO: €CAH

— — __ O —_
X0, =0, X, =X Ky = Xy s

\
T0 } 37)
)

Ve=z4o(x, e sXp Xy g1 %)

Ipuaaras merogy § 34, mbl npexmae Bcero goaxanl mafith TO pe-
HIEHHE CHCTEeMbl

PAPE S o ) WS SRR L T &
O T e agr e B e G (B ) g =0
AT 1 (2 itys TSP SO Y (o 0 T B

2m — n,
+ (b(Zm—:+l))s qu—s+1+ A + (b(%r)l—s)s qn_i_ (b;(a)z)z—s)sqz 0’

— e =®
AT = Kl c Xy g T Ky T

V=24 00 v os Xy Xop_gis o+ es ) (37,))
B ypasnennax (38) smak (b), o603navaer pesyabraT saMemn apry-

MEHTOB X;, Xy,...,X, HYASMH.
[Toromum, uro

B KOTCPOM €CAH X,

(V)s =% (xs—l-l’ b "xm’ xs-}—l’ ceXgpos x?m—s-{—l’ s Xy z) (39)
Hafigennoe pemenne cucreMn (36); B HeM, no ycAaosmmwo,

©) ©0) —_
go(xs+1,. Xy Xgnltye e s X gy Xopp i1 s s Xy Z) ==

=z} w(xe_l_,,. o Xy Xg g ige e e xn), (40)

O6o3nauas spemenno wepes (¢) pesyabTar samennr B pynxuur (39)
apTyMEHTOB 2, Xg 4.« -, X, HYASMH, AOKaXeM OpExje BCETo, aTO

()=0. (41)

JefictuTernno, samenss B (38) aprymentsi x ., ..., x,, Z HyAdMH
u moabsysico romecrsamu (35), Buamm, uto Qynkuma (41) yaomaerso-
psAeT CHCTeMe ypaBHEHHH

qm,{-l + (bifbﬁl—s+!))q2wz—s+l + e + (553)4.;)% =0 }i (42)
q?m-—s + (bii:?:s?+1))q2m—s+l - }_ e + (bg?b—s)qn == 0; .’

EENUITSLEPE +
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npu aToM, BeaeacTsre (36,) u (40) no samene .x,, ;. . %Xy, , MX Ha-
4aAbHBIMK 3HAYEeHHSMH, OHa 06PalaeTCs TOMECTBEHHO B HYAb.

Ho cucrema (42) nMeer ezMHCTBEHHOE pemenHe, YAOBAETBOPSIO-
1lee YCAOBHsM: :
©

—_ L0 N ()]
CCAH X, 11 = Xppqare s 3 Xop 5 ™ Xom g

T0 (9)=0

H 8TO PElIEHHE

(¢)=0.

Jrs oxonuaTeabHOTO HHTErpHpOBanus cucTembl (34) ocTaercs maiita
TO peHIeHHe CHCTEMbl M3 NepBbIX s ypaBHenuit (34), B KoropoM

apu x =0,.. ., x,=0: V=X, 1se-sXps Xppipse-rXomy_ 0 Xam g1+ o3Xps Z)-
[Toroxnm, uto

VZ(‘f(xp'-'r Xy 2) (43)

xs’ xs-{—l’ ° "xm’ xm—}—l’ <1 Xop g x2m—3+1’ ot
3TO pemeHue.

[To samene:
X;==0,...,x,=0

oyuxnus (43) ob6pamaerca B (39); oTa mocAeaHsss, ecAW B Heli mOAo-
KHTD

X, = X(O) X, = X(O)
mt1" w1t Tt em—g T 2m—sg?

ofpailiaeTcs B .

z _IL m(xs+1' s Xy x2m—s+1’ b "xn)’
OTKyAa ACHO, uTo V 3asucur OT npousBoabHoRl Pyunxuuw; (V), umeer
BHJA

(Vly=zt 0 (X e or Xy X giqee o x,) 4+

i
T+ g Xy X Xy e es Xy ),
rae
< 0 (0)
l}(xs_H. s Xy xm+1’ s Ko g x2m—s+1 PR ) z) - 0’

a Takxe, 10 AOKA3aHHOMY Bbinle,

00,0000, Xppigs vvns Xop_gs Xogy gy -+ v Xy 0)=0.
Buauur npu
x,=0,...,x,=0, xs+1=0,. e X, =0
Mbl MMeeM
$(0,...0, 0,0 ., 0, X iseees Koy Xy i peeer Xy Z)=
=z 4+ 9(0,...,0, E SURTIPTVE S ST PRI z),
npuueM 3Ta (PyHKUMA obpamaeTcs B HyAb npu z==0.

HMa ckasaHHOro BbiTEKaeT CHOPABEJAMBOCTb HalIEr0 YTBEPXACHHS

O MHOXeCTBeHBOCTH pemennii y 3agaud Komu B paccmarpHBaeMOM
cAayuae.

§*
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46. XapaxTepucTHieckoe muorooGpasue. Ecan

Vi Voo sV Vo @27)
arre6panuecKyu HesaBHCHMble pemeuns cuctembn (17), 10 mo ckasam-
romy B § 33 ypasuenns

‘/m-}-l = b

m-1?

Vs = bpyor- - sV = by, Vo=1b (44)

$

[}
BMECTE C ypaBHEHHEM

. V=c¢ (45)

OlpeAcASIOT XapakTepHCTHUecKoe MuOrooGpaswe cucremst (17).

Hsmepenne muorootpasus (44), (45) pasHO m, ¥ OHMO 3aBHCHT OT
n—m--2 napaMerpos.

O6o6mas cxasannoe B § 15, Mbl MomeM ckasaTb, 4TO ypasHe-
Hus (44) onmpeAeAsIOT XapaxTepHCTHYECKOe MHOTroofpasHe CHCTEMbl
(9); oTi ypasueuns ONIpeaeAstioT B mpoctpancrse n-+1 n3mepennii
MBOTOO6pasue M3MEpEHHsl m, 3aBHcAllee OT n—m—+—1 mnapamerpos.

Tak xax Heocobennoe pemienme cucrteMnl (9) aaercst paBeHcTBOM:

Vo= Vs -+ 1V, (46)

Mbl TOAYYaeM M3 XapaKTEPHCTHYECKHX MHOroo6pasmfi cHCTEMbl Xa-
PaKTePHCTHUECKHE MHOrooGpasmble peNIeHHs, CBS3aB NapaMeTrpsl
bm+1, ..., b,, b opnolt 3aBHCHMOCTDBIO

b= (b --by)

HAM, BbIPa3UB MX uYeDe3 HOBble M —n NapaMeTpPoB; XapaKTepHCTHYE-
ckHE MHOrooGpasusa pemenuft cucremn (9) saBHesT or m—n mapa-
METPOB, @ CaMH pEUIeHHs MOAYYalOTCsl HCKAIOYEHHEM STHX NapaMeTpPOB.

SameTHM, oanaxo, uTo ypaBuenne (46) JOAXKHO zZaBaTb BO3ZMOX-
HOCTb HAHTH 2z KakK (QYHKIHIO OT OCTAAbHBIX TEPEMEHHBIX; 3HAYHT
3HAUEHHA NapaMerpoB b, .,...,b, b xak QyHkuuM OT HOBbIX n—m
napaMeTpOB LOAXKHbI GbIThb TaxoBbl, YTOOBI HMCKAIOUEHHE BTHX HOCAEH-
HHX He TPEBOJHAO BMECTE C BTHM K HCKAIOUEHHIO z; NpH Hecobaio-
ZEHEHM 3TOTO YCAOBHS Mbl He TOAYYHM MHOr0O6pasus, NpHRAgAexa-
IEro peneHHIo.

MMpumep. Ecan gynxunu V,, ;.. ..V, ne sasucar ot 2, T0 HeAb3n
CTPOHTb XapaKTePHCTHUECKOro MHoroo6pasus pemenufi cuctemnr (9),
sagasast b,.,,...,b, xax Qysxgu# or n—m —1 mapameTpos K BbIGH-
past b 3a mapameTp c HymMepoM n— m.

Onucannniit 38 § 44 npouecc pemenns 3azayx Komwm, onpegeaen-
HOH yCAOBHSIMH:

ecAH x1=xg,...,x =x" 10 z=9 (x e x)
n m? m-419 L (244

PaBHOCHMAEH, KAK MBI MMEAH cAyuafl Boisichuty B § 33, caeagylomemy:
u3 cucreMnl MHorooGpasufi (44), sasucswux or n— m -+ 1 napaMerpos,
BblZEASEM FPyNNy MPOXOAAIMX YEPEs TOUKH

©) () 0y _(© 0) 0) o
(x1 v Xg s e e ey Xy, ,xinlrl,. . .,x; ,{}(xinH, .. .,.‘c(”))).

P
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[Toayuennoe muorootpasme, 3aBHCAliee OT n—/m NapaMeTpos

xf:zx-v cers xg:), (47)
6yaet, BooGue rosops, XapaKTEPHCTHYECKHM MHOroofpasuem pelue-
HHSl, a caMOe pEemeHHe MNOAYUHTCS HCKAIOYEHHeM IMapaMeTpoB 47),
T. €. 6yAeT reOMETPHUCCKHM MECTOM HallZJEeHHBIX XapaKTEepPHCTHIECKHUX
mHOroo6pasmuii. ) .,

Ecan @ynxumn (27) ABASIOTCH TASBHBIMH PEINEHUSMH CHCTEMDI {a7n,
COOTBETCTBYIOIIMMH HAYaAbHbIM 3HAYEHHAM £, ..., x5 aprymenros
Xy, -+, Xn, nprdeM Vo ofpaiiaeTci B z MO 3aMeHe BTHX apryMEHTOB
MX HAuaAbHbIMM BHAYCHHSMH, TO XapaKTEPHCTHYECKHE MHOr006pasus
3TOrO peuieHHst MOAYYAIOTCHA NPH MPEANOAOKEHUH

b _ 9 b = (0)

— © ©y,
1 Xm0 T Xn s b="(xpps- - +r %5 )i

caMoe pelleHHe — MX I'EOMETPHUECKOE MECTO.
fIcHO, Kak HAZO BHAOMSMEHATH TNpouecc Mpu pemenuH obme# 3a-

gauan Kommu.

47. Haxoxpenme ocoGemmnix pemienmii. B sakarodenne yxameM,
KakMe penieHHs, HasBaHHBIE HaMH 0cOOeHubIMH, OBIAH HCKAIOYEHD!
B § 42. :

[Horoxum

z2=0(Xy Xgye-orXy) (48)

HEKOTOPOE PEeHeHHe CHCTEMBI (9).

O6o3nauas 3uaxom (f) pesyabTat mogcranosku B Qysxumo f(xy,
Xs,...X,, Z) BMECTO Z €rQ sHaYeHHs (48), cocrapum TabGAHLY H3 3Ha-

uennit Ko3(QQUUEEHTOB cucTeMb (9):
(X, (A, - (XT)
T S (49)
(XD, (AD), XD

[Moroxum agaree, 4TO

0 0 ©)
x;((): Xg),- . -,X”

HEKOTOPbie HAYaAbHDIE 3HAUEHHSA COOTBETCTBEHHLIX apryMeHTOB; Hafizem

o (©
=2 (" 1)

I OpuMeM BO BHHMaHNEe TOUKY

©
(x(lo)’ x(20): crey xn)7 2o)- (50
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Teopema. Ecau oqun us onpegeiumeaeii nopasxa m mabiuyor
(44) ne pasen myao ') u ecau ecmo mourxa (50) na pewenue (48),
86ausu xomopou sce (n-1)m xoappuyuermos cucmemet (9) 10.40-
MopepHul, mo pewenue (48) momno naiimu no npasuram § 42 unme-
tpuposaruen cucmemvt (17), apyiumu ciosamu, pewenue (48) we-
ocoberrHoe.,

W3 sTo#t Teopemn BuiTekaer, uto pemenne (48) momer 6piTH OCO-
GennbiM, ecam co6rrofieHO OfHO M3 AByX ycAoBmit: mam 1) Bce ompe-
AeauTeAn mopsiaka m Tabanuel (49) paBubsl HyAlo; manm 2) B Kampaoh
Touke (50) na pemenmn (48) oguH B3 KOD(PPHUUUEHTOS cHCTEMBI Mepe-
cTaeT GbITH FOAOMOP@HBIM.

Bunmareabnoe msyucnue xoa()PHUHEHTOB cHCTEMn MOXET MOBECTH
TaxuM 006pasoM K HAXOMAGHHK) OCOGEHHBIX peleHHH, MOAXOASWHX
noa nyukT (2).

Afd HAXOMAeHHs pemleHnfl, moaXoasmux noz nyekr (1), Hago mpm-
PABHATh HYAI0 BCE ONPEACAMTEAHM MOPAAKA M TAaGAHLBI:
1
X0, X .. x®
Ce L (49)
X0, X9, xw

Haligs nexoropyro dyuxumio z, yaosaersopsiowyto ycaosuam (1)
uau (2), HAAO mMPOBEPHTH HENOCPEACTBEHHOH MOACTAHOBKOH B cHCTEMY
(9), obpasyer A Oma pemenMe CHCTeMB! HAM HeT.

pucTynas x AOKa3aTEAbCTBY TeOpeMBbl, MOAOKHM, HYTO ONPEAEAH-
TeAb U3 MepBbIX M CTOAGUOB Tabamper (49) me pasen uyao. Pemus

ypasuenus (9) OTHOCHTEABHO p,, Py,. . .,Pn, MBI MpeoGpasyem CHCTeMy
(9) B cucremy
(m—+1) (m+2) (n 0)
Pt e P ta Prjs T+ oo oy )Pn—'ag =0

N

(%)

m

T R R

Pm+am pm+1+am Pm+2+"’ +am p,—a —-OI
KO3 QHUHEHTHI KOTOPOH roaomMopdHble dyHKpun B6amsn Touku (50);
OpH COCTABACHMH STHX KOI(QUUHEHTOB NPHXOZATCS HMEHHO ACAHTD

1) Ecax ccrp ompegeantean mopsgxa r tabamme.

B, DD

ue paBHB HYAID, HO BCe oNpepeiutern mopagka r--1 pasum myar, To romopar,

uro pam mabaugm pasen r. [lepeoe ycaosne rTeopemnl Moxxo HO3TOMY BBICKA3ATH
rax: ecau pawnt mabaupvt (49) pasen m.
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4
TOADKO HA OTPEAEAHTEAh H3 NEPBBIX M CTOAGUOB TaGanybl (49z), :;)(;
topniii He ofpayaeTcd MO NPEANOAOKEHHIO B HyAb MO saMeHe )
spauendem (48); MOXHO axe CYHTATb, UTO OH HE HYAb B TOUK A 0).
Coorsercrsenno dToMy cuctema (17) oxamercs 3aMeHEHHO

cTeMoit

0
oV iy 9V +a<M+2>_‘)_V_+,,_.!_a<1">QZ +a02% _ o
T e L 9% ox, ' %1 0z
0x, Xpn 11 o2 )
P (§ V&
OV | min_ 0V | min OV +... +a(n)__'{ n a$)7_= ’
T 9 m Oy ™ Ox, z
ox,, Xmta 12
10 3aMKHYTa.
KOTOpas 3aMKHYTa, Tak Kax CHCTeMa (9') no npearIOAo;gt)eun al yeM
JaB nepeMeHHDBIM X1, X5« - -1 Xm HAYaAbHLIE BHAYCHHA X 5. . ,X,, , HI

I
raasubie pemenns cucrems (17'). Ilorommu 1
Uptiy Umt2s = -2 U Uo ] (5 )

OTH pememm; Mbl HMEEM

©)

0 (0
npH  x; = X,

© —
y Xp== Xy yeeey Xpy™ Xy

. (52)

= = e U ==X, Ug=Z
Uy 11 ™= Xpy1? Ympe ™ Xmyzr-s = Un nw Ue

Besxoe pemenue cucreMnt (17') ecth QyHKUUA STUX pem%l;m‘i,ﬂ BHZ‘!P(I:
HeocOGeHHbIE PENICHHs CHCTeMDbl (9) moxuo mnafiTm, BbIOHMpas mog,

GarounM 06pasoM (PYHKIHIO
V(um+1’ um+2’ e ally uo)
M pemas ypasHEeHHE
V(um_H, Uy g - Uy u)=0. (53)

K-
Ham Hago z0kasaTh, 4TO npu HekoTOpOM BbiGope (QYHKIHH ch-g’g:no
pus (48) ecTb pemenHwe ypaBHEHHS (53), T e. uro TOMKE
COPaBEZANBO PABEHCTBO

V((um+1)’ (um +2)’- .. ’(un)l (uo» =0, (54)

a
[Tocaeanee 6y.zzer pMeTh MEecTO, €CAH BCE ONpefleANTEAH nopAaK
n—m-}+1 rabauppr

Oy 1) 0(a,,1) _a(l_lm-H), L d(um-H)
dxl S axm ’ dxm—}—l axn
Db ey dw) | 59
oxl R axm ’ 0xm+l ’ ’ 0%,
d(uy) o(uy) 0(u,) _ d(guo)
0x, T Oxyt Oxyy X
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PaBHBI HYAIO; TAKOBRO, HMEHHO, yc.\OBKe, 4uTo q)yHKgPIH

(um+l)’ (o) - (), () (56)

CEASAHM 3aBHCHMOCTBIO MEXay co6olo.
3ameuan, uro

C =) ()

Tae p, NPOHIBOZHAS 1O X; OT Ppynxgun (48), Mbl nepenmmem 8Ty Ta-
6auLy Tak:

1 ) Oety 11 Ou du du, ou
mtl mA-1 'm-1 41
<0X‘ +n (%5 )"”’(""mi-l)""p’”“( 3 )( 3, )+eal )

3amemu, YTO OIPEACAHTEADb MOPAAKA n-—m Taﬁmubl, COCTaBAEH-

HOH W3 MEePRBIX n— m CTPOK H NOCAEAHHX N — MM CTOAGLOEB, He PaBeH
HYAIO.

0 (U
[Tpn x1=x; ). .,xm-——xi,,) BCE €r0 BSAEMEHTHl, UMEHHO, BCAE]~

ctBHe (52) 06pawiaoTCsA B HYAD, KPOME DAEMEHTOB, 3AHMMAIOIWIHX TAAB*
Hyl0 AHArOHaAib, KOTOpPhie BCe oOpallaloTcs B €AWHHLY; ONpeAEANTEAD
obpaijaeTcss B eAHHHLY.

3uaunr, mo HasecTHOH Teopeme Kpomekepa 1), aasa Toro, uTo6mi-
MOx%HO GBIAO YTBEpXAaThb, YTO BCE ONPEACARTEAH mMopsaka n—m 1
TabAHObl PABHDI HYAI, AOCTATOYHO YOEAHTDLCH, UTO pABHDI HYAID BCE
OHPEACAUTEAH, BSaKAIOUAIOUINE 3TOT ONPEACAHMTEAb NOPAAKA N — M.

JoxaxeM, 9TO paBeH HYAI0 ONPEAEAMTEAb, COAEpxAmHi mNepBbIi

1) Mt gazuMm caezyiomee AOKa3aTeABCTBO BTOH TEOPEMH, MPHAOPOBAEHHOE K Pac-
cMaTpHBaeMOMY cAywaro. [loaomum, uro B Tabanpe

1 k k-1

1 X
ag‘)’ » ”a; ), ag:—\-l) . ""(kn) o
0 ) (k1) @)
ak v Bepy oo epy

¢

+ Pm_H(D(xl Zy X igres e :xn)

ONPEACANTEAb M3 NEPBBIX k erpox m nepsuix k

ONPEJEAHTEAH, Aepma-
xgrfe sAeMeHTb mepnnix k croabuos H mepBHIX k eTpok, paBHBI HYAI. Joxazenm,

Bce OupejeAMTEAn DOPAZKA k-1 pasum myao.
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4 NOCAeAHHE N — m CTOAGIOB. Boruucass ero Takum me o6pasowm,
xak mbl aeraanm B § 19, Haxoaum, 4TO OH PAaBCH

( D(u,, g5 -+ -y uo)> n pl< D(um+1,. .oy lly, Ug >+

D(xyy X 13+ + - %n) D(z, xppy1- “Xp)

Dyt ) | (Dot ®)

D(x,, X9 * -,xnp_i,z)'

cTOA6pOB He HYAb, TOTXa KAK BCe
ero SakAKuaomue, ¥. €. OHNPEAEAHTEAH NOPHAKA k-1, cogepma-

BosbMeM KakoOH-HHGYAb TaKOil ONPEJEAHTEADL
(a) SPERY
al yren .al

(a ) 3
a(°‘), R, L (**)
k
(a ATy

PP/ 5
R -+

H ZOKameM, 4TO OH DaBEH HYAM. PaccuoTpaM ONpeJCAHTEAL

13
o, o

DB,
(€3] (o)
"(kl)+1' ceeafg iy Y

8-
Tlo yerommio O paBeH HYyAIo. PasaaraeM €ro [0 BDAEMEHTaM NOCAERHEro croaby

Tloayuaen:
s (D (@
31"(1a) + 52"{:) o+ 3a ;=0

k eroabros TaGAHLH (*), . e. ue pa-
) efGAHTEAD HS NEPBMX k ¢TPOK B >
gﬁ: ny?;? iggax o SHaueHUR 0y, Ug,. .., gk.j1» NOAYSHM cucremy HB k-1 ypasuenni
@ o 5 @
2! "(111) + %2“(;1) 4ot T e, =0

« s s P R

PO () (o) _
E’1"(1%)'*” a2"(2%) ot "kk)+ b =0
3 s (= ) . (o)
Y AR RIS L o a V=0

+ y HA HMEE BCce
IﬂK KaK BTAa cCHUcTEMa H3 k 1 pEBHcH €eT pemerme, B I(OTOPO“ HE
HeHNBBECTBDIC B], %2, oaes )R, 0 paBHbL HYAIO, HMEHHO, 9 i 0, OHNPEACAHTEAD us Koad-

* K
AB .
PRIMEHTOB CHCTEMBI HYAD. Dror Ke ONPESEAUTEAD KAX pas ONPEASAHTE **
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Fa. NI Crcremm anmefinbix neogHOpOAHMX ypasHenui

Mo l?c:ral:;nem Tenepn, uTo Qynkuuu (52) yaosaetsopsior cucreme (17°).
5l MX B [IepBOE YPABHEHHE CHCTEMBI, MBI NOAYYMM TOXECTZA

du 0
m n41) B 41 Ou Ou
+d g Pmut © %mi1
dx, 1 ox, " + +a Ox, +a oz 0
;e . .. a,; e e e e e .0. e e e e e
n (m+-1) n u 0[1
+a _— ... )__n O_n —
jor, T oy, T el g b =0
Ou, du, 7}
. Ou
4+ JRCEEY 0 . ) YU © Y4,
ox, T oy, T tel Gt 5 =0,

KOTOpble NMOCAE 3aMEHBl Z er0 3HaYeHHEeM NPHHHMAIOT RHA:
<0um +1) 4 (a(m_;.l))( dum-}—l) + ) aum-{-l

Ox, 1 Ox,, ., -+ (@) ox, )+
du,,

+ (| T

0

_on (m--1) et n aun

(axl )+ @ )(-——(,me) 4o “)((,—xn)+

+@( %) =0
oz

(52) + (o) o) 1 ;
© du, " *
-+ (a; )( dz)EO' :

Tpax'ryn nOoCAEaHNe paBeHCTBA Kak YpaBHEeHHST OTHOCHTEADLHO

(m-+1)
L,(a"™) - @), (@),
QoAyvYaeM H3 HHX

< D(um+l,' .-)un’ uO) (D(um TR ..,u,n, ao)

D .
(—xm+1) s o Xy Z) — D(xl,xm+2, s eey Xy, 2)

1 @

(___1)2< D(um+1,. cosllyy Ug) ;
— D(xv Xm 119 xm+3v ey Xy, Z)'

(a(im +2)) ==
(—l)n-m( D(u‘"ﬂ‘i’ c ool uo) )
. - D(x,, Xog g3+ ++s¥y_1, Z)
(a}") -
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(o Dlme ot )

D(x;, Xpise e 5%,

(59

@™
. Tar xak
D(um_l_l, vyl ) _ (—-l)n—m D(um:v‘ vl uo) .
D(xy 1130+ =2 %ps z) 7 Diz,xp ipy- -5 %y)
(1) D(u,, -ty ) _ (__l)n—mD(u'm-l—l’ e Uy )
R ——)

D(xyy2) Xy 90+ 5%5)

n—m <
noAydyaeM, oGo3Havas depes (—1)""™M obuuii 3HaMeHATEAb OTHO-.
mennit (59)

=M

( D(u,, L5+ -1y u,)
D(z, %, 115+ *3%n)

Dty 1ae - >y ) )
( +1 o) pa™),

Dix, z, X rgre 0y,

D(u,, 45+ + s Uy W) .
(__‘ +1 0, )=M((1(1 ))

D(xy Xppig- %y 1 z)

( D(u,, 13- - >4, u)
D(xyy Xy yse+ Xy)

)=~

BeaeacTeHe oTOTO H3ydYaeMblH ONPeJEAMTEAb PaBeH

Mp 4 (@™) ppyy + - -+ @) p— (@],

T. e. paBeH HyAl, TaK KaKk KBaZpaTHaA ckobka B MOCAEZHEM pa-
BEHCTBE €CTb Pe3yAbTaT NMOACTAHOBKH BMECTO Zz €r0 SHAUCHMA B Nep=
poe u3 ypaenenuit (9').

Taxam xme 06pa30M MOXHO AOKa3aTh, YTO PABHLI HYAI H OCTaAb-
Hbie ONPEACARTEAM TaGAHIbI (57) ®u, smauMT, YCTaHOBHUTb, 4TO (QYHK-
yuu (56) AeHCTBHTEADHO CBA3aHDI 3aBUCHMOCTDIO.

FAABA YETBEPTASL
0 CHCTEMAX VPABHEHHI B MOAHBIX JIHDDEPEHIHANAX.
48. TMocTamoeka 3agaqu. [loromum, uro

X1y Xgge ooy Xy (1)
Je3aBHUCHMblE NepEMEHHbIe, a
Xpypr X2+ % @
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MX HEM3BECTHble QYHKUHWH, H [IOAOXKHM, YTO HemspecCTHole (2) cBasaHbI
¢ nepemennvimu (1) mpu mOMOWM cHcTeMbl ypaBHeHwH:

i = BP0, - By B
dxp = b(1m+h)dx1+ b;m*‘h)dxzﬁ— cee bﬁ;’”’h)dxm (3

dx, = 6"dx, -+ bdx, 4 ...
B KOTOpPOH ;m:-npcpugneu'rm
Bomm, (h=1,2,...,n—m, k=1,2,...,m) (4)

AaHHble QyHKuuu ot apryMenrtor (1) m (2). .
O6o6masn 3ajaady, pacCMaTPHBAEMYI0 B Kypce OGBIKHOBEHHMIX YypaB-
HeHuil, B KOTOPOH HILETCA (PYMKUMA X,,,,, CBA3AHHAA C aPTyMEHTAMH
(1) oanum ypasmenwem (4 B KOTOpOM KO3pQUUHEHTHI b He B3aBHCAT
Ot HeusBecTHoix (2)), MbI MOxeM 3ajauy HaXOzzeHusa (yHkumd (2) no-

CTaBUTb Tak: naiimu wus ypasrenuii (3) mawxue @yuxuuu (2), umo
npu

AL
By,

— O O () ()] (0)
Xy =Xy, Xy yeees X, = X, xm+1—xm+1,_...,xn=xn,
tqe uucaAa
) ..(0) 0) 0 0
xib,xz ,...,xin,xsn)_,_l,...,x;) (5)

8bI6paHDL TPU eJUHCMBEHHOM YCA0BUU, 4moGbl BCe KoaIpuuuermo
(4) 6vrau r0r0m0ppHOL 86AUSU Mmowru (5).

flcno, kak aTO O6HAPYXHBAETCA M B yKAa3aHHOM BbImE 4YACTHOM
cayuae, kos(punuenTs (4) He Moryr 66ITb npouspoAbHbl. Hame# 6au-
xmafhmedl 3agaueft GyzeT, mosrtomy, HaxomaeHUe YCAOBuH#H, CBA3BIBAIO-
wux kodpuuuents (4), HEOGXOAMMBIX AAST BO3MOMHOCTH CyLLECTBO-
BAaHHA DEUICHUSX 3ajayM, U YCTaBOBAEHHE JOCTATOYHOCTH STHX YCAOBHH.,

49. Heo6xoxuMple YCAOBHS BO3MOMHOCTH CYIIeCTBOBAHMA peme- .

rus 3agzauu. [lo CMbICAY ypaBHEHUH, KOdQPUUHEHTH MIpU auppepen-
UHaAaX B NPaBbix dYacTsx ypaBHeHu#t (3) pamubl NPOH3BOAHBIM OT
QyHRUMH, CTOAIINX B AEBBIX YACTAX. 3anncbiBas 9TO, HMEEM ypaBHEHHA:

0% 14 — D 0%,y 14 — pm+D 0%y — pmtD

axl 1 ’ dx2 2 ""’0xm m 4

Ox,, — pm®) 0%, — R 0%, 15, — plmtn

a"_‘Xl - 1 ’ OXZ o e ey axm m ] (6)
éxn ) O, ™ 0x,, — ™
dxl 1 d)f2 2 ? "'!axm m

Cucrema ypasuennit (6) Bnoane pasuocuabwa cucreme (3).

§ 49. HeoGxognmbie yCAOBHS CYMeCTBOBAHHA PeCHNsT 125

Moabayace TeopeMORA O HE3aBHCHMOCTH npoussozuOff OT mOpAAKA
AM(p@EPEHIUPOBaHNSA, U3 ypaBHEeHUM (6) HemocpeacTBEHHO 3aKAKOHaeM,
YTO AOANMHDBI 6bITH COGAIOZEHBl YCAOBHA:

(92xm+h:: L<BXW+" ) _0 (me_i_h)’
0x,0x, Ox; \Ox; dx, \ Ox,
KOTOpble Ha OCHOBAHHMH YpPaBHEHUH (6) mepenucHIBalOTCA TaK:
R (m-+-h)
o™t db]
dx; dx,

£

s (hr= 1,2,...,n—m;

L k=1,2,...,m). )}
Mut moctasmam B (7) npsmpie d BO usCemaHue HeAOPA3yMEHHT,

1).
HOMHS, YTO b cAomHble QYHKUHM OT apryMeHTOB (
Bb;nomum B AeBO#i yacTH au(pdepPCHUHPOBAHUE M MOABLSYACH CHOBA
cucremoi (6), HaxozuM: o
'3
et ot oMY Oy | O 0%y s

dx, Ox, . ox,, " ox, 0x,, 42 Ox,

1 L2

+

h)
ab(’:n—l-h) B_x,,_ _ Pl N bt o
e + 0xn Ox, ox, ! dxm_H i
opm M opmM

(m+2) )
+-79;:1—‘b1 + s —*—-—d—x—n———bz .
m

Beoas Temepb B PAcCMOTpPEHHE ONEPATOPDI

] 9 f
_9f i) Of B+ L/ T
Xi(f)—dx‘ + bi dxm_l_j + i de+2 i dxn'
(i=1, 2,...,m), (8)
MH MOMeM MOCAEJHEMY PaBeHCTBY AaTb BHA
(m~-h) m
KL Xi(bi 1y
dx,

w, snauut, ycaosuam (7) sua
X = X,060), (h=1,2,...,n—m;
i k=1,2,..., m) (7)

cv-
Veroems (7)) B ecTb Te HEOGXOauMbIE YCAOBMA BO3MOXHOCTH CY

Mbi MMEAH B BHJAY.-

©CTBOBaHHSA peUIeHus, KOTOpble N

= Benomunas ckasausoe B § 21, a ¥MEHHO (pOPMYADI (3,), Mo BKg:m':;
uro cobarogenue pasencts (7;) ecTh yCAoBHE, 4TO CHCTEMA YpaBH

-1 0 (")91____
Xi(]l):g_f;l__l"bi +)5}—m%;+"'+b1 0x,, =0
;@};J'r....jubj;?ﬁi:o

;)(m +1)
" Ox m-4-1 axn J

XN = Fe+
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ecTb 3 ;
HKOGK(;KCTMZ ;amnuy'ran, 6yayus 3aMKHyTOM, OHa, Kak HOPMAAbHasA
Ba. /CHCTBUTEADHO, npH coGaiogennn ycrosui (7,) '

(Xi’ Xk) = Xi(Xk(f))—Xk(Xi(ﬁ) =

h=n-m .
— E : (m
= { Xi(bk +h))—Xk(b§m+h))}a_0L ==0.
y h=1 xMh

i

O
Ggg?fuﬁ,o ::::o'(;ﬁc'rema (92 AkoGuera, To cobaogenn ycaosHa (7).
crarosomen ooy OCTh HAHACHHBIX yCAOBHH. /lAz ycTanOBAeHHS AO-
Cob e ACHHDIX YCAOBUA JOCTAaTOYHO I[IOKas3aTb, YTO MpH
ACHHH UX MOXET ObITb HafiaeHo pemenme cuctempl (3).

OAOXHM, 4TO cHcTeMa (9) #
Ako6uesa, H
HE3ABHCHUMbIE pelieHHs ( e e aarcopamicern

fm+1 ’ fm+2 P ’fn; (10)
COCTABHM ypaBHEHHA
an_I - Cm+l 3y fm+2 = C1n+2 X "’fn=C’ﬂ’ (11)
. .
xotopnix C, ., Cpiose - -»C, mpoussoabuvie mnocrosunme. [loap-

3

aggc;e::{{\rr(‘)itiganqecxoﬁ He3aBucHMOCToro QPyHkuu#t (10) oTmocuTerpHO
y mg10° * 3 Xy pEWIEM crcTeMy (11) oTHOCHTEADHO BTHX apry-

MEHTOB.

Msi noayqae
M (QYHKUHY, 3aBHCAIINE — :
CTOSHHBIX: uuiH, IUHEe OT 72— /M IPOHUBBOABHBIX TIO-

x1n+1 = <Pm+1 (x1,xg,. ces X Cm—}—l" .y Cn)
e (12)
Xy =P (xl’ Xore ooy Xy Cm+1" Tt C’n)
Dyuxuan (12) o06pasyror pemenue cucremnt (3).

p: { -+ ’
AR OKa3aTeAbCTEA nazgo CTAHOBHTDL, 4TO AHquepe“g“a‘“’l q:) i
u...“H (12)‘ e ,

09 0o
p— + TR -
Ay y 1= _#11 dx;+ ... —}"‘Txm'—ldxm
L (13)
o = doxy dot ...+ dx” dx,

m

MOCAE TOACTaHOBKH B YpaBHEHHA (3) H HMCKAIOYEHHS

axnut (12
06pamaT X B TOXKECTRA. 3ameyaeM npexge Beero, ‘l'l'oq}(gopl\%yjtbl 513;
MOZHO 6blro 6bl HaiiTH, MPOAHPDeperuHpOBaB ypasuenua (11), 7. e
NPHPABHAB HYAIO AW(depenuuarn Qynxuui (10): ’ .

127

§ 50. Jocrarounocrs HalfeHABX ycAoBmil

afm+1 afm—{-l djm
dfm+1= 0x, dx 0xs dxz"*‘----"}"_é;:f'dxm—‘_

) )
+ 41 dxm+1+...+igfidx,,=o

Ox
m-1
A T B 1))
f o of,,
dfn_—=—5;:dx1—]—7x2—dx2-—l— oo + axm dx,,,+
of, of,
+mdxm+1+... + (9 dx”=0,

Xn,

Hafiis H3 MOAYYEHHBIX ypaBHEHHH

dx, 1> d%pygre--r dxy a3y

m-17
M MCKAIOUME HEH3BECTHbie (BDYHKIUW NP NOMOUM ypaBHEeHHE (12).

OrTcropga scHO, YTO BMECTO TOro qT06B NOACTABAATD AUPOHEpeR-
uvaasl (13) B ypasuennas (3) ¥ HCKAIOYATb HEHSBECTHDIC (12), momuo
u3 ypapnennf (3) audpepenuuarnt (13') 0ACTaBAATD B ypABHEHHA (14)
H HcKAlouaTp HemsBecTunie (12). Ecam B pesyapTaTe aTHX AeficrBrii
noAysarca syis, T0 ¢ynkgmu (12) 6yayr pemeHMAMM CHCTEMDI (3).
Mbi ycranosiM, uTO augepenunarnt (14) obpaTsTcs B HYAb TOXE-
CTBEHHO HOCAE HCKAloueHMA auddepenmmaros (13) npu momomn
ypasuenui (3) aame 6es MCKAIOUEHHs QyHRUMHA (12), oTkyaa TeM cko-
pee BbITeYeT COPABEAAHBOCTb YTBEPHKACHHA.

Uro6p a0okasaTb 3TO, PacCMOTpPHMM, BO uTo o6pamaercsa BooGie
anp@epenunar HekoTopoi Qymkumn P (X, Xoy ooy Xy Xy pase oX,)
HOCAe WCKAtoueHHs ma Hero aupdepenguaros (137). Bomormssm su-
KAQZKH, HaXOAHM:

‘ Jd | sy , 0D 0o
do = Ix, dx,~+ ... + o, dxm—]—-dxm_}-1 dxm+1+ oot dx"dx”__

k
B b , 0D  myyn 9P m+2) | 9P
o {(ﬂ;_{_ me_i_lbk +axm+2bk v +axnbk }dx,,,

I
3

k

I

T. €.

40 = X, (D) dr,+ Xy @) drot- - + X (B) dxe (15)

[Tpumensisi popmyay (15) x auppepenumaram (14), saxntouaem:
dfy i1 =X (fid) dx, ... + X, (/,, 10 dx, =0

dfy =X, (f.) dx, -+ X () dio =0,

rax kak ¢yakuun (10) o6pasylor pemieHHs cHCTEMD! ).
Mrak, BbicKazaHHOe yTBepxaeHHe AOKA3saHO, M Mbl MUMEEM TEOpeMy
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Teopema. Jas mow umobvr cucmema (3) umera pewenue,
HeoGxoqumo U Zocmamouno, umobunt cucmema (9) 6viaa skobuesoii.
Ecau cucmenma (9) sxobuesa, mwvl naxozum pewenue cucmemst (3),
NPUPABHSE NPOUSBOALHBIM NMOCTNOAHHLIM Kakue-Hubyso n—m aiie-
bpauvecku Hesasucumulx peweruii cucmemvr (9) u pewus noyueHnHvle
YPABHEHUS OMHOCUMEAbHO Heu3gecmuuix cucmemvt (3).

Kaxaoe us pasencte (11), moAydeHHbIX NPHPABHEHHEM MPOH3BOAb-
HOH MOCTOARHON KAaKOTO-HMOYAD PEILiEHHA CHCTEMbI (9), mbl HasoBem
nuTerparom cucremnl (3). M3 ckasamnoro scHo, uTo cmcreMa M3 m
MOAHBIX AM(PEPEHIHAAOB, YAOBAECTBOPSIOMAA YCAOBHAM, HEOGXOAHMBIM
AAAl CYHIECTBOBAHUA pemleHHfl, UMEeT n— m airre6pauyecky HE3aBUCH-
MBIX HHTErpanoB.

51. Pemenue szagawu Komn. Uro6n pemnts 3agauy, nOCTaBACHHYIO
s § 48, aocrarouno 3a pyukuuu (10) 6parp He mepBble momaBmHECH
pewenus cucTeMbl (9), HO ee TAABHbIE PEIICHHS.

JleficTBUTEABHO, ECAH IIPH

x=x",.. o Xy = xﬁ? (16)

pynxgiu (10) o6pamaroTes COOTBETCTBEHHO B

Xm v Xmyz o2 Xy
TO ypaBHeHKﬂ
— O )
fm+1— xm)-{-l""'fn—xn) (11,)

obparsica npu coGarogennun pasencts (16) cooTBeTCTBeHHO B
x =Y =9
Ml X1 3Ky = Yy
OTKyaa ACHO, YTO (QYHKLHH, HaiigeuHbie pemendem ypasuenuit (117),
Kak pas HCKOMbIE.
52. PapmocmanmocTh 3agau o cucremax (3) m (9). s crasannoro
B NPOWABIX NMaparpadax BBITEKAET, WTO BMECTO cHcTembl (3) MOmHO
paccmarpusath cucTemy (9). O6paTuoe, ofnakO, TO#e CIpPaBEAAHMBO.
IToroxum, uTO

@ (O, Xgpe v oy Xy xm+1,...,xn)=C 17)

Kakofi-un6yap HHTerpan cucrembl (3), T. e. paBEeHCTBO, KOTOpoe IpH
HeKoTopoM BbiGope mocTosinHofi € o6pamaeTcss B TOXECTBO MOCAE
3aMeHbl B HEM X, g -+ -,X, PEUMICHUAMH CHCTEMbI (3). Toraa ¢ ecTp
pemenne cucremnl (9). JleficTBHTeAbHO, Tak KaK (17) unrerpaar cwu-
crempt (3), To Ha ocuosanum ypapuenuii (3) Anddepenguan ¢ paseu
nyaro. Ho Beaeacrsme (15):

do = Xy (9) dx; -+ X5 (9)dxy + . . . + X, (¢) dx,, = 0.

BCJ\CACTBHB TOTO, YTO Xyy. .., X, HE3ABHCHMDIE [IEPDEMCHHbDIC, A Hx audp-
(pepCHIHAADE BIIOAHE IIPOH3BOADHDI, H3 MOCACAHEr0 PABCHCTBA HMEeM:

Xi(9) =0, Xy(9)=0,..., X, ()=0.

OTo 3aMeuanne AEAAET HHOCJAa MOAE3HBIM paccMoTpenue cucrems (3)

§ 52. PabrocHAbDHOCTD 32424 O CHeTEMax 129

sMecre ¢ cucreMofl (9), Tak xak WHOTAA AAa cucTeMbt (3) aerko yra-
JAaTb HHTETPAADL

Ecau Mbi nafizeM n—m HHTErpaAoB CHCTeMb! (3), Mbl IOAHOCTDIO
npounterpupyen cucremy (9). ,

53, Hurerpaposanme cucremn (3). Meroa, amarormumsii mMeToAy
flko6a. B Buay 5KBHBAAGHTHOCTH 38Aa4 HHTETPUPOBAHMA CHCTEM 8) =
(9), Bcaxofi TeopeMe O CHCTEMe (9) aoamHa COOTBETCTBOBATb HEKOTO-
pas TeopeMa, AHAAOTHYHaA eH, O cucCreMe (3). Yramem cuauvara
MeTOay MHTerpupoBanms cucreMst (3), amaAormuHyro Mevoze fxo6n
AETerpuposanua cucremnt (9), paszobpanHOd B § 28. I[lpumem Bo
BHUMAaHHE ypaBHEEHA TaGAHUbI (6), sanoAmsolie B Hefl mHepBbIA

croabel:
d__xm+1 = pm D 0———xm 35— pm Y, _an =" (18)
dx, 1 T O0x 1 TTTT Oy !

¥ IPOUHTETPHPYEM CHCTEMY (18), cumrast B Hefi Xxo, X3 - -y X; MOCTOAHS
EniMH, a [EepPEeMEHHOH HEe3aBHCHMOH TOADKO Xi.

Tlorozum
Pom+1 (xlr Xoye o o9Xpny Xppg19e® "xn) = Ot
@ X1y Xoge ooy Xy Xpp g oe - X)) =,
aATe6paMdeckd HE3aBHCHMble HHTErpaAbl CHCTEMBI (18). Tlocae moa-
CTAHOBKH B HX TNpABbIE HYACTH BMECTO X, | j,---)X, PEWEHHd cu-
cTembl (18), u3 mpaBbIX wacTedl AOAKEH HCUESHYTD Xi. Ho xgy.. .y xp,
KOTOPbieé MBI CYHTAAM HpPH HHTETPHPOBAHUM CHCTEMbI (18) mocrosan-
HBIMH, MOTYT OCTaTbCA. SHAYHT &, \ ;.- - %y, BOOGULE FOBOPS, PYHRIUH
OT Xy« oy Xpe
SameTHM, 9TO AeBas uyaCTb KamJOro H3 HHTETPaAroB (19) ecto
pEHICHHE ypaBHEHHA
o X, (f)y=0. 20)
JeficTuTeAbHO, €CAHM h 0ZHO H3 HHCEA 1, 2,..., n— m, Ha OCHOBAHHH
ypasuenufi (18) nmeem 5
do ds o
h Tm-+h im+h
do =0 = —dr dy L —"F2dx, e 5 dx, =
7 h 1 m-+1 n
mt Ox; ox,, +1 ox,
___( 0’.9m+h+ 0"?m+h pom+D + -+ 0?m+n b(n)> dix
= : = by 2
‘ Ox, ox,, 11 0x
T. e 0
X, (@1 2) =0 - (20)

Bri6epem Temepb, Kak B MeTOAE flko6H, AeBble 4YacTH ypaBHe-
guit (19) 3a HOBbiE HeHSBeCTHDbIC, NOAOXKHBE:

Pm 41 (r1s - - X X107 .,x")=ym+1

ce e (19,)

T T e SR R

9, (X1 X2y e osXpyy Xppappe= s X,) =Yy

e e & 2 e« o = = s = e .« e

9 . Tontep.
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MMpumensa @opmyay (15), Mol 3aknlouaeM, 4TO HOBBIE HEH3BECTHbIE

IntvYmpzres ¥y (21)
YAOBAETBOPAIOT CHCTEME YpaBHEHHIE:

dy, = X0 @) dxy 4 Xa @y ) dat oo X, (0,1 ) d,
...-.’.--....--......-..-.:- (22)

- . . » o - - - - - . - - - - . - - . . . - . .
dy,=X, (9,) dx1-+ X, (2,) dxo -t .+ X, (2) dxye
B cucreme (22) koa@punuenTn npu dx; PaBHB HYAI0 HA OCHOBZHHU
paBencrs (20;); He TpyAHO y6eauTbCs, YTO OCTAADHDIE KOD(PHUHEHTDI,
6yayuu mpeiCTaBACHBI Kak QYHKIUMH OT apryMeHTOB (21), me 3aBucAT
OT Xy«

JeficTBureAbno, Tak kak cucTema (9) sko6uesa, HMeEM Toxe-

CTBEHHO:
X (X () — X (X, () =0

H sHauuT, Beaegcrere (20)

0=X (Xk ("Pm_;_h)) "—Xk (X ("?m +h)) = Xl (Xk ("?m-{-h))'

Suavur
Xk ((-Dm-i- h)
pemenne ypasuenua (20) H, 3HAYMT, PYHKUUS OT €ro pemenui .
Xoye oy Xy Y190+ <> Yne (23)

Wrak cucrema (22) umeeT BUZ
_ m+1D) (m41)
Yy 1= C2 dxgt. .. ¢, dx,,
....(";..-...(7;)..-.._ (22/)
— i
y,=cs"dxet ... +¢, dx,
rge KO3GQHUHEHTBI C 3aBHCAT TOABKO OT ApryMEHTOB (23), T. e
oma TOTO %€ BHja, Kak K cHCTeMa (3), HO 3aBHCHT OT MEHbIIETO
qucAa HE3aBHCHMBIX II€PEMEHHDBIX.
C cucremofi (22) ™Mbl MOmeM BOZ0GHOBHTb HallH pacCyXAeHHS.
Hai#iga pelieHns cuCTEMDI

aym-{-2 =C(m+ 2) ayn
Oxqy 2 1T odx,

B KOTOPOR HA Xg,. . .,Y,, CMOTPHM KaK Ha NOCTORHHBIE, U B3AB 33 HOBDIE
HEU3BECTHDIE

aym-l—l o mt)
0 %
Xa

= C(zn) ’ (18,)

Zp 15 Zmyasc 2 Zp
AGBbIE YACTH €€ MHTErpaAcB, Mbl 3amenum cucTemy (22) cucremofi

dzm+1=g§m+1) des+ ... —]L—g;?+1) dx, 1
e J (24)

....n)..........
dzn"_':gi(i dx3 ‘_{— tet +g£:) dxm'

§ 54. Merog amarormunnii merogy Komn 131

B KOTOpOHR KO(DPHMUHEHTbI g 3aBHCAT TOABKO OT
Xgy Xg- - o3 Xy Zpp -2y
u ¢ cucremot (24) BO306HOBUM CBOM OMEpalMH, MOKa, NOCAe m— 1
TAaKHMX IaroB, He MOAYYHM CHCTEMbl BHAA
__ g+ 1
du,,  ,=h, dx,, I
I (25)
— 3™ l
du,=h,,’ dx,,
B KOTOPOH A 3aBHCAT TOABKO OT
xm, um+1,. .« u”.

Wnrerpngosaune 5TOfl CHCTEMDbI AaeT 3HAUEHHA MOCACAHHX HEH3BECT-
HBIX B (QYHKUHH OT X,, B N — /M NPOHSBOAPHBIX MOCTOAHHDIX,
Bosppamascp war 3a maroM Hasag K CTapbiM HEH3BECTHBIM, Mbl
HalieM OKOHYATEAbHO MX 3HAYCHHUA.
54. Hmrerpuponaunue cacreme (3). Meroz, AHAAOTHYHLIH MeTOAY
Koms. Ycaopumes o6o0snauaTh kak B § 34 snakom (f), pesyaprar
OACTAHOBKH B (YHKUHIO

Fley xop 0 0s Xy xk_‘_l,...,xm,...,xn)
YHCeA © ©) X HKUHIO
Xy g -5 X, Ha MeCTO Xygy Xgye oy Xy Te €. PYHRL
©) ()] ) ’
F(XDs Xy senes Xp's X gpeos X s x,)-

[Toromum, uTO HumeTCA PeWEHHe CHCTEMbl (3), yaoBaermopsiomee
YCAOBHIO: NpH

0) — O, — 4O — O
xl:x; pre ey Xy = Xy xm+1—xm+1""’xn——xn'

[pyu TOAbKO UTO BBEJEHHBIX OGOBHAYEHHAX NOCACAHHE YCAOBHA MBI
MOKEM nepezxa’rb paBeHQTBaMK:

Y0 — ,©
(xm-}-l\)m Rl WS TR (x'n)m_' Xy o

[lpumensisn MeToay mnpomaoro maparpaga, Mbl BMECTO NEPBHIX Monas
muxca HMHTErpaAoB cucTempl (18) BosbMEM HHTETPaAbl Kommu, 7. e.
OAOXKUM, 9TO COOAIOZEHD! YCAOBHA:

((Pm+1)1= RSN TRRRS (‘Pn)1= X, ) (26)

Tpu Takom BHIGOPE MHTETPAAOB CHCTEMDI (18), cucrema (22) uwmeer
ocobenno mpocrofi BH. BuuncaseM ee KOIQQHUMEHT:

k)
c(km+ = Xk (‘Pm+h);

BCIIOMHHAaA, 4TO, Kak q)}’HKgKﬂ OT HOBHX NEPEMEHHDIX, OH He BaBHUCHT
0’
OT X;, MbI MOXEM, BbIUHCAHB €TO, NOACTABAATD xl( ) BMECTO X;, H €CAH

Xk (Cpm+h)=0)(x2,. . -’xm’ .l‘]m+1. ym+2v' . ')yn ]
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na ocHosaunu (26) nmcaTn: : NIpH HAYAABHBIX YCAOBMAX: NPH
cee ] “ e ESS = : 0 ()
0)(.:;2(, ’J;m' Imyv ’ %"2) ()gk (‘Pm-}-k))l ) X = xin) : (Xm+1)m-—l = XS”)__ - (xn)m-l (0)
? ? :
= a—w + (5" tY), _a_'fiﬂ+ e+ i Bosppamenne mar 3a maroM K CTaphiM NepEeMEHUbIM NpUBEJeT K HAXO-
k ' AJCHHIO PEHICHHA.

55. Mpamepn1. 1) Hafttn pemenne ypaBuenus:

+(b""+">)1———~d(’°'”+")‘ e ey D

X
dx1+——1dx2——1~dx3=0. (28)
+hy (m+m ©) - Xy 2x
—‘:(b(m ), = b, (X175 Xgre v Xy ge - Xp)e 2 8
Tak Kax ® HOBble HEM3BECTHbIE HE BSaBHCAT OT X;, HX BHAYeHuA : CootsercrBytomasi ypaBHeHHUIO CHCTEMA:
MOXHO MAXOAMTD TaKme MOACTABAAA x(l) BMECTO X; B HX BBIpAXKEHHA : of xi Of _ 0f + Xy
yepes aprymentn (1) u (2), oTkyaa Ha OCHOBaHHH (26) Oxg X3 Ox; 2x3 dx1
Ypp1= (xm+1)1)' v Y, = (%) samkuyTas. JleACTBHTEADHO, Mbl HMeeM ZAA cxobku [lyaccona:
H, 3HAYMT, OKOHYATEADHO, CHCTEMA (22') umeer BHA : 1.0—2L. 1 df —1.0— Xy (_ of =0
(m+1) @m+1) ' x 2%, Ox 2x3 x3 | Ox,
d(x, +1)1_" (%, hdxe .. (b, ), dx, 2 3
P @n Vinterpupyn ypasHenne
: X1 Xy
— (n) (n) i e e
d(x,), = (6,")y dxs+ ... + (b, ), dx,, . Ox, X5
Tae Temepo : NpH yCAOBHH Xy =x) npH X, =1, HOAyuaeM
(BT M) = pm B (O ( ) ! ©)
k 1= Y% 1y Xgre oo X (O re e 2s () XyXo= X,
[poaoamas Tak Aaree, Mbl AOAZKHbI HHTETPHPOBATD CHCTEMY " [oromus .
‘ ‘ Xy X
0(xm+,)1 =(b(m+1)) U(xn)i :(b(n))l . N 1Xe = U (29)
— y sty 7
ra 2 1 Oxy 2 M h HaXOJHUM AAA § ypaBHe
cymTas B HeH# Xg,. .., X, NOCTOAHHDIMU M, HaHAA HHTETPAABI Komu cn- dy—— 2x dxs=0,
0
CTeMbl, OTBEYAIOUIHE Xy == B ) HPHPABHATb HX PEIISHUAM CHCTEMBI: © 1
HBTErPHPOBaHKE xo'roporo mpH ycAoBHE Y=1x; npu x3=1 zaer
_ (m+1D 1 (m4-1)
d(x,n+1)2— (b, ). dxg—'— e (5, )2 dx,, ', © ®
. .. Vx ==X s =X V %a.
3
()= b“" ix Badx :
( )2 (657Js dxs + _l—( )2 " ~ TMoacrasasia B ypaenenne (29), moaydaem
¥ NOoCTymaTth Tak jJaAee, NOKAa He MPHAEM K HHTErpHPOBAHMIO CU- . xg")]/ Xs
CTEeMbl: X Xa =x: ) I/ Xg, ESS ———x—— .
2

— (p+D
d( +1)m—1 (bm ) —1 p ,
. asAeAHB oaHako o6e wacti ypapuenus (28) ma x;, HaxoguM
dx,
i X1 Xo QX3

d(xn)m = (b(n))m -1 dx

HAH CHCTEMDI?
4YTO HEMOCPEACTBEHHO JaeT

0( "4 l) m—1 (m-1) 0(xn)m — n) '
Oxn =G O G = G - log x,+-log x, '—‘_;'log xg=log G x;x,=CVy=1x{" Vxz
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2) npouurerpupoaa'rb cnc'remy
) 0
H Ltn Lt — 1)L =
B d a
X2 + f Xo '5%4_*— Xy 0f

0x2 b

Cucrema ngo6uesa, Tak Kak

COCTaBJ\ﬂﬂ COOTBETCTBYIOILYIO CHCTEMY B IIOAHDIX Ang;q)epengna.nax,

umeeM
dxy = dx, -} 2dx,
dx, = x,dx; — x,dx,

dx5 = (xg'_— 1) dxl +x1(1XQ.

Tax Kax npaBbie YacTH OT HEHIBECTHbIX X3, X, X; HE 3aBHCAT, HAXO-
A¥M, HETIOCPEJCTBEHHO HMHTETPUPYA

xg=x; + 20, C4
X4 =%(x19—x22)—}—C4

xs=(x3—1)x, -+ C;,
OTKyZa ACHO, 4TO PEMICHHA [PEeJAOMEHHOH CHCTEeMbl:

1
Xg—x;—2xy, X — _2‘(1512 —x3%), X5—(x;—1)x;:.

3) B § 29 mbr Buaean, wro cucTema

p+ XgXyq —— X3 X9 Ps— x 2 v pe=0
3 . =
XXy - Xoxg Xy Xy |- XgXy
2 2
Py —- X; +x3 Py XgXy — X1 Xo o —0
Xy X4 XoXy Xyx4—+ Xoxg ¢

axo6uesa. CocraBuUB COOTBETCTBYIOLIyIO CHCTEMY B HOAHHIX AH(Pe-
peHnyHanax:

XgX 4 — X1X. 2 2
doy=DETXXe g XX g
X1 X4 XoXg XX, Xpx3
2 2
— X2 -xy X3X X
dxy=— T8 g XXX g
X104 - Xoxg R e

FIIEM TO e PEHNICHHE, B KOTOPOM: X3= X, x,=x nmpu x =0,
XQ=1.
OrbickuBas uaTerpannl Komwmm cmeremsr:

2 2
X X.
dr, di———Ex

xyxg - xoxg

XgXy — X1Xo

dx =
8
X1 X4 ! XoX3
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cuMTasg B uei Xy, MOCTOSTHHDIM, HAaXOoAHUM:

xydx; + x,dxy — xodx3 =0,
OTKyaa
x4 — xgx3 = Cl.

xidxl —}-x‘dx'g_*‘ x3dx4 - O)
XoX1 -}—'xyq =C,.

HckoMble MHTErPaAbl TIOAYYMM H3 ypaBHEHUH

0 __ 0 _©O
XXy~ XoXg=— —Xg X3 , x‘2x1+x3x4_‘x3 Xy

Janree Haxoanm

OTKyJa

pemaﬂ HX OTHOCHTEADHO x;) H xi)- BbI“OJ\Hﬂﬂ BbIKAAAKY, nOJ\yqaeM
o_ _mucbxen oo (an— )
¢ T T i —xaxy PR Xa
Bepa mpaBble 4YACTH TOCAGAHHX PABEHCTB 32 HMOBbIE HEHBBECTHLIE
noAOXUB B HHX x, =0, Haxoaum

a) =, (= E
OTKYAA 3aKAKOHYAEM, YTO

x4) ©)
(X) Xa= 13 s (le =X

Hckomple (pyHKOHE HaXOAHM U3 YPaBHCHHH:

0) XoX{ 1+ Xg¥4 A
—_— Xq == — X. —_— T
XyX4— XoX3 3 X, X5 — XoXa
56. Ypasnenns XapaxTepHCTHICCKAX mHEOroo6pasuii cueremM AH-
meiinbix ypasmenmuii. CoraacHo c ompejeAeHHEM, AcHHBIM B § 33,

ecan ‘
foiv fugw oo ta (10)
aAreﬁpauqecKu He3aBHCHMble peIleHHA CHCTEMBI
Oz w Oz
—--——— n+y_ 77 L LY —=—=0
X, (2) + by (9x - by ox,,
0‘2 (m 4-1) (92 b(m (97. _ 0
X, () =2 bt b =0,
K dx,, m 0x,, 11 ox,
tTO cobpanHe ypaBHEHui '
fm+1:cm+1’ fm—}—&’:cm—i—zi'"’fn:cn (11)
z=c, ) 11,)
B KOTOPBIX C, 1 g+ - -3 Cpy €~ NPOUIBOADHDIE IOCTOAHHDIE, onpejeaseT

XaPaKTEPHCTHYECKOE MHoroo6pa3He cucremnl (9.
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Ho pa
cnc-remp seuctea (11) n (11,) ouesmamo o6pasyior muTerparnt

o= H"F doy | BT dy oL BT g

L
L T Y
- e

R B
dx, = b dx, + b dxy+ ... +-b" dx,
dz =0. (31

ilﬁTzzxomaeHue XapakTEPUCTHYECKHX MHOTOO6pasufi cuctembt (9'),

K HAXOMACHUIO COGDAHUS HHTErPAAOB CHCTEMBI B MOAHDIX
AupQepenunarax us ypasmenuii (3) u (3,). [ToaTomy crcremy mus
ypasrenn#t (3) u (3,) MOXHO HasbiBaTh cHCTEMOH ypaBHeHnii xa .Zx'r -
PHCTHUECKHX MHOTO0Gpasufi cucremm (9,). pERTe

[oroxnm garee, uTo gama cucrema HEOAHOPOJHBIX ypaBHEHHH:

( n
P1+b1m+1)pm+l—{— +b(1)pn== bl(O)
L (30)
(m+ 1) T
pm+bm1 p'm+1+ +b£::)pn=b::)'

KOTOPYIO Mbl Cunraem samrHyTod. Muterpuposanue cucremm (30) cro-
AMTCA K HaXOXACHUIO Z W3 yPABHEHHS

Vix, ..., x,, 2)=0,

rae V HaxXOoAHUTCH HHTerHpOBaHﬂeM CHCTEeMbl
(m 4 1)
Gt b T gyt 0 g, Y =0
. - - L3 - . - - . - - 3 ' } ; (31)
. I T T
qm_{_bn?:l-i- )?m+1+'--+bx)‘7n",l“ b;,g)q=0
B ypaBHenunx (31)

. .
. s v e e 4 4 s s . . o

eV oV
Ecan 1 ox, 7 T o
Vm-{-l’ Vm, 422 * =0y an Vo (32)

2;re6panqecrm HE3aBUCHMBIE pemenua cucremsbt (31), To, coriacuo
peaercuusaM, JaHubiM B § 46, cobpaune ypaBnenusi

Vm+1=cm+1, Vm+2=cm+2,...,Vn=c", V,=c¢ (33)

ONPEASAACT XAPAKTEPHCTHHECKHE MHOrOOGPA3HA CHCTEMDI (30). Ho

Kaxjoe u3 paBCHCIB (33) €CTb HUHTEr pa.l\ CHCTEMHBI B AHDbLIX Anq)(pe'
IIOAH

(m +1)
di, = 0" dx, 4 b dyy 5D gy
m

|
de,=bde + W degt- ... 440 a1 8D
dz = b0 dx; 4- b0 dxy |- . .. + 60 dx . !
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Cucremy (34) nosToMy MOXHO HasbiBaTb cHCTEMOH ypaBHeHu#
xapaKTepHCTHYeCKHX MHOroo6pasuil cucremnt (30).

Va ckasaHHOTO BBHITEKAET, YTO MHTEIPHPOBAHHE CHCTEMbl B MOAHBIX
AudpepenyHarax, COOTBETCTBYiomei HEKOTOPOR BaMKMyTOH CHCTEME
ypaBHeHHH, BMECTO CAMOH CHCTEMbI PaBHOCHABHO BDIMOAHEHMIO HHTE-
TPUPOBAHKMA CHCTEMDBI, HAuHHAA C HAXOXACHHA €€ XapaKTepHCTHYSCKHX
MHOTOO6pasmii. 1aKoi NpHEM COOTBETCTBYeT IMpHEMAM, YKa3aHHDIM
B rAaBe nepBofi AAfl MHTErPUPOBAHUA OJHOTO ypaBHEHHA.

Hanpumep, ars maxoxzenus Toro pemenns cucremn (30), 3 xo-

TOPOM )

) (0)
HPH Xy ==Xy 3o+ X=Xt Z=3(x, -0, x,),

HAZO MCKaTb XapPaKTEPHUCTHUECKHE MHOroO6pa3ns, PACHOAOKEHHDIE Ha
atom pemiennd. /A dTOro JOCTATOYHO PEWMTh AAf CHCTEMbI (34)

5 ©) (0)

sagauy Komu no npasuaam § 51, cumrasx,, . ..., %, [POH3BOAHDLIMK,
() J

a z, PaBHBIM 3(X(m) FITRRP x(n)). Camoe pelnenHe ecTb TeOMETPHYECKOE

MecTO HaiiZeHHBIX XapakTepUCTMYECKHX MuOrooOpasmi, 7. €. MOAy-
0
yaeTCsl M3 HUX HCKAIOUEHHEM X, o 4y - 9Xp o



YACTb BTOPAA.
HEAHHEHHBIE YPABHEHHA NEPBOTO MOPAAKA.

-

TAABA TIATASIL.
- " 0 MOAHOM HHTEIPAAE AATPAHKA.
57. Ocumonunie onpeaereHHs. [loAomUM, YTO AAHO ypaBHEHME
z=V (x;, Xg +++y Xpy Ay, gy -+, @y)y 1)

AeBafi 4acTb KOTOPOTO, KPOMe n HE3aBUCHMBIX NEPEMEHHbIX, 3ABHCHT
eIge OT n MPOH3BOAbBHBIX MOCTORHHbIX, Mbl He cunmraeM QyHkuuio b

oguo3HaYHOHR (yuxgued OT APTYMEHTOB X1, Xp ..., X,, TaKk &e Kak
H OT APTYMEHTOB &, Qg - -+, @, ECAH V/ MHOrO3HagYHas, Mbl IOHAMAaeM
noa (1) oany us ee Berseil. TPaKTys z ak PYHKUHMIO OT Xi, Xo, - - -, X,

WmeM ee NpOH3BOAHBIE Mo 3TuM aprymentaM. Judpepengupys no
Xly +e.y Xy TMOAYHAEM:

_ov v _ov ,
pl'—dxli p2'—ax2, R Pn—_ax”' ()

Ypasneuna (1) u (2), uncao koTopwix n—--1, saBucaT or 7 apry-
MEHTOB @, Qy, ..., Q,. SHAYAT BTH APIYMEHTbl MOAKHO H3 HHXH CKAIO-
untb. [lpu TakoM HCkAloucHHH MomeT OCHAPYHUTDCA OJHO H3 ABYX:
HAM TIOCAE HCKAIOUEHHS @, &p, ..., 4, TOAYYATCA TOADKO OJHA 3aBH-
CHMOCTb

f Gy xoy ooy X4 2, Py Py -5 P,)=0, (3)
CBs3biBarOluasd OCTAaAbHBIC ApPTYMEHTh]
xlv xﬂ; «a=y xm z, Pl; D2, « -y Pm

HAH TAKHX 3aBHCHMOCTEH NMOAYUMTCS HECKOABKO.

B nepBom cAyuae B pesyAbTaTe HCKAIGUEHHS HOAYUHTCR AUPPepen-
[UHA3AbHOE YPaBHeHHE TEpBOr0 NOPsijka B YaCTHBIX NPOH3BOAHBIX (3),
AAA KOTOPOTO 2z, AaHHOoe paBeHcTBoM (1), ABAAETCA peuleHHeM, mpHYEM
pelIeHHEeM, 3aBUCKIUUM OT 7t IPOMBBOABHDBIX NMOCTOAHHBIX. ImMo peuterue
ypasnernust (3) Hazvisaemcs €10 noAnviM unmerpaion Aarpanxa.

Bo BTOpOM cAyuae ypasuenne (1) goaxuo 66T OTKHHYTO: pyHKnHA |/
He O6AazaeT KayeCTBaMH, NPH KOTOPBIX OHA MOrAa 6ni OnpeacAHTH
NOAHMbIfT HHTErPAA HEKOTOPOTO YpaBHEHHS.

Ecan us n |1 ypasneunit (1), (2) moxuo Bbi6paTtb n Taxum 06pa3zom,
YTO U3 HUX MOXHO HAHTH NOCTOSAHHDIE @, @5 ..., &, TO Z MOAHDIA
uarerpan ypasuenun (3). Ypasuenue (3) noaywaercs noacTaHoBKOIO
HA MECTO &, ..., @, HafeHHHIX WX 3HayeHHHA B HEHCIOAbSOBAHHOE
ypaerenne us cobpanus (1), (2).

L7
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Hao60poT, ecAM MCKAIOHYEHHE NMOCTOAHHBIX @y, Qgy « - <) a, NPHBOAUT
K ZByM MAH OGOAbLIEeMy 4YMCAy 3aBHCHMOCTeH, TO 8TH MOCTOHHHbIC
CBA3aHB MeHee ueM n ypaBHenmaMH ¥ us cucremsi (1), (2) matizennt
6orp He moryT. CAejOBaTEABHO AaHHOE Bbille ONPEACACHHE MOMHO
nepedpasMpoBaTb TAK: Z €CTb MOAHBIH HHTErpaAn ypaBHCHHA (3), ecan
u3 n-1 ypasuenuii (1), (2) MmoxHO BHIGpaTH N ypasueHufi Tak, 4TO6bI
M3 HHX MOMHO ObIAO HaATH BCe apryMEHThI dj, Qg ...y Aye

U3 cka3aHHOTO BBITEKAeT, YTO B COOTBETCTBHE HEKOTOPbIM ypaB-
HEHHAM B YACTHBIX NPOUSBOJAHBIX NEPBOTO HOPAZKA MOXKHO MNPUBECTH
noAnbr# muTerpaA. MozHO MENOCpeaCTBEHHO YCTAHOBHTD, H9TO B COOT-
BETCTBHE BCSKOMY YpaBHEHHIO MEPBOTO NOPsAKa MomeT GHITh MPUBEACH
NOAHBI#A MHTerpai. Mpt He OcTaHaBAMBaeMCs 3jeCb Ha A0Ka3aTeAbCTBE
BTOro yTBepxkjeHus, Tak Kak B MOCAeaylomiem OyaeT ykdsaHa MeToza,
M03BOAAIONIANA, AeACTBYS MAGHOMEPHO, HAXOJNTD MOAHbIE HHTErPaAbl Mo
JAaHHBIM YpaBHEHHAM.

[Tpuseaem, arn navara, npumep QyHRUHE, He o6aaparolied  Kaue-
CTBaMH, HEOGXOANMBIMH JZAl TOTO, 4TOGbl OHa 6bIA2 MOAHBIM WHTe-
rpPaAOM HEKOTOPOTO ypABHEHHA.

[Toromum
z= V(x1—a1)2+(x2_'a?)2+x3_03; (4)

37€Chb (I)y}!KngIﬂ Z BaBHCHT OT TpeX NPOHU3BOADHDIX NOCTOAHHMX, HO

1 2 —_—
V(xl —ay) +a(X2 a,)? , py=L1. i, (5)
Pe V(Xl "‘111)2—*’(**2_‘12)2 !

Tperbe u3 ypasuennit (5) ecTb yme pesyAbTAT HMCKAIOUEHMsS MO~
CTOSHHBIX @, g, Qg; W3 NEPBBIX ABYX ypaBHemH# (5) @; B @y HCKAIO-
YaIOTCA BO3BEJCHHEM YpABHEHHil B KBaJPaT M CAOXCHHEM.

Hmeem zBe 3aBHCHMOCTH:

P12+P2‘3:1a p:=1,

OTKyAa 3aKAlouaeM, 4TO ypaBHEHHE 34) He MOAHbUA MHTErpaA.
C apyrofi cTopoHD!, Mbl BeeT4a Hail4eM. IOAHbIH MHTETPAA YPABHEHHH

f (xb Xgy «evy Xy 2, Py P2y« s pn)=0}
eCAM HaM YAA4CTCR HaifTH pelICHHe ero, B KOTOPOM, HanpuMep, MpH
—— ,.0, —
x,=x;: z=atax,-tax,+...+az,.
JeficTRHTEADHO, TOAOKHM, YTO
7
2=V (15 Xgy +-+y Xny 2, Q> Q35 A3y -+, @) 1)

rakoe pemenre. CocTaBasieM ypaBHEHHM:A:

_ov oV _ov. @
pl_'dxls P2_ax2’ ses Pa 0xﬂ'
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Uz ypaenenna (1') u nocaeanux n—1 ypasnennit (2) Moryt Gbith
0
nafizeHbl BCE MOCTOSHHBIE @, @y - .., @,. VimenHo, npu x = xg) S5TH
ypBHEHHA NPHHHMAIOT BHZA

z=a+awxyt+ ... F+a.x,
P2==0 Py=20a3 ---5 P, y-

\Zl,eﬁC'rén'reJ\bno, AKeaas BbBIYHCAHMTb, HANPHMep, 3HAYEHHE INPOH3-
BROAHOR mQ X, NPH x1=xi°), MBIl MOXeM NOACTABHTbL X; BMECTO X; A0
AN PEPEHIHPOBANKA H AHPPEPEHINPOBATD NMOCAE NOACTAHOBKH.

[oAyuennbie mocaegrHe ypaBHEHHS, OYEBHAHO, AONMYCKAIOT PEIICHAE
OTHOCHTGABHO g, A3y « -1y Uy, QAo

Orcloaa sakiouaem, uto ypasneuue (1) m nocaeanne n—1 ypas-
nennft (2) MPH NMPOMSBOABHOM X, JOAXHb JOMYCKATb pEIIEHHE OTHOCH-
TEABHO DTHX aPTryMEHTOB, TaK KaK OHH ZOMNYCKAlOT €ro MPH HEKOTOPOM
9aCcTHOM 3HAYCHHH X;.

JAAs A060ro AMHEHHOTO YPaBHEHMA MBI yMEEM HAXOAWTb PENICHHA,
VAOBAETBOPSIOUIUEe NOCTABACHHOMY HAYaAbHOMY YCAOBHIO; CA€JOBa-
TEABHO MOXHO CUHTATDH YK€ YCTAHOBACHHDIM, YTO AO6OMYy AHHEHHOMY
YPaBHEHHIO NEPBOI0 MOPAAKA MOXHO MPUBECTH B COOTBETCTBHE MOAHBIA
HHTETPaA.

EcAn, xeAaa m3bexaTh ynoTpe6GAeHHA MHOTO3HAYHBIX (PYHKUHHE, Mbl,
BMECTO TOro, 4rchpl 3ajasarb z ypaBHEHHEM (1), 3azaauM ero HesBHO
ypaBHEHHEM !

W (xls Xoy «-es Xpy Zy A1y <<y an)=0: (11)

Mbl MOXEM, NpH HaiwuHn ypapHeHms (1;), samenmtp ypasnenus (2)

yPaBHEHHAME
oW ow ow ow
szl—{_?)?l =0, ..., 7;2_7}’“—%—52:0; (2y)

ypasrenus (2;) nepejalOT NPOKM3BOAHLE OT Z TOABKO INOCAE HCKAIO-
Yenms M3 HHX z; HO, NpHUOHCAB K HuM ypapueuue (1,) ® mmes B BHZY,
4TO HCKAIOYEHHIO NOAAGKAT @, dpy --., O,, Mbl MOKEM COXPaHATb UX
B suze (2,).

OrmeTuM HexoTOphe uwacThhie caydad. Ecam ypaBuenne (3) momer
6HITh PEIIEHO OTHOCHTEABHO p; H TEPENUCaHO B BHXE

P1:F(x1: Xgy coe Xyy Zy Pgy oo ey P (6)

ro nasepuoe ypasnenue (1) m nocaeanme n—1 ypasuennii (2) pas-
pelIHMbl OTHOCHTEABHO NPOH3BOADHDBIX MOCTOAHHbIX,

Huaue U3 5THX ypaBHEeHHH MOXHO 6bIA0 6Bl MX MCKAIOWHTD M 1O-
AY9HTb, 3HAUHT, ypaBHeHHe, He 3aBuCAlee OT p;, TOrAa Kak, BCAed-
CTBME EAMHCTBEHHOCTH pE3yAbTAaTa MCKAIOYEHHsl, NOAYYEHHOE Ypap-
HeHue AOAKHO GBITb pPaBHOCHAbHO (6) M, BHAUMT, JOAKHO COAEPXKATD p,.

Taxme, ecam ypasHenHe (3) coaepsuT z, To H3 ypasueHumit (2)
MOMHO HafiTH BCE MOCTOAHHBIE @, ds, - - -, @, HHAYE UX MOXHO GBIAO 6bI
HCKAIOUHTD H DOAVYHTb YpPasHEHHe, He 3aBHcslliee OT z,
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OTMeTEM OAHO CAGACTBHE MNPEANOAOKEHHSA, 4TO ypabHenua (2)
PABPEIIMMBI OTHOCHTEADHO @, @y, --+5 G, B aTom cayuae sko6uan
HMX AEBhIX uqacTell OTHOCHTEABHO OSTHX APTYMEHTOB HE TOXJECTBEHHO
HYAb, H Mbl HMCEM: -

RV 172374 RV
Ox0a,’ O0x,0a, "' Ox0a,
!QZ QK _(3_V_ ) 74 A% oV
0 i dxl ! dxﬂ’ " dxn — 0x2(3a1’ (3x26¢12’ T 0x2(3¢1,,
D{a, a) ..., a,)
02 oV o2V
0x,0a,’ Ox,0a;, """ Ox,0a,
IlepecTaBuB B Onpegeaurere CTOAGUE M CTPOKH, 3aKAIO4AEM, 9YTO
OH paBeH AKOGHaHY
p (Y oV v
oa,’ da,’ """’ Oa,

D (x3, xgy ..., x,)

KOTOpPbiH, CACZOBATCABEO, HE TOXKECTBEHHO HYAb.
Orcioaa caeayer, uto cHCTEMa ypaBHEHUH

oV b oV b - ov b
Oa, P Oa, P g, T
ZONYCKAET PelIEHWe OTHOCHTEABHO Xy, X2y -+, X,

Jro 3ameuande HaM TIPHUrOAHMTCA B JaAbHedmewm.
OrMerym B 3aKAlO¥EHWE, 9TO KOTAa ypaBHenwe (3) He 3aBHCHT OT z
H HMeeT BHZ

/

f (xl’ Xoy e ooy Xy Py P2y o s Pn)=0, (3)

MCKAIOUEHHE @), @y, ..., &, ZOAKHO ObITh BHINOAHHMbIM H3 OAHHX ypas-

nenuit (2). :

B atom caywae nogo6atonpm BbIGOPOM MOCTOAHHBIX @5, Ugy -« «) 4,
noAsbii uHTerpar (1) momer 6biTh mpHBEAEH K BHAY

4 4

2=V (x;, Xgp «00y X, Qs @y +-+, @, _ 1)@, (1)

B KOTOPOM OAHA H3 NOCTOSIHHBIX BXOAHT aAAUTHBHO.
JeiicTBATEADHO, 3aMEHA Z HA z — @,  OCTABAsIET Z PEIICHHEM ypas-
Henus (3'); mo z npunmMaeT BUZ

I 14
2=V (x, X3 ..., X, Qs o, -+, Q) a,. 1y
N3 ypasuenuit (2) seabss HalTH BceX HOCTOSHHBIX @), Oy - - ) Uy
HO n— 1 u3 HUX HalTH MOXHO; MHAUe B PE3YABTaTE HX HCKAIOYCHUsA
obuapyxuauch 6bl ABe 3aBHCHMOCTH MEXJAY ApryMeHTaMH Xi ..., X,

Py« -+ Pn:
[Toromum, ¥TOo Moryt 6miTe Hafigenol @, d,, ...,@,_ i TOTAa @,

MOXHO 3aMEHMTh KakuM-HHOyZb YHCAOM, BBHIOPAHHBIM TOALKO Tak,
9TO6Bl BO3MOKHOCTb HAXOXKAEHHA 4, d, ..., &, _, COXpAHHAACD. YpaB-
nenue (1',) o6parurcs nocae sroro B (1), n3 xoroporo momno Hafith
nocAeaHee MOCTOSHHOE a,, .
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58. Mpumepni. YxameM HECKOABKO THIOB YPABHCHHH, AAA KOTOPHX
Mbl AEFKO MGKEM COCTABHTh NOAHbIA HHTErpaa.
1) YpasHenne BHAA

f Py Pes -+ 1y pa) =0, )]
He saBHCAINGE #BHO OT HE3ABHCHMbIX NEPEMEHHBIX M HEH3BEeCTHOR
(PyHKIIAH,
Jrs yppenenus (7) noanbifi uHTerpaA MmeeT BUA
z=a1x1+a2xz’T' "'+an_1xn_1+c-“n+as ®)
rZe @, g --+» @, _;, @ MPOMSBOAbHbIE NOCTOAHHbIC, a ¢ MOCTOAHHAA,
HafijeHHas M3 ypPaBHCHH: »
flapay - a,_; c)=0. ©9)
JeficTaurteabHo, aupdeperunpys (8), nmeem
P1=Q; Po=0qy -2+ Pp_1=%_yp Pp=20C- (10)
Bamena B (9) @, @y - - -» @, _ ;) € UX BbIPARKCHUAMY BOCCTAHABAUBACT
ypasuenne (7); 3uaunr, (8) ecTh pemeHHe ypaBHEHHA (7). Tlpn aTOM
uz ypassenuit (8) m (10) moryr 6mTe HafiaeHnl @, @, Qg -. s Gp_y-

Buaunt (8) He nepsoe nomasmeecs pemeHHe ypasHeHus (7), saBucaulee
OT n MOCTOSIHHBIX, HO MMEHHO NOAHbIf HHTErpan.
2) YpaBuenue BHAA

z=x;p; +xoppt - +xuPntf (P Py -5 PO (11)
naspisaeTcs 0606wennvin ypasneruen Kiepo. Ero moambit murerpar
z=a1x1—{—a2x2—l— v tax,+f (@ @ - a,)- (12)
Jeficreuteanno, us (12) nveen
P1=10y Py==0g s Ppn=0qy- (13)
Toacrasasas B ypasuenue (11) Bmecro z m pyy ..., p, HX 3Ha-
genns (12) m (13), noaywaem romectso. 3mauur (12) pewenne ypas-
penmus (11). Tak kak us ypasnenudl (13) MoEHO HallTR @, Qg .- s Cus

(12) ecTb NMOAHbIH HHTErpaAa ypaBHEHHs (11).
3) JAs HAXOXACHHS NMOAHOrO HHTErpaAa ypaBHCHH:A

fi (xp p) fo (g ) s foe1 (o Poih fo (Xp P)=1, (14)
poAaracMm
fi (e p) =0y f, (xp p) =105 --- fos (x,_ 1 p"_1)=a”__1,}
1 t(15)
f (x s Pp) = . |
» (o) Qg - - a,_ g J
Pemas nocresHHE YPaBHGHHA OTHOCHTEADHO Py, Py - vy Py_ys Pys
HAXO0AHM
p1=% (xp al)l Py = %2 (x2’ @)y +ovy P 1= Pn—1 (xn——l’ an—l)’

)
|

1 ) 15
J

Prn=9° (x y T o
n AT @y, @y a1 @y

P,
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OTKyaa 3aKAIOYAEM, YTO
z—a+ f oy (xy a;) doty - f 0 (o, a5) iy
ot f Oy (us @y_s) dty_y -
R L 16)

aay, -

NOAHBIH HMHTErpani.

JeticTBaTreAbHO, ANQQEPEHUHPYA NOCACjHES paBEHCTRBO, BOCCTaHA-
BamBaem ypasrenua (157), M3 kOTOpbIX NMOAydaeM ypaBHEHHA (15). U=
nocAezHHX caeayer, 9To (16) ecTp pemenne ypaBHEHHA (14).

Tak Kak BO3MOXHOCTb mepenucath ypaeHenms (157) B mmae (15)
FOBOPHT O TOM, uTO U3 ypasHenufl (15°) Moxno mafiTa @), @y, .- - @, _;,
a ypasuenre (16) oueBMAHO AaeT @, SACHO, YTO (16) noaubil HHTETDAA.

4) Ecan .

Doy Py -y Pu
T'A3BHbIC pemeHHﬂ AHHCI”]HOI‘O OAHOPOMOFO ypaBHeHHﬂ
Xipit Xopa - Xupa=0, (a7

— .0
oTBeuaromme X, =X, , T. ¢ ofpauaoyuecs
| ©)

B Xy ..., X, KOTAa Xx;==X; , TO noaant#i wuTerpan ypasuenus (17):
z=a+ta,%tasoF - 1+ 2P
Vay Vagy oo Vo Voo

rAaBHbIE pEUIEHHs YpaBHECHHA

COOTBETCTBCHHO

Ecan

F)% oV v , ., oV
X a—x:'i—Xe E+"'+Xn 3}‘;’7—)( 5 =0
ofpargatolnuecs fpH x1=xf°) COOTBETCTBEHHO B Xgy Xgy o0y Xpy Z, TO
NOAHBIE HHTErpar YpPaBBEHHA

Xipy - Xopo - - - +Xupn=X 17)
noaysaeM, uafiga z H3 ypaBHEHHsS
v=ataVa-tasVy+ ... +a,V,.
[lps x,= xio) nocAczHee ypaBHeHue oGpallaeTcsi B
z=a+amntagxst . Faur.;

CAEZOBATEADHO, BO-TIEPBbIX, U3 HEFO MOXHO HafiTH Z, BO-BTOpDIX, HafizeH-
HOE z, KaK 3aMEYeHO B NPOIIAOM naparpade, 6yAeT NOAHBIM HHTETparoOM.
59, Haxoxaenne MO TOAHOMY MHTErpary pemeHmd ypasHeHHA.
Japas B paserctse (1) MOCTOAHELIM @y, @y, . . ., @, PABAHYHbIE YACTHBIE
sHaueHHd, Mpl 6YAEM NOAYuaTh PAsAMUHbIE PELICHHS YQPABHEHUA 3).
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Bosnukaer BONpoc, HeAb3s AHNOAyquTb U3 (1) pemenus ypasnenma(3),
BaMEHAA @ - - -; A, HE MOCTOAHHBIMH, a QYHKUHSMH OT X, Xgy « - 5 Xpe

Ypasnenne (3) 1OAYIEHO MyTEM HCKAIOYEHHA APTYMEHTOB @y, @3, - -+,
u3 ypasnenuii (1) u (2). [lpu rakom mckArucHHE Gespasamuso, uTO
HCKAIOUAAOCh, NOCTOSIHMbIE HAM (PYHKIMH.

3nauHT, €CAH Mbl NOACTABHM BMECTO &y, g ..., 4, B (1) Taxue
QyHKUMH, 9TO6B! ypaBHEHHs (2) coxpanuau cBo#l BEA, TO z, HaRAEHHOE
ua ypaeHetins (1), nonpesmemy 6yayr pemeHuem ypasmesus (3).

BhisiCHEM, KAKOMy yCAOBHIO AOAXHBI YZOBAETBOPSTH BTH (PYHKUHH
a,, ..., @, 9T06b1 ypasueunus (2) coxpaHHAM cBOH BHA. .

JAudpgpepenuupys ypasenne (1), umeem, He cunTas a;, @, ..., Q,
IOCTOAHHBIMA H 3aMeHsA dz depes

Pldxl —i‘ P2dx2+ L +P»dxm

oV oV
pldxl—{— e +pndx"=5g dxl—l—.. . +a?dx"+

oV oV ov
—I——az da1 —’r B-C—l;— da2+ .o —l—ga—’: da,,. (18)

Ho B cuay ypanHenuft (2) uaens B nepsoii crpoke B (18) coxpa-
aroTcsi. SHaUHT QYHKLUH Q5 g, ..., Q, gf;omemopmor YCAOBHIO
oV oV
éz;dal+a;;da2+ cee —’—aandan—-o. (M)
O6paTtho, ecau co6rwoaeno ycaosne (NB), us pasencrsa (18) Borre~
KaeT, 9To ypapneHus (2) cobarogenni. 3naunr ycaosue (NB) neobxosnmo
¥ ACCTATOYHO AAs TOro, 4To6hl (1) ocraroch pemennem ypabneHHs (3).
PaccMOTpUM, KakMe 3AKAIOUCHHS MOXKHO CAEAATH © QYHKUHAX @,
s, ..., @, Bcxoas ot ycrosus (NB).
Cunras, 4t0 @, Gy - - ., @, QYHKLHH OT Xj, Xy, ..., X,, Mbl MOXEM
yeaosmio (NB), shmoauas anddepenynpoBanus, gaTb BHA:

94TO

(3V 0111 (3V (3(12 dV aan)
(Gar T g Gt - )t
aV da, |, OV day a_vaa,,)
+(5&:d—,r;+_zg—dx2+“'+da,, i L

0V aal aV ()ag | QK %) .
+(5&: ox. Tom ox. ¥ T g, ) P00 (19)

OTKyA3, NOAB3YSCh MPOH3BOABHOCTbIO AHUPPEPEHIHANOB HE3ABHCHMBIX
flepeMEHHBIX, 33KAIO4YAEM, 9TO CNPAaBEJAHBLI DAaBCHCTEA:

oV 9a, | OV Oa, oV da,
Ja; 9x, Toa; o, T T da, ox, 0

9V da, Q,V_a_‘_‘_ﬁ__{_ OV da, 4
da; Oxg | Oay 0xs ' " Oa, 0%y (20)

oV da; | oV OJa, oV o
2, Ox. 0a, ox. T T 0@, ox,
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Tpakrys pasencrsa (20) kak cHCTeMy OJHOPOZHBIX ypaBHEHHH

OTHOCHTEABHO
oV oV oV
0a,’ Oay’ "’ Ja,

n

3AKAIOYAEM, 9TO MAH ONPEACAMTEAb H3 KOBPQHUUHEHTOR B ypaBHe-
uuax (20) paeen myamw, T. e.

da; OJa, da,
E, a?l"r c sy 'a_x:
Oay Oay Oa,
Ox;’ Ox," "' Oxy | =0, 1)

0a; Oa, da,
Ox,’ dx.” "7 Ox
WAH CIPaBEIAVBH PAaBEHCTBA

oV oV ov
5(:_0, 5(1—2_0, ...,07"_0. (22)
Pagencrteo Hyat0 onpegeanrers (21) ropopur, uTo GyHKUHK @y, . . . @,
CBA3aHbI no KpaiiHe#t Mepe oaHofi 3aBUCHMOCTbIO BHJA
© (al’ Ay - -y a,,)=0.

Ecan Bumecte ¢ onpegeanterem (21) pasHbr HyAIO M BCE €T0 MHHOPDI,
TO DTHX 3aBACHMOCTEHl MomeT 6hITb HECKOADKO. :

HMrak, ecarn cupasearvso ycaosme (M), To mam cnpasesruBbl 3a-
BHCHMOCTH

o (a;, ay ..., a,)=0, 0, (ay, ay, ..., a,)=0, } @)
. "Dk(al’ a, ..., a,)=0, )
9HCAO kK KOTOPBIX PABHO OZHOMy M3 4HCeA 1,2, ..., n, HAR -QpyBKuHH @,
@, ..., @, yAOBAETBOPHAIOT ypasHeHHam (22).
CesizaB @yuxuuu a;, ay, ..., @, ycaosasamu (23) u moAb3ysch

ypasuennem (MNB), mbl Momem uX, Boo6Guwe roBops, HaHTH.
efiCTBMTEABHO, MOAOXMHM CHadaAa, 4T0 ypaeHeHus (23) pemenm
OTHOCHTEABHO k M3 QYHRUUK 4, @y ... @), ¥Mesn, HAPUMEP, BHA
al=§}1 (ak—}-l’ .o ,an), az_—_-ﬂz ([Zk+1, Ce s ,an), ]
{23
.y a”). J

Toacrasans aTu 3kavenns ay, ay, . . . , a; B ypasuenue (NB) u npupas-
HHBAs HyAI0 KO®QQUUUEHTDI npu da,,  ,, - . -, da,, MBI TOAYIHM CHAYaAA

PR §
co = (@ -

av o, ov. o, | oV
—_— ——— “e . =5 dak 1+
Oa, Oay da, Oayyy 0%y, i
’}_(E'T dak+2 -_%_daj aak—l—zf dak+2 'dak+2+
oV 0%, IV 99, oV ob, oV
. oV ov, oV 2 — k7 =
R + (dﬂ] da“ +da2 3?‘7_}_ T —’rda,‘; dau l 6(111) da"' 0
10 H. Twarep.
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H 3aTeM
oV 0%, ' P—(ﬂ/ 09, n oV —0
da, daH_l—I— e Oa, (3ak+1 (3ak_|_1 -
. - - - - . . - . . . . - . - - . . . - } (24)
ov.  ad), | oV 0%, ov
dc_z: Oa, ' —{_(3_01: da, + da, 0.

Ws ypasmenuii (23') u n— k ypasuennit (24) moxHo, Boo61e rosops,

HafTH BCE (YHKUHH @, Ty, --., Q,.

Hckomoe pemeHHe €CTh, CACZOBATEABHC, PE3YABTAT HCKAIOYEHHSA
napameTpoB @, ds, ...,d, W3 ypasHenus (1) npm nomomm ypas-
nenu#i (23') u (24). -

BameTuM, 9T0, noactaeus 8 (1) Bmecto @, ..., @, UX 3Hauenus (23"),
Mbl TIOAyuYa€M Zz B BHAE GQYHKOHH OT X;, -..,X, H NapaMerpos
(AN g

Ha noAyuenHOoe ypaBHeHHWE MOXKHO CMOTPETh Kak Ha YypasdHeHME
cemeficTBa noBepxHoCcTel B mpocrpaBcTBe n—+ 1 Hamepenufl, sasucALUX
or n— k napameTpos.

[pu Taxofi TpaxToBKe ypasHeHus (1) mckomoe pemenue ecTh Orm-
Galoman ykasaunoro ceMefictsa moBepxHocredl. JleficTBuTEAbHO, ypaB-
senns (24) roopsaT, 9TO TOYKH

(xb sy Xy, Z)

nosepxnoctu (1), Aemamue Ha nosepxmocTax (24), npumaarexaT npm
HaAuuud ypasHeHni (23") Takxe u nosepxHocTAM cemeficTBa 6eckOHEYHO
6ansxkuM K noeepxHoctH (1), a HCKOMOe pellleHHE ecTh reOMEeT pHYECKOe
MECTO BTHX TOYEK.

Baganne ycaosua (MB), sHauHT, PABHOCHMABLHO YKa3aHMIO, 9TO
HCKOMOE pellleHHe €CThb OrH6aolyas HEeKOTOPOro cemeHcTBa NOBEPX-
HOCTEil, ONpPeAeAeHHOr0 MOAHBIM MHTETPAAOM.

EcaH n=12, To npm HaimuHH OAHOH B3aBHCHMOCTH MexAy napa-
MeTpaMH a;, d, Hamle Cce€MefiCTBO NOBepPXHOCTEH 3aBUCHT OT OAHOTO
napamerpa.

B stoM cayvae ypasuenus (1) u (24) npunvmator Bua:

v ., ov
z= V (xly x‘_)’ '9 (a2)’ a‘l)’ 5.&__ 8 (ag)‘{_aT:O
1 2

U ONPEZEASIOT AUHIIO — XQPAKMePUCMUKY OUbaemoii —a HCKOMOe
pEIIeHHE — FeOMETPHUECKOE MECTO DTHX XapaKTEPHCTHK.

B cayuae, xorza n > 2, Mbl NOAyuaeM pEWICHHE KaK IEOMETPH-
YeCKOEe MEeCTO AHMHMHA — MHOTO06pasufi OBHOTO HIMEPEHHS B NPO-
crpanctee n-|-1 uBMepenmfi — TOABKO B TCM CAydae, KOTAR UHCAO
sapucumoctedt (23') parno egunmne. Ecau uncao 3asucumocreii (237)
paBHO k, HCKOMOE PEIIEHHE €CTb rEOMETPHYECKOE MECTO MHOTrO06Gpasuit
usmepenus k; wucao ypasuenu@t (1) u (24) passo mmemso n—k-+1
u, 3HAYMT, YHCAOQ HE3ABHCHMHIX MEPEMEHHBIX PaBHO k.

§ 59. Haxomaeune no moanoMmy nurerpary pemenn¥ ypaBHEHuA 147

Moo, KOHEUHO, OnpejeAsis (PYHKLHH Qy, dy, ..., @, HE OTAABATDH
C CaMoro Ha¥aia TMPEANOUTEHHUA HEKOTOPHIM M3 HHUX H BECTH MCKAIO-
ueHHE MeToAOM HeompeXeaeHHbix MHoxuTeAed. Juddepenuupys ypas-
nenus (23), umeem:

Ow, Oo, , Om,
=— = eie = da, =
da, da, +aa2 day |- " Oa, a, =0
Ow, Ow, ow,
-(_9?17 da1+97";dag+.-.—l‘a_a'; da"—o-
VYMHOXas nocAezHME YPAaBHEHHs NOCAEAOBATEADHO Ha Ay kg, ..., )y
n npubapasa K ypasunenmio (NB), moaydaem
1oV Jdo, do, oV . . Oe
i N U S Ay, —E — b, =t
k("% i ;\1 dal [ Ay dal ) dal + (aag i )\1 aa2 +

do ov Jw Ow
1 A, b L8y L hy k. —0-
TS dag)daﬂ_i—"' | (da,, Ay Ja. oo "da”)da“ 0;

ypasuenne (NB) Gyaer cobaroaeno mpm Haauunm ypasuenud (23), ecan
koo puymertn npu da;, da,, ..., da, B HOCAeZHeM paBeHCTBEe OyayT
PaBHbI HYAIO.

[MpupaBruBas HX HyAlO, NOAydaeM:

% Jdo do, )
— = N = ]
0a1+ ! 0a1+ + ¥ Oa, 0 l
e (25)
av Jdw, do, I
—A, = =0,
da" + ! da'll + + * daﬂ 0 }
Ua k ypaenenuit (23) u n ypasuemuit (25) wmoryr 6bitp, BOOGWE
roBops, HakgeHbl QYHKUHH @, Qy, -« - » @, W MHORHTEAH Ay, Ay ..., Ay
Pemenne, noAysaemoe M3 [OAHOTO HHTETPaAd B NPEANOAOMEHML,
uto' B (23) QyHKUUE ©, Oy ..., ®, NPONIBOALHDI, Ha3BIBaETCA O6UUM
UHMELPAIoM.
JaBsas B 06lueM HHTerpare (GYHKUHAM ®f, ®p, ..., ®, JaCTHHIE 3Ha-

yeHHs, Mbl GyAeM K3 OOILErO HHTErpaia MOAYYaTh PasAHYHbIE HYACTHBIE
pemeHHs.
Ecan @ysxkuuu a,, ay, ..., q, HalzeHb U3 ypaBHeHHH

v oV o ,
5?11——0’ 5o, =0 T =0, (22)

TO pelleHHe HA3bIBACTCA OCOGEHHbLM.

[Npusumas BO BHMMAaHHe CKA3aHHOE Bbille 06 OBIUEM HHTErpaic,
MO:HO CKasaTb, UTU ONPEAEACHHOEC HaMHM Tenepb ocofeHHOe pellleHne
ectb orubarowmas ceMmedcTBa noBepxHOCTEH (1), =aBucsAwnx or n napa-
MeTPOB.

B3

10%
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Ecau Bumecro ypasuenns (1) mmi Buib6epem ypasuenue (1), aromee z
HeABHO, TO BCIOMMHAs, 9TO ypaBHends (2) MOAydalOTCs H3 ypas-
Hennii (2,) uckArouenneM z npu nomomu ypasHeHus (1;), Mbl ZOAxHH
ycaosue (18) sameHuTD ycAOBHAMH

W (xln Xy, - -

s Xpy 2, alv» a;,,a")::ﬂ
ow ow
dz (pidx;+ podXe+ . . . 4‘[’"‘{4\’“)—*‘0_}5 dx, +

. 0w oW oW (18,)
+(§;dx2+.+a—ﬂ dx,,—l——o—‘—;dal—}— !

ow ow
—'_5&; dxy+- .- ‘l—a; x, =0,
9TO NPUBOZWUT K 3aKAlOuEHHIO, yTo yciosne (NB) pasmocuabHO ycao-

BUAM: .
ow ow ow
d—a:dal+5'&;da2+...+a—;"- da,,~—0 l

W (xg, X, - - ,a,)=0. J

VYpasnenns (22) arn Haxomgenms 0OcCOGenHBIX pemeHAH ZOAXHDI
OblTb 3aMEHEHDI YpPaBHEHHSIMH

(M8,

sy Xy, Z, Oy, oy - - -

ow ow ow
..___:0’ .—-——-:0, veey T =
da, da, da, (22)
W (x,, xg -« s Xpy 2, @y, @y - .. ,a,)=0,
TaK KaK NMPH HaAuwdmM ypasHeHua (1,) mbl, oueBHAHO, HMeeM
ow oV oW
U 9o e O

flcHo, uTo B cAywae ypasHenus Buga (1;) B BHAY TOro, 49T0 B OKOH-

gareabHOf cucTeme ypasuenne (1,), coxpausercs, ypasnenus (24) momno
3aMEHHTb YPABHEHHAMH

oW 09, n +6W 09, w__,

(9a1 6ak+1 dak aak_|_1 dak+1_ I

(24,)
oW 9%, oW 9%, | oW _
da, Ja. ¥ TOa Ga, 0,0 |

60. 06 o6mem mrrerpare. Ckazannmoe B OpomAaoM maparpade
MOXKET HAaBECTH HAa MbICAb, UTO HEOCOGEHHbIE pelleHHs ypaBHeHHs (3)
MOryT 6bITb pPA3HbIX POAOB: PEWIEHHS, NOAYdaeMble, KOIZa YHCAO K
saBucumocreit (23) pasuo 1, 2, ..., n. Ho Takoe pasaeaenne 6n1r0 Gbt
HenpasuabubiM. Kaxgce pemeHHe MokeT OKa3zaTbCA pemieHHEM AOGOro
poaa, CMOTPs N0 TOMY, KAaKOB HCXOZHBHIA UOAHbIH HHTErpan.

g b
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IMocreanee 06CTOATEABCTBO MOATBEPEIACTCA CACAYIOWAM TIPHUMEPOM.
Bosnmen ypaBHeHne

z=x,p1~+ XoPo + xps- (26)
Yparrenmo (26) yA0BA€TBOpPsIET, KAK HE TPYAHO y6eanTbHCSH, PYHKIIHA
z=V x>t x?+x®. @7

Ypasnenne (26) uacrunit caywafi o6o6uennoro ypasnenus Kaepo.
Ero nmoaumfi unTerpan

z =@, x; - agxe 4 agis. (28)
Urobsr uaiiTR BHAYEHHS ;, Op, Oy, [PH KOTOPBIX 2z, HaHzeHHOE
u3 (28), o6pamaercsa B (27), noabayeMcst ypaBHEHHAMH
PL=a;, P = Q3 P3= as-
IMoacTaBasa B HHX BMECTO.p;, Pgp Ps HX 3HAUeHUs, HaAzeHHDBIC
anppepennupopanuem (27), noryvaem

Xy Xy
a = ————————— ag = "
UV b , V x2+x? -+t '

Xg

B Va2 x? +x?
aﬁ—*—a{‘—}—a;f: . (29)

HUrax, a,, as, a; ceasanm oano#ft 3aBHCHMOCTbIO.

Ho metpyano y6eamthesi, 9TO 3a MOAHBIA HHTErpaA ypaBHEHHS (26)
MOXHO B3ATh €Ile PABEHCTBO:

z=a; V x24 x>+ 1’ + agxs - asxs. (28,)
JeficTBuTeApHO, UMeeM

X1 X9

=a » Pp=a 3 :
P 1 V x2+x?+x? ’ ! V x®+ x+xg®

+a;.

ag

OTKyaa

-+ ag, .
(30)

Xg
=gq
Pa Vo xpF 2?+x?

Moacraasin B ypasaenne (26) BMmecTo z ero snauenme (28)),
a BMECTO p;, Py Ps BX suadenna (30), Mbl mOAydaeM TOXECTBO; 2z Aei-
cTBUTEABHO pemenue ypasnenus (26). Ilpm stom ms ypaBHenu# (30)
MOZHO HafiTH MOCAEZOBATEABHO &;, dy, @y; 3Haumt (28;) mnoambi
HHTErpaA. '

Samenss 8 (30) py, P, Py NpousBOAHBIME OT Qymkuyuu (27), moay-
uaeM ypaBHEHHsA:

e —\ St

X, X4
a, - — = ’
V ox? xe*+ xy V ox?+ x2 b xg?
X, X
o -—2—%—'—27!'#%—: V %2 2 2
V oxl2Fx? X X2 4 xg® - xg
Xg X3

a

+az=

V 22 xg? + xgt ’

14 x% 4 x?  xg?
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H3 KOTOPBIX HAXOZAM:
a,=1, a,=0, ag=0,

Hrak, uto6bl noayuuts pemenue (27), uago B noanom unterpare {28;)
CBA3ATb @;, @y Q3 TPEMsl 3ABHCUMOCTSIMH.

Hakonen, 3a noannifi mHTErpar ypasHenun (26) MOXHO B3aTh pa-
BEHCTBO

za (V x*q x?x? —V 2+ x?) -+ apxy |- agrs. (285)

JelicTBATEABHO, UMEEM:

Py = Xy py= a1 Xy . a Xg —l—-
, ’
V X, x? 4 x5° V x4 x? -+ xs? Vixgt+x2
+ay ps= Ofs - Ofs ., } (30
V X1 - xg® - xg? Vx;—}—xf T )

Noacrasassn B (26) BMecro 2, p;, p;, ps ux 3mauenus (28,) u (30'),
MOAyYaeM TOXECTBO; 3HAUMT z AEHCTBHTEABHO pelleHue ypaBHeHus (26);
npu stoM H3 ypasuenufi (30") MOxHO nocAezoBaTEAbPHO HAlTH @), Aoy A3}
3HAYUT Z HOAHBIA WHTErpaA.

3awmenss B (30") p,, py, Py nponseogumimu oT Gynxunn (27), nory-
uaeM ypaBHEHUs

a,x; __ X1
vV xp% - X% A N V x?F x4 x?
a;x, . a, X, 1 g,= X2 .
14 X2 g% - xg3 V X2+ xg? 14 X% - 2o - g '

a,xg . a, Xy Xg
V xif xgr F x5? V x2 + xg? V' x4 xg2 | xa?

[lepBoe u3 uux gaer a0, =1; nozcraBass STO 3HAUECHAE B NMOCAEZHUE
ABa, UMEEM:

+az=

. M. . B
Vo x? + x,2 T Vx| xs? ,

2 a_
ay* +-ag?= 1.

ay

OTKy#Aa

Hrak, urobm noayunts pemenme (27), HAZ0 B MOAHOM HHTe-
rpaae (282) CBA33Tb Qq, Qy, (3 ABYMA 3aBUCHMCCTSMH.

Jrs npumepa BoccranobaM pemenne (27) u3 moanoro unrerpanaa{28),
NIOAb3YsiCh 3aBUCHMOCTbIO (29).

INpumensas gopmyant (25), mb goaxser k 3aBucmmoct (29) npu-
COeAHHHUTb YpPaBHEHUSN

xl—l_z)‘al:‘oy x2+2}\(12:—"0, A‘3+2)\03:0,
H3 KOTOPDIX

X5 Xg X
g — B g8 e,

(11:_

2]
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H, OKOHYATCADBHO,
X1 Xa
al P N (12 - tr————Y
3 ;
V x?+x® x5 Vx4 xg* + x
X3
a;

- |74 x,2 - xp? - xg? ’

Moacrasasns sru 3Hauenus B (28), mbl noayuaem pemenue (27).

PaccmoTpuMm euie HECKOABKO NMPHUMEPOB, KOTOPbie HaM noHazo6artcs
B zarbHeHmem. - :

1) Me: BRgeAd, 9TO NOAHBI HHTErpaA ypaBHCHHA

z=xp;+ x2i’2 - % (p>+p22) (11%)
paBeH
2= x,a; -+ xo05 — —;— (a2 + ay?). (12)
Hafizem To pemenne ypasHeHHA, B KOTOPOM
a2+ a?2—1=0. (31)

3anucniBas, uro npomssoaubie of (12°) no a; m a; mnponopymo-
HAABHBI POH3BOJHBIM MO @, H @y OT Aepoii wacTu (31), umeem:

Xy—a Xg— a X X
t 1 — 2 2:)\'—"1, )\=_1‘=_2
a, ay a, a

IMoacrapasns 3Hauenma a, u a B (31), moryyaem:
X Xo
A=V rx2Fxd o= Q=
1 2"y @1 —=—"y Q2 =,
Vxﬁ—}—xf V x4 xt

oTkyaa mocre noacrauosku B (12) maxozmm:

— 5 1
2=V x2+x’ —5. (32)

2) Mprpasuss uyno uactubie npomssogubie o (12°) no a; u ay
HaXOAWN
xn—a; =0, x3—a;=0.

Toacrasaas nafifennnie 3Hadenus a; 1 gy B (12°), Haxoxmm oco-
6ennoe pemenue ypasHenus (117)

e=5 (x5, @)

61. XapaxrepacTaaeckne Aumum. [lepexoas k szagaue HaXOmAEHUS
pemenufi MO AAHHHLIM HAYAAbHBIM YCAOBHAM, Mbl DACCMOTPHM CHAYaAd
cAyual ypaBHEMHs C ABYMS HE3aBHCHMBIMH M€PEMEHHBIMH:

f (xp x5 2, Po pe) =0. (34)

Haittu pemenue sroro ypaBneHHs, 3HaddT HafiTh NOBEPXHOCTh B IPO
CTPAHCTBE TPEX H3MepeHHH.
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[Toroxnm, gTO
z = V(xp X9y Qyy 02) (35)

NOAHbI#
m ypzxnnzzsgrpaa ypasnenns (34). Mexnouas a, u a; us ypasnenus (35)
v o

pl = axl > P2= dx:a 3 (36)

Mbl BOCCTafiaBauBaeM ypasuenue (34). Buaumr, Gespasamuno, sazaTthp

ypaeHesue (4) mam ypaswenus (35) u (36); To m apyroe ,sanarme

ONPCACAMOT OAHY M Ty Xe B3aBHCHMOCTD MEMAY X, Xy Z, Py, P, H

3HAYHT, Te Xe MOBEPXHOCTH B IPOCTPAHCTBE TPEX n:—mepennﬁ.l, 2
Moroxum Tenepp, uro aamo meoco6enmoe pemenue

z==0(x,, x,), (37)

KOTOpOe MOXHO BOCCTaHOBHTb M3 NOAHQro mHTerpara (35), cBssap a,
H a; OZHOH HAM AByMS 3aBHCHMOCTSIMH, W Bbi6Upas, B CAyyae Hajo6-
Ho;m, mozob6aromyto Berep pyaxuuu (35). PaccmoTpum cuavara cay-
:/:)c:]‘ l;comna pemenne (37) morysaeTcs ycTaHOBACHHEM OAHON 3aBHCH-
@ =9(a), (38)

rde ¢ HEKOTOpas QYHKUM:A; €€ MOXHO Hafivy, noactaBaaa B (35) u (36)
BMECTO z ero 3madvenne (37) m HckAlOWaa M3 pesyAbTaTOB X, H X3
Jra maxomzenns a, u @; NPM HaAMMMM 3aBHCHMOCTH (38) wazo, no
crasauHoMy B § 59, npucoeannuts k ypasuennsm (35) u (36) ypaam;rme

oV . oV ,
‘d‘tz—l‘f‘a—ag?(a]):o.

glcmuo'ierme @ U @; U3 3THX TPex ypasHewuB aact ypasuenme (37).
HaYHT Ge3pasAMYHO, 33JaTh YpABHEHHE (37) uru ypasuenus

Zz == V(xll Xg, ay, ag)
ov . v ,
—d—a’l““*_—‘? (a))=0

dag
Qg =@ (01)

37)

Mur aamum cucreme (37,) 6oaee cUMMeTPHYHBIi BHA, BBOAS B pac-

CMOTpeHHe elle OAMH MapaMeTp U eime
O4HO ypaBHEHHE.
UTO CHCTEMa We oaHo yp Ovuesuano,

T = V(xli x?) a]v aQ)

oV oV
a =9 (a,)
c=¢(a)

BHoAHe paBHOcuAbHa crereMe (37,), a rakxme ypaerenumio (37): uckaso-
deHHEe U3 Hee a,, @y C TaKxe NPHBOAUT K ypasHeHumo (37).

e
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[lpucTynasi K TAKOMY MCKAIOUEHWIO, MBI MOXEM CHA49aAa HCKAIOYUTD
U3 mepBBIX ABYX ypaBHeHu#i @z H c. [loromum, yTo MbI MOAYHUHM

z==V(x, x5 ai, 9(ay))
® (xll X3y al) =0 } 7 (39)

Hckrtouenne ms 9TvX ABYX ypaBHenwil @; Aact mnosepxmoctsb (37). Ho
ypaeHenns (39) NpH BCAKOM @; ONPEAGAAOT HEKOTOPYIO KPHBYIO B MpO-
CTpaHCTBE, H €CAN CUMTaTh B HHX @; NPOUSBOABHBIM NaPaMETPOM, TO
OHH OTPEACAAIOT CeMeHiCTBO KPUBBIX, 3aBACSAIUUX OT OAHOTO MAPaMETPA.
Kpusnie cemeiictsa (39) mbi nasoseM xapaxkmepucmudeckumu Au-
nustuu pemenun (37). Tak xax ypasnenne
(37) noayuyaeTca HCKAIOUEHHEM gy U3 ypaBHe-
uuti (39), nosepxuoctb (37) ecTh reomeTpHye-
ckoe mecTo kpusbix (39) B, sHauuT, Kamaas
XapaKTEPUCTAYECKAN AMHHS PEUICHHs ACHHT
na nosepxnoctu (37).
ConocTtaBAsisl CKa3aHHOE Tenepb CO CKa-
saunbiM B § 59, M nveem: pemenne (37)
ecTh ormbarolmas cemeficTsa nopepxnocTed,
33BHCAILUX OT OJAHOro NapaMeTpa, B KOTO- Pre. 2.
POM XAapaKTEPUCTHKH CyTh XapaKTepPUCTH-
yeckue aunHH pemenns (37).
PaccMOTpHM CHCTEMY H3 NEpBLIX ABYX ypapHeHuf (37,):

z= V(xl’ Xay Q14 as)
v, oV_ (40)
Oa; T 0a,
DTH ypaBHEWHSN ONPEJEAAOT CEMEHCTBO KPHBLIX, 3ABHCAIMX OT

TPEX NapaMeTpPOB.
Met mazoBeM KpHBHIE STOTO CeMEHCTBA XQPAKMEPUCTMUMECKUMU

Aunusmu ypasnenns (34).

Ipuneuanue. Mt umeen aeao B (40) aeficrsureanro ¢ Tpems
He3aBHCHMHIMM MapameTpamu. Ecam 6bl BTOpOe YpaBHEHME (40)
JAOBACTBOPAAOCH TOKECTBEHHO 3HAYEHHEM C, PABHBIM  (QyHK-
L¥K OT @; U dg, TO Mbl MOTAH 6bl HamucaTh TOXKECTBA:

eV | eV =0 % 2V
Oa,0x, ' Oay0x,  ~ 0Oa,0x, Oay0xy
Koraa ypabnenue (34) saBHCHT OT 2z, H3 STHX TORECTB BLITCKAET
HEeBO3MOXKHBIA pPE3yAbTAT:

c=0(.

b (%, %)

_\ox’ dxp) 0:

D(an 02) o7
ecAm z He BXOauT spHO B (34), 0ZHA M3 NOCTOSHMHLIX, CKAXKEM dg,
oV "oV

aaAUTHBHAA, H HAMHCAHHOE TOXECTBO TOBOPHT, YTO 5~ H
Ox;  Oxg

OJHOBPEMCHHO HE 3aBHUCAT OT &), UTO Taxkike HEBO3MOXKHO.
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uﬂa STOTO 38KANOYAEM, MCALY NPOYMM, 4TO ypaeHenus (40)
AeHCTBUTEADHO ONPEAEASIOT AMHHIO.

Ilo srem onpegerennam xapaktepucTHueckme Aummu ypaBHEHUS
NPUHAAAEKAT CCMEHCTBY, 3aBUCALLEMy OT TPEX NaPaMeTpPoB, a Xapakre-
PHCTHUECKUE AHHHY PEIIEHAS ypaBHeHus — ceMefcTBY, 3aBHcAuleMy OT
ozHoro mapamerpa. Ytobm us cemeficrea XaPAKTCPUCTUIECKUX AHHHI
YPABHEHHS TOAYHYHTb CEMEHCTBO XapaKTepHCTHYECKMX AMHMIH pemeHns,

Haz0 ABA HapaMeTpa BbIPA3UTh 4epe3s TPETHH HAM CBS3aTb BCe TPU
NapaMeTpa ZBYMs 3aBHCHMOCTAMH.

TH ABC 3aBHCHMOCTH, OAHAKO, HEAD3s BbIGHPATH COBEPEHHO nPo-
usBoabno. [Tpucoeannus x ypasHenusm (40) ewe aBa ypaBuenus, cBs-
SbIBAIOMIKE ), @5, C, MBI H3 TPEX MOCACAHHX ypaBHEHHA NOAYYEHHOH CH-
cTeMbl Hafigem a; u a, B BHze QyHkund OT x; ¥ x,. JAx Toro urobm
MOCA€ MOACTAHOBKH B nepBoe ypaenenue (40) sTux Qynkuwi NOAY4H-

AOCb penleHHe ypaBHEHHs, HEO6X0AUMO, YTO6BI 6biAC cobAlOgeHO ye-
AOBHE

oV oV
B, T Oa; day =0, (28)
Hanpuwmep, ecan mpr moromum

= o(a;), c=19(a,),
BTOpOe H3 ypasucHufi (40) npumer Bup

oV av
T, T4l 5 =o.
Ycaosue (M) zaer

v , oV
Oa, + 9’ (a)) o, =0.
oV

oV
Ortcroaa, Tak xak Jo. B G, OAHOBPEMEHHO HE PABHBI HYAIO BCAEA-
a, Oa,

cTeHe 3ajanus, uro pewenue (37) He ocobennoe (Tak xak npeaAnoyTe~
HHE, OKABAHHOE HAMM MApaMeTPy q; Nepel NAPAMETPOM @z HHIEM O

CHX TOp He O6YCAOBACHO, Mbl MOMEM CYHTATb, YTO -‘—)—-—¢0) BbITEKaET
a
Y(a) = ¢ (ay).

Ecan @, n @, cessanm B pemenun (37) asyms 3asmcumocTaMH, OHE
06a mOCTOSAHHDI; ypaBHEHHE XaPAKTEPUCTHIECKHX AMHKE TAKOTO pemerus

z= V(xn X, @, G3)

oV oV
6_‘11‘{—00—‘1—2:0,

rae a; @; NOCTOSHHH, a ¢ NEpeMeHHbIH mapamerp.
Samenus ypasuenne (35) ypanuenuem

W (xy x5 2, @y, a5)=0,
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Mbl. Beromumas ckaszamHoe B § 59, moxem samenuTb YpaBHEHHA (40)
)
ypaBHEHHSMH A

W (x,, xo 2z, a;, @) =0

oW . oW (40,)
—_— C—— —

SameTnm, BUpPOYEM, UYTO BCE paccymer;gg )a'roro naparpaga Mbl
T ypaBHEeHHs (33,).
MOrAR 6Bl NMPOBECTH, HCXOASA O 1 )
62. Ypapuenns XapaKTePHCTHICCKEX AHHUH. [Toab3sysch onpez:;eB
ACHWAME, AAHHDIMH B MPOWIAOM Naparpage, MOMHO AyMaTtb, :;:ﬂczg; >
cemclicTBa XapaxTepUCTUUECKHX AHHMH YPaBHEHHA HAH POII ms sasit
CUT OT BbIGpaHHOTO NMOAHOrO HHTErPaAa. Qanako 8TO HE TaK: 6 P >
HHTETPaAd OHYC\OBAHBAETCA TOABKO sai6Op mapameTpoOB ceMe cTB:Ab:
€ \eOBaTEAbHO, TOABKO BbIGOp DAEMEHMTOB, XapAKTEPHU3YIOWHX OTA
Hbl€ AHHHH. )
Uro6m y6eanTbCA B STOM, JAOCTATOYHO MOKasaTh, 470 xa;;ax:;_
PHCTHYECKHE AMHHMH OUPEAEAAOTCA HHTErparamu an::?‘;pz) o
, ## coBeplUIeHHO HE 3a
CTeMbl YpaBHEHHH, BHA KOTOPO .
BbI6PAHHOTO NMOAHOrO HHTErpard, HO TOABKO OT JaHHOrO yopingilnﬁpu; -
OThicKHBas HANPABASIOUIHE KOR(GPHIHCHTH KacaTeAbHOH < ag:me-
HOfl XapaKTePHCTHUECKOHR AMHWM, HaXOAuM, ARPPEPEHUHPYA yp

rus (40)

ov oV ]
—_— ——d
dz= ox, dx; -+ o X, l o
a2V 4 (v V—)d. —o. |
( da, 0x, € %a, axl) dx; (aaldxg +e Oa,0x, 2 ]

Tak kak mepsoe ®3 ypaBHEHHR (40) ecTr noAambii MHTErpaA ypasHe-
uus (34), TO cupaBeAAMBO TOKECTBO

oV oV _ .
f(xu Xy Vs 'B;l" '5;.;) - 0’ (42)

audpPepeHupya €ro mo a, K dy, HMEEM

of\ oV gi) eV (_q_) *V__,
(?;)?9’&}+(0p, da,()xl—l_ dp, ) 0a, 0x,
af\ v ﬁ) eV (_Qf_ IV,
(B?? E (0P1 day0x; aPA Jay0x,

(&) @) @)

3
Mbl 0603MANaeM PE3yAbTAT 3aMEHB! APTYMEHTOB z, Py, Py '€pe

oV dV

rie 3HaKaMH

v,
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Ywunomasn BTOpOe M3 TOMECTB HA C M CKAAZBIBAS C IEePBHIM, HAXOAHM,
noAbsyAch BTOPbIM H3 ypasuenu#l (40), uro ma BbI6panHOR AnHME:

'af)( #V_ BV ) () (2L e 2V ) =
(aPl Ja,0x; " © Jagox, T dp, (0010.!2 +00¢120x2)——0' (43)

Cpasuenne (43) co sropmm ypasnenuem (41) zaer

dxy _ dyy
f' ) (on) "

€CAH, KOHEYHO, 06a HCKAIOUCHHBIC KOD(@HUMEHTH HE PABHbI OAHO-
BPEMEHHO HYAI0; B MOCAEAHCM, HCKAIOUCHHOM HaMH, CAyYae BO BaATOf

Touke (Xi, Xy z) Ha XAapaKTEPHCTHYECKOR AHHHH HeAb3H nposecru
K Hefl onpeaeaendolf kacaTeabuof.

O6o3nauan spemenno wepes z, p,, pa 3uHaueHus V, -g—l—{, gz Ha
X1 Xo
n3ydaemOR AuumM, AupQepenuupyem tomectso (42) mo x; u xy:

AV GV g #v

Ox;, ' 0z Ox, ' Op, Ox,2 —'_5}_7;014‘10&’2 -

Sf ooV, of ev v f 49
Oxg = 0z Ox, ' Op; 0x,0xy ' Op, Ox,2 ~ 7 |

BCACACTBHE CJACAAHHOTO YCAOBHA O 3HA4YEHUAX Z

3o0BaHHe o6Go3naueHuH (__df ) ’ (—“f
opy op,
(44) umeem

y Py M p, MCHOADL-
JeraeTcss H3AumEuM. Ho u3

of _ of _
o == Adxy, gx—z——)\dxz,

€cau —— sHameHareab orHoweuua (44). Tloacrasass sw snauvenns

5 (45), naxozum

Jgf 0 0 0
5;1"’_73{;”1"_)“#’1:0; __’{é‘}”'&i—m‘{_)‘d’%:(”

OTKyA2, no cpasHeruio ¢ (44) u ¢ nepsoiM ypasnenmem (41), HOAYYaeM
dx; _ dx, o dp, _ dp, . dz
of of — of of
072'4—2’20—2 (Tmpx‘i‘a;?l’z

o — of of of
op, Opy Ox; T 0z
K stum ypasnennam goaxmno 6mtb npucoexmmeno ypaBHeHue
f(xla X2y 2, Py, P2)=Ox (34)

CBA3LIBAIONIEE TE€ K€ PAEMEHTH M HCIOAL3OBAHHOE MPH BBIKAAJKAX.
He tpyano y6eaurbes, uro PaBEHCTBO

(44,)

f(xll X9, 2, pyy, pa)=h (46)

ety T
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OAWH H3 HHTErpanOB CHCTEeMbl; HEMOCPEACTBEHHOC .qmp(pepe:gl:xp&ia;
nHe (46) 1 uCKAlOueHHE AAPDEpEHINANOB dx,,...,dz npa nom Iy,HK Hllo
aaer, mmenHo, TomecTtso. CaejoBaTeAbHO, TNOACTAHOBKA Bﬁ q)iaﬁﬁen-
f(xy, X9 2z, Py P2) BMECTO Xoy 2, Pyy Pa MX o6mux BHaquch’rro Aned-
Hpix uHTErpupoBanuen cHcrembt (44,), Aaer noc'ro;gnoe, " ;fo e
XapaKTePHCTHUECKAX AHHHAX AOAMHO GBITH HYAEM. -rcxop,: (;:1 41),(:“—
4eTbipe NOCTOSHHDbIE, BBOJMMbE HHTETpHPOBAHUCM CHCTEM “ (44) -
3aHBl OJHON 3aBHCHMOCTBIO H 4TO obuiee peulcHHe ypaBHEH ) alx .
(34) zasmCcHT OT TPEX NPOH3BOABHBIX MOCTOAMHBIX TaK Xe,

anHun cemefictsa (40). v oy

Ha aannom meoco6ennom pemenun ypasrenns (34) V, Ox,” Oxy’

HMEIOT 3HAYeHHs, KOTOpbie MOTyT ObLITh BBIYHCACHD! 10O p:Km:m:}}z;
He npuberas X NOMOIM MOAHOTO HHTErpaaa. Buaunr, Kax :c;:em ;f) o
pemenre, KO3QQPHUMEHTH! YpaBHEHHs (44) onmpegerens; g}fm o me
(44) yaOBAETBOPAIOT XAPAKTEPHCTHIECKHE AHHHH peu(x,r . Oreiosa
BBITEKAET, ITO XapaKTePHCTHIECKHEe AHHHU PCIICHHA M(44);. Guirs mal
A€Hbl HHTETPHPOBAHMEM COOTBETCTBEHHOTO yPaBHEHHA ;B KasecTae
VAOBAETBOPAIOWHX YPABHCHUIO (44) oun 3aBUCAT OT ozl.ﬂc:lrc;l o ;r)l s qi "
Camble ypaBHeHHsi XapaKTepUCTHUCCKHX Aunnnf pememxl’x . ImTery e
NpHCOeAUHEHHEM YpPaBHEHHs HHTErpaAbHON MOBEPXHOCT p
ypazg.e };Iia:n(;:&nnui aaemenr. Koraga Aana unmezpcubngx :o:z:;:
HOCMb — peeHHe YPaBHCHHsA (34) — o BcsAkaa TOYKA ega r‘;& Anemb,
He TOABKO TpH €e KOOPAHHATBI Xi, X, 7, HO Tak®e H K qfr g, T
KacaTeAbHOA MAOCKOCTH K MHTErpaibHOH nonepxnocm,s . e gB-
MBBOAHDIE P, U Pp OT Z 1O X; M Xo3 BTH IATD YHCEA CBA3AHB yp
HEnueEM
CoBOKYNHOCTb MATH YUCEA

y 0 0) _(® (0)
MIO)(xl(o), x(z)’ 2 s Py P2 )
Ha3bIBACTCR unmelpa.ﬂ.bﬂbbu alemMeHmoMm , €CAR 3TH naTk YHCEA CBiA-
33aHbI COOTHOWIECHHCM ) 0 34
0 (O .
f(x?)’ x(20)’ 2 y P11 P2 )==0. (34,)

0, O 0 O
Teopema 1. [lo urnmeipaivHomy SAeMeHmy M? (D, &, 27,
P, p%) momno, soobe 208005, HQIiMU MPOXOAAWYI0 Hepes MOUKY
1 2
mx?, x2, 2) xapaxmepucmuueckyio AUHWIO HEXOMOPO0 PeUENU,
13 Xo

M(O)
COACPKAULEI0 DAEMEHN .
[Toroxum, 4T0

Zz = V(xi, xz, a(10)’ a(20) ]l
(?a(,o) aa;°’ )

ypaBHeHHA HCKOMOH XapaKTepUCTHIECKOA AHHHH; MbI 0603HauaeM depes
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® O O
a;’y ay’y € HCKOMble 3HAYEHHA €€ NApPaMeTPOB; 3BaKaMu —ii/—
)
0a?”

—OW Mb! 0603HaYaeM PE3yAbTAThl 3aMEeHBl B NPOH3BOAHBIX d V’ ﬂ/
2 da,’ Oda,

NapaMeTpoB @ U ay STHMH HX 3HAYEHHAME.
0
Kakosbl 6b1 Hu Goiam a'”, o), ¢©

a, =9 (a,),
YAOBAETBOPAIOWYIO YCAOBUAM
(®

©
ay) =¢(a), ¥ =¢ R0

B, Ha#izs ¢, 4, MO YCAOBHIO

oV . oV

Ta; 4T g, 90 =0, %)
HafTU penlcHHe

z= V(xlr X9y a4, a-g). (48)

Tax kak AOAXRHO 6BITb

© _ © o
2=V, ), d7, &)

Er )

d [¢2)

rae cxoGKaz?;n c:gosn(%;len(o)peay.nb'ra'r 3aMEHb! APTYMEHTOB X, Xg, @y, Qs
qnc.\aun(o)x, s Xy , @, Gy, OAHO M3 3HaueHrd QYHKUHH @, B TOUKE M
paBHO al H, 3HAYHUT, COOTBETCTBEHHDbIC 3HAUYCHUS Qg HC B BTOﬁ TOYKEe

© )

pasubr a.), ¢
Ha pemcnun (48) Bcaeacrsue ycaosus (M)
p_ 02 _ 3V OV du | OV day_ 0V
Ox;  Ox; ' Oa, 0x; ' day Ox, Ox,
Oz OV Ve, OV de_ oV
Ox, Ox, ' Oa, 0x, ' Oa,0x, Oxy

H, 3HAYHT, AOAXKHO ObITh

©__ [0V (0) oV i
P = (5‘;’) » Py = ('d"—\ {
o Lo Y2l0 g 149)
(i} a
£ = Ve, 1 o, o) |
Ipumevanue. Bui6
. PaB AAS OilpeA€ACHHS NMOAHOTO HHTErpaia
ypasuenne (35)), Mm morau 6 iMecro ypasuennit (47) Bgﬂ'rb

ypaaHeHnﬂ
W (x, xy 2,a7, a5 =0 l
oW ow
© = 47,
aa(l()) + [ da(;’) O, Jl ( g)

» MOXKHO NOCTPOUTD (PYHKUHIO ;

§ 63. Hnrerparpnoifi saement 159

uro npuBeAo 6bi K 3ameHe ypasnenufl (49) ypasnenuamnu
oW\ © owy (@LV © (OW .
(G )+ () =0 (57)+(3) =0

0
W (9, 2, 22, &, «9)=0.

(49,

Ypasuenns (49) He 3aBucAT OT TOro, KakoBa QYHKUHA 9 M COCTa-
BAGHHOe PELICHAE, M BMOAHE ONpPEZEAEHDbl 33jAHHEM HHTErPAAbHOrO
srementa. [loabsysach ypapHenusivu (49) — CAGACTBHAMH 33jauus, 4TO
XapaKTEPHCTHUECKA AWHHMA [PUHAAACKHT PENICHHIO — Mbl MOXEM,

0 (©
BooGe rosops, HaHTH ai), ag). Mr rosopum ,Boo6me rosops“,

TAK KaK B YypaBHEHHAX (49) Bmecto x;, Xg Pi, Pas Z NOACTABACHBI
4acTHble 3HAUCHHS; ECAH 6bl STH ApTyMEHTHl OCTABAAHCb MPOH3BOADL-
o 0 0
HBIMH, MO®HO 6bIAO Gbl HABEPHOE HAHTH %, o)’ mo onpezenemmio
0) o
nOABOro mHTerpaia. Haias ai ) a.(z), Mbl MomeMm, BooOWe rosops,

pafitn ¢ us sroporo ypasnemus (47,):

IQZ) m)(é‘_’) —
\ Oa; 0+c 3 ), 0. (50)
Mbi me wmoram ?/bl Haﬁ'rg Vc(o) TOABKO B TOM CAyuae, Korga oba
a
xosd PHUHCHTA -5;1)011 (E)Opanﬂm HYAIO,

. 0 0
Haiian aio), a;’ , ¢¥ u cocrasus ypasnenus (47), moayuaem ucko-

MyI0 XapaKTepPHUCTHYECKYIO AHHHIO.

0
EcAx no MHTErpaAbHOMY BAEMEHTY M® menpsa nafiTn xapakTepu-
CTHUECKO# AMHWH PelIeHHs, TO Mbl HA30BEM €ro OCOGEHHBIM.

0
Mp HaTaAkuBaemcs Ha ocoGeHHDbINH DACMEHT M, nanpumep, ecan
OH MPHHAZAEKHT OCOGEHHOMY PEUICHHIO. B sTom cayuae

oV VAN
(ﬂ%ﬂﬁiw

, KOrga omnpejzeanuTeAb

D(QV BV)

A

D (al’ aﬂ) 0

o ©
¥ HEeAb3sl HAHTH C )

obpaigaercs B HyAb Ha OCHOBAHHH ypasHennii (49) u Tak aanee.

[lpo HafigeHHYI0 XapaKTEPHCTHUECKYIO AMHHIO (47) ycaroBumCs
FOBOPHTDb, YTO OHA NMPOXOAUT Yepe3 DAEMEHT M.

Mpbl moauepKHYAH Bbille, YTO YpaBHEHH:A (49) ue saBucsaT OT TOTO,
KaKkoBa (YHKIHS ¢ M COCTABAGHHOE PEWICHHe, HO BHOAHC ONPEACACHbI
aa7aHHEM HHTErPAaAbHOTO BAEMEHTA. 3nauur, ecam MOXHO HafiTu ompe-
JEACGHHYIO XapaKTEPHCTHYECKYIO AHHUIO, MPOXOZAWYIO Hepe3 dAEMEHT,

10 OHa GyAeT NPHHAZACKATH BCEM PEIICHHUSM, HMEIOUIHM anement M.
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IJTO NMPHBOANT HAC K CACAYIOWEMY CAEACTBHIO T eopenn 1: Ecau
480 peuteHUs UMEIOm O6WiuUil HeOCOBeHHbIT UHMEeLPArbHbYE dAeMeHm
Mo OHW UMEOM OBWYI0 XapaKmepucmuueckyo AUHUIO, npoxo,wggylc:
uepes smom 3remenm. Humeiparonvie nosepxmocmu, omaeuarousue

Smum peweHuUIm, xacarwomes Apy Apyia 830Ab smoii Aunun. [ocaea—
L}

HEE ACHO M3 CACAYIOIIErO COOGPAMEHHA: ecAH
— Ve
? V(xy %, a,’, a

0
3TH peWleHHs, TO MPH X, = X ), x, = ¥ pynxunn ai‘), a® u al), a?

" 0 0
06paIaloTes COOTRETCTBEHHO B ay’ n o' u COXpaHAIOT STH 3HAYEHHA
BAOAb xapaxTepucTHdeckoit aunun. Ho toraza npoussozune z or x, u x,

RCAGACTBHE yCAOBHA (NB) coormeTcTBERHO paBHBI Mexzy co6ofi naorb
XapaKTePUCTHIECKOH AMHHH AAS o6onx pemenni.

64. (1) ) ©) 0
Harerpar M". Toaroxnum, uro x°, x3’, z, pf"), p;) (QyHKLAN
OZHOro mnapamertpa Z:

(0)
=0, x¥ =9,@t), 2% =0 )

) .
), z==V(x,, x,, a, a(;))

PV =% P =4 J b
Cobparnue uucea
1) 0
M (x1 ’ xg))n Z5s P(10)7 p;O))r (52)

3QBUCAYUX OM OAHOW0 mMapamempa, Hazvisaemcs ummewparom M®
ypasrenus (34), ecau oHO yaosiemsopsern ABYM ycrosuIM:

@ ® O e
f?s s 2% py p)=0

©__ (0 5 (0) (0) 0 : (53
dz® = pi” dx® 4+ p d:” | )
Kpusyro
— ©) 0
=@ (t)’ Xy =9, (t)) Z()'—:CP(t), (511)
YypasHeHue KOMOpPOii Jano nepSuiMu mpems pasencrnsamu (51), nasvi-
sarom ocrHoganuem urmewpara MY,
1

(O)Sa(o)ocxé(gnanne unrerpara M momer 6mitb B3ATA TOYKa; €CAH
X, X3, £ NOCTOSAHHBIE, TO BTOpoe u3 ycaoBud (53) cobarozeHo
cz)l)uo ?0())60ﬁ: nepBOe, yCTaHABAMBAA TOABKO OAHY 3aBHCHMOCTb MERZY
Py» Py’ BACT OAMH M3 3THX APTYMEHTOB B (yHKLHH ApPYroro, KOTO-
ppifi MOXHO B3ATb 3a NapaMeTp.

1
3azanue unrerpara M onpezeaser HEKOTOPYIO OpPHEMTALHI0 HH-

TErpaAbHBIX SASMEHTOB BAOAD OCHOBaHHA.

Teope u?) 2. IIo ocHosanuro (51,) momwo, 8006we 1w080ps, Hatimu
unmepar M©.

Koraa

<0

ZaHO OCHOBAaHHE, TPH H3 IATH SASMEHTOB HHTErpaAa MY
H3BECTHBl; OCTaeTCA HafiTH zBa IOCAeZHHE p(jo) npf).

H
yeaoBuit (53): 0 mnepBoe U3

© @ _© _(@ (@ -
f(xl s X3 T, Py pg)):()y (331)

§ 64. Uurerpax M o 161

(0 0) 0
AaeT OAHY 3aBHCHMOCTD MEXZY HHMH. ﬂoacramaa BMECTO X(l), X; , Z()

HX 3uadeHHAa Bo Bropyio sasmcuMocThb (53), noAyvaem no cokpamenun

Ha dt:
o (D=r ¢ (D1 Py 2 (). (53,)
Us ypasuernd (53,) u (53;) moxuo, Boo61ue rosops, nakth p(lo), p(zo) .

Mpu pemenun cuctembi u3 ypasmenndi (53,) u (53;) mmeer smauenue

u3yyeHne axobuana .
(@ ()
opi/o’ \9pa/4

() (0)
dx<;’, dx,

(54)

Fcan aToT sKoOuaH He paBeH HYAI0 Ha OCHOBAaHMH YKasaHHbIX ypas-
Heunii, To MOXHO noaoGpaTbh UHCAa p(l*), pg), t;, IpH KOTOPBIX COBAIO-
aenpt ypasrerusi (53;), (53;), HO AKOGHEH He paBeH HYAIO. B arom
cayuae cucrema ypasHenu#t (83;) u (33;) uMeer pemeHue, B KOTOPOM
3Ha4YeHHA p(lo), p(z0 paBHbI pg*), p(;) npn t=

OcrasAsis B CTOpOHe CAy4al, Koraa us ypasuenni (53,) u (53;) neanss

o 0 0
HafiTH KOHEUHbIX HAH FOAOMOpdubIX na Anaux (51,) smauenufl 2, pY,

KOTOPBIA Mbl HA30BEM HCKAKOYHTEAbHDIM, OTMETHM cAyuail, kOraa npu pe-

0
UIeHHH BTHX YpaBHEHHA OZHO H3 pY, p® ocraerca nponssoAbEbIN, MEXAY

reM KaK OCHOBaHHE OTAMYHO OT TOUKH; a Takme CAydail, KOrza roAOMOpPY-
Hbi€ 3HAYEHHUA p(lo), P, yaosaersopss ypaeuennsn (53,)u(33,), o6pawaior
B HyAb akoGman (54). DTH cAydan Mbl HA30BEM XapaKTEpHCTHUECKHMH.
B nepeoM uz HuEx MBI HE HaxOZMM HHTerpaia MY, o mazozum
® @ o @ O

X,y X3y Z 5 Py s Py » YAOBACTBOPSIOIINE YCAOBHAM (53), HOo 3aBucs-
mue oT AByx napamerpos. M3 crasaunoro B § 62 acHO, uTO MuI HMeeM
ZEAO CO BTOPbIM CAy4YaeM, €CAH OCHOBAHHE (51) xapaxTepHcTHUECKas
AMHHS.

3ameuanne. Ecau ypasuenne (34) He AuHefiHOE OTHOCHTEABHO
NPOMSBOZHBIX P; M Pg, TO NpH PEWIEHHH OTHOCHTEABHO HEKOTOPOH
NpOMSBOAHOA Mbi MOAy9aeM, BoOGIle OBOPA, HECKOABKO DA3AMYHBIX
anavenni.. Kak ® B Teopunm OOBIKHOBEHHBIX YDaBHEHWil, BO MHOIHX
BOMpPOCax He (POPMAABHOrO XapaKTepa, PABCHCTBA, AAIOUIME PASAMUHDIE
3HaueHHs NPOM3BOAHON, HAZO TPAKTOBATh KAK PAasAMYHDbIE YpaBHEHHA,
HMEIOMIHE HE3aBHCHMO JAPYT OT APyra PeICHH;, OTBEvaloHe NocTa-
BACHHDBIM TpeGOBaHUAM. 9THM O6GCTOATEABCTBOM Mbl CTAAKHBaeMcCH,
pemas coeMecTno ypasmenus (53,) # (53} BbiGop pemenms oTHX
ABYX ypaBHeHH#l MOmeT ObITh PaBHOCHACH Bbi6Opy OZHOr'O K3 yKasaH-
HbIX ypaBHEeHHI.

Cheayer saMeTMTh, YTO NpPH HOAbSOBAHHH YPABHEHHEM MOAHOTO
nuTerpara B Buae (1), n36panue sersn QyHkumn V momer oGycaopnTh
BbI6Op ypaBHEHHS H, 06paTHO, BLIGOP YpasHEHHA OGyCAOBAHBaeT BbIGOP
BetBH V.

11 n Twnrsp. 4
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(2
65. Hurerpan M®. O606was crasaHHOe, MOXHO HasBaTh HHTe-

rparoM M® COBOKYNHOCTb 3HAYCHHMH x(10), xg)) , 29, pﬁo), p;o), €CAH OHa

3aBHCHT OT ABYX NapaMeTPOB H €CAH OHA YZOBACTBOPSET ABYM YCAO-
pusm (53).

Ecan uafizeno pemenne ypasuenna (34), To nahaen uarerpar M®.
JlelicTBHTEADHO, ecCAH
2= (xD x2)

]
&

pemeune ypasuenus (34), To .

0) 0) 0 o ' ' '
Xi =1u, X; =1, z()=(b(ul ‘U), P]()=(Dw;(u; (J)y P;O)=(Dm=(upv)

06pasyioT HHTErpaa M®,

3ameruM, ozHako, 4TO 3ajgada HafiTm pemenne ypamuenns (34)
u wafitu marerpar M® me TomectBemHBbI.

Ecau nafizenni Bce mmTerparnt M® » TO HafiZeHbl H Bce pelleHHsA

2)
ypaBHeHHs, HO He Hao0OpPOT; HE BcAKHAA HHTerpaa M(', HMEHHO,
onpeaeAseT HeKoropoe peinenne. Hanpumep, pasencrsa

z2=0, x;,=u, =0, p,=0, pp=0v
ofipasyior HHTErpaA M® yparenus

X, py— X3 pp =0,

HO He JAIOT €ro PEWEHHs, TaKk Kak 06e NPOHIBOAHDBIE OT (GYHKUMH
z==0 paBHBl HYAIO. .

66. 3apava Komm. Crasannoe B npomanix maparpaax noseoasieT
pemnth 3agauy Kown. Jano ypasuennme

f(xl: Xgy 2, Py P2) =0 (34)
x=2e(t), xa=9(®), z=(d; (55)

HaiiTH HMHTErparbHYI0 TNOBEPXHOCTb YypasHenus (34), sakarouaiomyio
xpusyio (55). Ecam cymecrsyer pemenue 3agaus, To mckomas HHTe-
rpaAbHas MOBEPXHOCTb coaepxuT Auumio (55), u MomHO ars kamzofk
Touxn AuHun (55) HafiTH HHTErpaAbHLI DAEMEHT, COBOKYNHOCTb KOTO-

pbIX o6pasyeT HWHTerpaa M®, Yepes xamabil Taxoll mHTErparbHbI
BAEMEHT NPOXOZUT XAPAKTEPHCTHUECKAA AHHHA, NPHHAZAEKAILAA HCKO-
MOMY PELIEHHIO, KOTOpas, ecan (55) He ecTb sTa camas AmHHS, OTAHUHA
or (33)-

Takum ofipasom xapakTepHCTHUECKHE AWHHH, NPOXOAAIIME depes
MHTerpanbHbiE dAEMEHTbI, cBs3anHbie ¢ kpuBoft (55), o6pasyior cemeii-
CTBO XapaxTePUCTHYECKHX AMHHA pelleHHA, a CaMoOe pelIeHHE — HX
reoMeTpHYECKOe MECTO,

Sror 0630p MPUBOAHT K UpaBHAY: Ha#lzs HHTErpaa MY no ocuo-
Banmio (55), yepes xamzbii MHTErpaAbHBIY DAEMEHT STOrO HHTErpaia
NPOBECTH XapPaKTEPHCTHYECKYIO AHMHMIO H HalTu TaxuM obpasom ce-
MelCTBO XapaKTepHCTHYECKHX AHHHH.

H KpuBas

i

ottt P

MEeTPHUIECKHM MeCTOM XapaKTepHCTﬂquKI{IX AVHWH YKa

§ 66. 3agaua Komm 163

Uckomasa moBEpXHOCTb, €CAM OHAa CYIIECTBYET, JoAxHa GbiTb reo-
zapHoro ceMeficTBa,

Co6epen, aas yaobcTBa, B OZHO MeCTO Bee Heo6X0ZHMOE JAAs NPO-

BEAEHHA yKa3aHHDbIX AefcTBhil.
MY HO ypPAaBHEHHA
JAs HaxomAeHnA MHTErpaira , PelINM COBMECTHO Yp

0 =o(), A0=0@) =10 (55)
1% 530 2% pl%, py') =0 (39)
X () =p"e @O+ pPY (). (56)

©® _©
JAS maxomAeHHS TapaMeTpOB a; , Q4 ,

PHCTHYECKHX AMHHA HCKOMOIO PENICH¥A HINEM HMX H3 ypaBHeHuik

oV © __ ’ﬂ)
O = VGO, 0, a0, o) 0= (51 ), 2= (G )y O

1 |

&? cemeiicTa xapakre-

M3 KOTOPHIX OZHO CAEACTBHE ABYX APYTHX H ypaBHEHHA

V) 4 o(2) ~o
(-5;)0 e day /o )
©) ©)

SrTH ypaBHEHHA AAIOT PElIeHHE KamAbld pas, KOTAA DAEMEHT () %,

(579

2%, Y, pY) ne ocobennui.
CoCTaBuB 3aTeM yPaBHEHHS XapaKTePHCTHHYECKHX AHHHR
z=V(xy, X5 dgo’, aéo)) |
oV oV _ 47
EE)— te 0a? o

HckAlouaeM mapamerp £
Ypasuenns (57), (57,) MoxHO, KOHEIHO, 3AMEHHTD yPABHOHHAMY
(0)

oW\ (v oWy _
1V(x(10), x(zo), 2%, o, af‘,")):(), (—d—z—)opi +<—(5J—c—1 0_0’

oW\ @ (W) _ W) 1eo () =o

(-O’_z—)opz +(Et__: o 0, Oa; 0—|—c day |
He mMpejpemas TakMM O6pa3OM BbGOPa BETBH QYHKIHH V, samenus
ypaguenns (47) ypaBHeHHAMH

Wiy, % 2 d, a’)=0 |

47,)
oW LW @
da" daf i

Va2 cKasaHHOTO, OAHAKO, TOAbKO BbITEKaeT, 4TO pelleHue 6yaer
Hamp HafifeHO, ECAM 3ajada UMeeT ONPEJEACHHOE PEeUICHHS.
Ho ecAm aame ZONyCTHTb, YTO yKasaHHbii npueM BCerza NPHBOAHMT

K HaXOMAEHHIO HeKOTOpOﬁ HOBerHOCTH, oCTaHETCA OTKPDbITHIM BOIIPCC,

11#
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BCcerga AM GyZeT 8Ta NOBEPXHOCTb HHTerpaibHofl, T. €. U3HavaeT Am
BO3MOXHOCTb HalTi z us ypasnenuft (47), uTo 3azaua uMeer pemenme.
Jaa wckrouenna £ us ypasuennit (47), ecam aio), a(20) 3ABHCAT OT f,
sTopoe W3 ypasuenm#t (47) AoAxmo 3aBuceTh OT £
Ecan ono 3amucut or f, TO oHO ompezersieT / Kak (QYHKUHIO OT
X, ¥ X, W, 3HAYHT, aﬁo), ag)) KaK QYHKUHH OT BTHX nepeMEHHbIX.

Uro6ut yGeanrbcs, 4TO pesyAbTaT HCKAIOMEHHS [ TPHBOZHT K pelle-
HHIO, OCTAETCA, CACAOBATEAbHO, NPOBEPHTh, COGAIOZEHO AH yCAOBHE

) iV ., oV
0 o T G e’ =0 (%)

Judpepennupys nepsoe us romects (57), umeem

v oV Q)] oV 1 V4
0 __ ©) oV (2% ) V. © <
0 = (G0 ) 40+ (55 ) o+ (G )+ o) 4 59

Taxk xak mocaegune asa Tomectsa (57) zaioT

IO_V) — © (ﬂ) )
(()x1o P1s dx2 O—Pz,

a Gaarogaps ypasHeuwio (56)
d29 = p® de® L pO 1O

2
a3 (58) sakarouaem, uTto

oV e (OVY ;e
((;—al>odal +(da2,)oda2 =0.

Cpapuenne atoro ypapuenus c ypaeuenuem (57;) aaer
da?
c(O) 2

"
0
i laal

{0
[IOZCTAHOBKA XK€ 9TOro 3HAYCHHS C’)

AaeT HellocpegcTBerHo ycaozue (1B).

CocraBAeHHas uHTerpaAbHas NOBEPXHOCTDb 3akAl¥aeTr kpusyio (55),
TaK KaK 0pH mnocTpoenvn KPuBeix (47) Mbl 0pOBOAUM KPHBYIO UYepe3s
Kamaylo TOUKy Kpusoi (55), a HafijeHnas NOBEpXHOCTL MX reoMeTpH-
yecKoe Mecro.

67. Hckamwumreannnlc caydasn sagzaunm Komm. Pas6epem remeps
cAyual, B KOTOPBX YKa3aHHbIA [TPHEM MOMET HE NPUBOZMTb K pelle-
HHIO 3aZadvH.

Tonomum, cnadara, uro mropoe us ypasuenuii (47) me coaepmwur £
Toraa sosmomuHO 04HO M3 aBYX: MAM nepsoe ypaBHenue (47) Tawme ne
saBucHT OT ¢ u ypaBHenus (47) ompeaeislOT KPHBYIO, KOTOPas, MMes
obmy Toury ¢ Kaxzol Touxodf xpusoft (55), ¢ melo coBmagaer, wam
NEePBOE ypaBHEHHE 3aBHCHT OT { M PE3yABTATOM HCKAIOYESHHA ABASETCS

nTOpOe ypanHeHHe, a ypasHeHHA (47) He ONPEJEARIOT z KaK (PyHKUHIO
OT X; M X

BO BTOpOE U3 ypannenn.ﬁ (CY)]

§ 67. Hcxarounreapnnie caysan sagaun Komu 165

He tpyano ybezHuTbes, 9TO NPH oGHapyxeHHH KaxzOro #3 yxasau“
HbIX ZBYX OOGCTOATEABCTB, Mbl HMEEM JACAO C XapaKTe PHCTHUYE CKAM

CAy4aeM.

JeficTBaTEAbHO, €CAM BTOPOE ypaBHCHME (47)(0)!-16 :)?Bn:gxr ot {4, 10,
TPAKTYR B HEM X; M X K&K NPOH3BOADHDbIS, 2 &7 Gz C Kak QynK-

pun or f, zudPepeHuraa ero AeBO#f 4acTH TOXKECTBECHHO HYAbD

A% (o)(?_K_ —q 59
d(dafo) _,'—C daéo))'* 0; (59)

3HAYHT HYAb H TO, YTO Mbl NOAYYHM H3 nafigeHnoro auddepenynans,
(O (%)
3aMEeHHB X, H X, 4epes x; W Xp'.

BcaeacTBHe YKa3aHHOTO CACACTBHS TOMeCTBa (59), aundpdepenyu-
popanne ToxectBa (57;) AaeT PaBEHCTBO

% of 92V ) © <( ad )
((Oald,q )0+C (da2dx1 0 dey” + Oa, 0xy °+
+ ¢ (—‘LV) )dx;” —0, (41)
0 .

da, 0x;

COBCPHIEHHO AHAAOTHUHOE BCTpEvuaBIieMycs B § 62.45’20%“’62011“:::-;
Z, X;, X CBA3aHbl yPABHEHUSAMH (47), To Tomecrso (43)

MECTO, NPpHUHHMAsA Tenepb BHY

2 2 o 03V :
of a2V © V__ _Q_[_ __fl V4 0 ) —0, (43)
<dP1) (07(10) Ox1 Te aa(: ) Ox + op, 6a(f ) 0x2+ ﬁago) Ox, ( !

2

rae p; ¥ py NPOH3BOZHbBIE OT 2, AaHHOH NePBLIM YPaBHEHUEM (47),

1, -?i) pE3YAbTAaTbl 3aMEHBI 2, p; Py DTHMH HX 3HAYCHHUAMH.
9p Ops
3SpaunT HMEEM TaKXKe

(55),(azsmh e

)

I

! OANT
CosMecTHOe %€ CYIECTBOBaHHE TOXECTB (41,) n (43,") opusoa
K 3axAloueHHio, Kak u B § 62, uroO

(5 (G

! i
A A

yro B TpeGOoBaAOCh AOKA3ATD. .
[MepecMoTpum, B 3aKArOUeHHS, BCE 06CTONTEABCTBd, MOTyWHE BO

NpenATCTROBATb COCTARACHHIO yPaBHEHMH (47).



166 Fa. V. O noanom murerpare Aarpanxa

4 1
[Mpexae Bcero, npr cocraBAexnn HHTETpaAa MY HajJoO CUHTaTbhCH
€ BO3MOXHOCTbIO NOABACHHS HCKAIOUHTEADHOTO CAy4Yas, KOrja SHaue-

0] 0
HHA p:) H p2() HE OrpaHH4eHDbl HAH HE TOAOMOP(DHb, n CAy4Yasa xapak-

1

TEPHCTHYECKOro, Korga BMecTo muTerpara M” Mbi Momem HaTOAK-
2
HyTbca Ha muTerpax M©.

‘OcraBAsis B cTOpOHE 3TH CAyuaM, Mbl ZOAKHEI OTMETHTD cAeayomne,
Bo-nepnmz, ECAH BCe HHTErPAAbHbIE BAEMEHTDI, OCHOBaHHE KOTOPDIX (55),
ocobennbié, mb He pewnm sagaun Koum, ne 6yayam B cocrosmmm

1] (1) 0
HafiTa a(l), ag ) @, 970, HanmpHMEp, HMEET MECTO, ECAH kpusas (55)
ACKHT Ha OCOGEHHOM PENEHHME, COOTBETCTBYIOWIEM BbIGPAHHOMY NOA-
HOMY HHTerpaAy ypasaenns (34).
Bo-propuix, aunms (55) momer 6pith oguoit 3 XapakTepucTHIE-

B @ _(©® (0 .
CkuX AMHWHA. Boiuucass a;’, a,’, ¢, ub ee . OCC'aHOBHM, €CAH He

HaTOAKHEMCS Ha yKasaHHBIH Belle XapaKTepHCTHYECKHE cayyail, u Boc-
CTAaHOBHM TOADKO CaMyl0 AHRHIO.

3azasa zomyckaer TOrza MHOXECTBO pemenufl: AocTaTowHo KpH~
syio (83) B kaxo#t-unbyap ee Touxe £, nepeceub KPUBO#H

x; =1, (), Xy =1 (t)r 2= (t)! (60)

BbIGPaHHOR NPOH3BOABHO, HO TaK OZHAKO, YTO6HI HHTETPAAbHLIE BAe-
MEHTbl AAA TOUKH t=={y y kpuBniX (55) u (60) 6mau OZMHAKOBLI, T. €.

0 [)
yTo6bl 3HAYEHHSA pf) i p2( ), BLIYHCAEHHDIE AAR PaSAMYHBIX OCHOBaHM,

upn {=1f, GblAu ogMHakoBbl. Torza xapakTepHCTHueckas AnHms (55)
GyaeT AexaTbh Ha NOBEPXHOCTH, saxarouatomteit kKpusyo (60), mo caea-
cTBHIO Teopemnl 1, )

68. Hlpumeprt. 1) Hafitu To pewenne ypasuenns

z=1x1 py—+ xg Pe—*‘;“ (p®+ pgd), (61)
B KOTOPOM
apn x; +x;=0: z== —;—- X2 (62)
[Moromun
xl(o)= £, x;o) = —{, 29 = —;— £,

[loanwiit murerpaa ypasmenus (61):
T
z=x a;+} x, ag——é—(aﬁ—F ay?), (57)
Hiem unrerpar MY no ocrosanmio (62). Yecaosue

© 0) 0) 0 4 (0
dz® = p{” dx” + p" du
obpamaeTcs B
t==p; —py.
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Ypasuenne (61) aaer .
1 02 - @ = (pOP - pOF),
L p—tp®— p — 5 (P p0") =8 — 5 ¢ 77

2

OTKyAa 2
y Pgo)2 + p§°) = £,

Orpickusas pgo) " péo) H3 TNOCACAHHX yPaBHEHHi, HAXOAUM HAH

0 © _

p¥ =0, péo)z—-—-t HAH pf)=t, p, =0
1

Basi XapaxTe-
eanoroxenne. OTbiCKH
PaccumoTpum CHaYaAa neppoe MPEAT

PHCTHYECKHE AWHHH N0 HHTErpaAy :
— 0 __
20 = ; £, pf")——O, p, —=—t

xfO) =1, "’g)) =1
aBHEHHRA
e yp v o (‘?_‘L) — p®
(axl)o—”pl ’ 0xz /o ’
HaxoAHuM ﬂ?) =0, aéo) = —f

MocAe 9TOro ypaBHEHHC
aV) cm,( BV) o
oa, o—’— Oa: 1o

(©
AaeT io) ‘(o) (0)( ;0) a, )) =0
HAH ©) 0 0 __ 0
t l c ( —_— t+ t) =4{,c "= 0o,

# Hul:
YpaBHeHue HCKOMOTO ceMeficTBa XapaAKTePHCTHUECKHX AHHK

EI

= 10 x(—)— g @)= —xt—
—l—(xl——O)-\—(x.g—[—t):O aam x;t=0.
Co

Wckatouas {, MOAyuaENM HCKOMOC pelleHAS
2

Z == —— Xo"s

Hcxoan or peumieHHA

0y __
P:o) =t py =0

]

MHl DOAyYHAR OBl NOBEPXHOCTD

1
2::7 x;".
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2) Haitru to pewenue ypasrenus (61), s KOTOpOM mnipu x; =0:

1
Z=x,—
" © 2 (63)
Toaoxnm
xO0=0, xO=y ,0_, L

5

1
Aas HAXQs AeHHA M® 1o ocroBaumo (63) mazo pewnrs ypaBuenus:

(0 )

1 1 Y 2
I e L

OTKYAa MOAyYaeM
P =0, p—1,
Ornickneas a, n a, npu nomoy ypaBreHn#
ay=py a;=p,,
HaxoAuM
a®=pP 0, 4P p—1,
Orbicknean ¢ mpu nomongs ypaBHeHns

Xy —a; ¢ (X;—ag) =0,

0+ c?(—1)=0, @=o.

choub!e XapaKTePHCTHUCCKHE AWHHH AaHbl YPaBHGHUS MW,

Haxoaum

z=x2—_2-, xl=0-

YpaBuenus He sammesT oT lapaMeTpa { M ONPEeAEANIOT OAHY AHHHIO, a
HE CEMEHCTBO HX, MpHYeM Kak pas auumio (63). B arom CAy4ae AaHHas

AWHHA OAHA M3 XapakTepucTHueckux. Ee ypamuenne TIoAyuaeTcs us
ypaBdenuR XapaKkTepHCTHYECKHX AMHH{A ‘

1
s=xia -t m— @ o)

) X1 —a;+ ¢ (x;—ay) =0,
ECAH MOAOKHTD B HUX @, =0, a@3=1, ¢ =,
YpaBrenue mmeer o

ZHAKO HHTErDAABHYIO MOBEPXHOCTB, SAKAIOUAIO~
myio aunmo (63). Mb

HMEHHO 3HAEM, YTO OHO HMEeT pelieHne
2= Vrif o
= Vorttai—

OrMerum, wro B paccmarpusaemom ca

yuae siko6uan (54) o6pa-
WaeTcss B HyAb Ha HaHzeHHOM WHTerpane.

+ JeftctButeabno, ou paBeH
X1 — P Xo—py | 0, t—1
Ox;  0x, = =0.
o o 0, 1

§ 68. MpaMepn 169
?) Hafitu To pemeHne ypanHEHHA (61), B roTOpOM
| X {64)
npu x;=0, z=——. )

[Toroxum .
©) G i
x =0 x =t 2

AU
JAra naxoxaeHus M™P no ocrosanmio (64) Hazo pemHTh ypaBHe

£ o 1 o o
t=PéO)’ 7’—:’ tp, — 9 P +p2 )’

3 KOTOPbIX noAydYacMm . o
p£)=0, py =L

.

O g g ae? BHEHVA
OtbickuBas a; H a, ,pemaex ypa

0) ©__ O
a§0)=p§ y @y =Py

H HaxOAMM o
a§°’=0, a, =1
OrpickuBas ¢, Hazo pemuTh ypanue::xe .
(0 —
O — a4 ¢ V(1 —ay’) =0,
KOTOPOE HMeET BHA

04 c¥.0=0
©)

€ACHHDIM.
¥ OCTaBAfAET ¢ HEONpea
JAs xapaKTepHCTHYECKHX AHHHH MMEEM ypaBHEHHA

z=—-x2t——12— £ x4c® (rg—8)=0, (65)

1 o6en-
B KOTOPBIX @ ocraroch -HeonpeaereHnbiM. Mpt umeem aeao ¢ oc

M caydaeM. o
= He'rgygno HENOCPEACTBERHO MPOBEPHTb, HUTO 3ajaua Komu (64)

OmET.
mocTaBAeHa ObITb HE M
OrbickuBas p; N3 ypaBHEHHUS (61), noaysaem

= x, + — —p.2
PL= X Vxlg 2z 2x5p5 — pot.

= TOYKAX
Tak xax Ha KpHBOH (64) umeem py = X3, ACHO, HYTO BO BCEX

14 y H

K KOAUYECTBO B BblpaMEHH 1 PAaBHO H A0

pKBOﬁ 64 HOAKOPCHHOG 4 a. . (o}

3HAYHUT, (p )l-le ronomopqma BOAM3H BCEX TOYEK KPKBOH (64) CBf{BaB
s 1

B (65) a” aéo), ¥ sasucuMocTBIO

1
daéo) = daf)),

0 __
noayunm us (65) pemenne ypaBneHus (61). Tak xax Teneppa, =0,

© __
a, =1, AMeeM 0v ey O
: O =1, )
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HNoacrasana B (65), HaxoanM nocaezoBaTeAbHO

1
Z=x.2t'—-'——t2, Xa—tz_o

2

x,2

7-

O\npenez\urez\b (54) paBen Hyao u B paccMaTpHBaemoM cAyuae.
4) Tax gak camoe ofmee pelenne ypaBHeHHs

X, Pr—x3p; =0

Zz =

€CcTh '
z2=9(x x),
TO €ro MOAHBIH HETErpaA
z=a, x, X,—a,
4 ypaBHeHMs XapaKTepHCTUUECKHX AHHui
Z2=0a,x,X—a;, b=x,x; wAn z=a, x,x,=b.
Huewu pewenue, B xoropom

[Toaoxun

1
HIleM HHTerpaa MY, JAsl ero HaxoxzeHMs HMeeM TOXECTBEHHBIE
YpaBHEHHS
—p® __h o o  h
O=p" —5 P o0 — P =0,

KOTOPDbIM MOXKHO YAOBAETBOPHUTD, NOAOKHUB

©) __ o _ _ h
P =u, p =-t§'u.

Mubt MMEEM ACAO C XapaKTEPUCTHYECKHM CAY4aeM H HANIAH HHTe-
rpax M®, koropmii npn h=0 o6pamaercs B HHTErpaA mnpuMepa
§ 65. QHPGJ,GAKTGAI) (54) paser myaro. [Mpogoaxas Bbikaagku,
AErko HaiiAem

0 0
=0, pO=h
H BOCCTAHOBHMM HCXOZHOE OCHOBaHME:
z=0, x, xy=A.

5) B xauecrBe mocaeamnero npuMepa paccMoTpHM caywaft, B koTo-
POM OCHOBAHHME HHTETDAABHOTO BAEMEHTA BHIPOMZaeTCA B TOuky. Ilo-
AOKHM, UTO OCHOBAHME JAHO PaBeHCTBAMH

— (0 0) - 0
xl——xl y xz’—__xé), z = (0)
© 0 _©

rae X% Xy Z NMOCTOAHHDBIE.
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Hckomoe pemenHe B BTOM CAy4Yde €cCTb reome'rpuqe(té)xoe(o)uec(:g;o
XapaKTEPHCTHYECKHX AHHHMA, MPOXOASIIUX HEPE3 TOUKRY (xI; X33 Z )
T. €. KOHyC XapaKTepPHCTHUECKHX AMHHA C BEPWINHOR B DTOH TOUKE.

1o pemenne MOMHO HaiiTh, MOACTaBAAA B ypaBHEHHS (47) xapax-
TePHCTHYECKHX AHHHI xio), xéo), z® na Mecto x;, Xy, 2z, MPACOECAHHAA

coctaBAaennbie ypasHenus K (47) m BCkAlOYas H3 UETHIPEX HOAYHEH:
HbIX ypaBHeHH#l TpH mapamerpa i, ds C. o

69}: XapaKTepHCTHIECKAE AHHHH B obgem caysae. l[loaomaw,
JaEo ypaBHEHHE

f(xb Xy s o3 Xpy 25 Pty Pore v +s Pn)=0 3)
M H3BECTEH €ro NOAHBbI# HHTErpaa
z= V(xb Xoy. » oy Xy, Ay, Qg, -« «) an)'

Bagzanne ypasueaus (3) paBHOCHABHO 3aZaBHIO n--1 ypasuenni

T 2= V(g Xge - or Xy Q1 Gase + 5 @) \
v oV v | - (66)
Plz—a}T’ P2="a;;""’ Pn“—dx” J
[ToroxuM aaree, UTO AAHO He OCOGEHHOE PELICHHE ypPaBHCHHA (3):
' z=® (x;, X9+ - s Xu)* 67)

Pasencrso (67) onpeaeAser MOBEPXHOCTb B NPOCTPAHCTBE, HHCAO
uamepenuft koToporo n--1, momuMas NOA MOBEPXHOCTbIO B TAKOM
NpOCTPAHCTBE MHOrOOGpasne n H3MePEHHH.

Pemenne (67) MOmeT GhITb NMOAYYEHO H3 MOAHOTO MHTErPaid, CCAH
Mbl CBAMEM NapaMeTpbl @y, dp. .., G, HECKOABKAMH 3aBHCHMOCTAMH,
uMcAo koTopux koaeGaerca or 1 zo n. [loroxnm, uro AAs TOAYHE
uns (67) Hago cBA3ATb BTH NapameTphl k 3aBHCHMOCTAMH:

a, = ¥, (ap+1e - -ﬂn) (68)

ahzgk(ak+l)""au) .

Ha ocnopanun ckasanHoro B § 51 3ajanne pemienns (67) pasno-
CHABHO 3ajaHHI0 yPaBHEHHH

z= V(xl’ Xaye ooy Xy Q)y gy - an)
al=81(a”+1,...,an)
@, = Oy (@x+1re - - )
oV o LV O OV _g (67))
-&;; dd,‘-l-l e dak dak+1 dak+1
oV 0d LV b, oV
Bar da. T " Ta; Oa, T om,

Ja, a, o
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Pemenne (67) noayuaercs ms (67,) nckrrouenmem n napamMeTpoB
a, ay,...,a, 3avenum cucremy (67,) APYTolo, BBOAS B PacCMOTPEHHE

HOBnic n— 1 mapaMeTpoB u cBssbiBasg mx TYT %€ n— 1 ypaBHeHHsMH.
Acuo, uto cucrema (67,) paBnocuabna cucreme:

2=V (xy, xy. .., x,, a,a.,...,a,)
oV oV oV | oV oV oV
by Ja, +10a2 =0, bs_trq"'_?)aTZ P bnyaT 7‘:20

a1={}1 (ak+1" ..,a”)

al; = Uli (al;+l” ey an) (672)
0%, 9%, ah,
%y Mgy T M gy, =0
%, 9, 08,
) va, “Peon, T b g b0

Mocaegume n— k ypamnenuit cucreme: (67,) TIOAYYAIOTCH M3 NOCAEAHHUX
n—k ypasHenufl cucremm (67,) MCKAIOuCHMEM NPOU3BOJHBIY,"

)% 2%

'E:, ooy ﬁn
NpH TNOMOIW MepBbiX n ypasHenu#t cmcremnt (67,) u coxpamenuem
Ha ((}_)E,—' Taxk xak o npeznoAoxmenmuio pemenne (67) ne ocoGemuoe,
OZHa M3 STUX MPOM3BOAHDIX HE HYAb, H Mbl MOXEM, COCTAaBAsA [IEPBbIE N

aVv

ypaBrennit cucremn (67;), cuurath, uTO He HYAb MMeHHO a Cu-
crema (67,) paBHocHAbHa cucteme (67,) u, smaunt, ee 3aa,am1e1 same-
HeT 3ajaHue nosepxuoctu (67).

Hcxatouan u3 ypasuenud (67;) mapamerpm aj, a,,. . 3@y boye ooy by
"Mb1 noAyuaeMm mosepxuoctb (67). IMpucrynas k HckArouenmio, HckAlo-
YHM CHa4YaAa U3 n NepBbIX YpaBHuenu# (67,) npu nomolyw n nocrezuux
napameTPoB aj, @y. .., a,. Msl noaysum n ypasuenwit, ceaspiBaroime
n-11 aprymenTor

X1y Xoye e oy Xy, 2,

¥ 3aBHCAIAX OT n-—1 wuapameTpoB by,.. ., b,; HO nypaBuenni ¢ n -+ 1
HEHSBECTHBIMH ONPEAEAAIOT B NPOCTPAHCTBE, YUCAO H3IMEPEHHHA KOTO-
poro n-{1, kpusyia, T. e. MHOroo6pasie OAHOrO H3MepeHHS.

3HaunT MBI OnpexeAHAH ceMmeficTBO KPHBbIX, 3aBHCHIIMX OT n— 1
napamerpos. Tax xak HckAlodeHHe sTHX mapameTpos NPUBOAKT K TO-
BepxHOCTH (67), Kamzasa W3 DTHX KPHBBIX ACKHT Ha noBepxHocTH (67),

-1 nosepxuocTh (67) ecTp reomeTpuuecKOE MECTO KpHMBDIX.

[loayuernbie KpMBele MBI GyzeM HasmBaTh X3 paKTe PUCTHYECKAMH

AunusMu nmosepxuoctr (67). Cemeficrso srux XapaKTe PHCTHIECKUX
Aunpit onpezeaserca n—1 mapamerpamu.

1 3
§ 69. XapakTepucTHueCKRE AMHEH B ofmem cAyuae 17

Bseaem Tcm:pb B pacCMOTpeHHE ceMeficTBO AuHHR, saBucmgaxz
or 2n— 1 napameTpOB, NMPHHAB BO BHHMAHHE TOABKO n TepBbIe Yp
mennst cacremnl (673):

2=V (X1, X2y -« Xp> Q13> - 2> a,,) l
' (69)
oV | V. av v _,
b?. '()’(Z_'—’%;“O” b,, da1+6an ]

Nupna (69) MBI Ha30BEM XapaKTePHCTHYECKAMH AHHHAMH ypaBHE
— B.
nas (3). Ux cemeficTBO 3aBACHT OT 2n—1 napametpo

lpumeuanue. Hs ypasHeEm#l BTOPO# CTPOKH (69)Tne;\:§;
CTb
HMCKAIOUHTD TEPEMEHHBIX Xip. . Xy yCTaHOBHE 3aBHCHMO

© (bzy" ° bm a,, Qg - "!an)’

B cquae, Koraza paBHeH“e 3) 3aBHCHT OT 2, IlpEAIXOJ\O)lieHPIe
y ( b

ey ey e BO3MOXHO
NPOTHBHOrO TOBOPHAO 6bi, UTO H3 da,’ Oa, , ',

HaH
HCKAIOYEHHE Xj,. . -) X, T. € HUTO Ako6

v o)
D (a;,---,a,)

a B-
paBeH HYAID, 4ero HeT BO B3ATOM CAytae; B cg':::, ;or;:gg:ﬂ_
penue (3) He 3aBHCHT OT z, B3AB 33 G; aAA z)zl i
Hy10, Mbl 3aKAIOUHAH Gbl, 9TO MOCTOAHHDIC ag_,..K.P,[ ., o MOTyT
GuiTh Hafizenm u3 ypapHenuit (2), uro on;'r:T'rgm HeBoaMOIHO.
CaeaoBaTeAbHO, W3 ypapuenufi (69) sropoft cTp

e ypasHe-
n—1 u3 ApTyMEHTOB X, Xg,. -« Xy @ TAK KaK ne[.;l;i(::mgfmmo
gue (69) zaer z, YpaBHEHHH (69; ompeaeasiorT &

AAHUIO.

. Yrobm

U cemefictBo (69) sapmcur or 2n—1 mapamerpos

e x HCTHYECKAX AHHHH HEKOTOPOro
IOAYYETB K3 HEro ccMefACTBO XapakTep i mexoTopore
emyenm Hajo 71 TAapaMeTpoB BbIPA3HTb HEKOTOPHIM O gﬂm ¢ epes
gcTaJ\bm;le MAM CBf3aTb BCe 2n — 1 NMapaMeTPOB HEKOTOP "
i 3as { HAKO. HEAb3S BbIGHPATb COBEPUIEHHO TIIPOH3-

T e i 2 69) NOAY4YHM BO3MOXHOCTB
BOAbHO. [l1pHCOeAHHUB HX x ypasuenusM (69), mbi yu

¥ OT NePeMeHHbIX
. @y by - -0, B DymELH
i 2n — 1 apaMeTpoB &y, Qg CHIX
;aﬁ X, W, 3HAUMT, 9TOOBl Z CTAAO pEUICHHEM ypaBHEHHA 3, a
e o1 Xy
oKa3aThCsl COOAIOACHHDIM YCAOBHE v
oV ‘ = / N3
—(}—Kdal——"——da.z—{— eas —r‘a;" dan—-O. ( )
0(11 ! (9x:_, 2,

Hpumeuariue. Ecau mpl 3aMeHAM NEPBOE ypasuenne (69) ypas-
penuem (69') ,
W(xl’x'_‘w": X z:ala"':an):—'O’ (69)

bl OTHOCHUT (0] Z T 1oc ypa
(o] OoCAEeJHHE n— 1 B
He pemeHH UTEADH »
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Hennft (69) MOXHO NpM HAAMUME BTOrO ypaBHeHHS 3aMEHHTBH

ypaBHEHHAMH
ow ow . ow |, oW "
dal b2+-a;2 —O,...,ana-l—' -’d-a’;‘=0. ‘ (69)
MMpumep. Mot puzean s § 58, uro noannie unrerpann ypasnennii
, XipitXop2at... + X, p,=0 (17)
Xip+Xopet.oo. +X, p=X (17)

AaHbl COOTBETCTBEHHO ypaBHEHHSIMH
z=a +02(P2+03!P3+ R +an§9n
Vo=a+-a, Vata, Vy+... +a, V,

B KOTOPHIX 9y, Pg,..., 9, u Vo, Vo,..., V, raasune pemenns ypasHe-
mus (17) u ypasuenus

ov oV oV oV
Xi—+X,-—... e o=
10x1+ 20)(2 F +Xn dx""l—X 0z O’
T. . pellleHus, O6palUAIOIHECs TIPH X, ==X\ B Xy, X,..., X, & 2.
Ci\eAOBaTeAbHIO, 33 ypaBHeHHS XapaKTePUCTHYECKAX AWHHH ypas*
nennit (17) u (17') wago 6parp coorsercrsenHo ypasuennus

z=a-+a9taet... a0,
} (70)
b2+€n‘l:0’ b3+’?3=01 ”‘)bn+(?n:0
H
Vo=a-+tay Vo+a; Vs+...+a,V, (70)
b2+V2=0’ b3+ VSZO)"'> b".«:_ V’M:O }
HAH
z=¢, 93+ b, =0, 93} by=0,...,7, --b,=0 {70)
u

V0=c’ b2+ V9=O, b3+ V8=01'--’ bn_}_ V,,ZO, (70/)

4TO BMOAHE COTAACHO C ONpejeAEHHAMH, JanHBIMH B § 15.

70. YpamHenmH XapaKTepHCTHYECKHX AHHHE. IoBropssa mnouru
AOCAOBHO paccymaeHus § 62, Mbl MOmeM y6GeaHTHbCs, 4TO COCTaB Cce-
MefiCTBA XapaKTePUCTHYECKHX AMHUIH YPAaBHEHHA HE 3aBHCHT OT BbIGOpa
€ro TOAHOrO HHTErpaAa.

OTI::CKPIB&H HampasAsine Ko2(pPHUUHEHTH KacaTeAbHOB K Bbi-
GpaHHOH XapaKTepuUCTHYECKOH AMHHM, HAXOZHM, AnpPepeHunpys ypas-

wenns (69): .
dz = z % dxi
i=1

i ¢
2V >V . N

:5 (bl aalaxj + dagdxg )d):.:O. (1:2,3’. ..,n) !

J
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Tax xax z, aanuoe nepBuM ypasHenneM (69), pemenne ypapaenus (3),

TO HMEEM TOXKECTBO . .
oV IV oV )EO. an

/(xl)x2’°"’xn; V; axl" de :---:'a-xn

O6o3Hauas, xak B § 62, ckoOKOM pe3yAbTaT 3aMEHEL Z, Py, . » -, Pp HEPES

av aV
V) N ey Ty
dxl dxn .
romecrsa (72) 3akArouaem, ZUQQEPEHUHPYS N0 @y, Gy;. - -, Gyt

s=n

of \ oV (df)ﬂzo
<?;) 0a1+2 Op,] OJa,0x,

s=1
§=n

(5F) S 2 (85) o =

s=1

M 10apasyMeBas [O& Z, Pis.-+) P, OTH QYHKUMH, U3

Cuuras, uto Touka (X, Xo- - -» X,y Z) Ha XapaKTepHCTHKE (69), nz no-
CAEZHHX TOXECTB, NOAb3yfAchb YpPaBHEHHWAMH (69) BTOpOIk CTPOKH, Ha-

XOAUM

i( BV _ gy PV )(—‘?f-)=o. ((=2,3,...,n) (73)

da, 9x, da; Ox, op,
s=1
CpaBuenne ypasuenuii (73) c ypaBHeHHAMH (71) yxasmiBaer, 4TO
Bo Bcex Toukax amHME (69) c onpeaerenHolt xacaTeAbHOR uMerOT

MeCTO PaBEHCTBa:

de, _ dxg _ dx, (74
[EARNE AR )

op, op. dp,
Jvdpepenyupys Aaree TOXECTBO (72) no x4, x,, . .., X, MOAyuaEM:

() + (et D (35) o

u, Ha ocuopanun (74):

()2 S e () (Lo

Ox,

rae »}\— smamenateab nponopuuu (74).

Orcroza 3akAouaeM, 4TO
1 dp; 3

)
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H, 3HauuT, HCNOAb30BaB NepBoe ypaBHenwe (71), uro

dx, dp, . dz
o — of of  i=n ’
op, —()“;—F P, 2 of P, (75)
Ip;
g§=1
npuueMm x cucteMme (75) HAZO UPHCOEAHHHTb ypaBHEHHE
f(xl!""xn’z’ Pl’P?y""Pn)ZO! (3)

Mbr mMeeM Bce Heo6x0gUMOE ZAA COCTaBAGHHS CHCTEMhl XapakTe-
PUCTHYECKHX AMHHI HE3aBHCHMO OT NOAHOTO HHTErpaAa.
Ypasuenne

fXyse oy X 2Py pa)=h
oaun us uuTterparos cucrembl (75). JelicTsureAbBO,

i=n i=n
— O t 2 9f of
df = 2 Jx, dxa‘l*“az‘d?'-‘—ZT)[;i dp,
i=1 w-z1

o6pamaeTcs TORECTBEHHO B HyAb 1O 3aMeHe dxy,. . ., dX,,dz,dpy,.» ., dp,
BEAHMYHHAMH MM IMpONOPUAOHAAbHBLIME, B3ATHIMH H3 cucTeMbl (73).
Beaeacrsue aroro, npucoezmHenme k cucreme (75) ypasuemna (3)
HMeeT eJWHCTBEHHBIM CAEZCTBHEM YMeHDbUIEHHEe HA EAWHHALY YHCAA
NPOM3BOABHDBIX '[OCTOSHHDBIX, OT KOTOPbiX 3aBMCHT co6panHe o6MX
pemenuit cacremsl (75). Yueao ocraBumxcs NPOH3BOABHBIX NOCTOSAH-
HBIX B 3TOM cOOpaHHMH PaBHO, 3HAYHT,

2n—1,

T. €. KaKk pa3 wHACAy napamerpos B ceMelicTBe (69); MBI BepHemen
RIOCAEACTBHH K BGLIiICHEHHIO 9TOr0 OGCTOATEABCTBA.

Koraa aato pemenne ypasueuus (3), snavenns z, py, po,. . -,P,, MOTYT
6biTb HafiZeHBl HEMIOCPEACTBEHHO 63 NOMOUM TNOAHOrO HHTErpaAa.
CAezoBaTeAbHO, KOB(QHUuEeHTb cucTembl (74) BHOAHe omnpezereHsbl,
KOrga 3ajaHo pelleHHe ypasHeuus (3); Mexzy TeM XapaxTepucTHUe-
CKHE AHMHHH PEIIEHHs CBs3aHnl 3THMH ypasueHusmu. CiregomaTerbHO,
XapaKTePUCTHUECKHE AMHHH pElleHAsA MOXHO HAiiTH, IPHCOEZHHAA K pe-
HIEHHIO HHTErpaAnl cucrteMpl (74), cocTaBAeHHOR NHO penlcHHIO;, MBI
noAy4aeM ceMe#CTBO AmHUE, 3aBHCAIEe Kak pas OT n— 1 NapameTpoB,
reoOMEeTPHYECKOE MECTO KOTOPBIX €CTh B3ATOE pelIeHHE.

71. Hurerparnnsiii anrement. Koraa aana uHTerpaibHas nosepx-
HOCTb — pellenHe ypaBHeHHst (3)—TO BcsKkas TOYKa ee ONpeAeAseT
HE TOADBKO €€ KOODAHMHATBI Xj) Xgy- - -3 X, 2, HO TAKXE H KOB(DOHIHEHTDI
KacaTeAbHOR IAOCKOCTH K OB PXHOCTH B 9TOH TOUKE, T. €. NPOH3BOAHBIC
Pis Pas-« s Py OT Z IO Xy, Xg;. - - X,,. COBOKYMHOCTD uicea

0 ¢, @ (0 © _© _(© (0 0
M (xl,xz,...,xn,z’,pl,pg,...,p’i)) (76)

HA3bIBAETCS WHTErPAABHBIM dAcMeHToM ypaBuenua (3), ecam aTm uucAa
CBsi3aHbl COOTHOUWICHHEM

0y _(0) @ _© @ (0 4
f(xl’xz 2o Xy HhZ PPy r""P:;,)ZO- (30
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)
Teopema 1. ITo unmerparvromy sremenmy MO somno, soo6we
= , - 0) (@ © _©
w8a0pa, Haiimu npoxoamuyo uepes mowey m(x\, x,. .. x, 2Y)
XQpaKmMepucmuueckylo AUNUIO HEKOMOPOIO peUleHUs, COJePRauser0
0
saemenm MO,
[Toromum, uro

2=V (xy x5 .., %, 20, a0,.. ., ay l

ov_ ., oV -0 OV oV a7
b(O) =O,'_.,b()___ oV _—_:O I
2 da{()) + aa;()) n aa:()) + aaflo) J

ypaBHEHHS HCKOMOR XapaKTepPHCTHYECKOH AMHHH. 3HaxaMm
ov  JV oV
0 ? © "2 (0}
(3(1l Oa, Oa,
HaMn 0603HaYeHBI PE3YABTaTHl 3AMEHBI B COOTBETCTBYIONIHX TPOH3”
0
BOAHbIX OT V apryMeHTros a,..., @, UX SHaYeHHAMH a, .. La,

Anvus (77) goammsa 0pOXOZHTb Yepes TOUKY M, T. €. AOAKHB
6bITb CIpaBejAHBDI PaBEHCTBA:

. Z(o) = V(xl(o), xéw, ceny x,(:)p af))t a;O)y c oy agj)) \
0(20) 4 (2Y) a0 V) 1 (%) = | )
b2 (a‘h)o_'_(daa 0—0"”’1)" da, o—+ da, /o 0 J

B KOTOPBIX 3HaKaMM

oo ) () |
(aal v\ day, [,

0603HayeHbl Pe3yAbTaThl 3aMEHH B COOTBETCTBYIOIGUX IPOH3BOZHBIX
or V Bcex aprymenToB x,, @, 9HCAaMH xi(o), afo) .

0 0) (O 0
Koraa ussecrast uncaa a ) af,), b, ),. o b,(‘) MoxHO Ha 6Gecun-

CAGHHOE MHOmMecTBO crnoco6oB nogzobpars Qymkuum b,..., %, B ypas-
nennsx (67,) Tak, uTOGBI BTH UMCAZ MM yAOBAETBOPSAH. DBribop

pynkuui 9,..., Y, npusezer x Haxompenmio QyHxuEd a;, - - -,Q,
0 0
3HaueHHS KOTOPbIX B TOUKE M PaBHBI Q. ) @y ).« e u xotopuie yao-
BAETBOPAIOT YCAOBHIO
A% oV A%
—da,+-=—day}+ ... +5—da,=0; N8
dal 1—{‘ 0(12 2.+ + ()a“ » ’ ( )

BCAEACTBHE DTOrO

z= V(xla X2y 02Xps Gy Gy e - o5 Q) (78)
pemenne ypashenus (3). Takoe pemieHHE MOXHO HaHTH, Mexzy Npo-
YHM, NOAOMHB

o 0
a1=a‘( ’,...,a,,=a,(,)

H OTbICKHBas b;o),. . .,bﬁ?’ us ypaesenuit sropoit crpoku (77,).

12 m TronTep.
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Ha pemennnu (78) Becaeactsae ycaosua (M) umeem:

_ov v oy
Pl—dxl, p2_dx2s---’Pn—

x,
H, 3HAYHT, ZOAMHO OBITh:
o= (3)=(3),
/ 1/o n/0 ’ (79)
0=V (x'l(o) v e ey x,(.o), al(o), al ..., a,(:))). j'

Vpapnenns (79) He 3aBucaT oT TOro, Kak Buoibpann Ppynkunn ¥, ¥,,..., 8,

H COCTABAGHHOE peHicHHe, HO BIIOAHE OMPEAEACHD! 3aA3HHEM HHTE-
0

rpaabuoro aacmenta M. Tloabsysco ypasuenmamu (79) MoxHo, BO-

. ) 9
ofwe rosops, nadtu a'”, a ). .,a,(L) . Mot rosopum ,,Boo6ume rosops“

NIOTOMY, YTO B 3THX YPABHEHHAX Xj, Xo,- + -5 Xps Ply+ + =3Py Z HMEKOT 9aACT"
Hble 3Ha4YeHus; €CAH Obl OHH OCTABAAHCH [PON3BOABHBIMY, TO HaiiTH
0 0 . 0 0 o
a§ ),. . .,a,(,) MO%HO GpiAO 651 HaBepuoe. Haliasn af .. .,a; ), MomHO HaiTH

bfo), . -,bflo) n3 ypasuenni (77,) sropoii crpokn. Cocraens nocae aroro
cucremy (77), HaxoanM HCKOMYIO XapaKTepPHCTHUECKYIO AHHHIC.

Ilpo nafizennyio xapakTepHCTHYECKYIO AHHHIO YCAOBHMCSH T'OBOPHTb,
uTo OHa mpoxoauT uepes arement MO,

Ecan xapaxrepuctaueckodi ammun no sremenry M neanss nafits,
10 aaement M ub HasoBem ocoGeHHbIM.

Kak caeactsue teopemnt 1 omaTb moaywaem: ecAm ZABa pelleHHs
umeroT ofuuli, He OcOGeHHBbI HHTErpaAbHBI DAEMEHT, TO OHH HMEIT
O6IIYyI0 XaPAKTePHCTHISCKYIO AHHEIO, MIDOXOAAIIYIO Yepe3 9TOT DACMEHT,
U ONPEZCAAIOT HHTErpaAbHble MOBEPXHOCTH, KacaloWIMecA BJOAb YKa-
sanHOl XapakTepucTHuecKOR AMHHH.

XapaxrepucTUueckast AUHHS, AeXalllas Ha PEUICHHH, HMEHHO, BIOAHE
OnpeAeAcHa MHTErPaAbHBIM BAEMEHTOM; BJOAD 2TOH AuHHH @y, a,,. . .,qa,
COXPaHAIOT NOCTOSHHbIC 3HAYCHHS M, 3HAYMT, IPOUSBOAHBIE Py, Poy- - -,Py
BO BCEX TOYKaxX aToll AHHHM BIIOAHE OIPEJEAEHBL.

72. Harerpar M" V. Mo nasosem mnowobpasue usmeperus
n—I1

©__
X =% (s, up,. o0, y)

) __
xn - nn(ulr Uz:- c ey un-——l)

0
():9 (ux’ Uy oy lly )

0)
pl( )zpl (u, uy,. . ., un—-—l)

(80)

® % 4 & + e a a4 8 e+ e+ =

(©
Pn)zpn (ul‘ Uy ooy ”71-'-3)’
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o 4l © (0 (% o
m. e. cobpaHue BHAMEHUL Xy ,..., X, ,Z ), P s pn) 8 pyHKUuUU

om n— 1 Hesasucumvix nepemeHHblx

Uy Ugye v oy Uy ys

n—1
unmeparone M"Y, ecau cobrrogens gsa ycaosus: ycaosue

0 Y G (0) Oy
G x0, 2909, p0, . p =0 (&3
i yecaosue
0 0 - @ 0) 0)
dz® = pPdx® +pl g, + ... P dxP. (81)

ITpo nepsvte n-}-1 pasencms (80) movr 6yzem rw0s80pumb, umo owu
(n—1)
o6pasyiom ocnosanue unmerpara M -
Tlpu pemennu 3agauy Kowm, Kak Mbl ‘yBHAHM, HMEIOT 3HaYeHHe

TOABKO T€ HHTErpaAbl M"Y B korophix ocHOBauHe ecTb MHOTO006pa-
sne n— 1 usMepeHufl; HO B 9TOM maparpae Mbl He HMEeM TNpPHYHHBI
OrpaHHYHBaTh Ce6s DTHM CAYYaeM,H Mbi MOXEM CUHTATb, 4TO apryMeHTHl
xfo), xéo), .- .,x,(‘o) saBucAT OT k mapamerpos, rae k=n—1.

BameTHM, OJHAKO, YTO €CAH X, Xs. .., X, 3aBHCAT OT k mnapa-
METPOB, TO YHCAO NAapaMETPOR, OT KOTOPbIX 3aBHCHT z, He Goaee k;
nuaue AeBas uacTb paBeHcTBa (81) saBmceaa 6m or Goabmero umcaa

0 0 U]
znpdepennuaros, yeM npasad. CirezosareAbso, ecan xf ), x! ). .,x,“J

M®Y
3aBHCAT OT k napame‘rpos, OCHOBaHHE 3aBHCHT TaK#®ke OT k
napame'rpon. I/IB CKAa32HHOI'0, MERA l'IpO‘IPIM, BbITEKAaeT, YTO €CAH OCHO-

o 0 (0
panue usMepenus n—1, To xf ), Xy s o e s x,,) CBS33aHb! OAHOIO ¥ TOABKO
OAHOI0 3aBHCHMOCTbIO. Je#icTBUTEABHO, €CAH 6Bl YHCAO 3aBHCHMO-
0 0 W) -
cTed, CBA3bIBAIOIIHX xi( ), xé ), .. .,x,;) 6piA0 61 GoAree eaumHMUBL, TO

xf”, xg)), . ‘.,xf) 6biAE 6bl QyHKUMAMH NapaMeTpoB, 4HCAO & KOTOPBIR

Menblie n—1.
Teopema 2. Ilo ocnosanuiwo, 8soobwe 1080pA, MOKHO Haiimu
—1
unmerpar M™Y.
PaccmoTpum cHauana, Kak Goiee BamHblfi AAs Hac, cAyva#t, Korza

OCHOBAHHE HM3MEPEHHs N —- 1; B BTOM CAyHae, HCKAIOMAA Uy, Uy, -+ )y g
us nepsnix n ypasHeuuit (80), MOXHO NOAYYHTH TOABKO OAMY 3aBHCH-
0 .
MOCTb, CBS3bIBAWOILYIO X, ), X, ) - -+, X, ; B DTOM CAydYae, 3Ha4#T, He BCE
onpeAeAHTEAHn TabAnUBI
Jdo;  O¢y g%, !
, ooy
Ou,’ Ou, Ou, :
d9;  Ov, do,

Ouy’ Ouy’" 77 Ou,
do, Ovy J¢
du,_,’ Oua " Ou, .

paBHDL HyAl0, (T. €. PaHr TaGAMUbI paser n-— 1).

n

51
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n—1
“Zl,lul naxoxaenns uuterpara M"Y, koraa aamo ocmosamme, Hago
HafiTH TOADKO 3HAYEHHS Dy, Py,- - -,P,. B ypasrenun (3,) Mp nueem 04O
ypaBHeHHE AAA MX HaxoxjeHms. Ycaosue (81) aaer eme n—1 ypas-

HeHult. nOACTaBMH B HEro, HMEHHO, BMECTO Z(O); x(lo), + ey X, HX 3HaAUC-

HHA K NPUPABHHBAA HYAID KO9(P(MHUHEHNTH NPK

dul, dug,- . "dun—-l’
Mbl noAyudem ypaBHeHHs
e dﬂ? ©) dco, (0) a'.?q Jdo
ik S : '] 0 _YYn
du, Py du, +r Ou, ot Ou, i
s 6 e e s e e e 8 s s e b e s v e . (82)
(9(9 (0) dwl (0) 6!9 0 I
: — v e {0 0%
oun-—-] t dun-—l pZ oun-—-l—}_ T +Pn dun——l J

Hs ypasﬂeﬂnig) (3(,0} n (82)0 MOryT 6bITb, BOOGIIE rOBOPs, HalzeHbl Bece
aprymentst p ) piy. . pY.

Yro6m mosicHATH CAOBa, BOOGIIE I'OBOPS, 3aMETHM, YTO MPH peure-
ruy ypasreuufi (3,) u (82) mmeer svauenue usyuenue sxoGuaHa

() () (55
op, [’ \dpy )77\ Op,!
0o, 0%, 99,
Ou, ’ du, """ du, (82,)
s 99, 9%,
dun—-l, 011,,__1" v dun—l

0003Ha4aeT PE3YADPTAT 3aMEHDI APTYMEHRTOB Xqy+ + «, X,y Z

k
(0} 0, ¢ .
gepes £ ..y £0,29 no nepoim n--1 ypastenuam (80). Ecam

9TOT AKOGMAH HE PaBEH HYAIO HA OCHOBAHWM pellAEMBIX ypaBHEHMH, TO
MOKHO TNOAZO6GPATD Takue uuUCAa p(ll],..., pg), (10)" o u: » TpHA KOTO-
poix ypaerenua (3;) m (82) cobawaenn, HO AKOGHaH He HYAD;
3HAYMT, CHCTeMa H3 ypaedennd (3,) m (82) nmeer pemenme, B xOTO-

© ( 0)
p(():;a 3Ha'({:)eﬂua Pise P, UPH U ==uj,...,U — 4 | pasun
Py 7

n—1 —
Pp -

Ocraeaas B cropone cayua#l, koraa mus ypasuenuit (3;) n (82)
HeAb3s HalTH KOHEYHBIX MAM TFOAOMOP(DHHIX Ha JaHHOM OCHOBAHHH
sHauenmit gas pl. .., pff’), KOTOPHIA Mbl HA30BEM HCKAKUHTEAbHBIM,
o-megm cJ\(%')qaﬁ, KOrda [PH peIIeHWH JTHX YpaBHeHHA 0aHO
H3 P, s...,p, OCTAETCSH NMPOH3BOAbHBIM, a TaKme CAyd4afl, Koraa roao-

©) 0
MOpQuble sHavenHs P, .. .,p,(, ), yaoBaetsopsiomue ypasuenuan (3,) u

rae 3sHak (Eaf‘

s T

fisiee

§ 73. Hnrerpax M™ 181

(82), oxaswiBaroTCs o6pallaloluME B HYAb skoGnan (82,). Kamamit us
OTHX CAyYacB Mbl H430BEM XapaKTEPHCTHYECKHM.

SameTnM, 9TO KOraa NAapaMeTpaMu CAyXat .., xf:)__l H Mb
HMEEM JAS OCHOBAHHA ypaBHEHHS
xn(O) =9 (xf(,)!‘ g xg))_l » V=4 (x{0)7 x50)> . ':x1(10)..1 s
onpeaeauteab (82;) pasen
(G () (=) ()
apy ) \0px |77 \Opay)’ \ 9p.
0%
1, 0, s ey O, _——(T
Ox,
o _ (_‘?L) _
09 1: .y 0’ —w— dp"
1 o, 0, ..., 1, WO
ox,’_,
9 ¥ -
—(-f?f-) LS .—("f ) B (82,)
Opy/ Oxy Op,_1/ 9x,_,

. Tlepexogum Tenepp Kk CAyuaio, KOrza OCHOBAaHHE MHOZKECTBO k us-
menenndt, rae k<<n—1., B arToM caysae cucrema (82) 6yaer coaep-
xatp k ypasuenuil, 3 KOTOPHIX COBMECTHO C ypaBHEHHEM (3,) moryr

. v .
6uiTb Hafzenn, BooGwe rosops, k-1 us aprymenros p;, p(z],. . .,pf),l
snaunt n—k— 1 n3 HHUX ocTaHyTCs, BOOGIIE rOBOPsl, NPOH3BOALHBIMH,

o © 0 ,@ (@]
BCACJACTBHE UETO COBOKYIHOCTDb BHAUEHHMH X| 'y <« 3Xp's 275 Py 2 oo Py

6yAeT CHOBA HHTETPAAOM M® .

[Tocreanee O6CTOATEABCTBO HABEPHOE DYAET HMETb MECTO, ECAM
HE BCe ONPEAEAHTEAH TaGAHUBI U3 n croabuos u k-1 crpok, B Ko-
TOPYI0 TEnepb 06PAILACTCA ONPEAEAHTEAD (82,), ryAn BCAACTBHE YpaB-

HeHHH OCHOBaHUA.
B nporusHOM &€ CAy4Yae MOTYT o6HapymHTbC BCe T€ OOGCTOATEAD-

CTBa, O KOTOPBIX Mbi yHOMMHAAW, FOBOPs O cAyuae k==n—1.
Baueuanue. Cxasannoe B 3amedannu k § 64 mpumenumo
M K pacCyXACHHAM BTOro maparpada.

73. Haterpaa M"™, O6061mas aanHOE ONPEACAEHAE UHTErPaAR M™Y,
bl MOKeM Haspath uETerparom M™cosBOKymHOCTD 3HAUEHHI Xy, - o5 Xy
Z, D1 - - +3 Puy 3ABACAIIAX OT N NAPAMETPOB, YAOBACTBOPSIOWYIO ypas-
penusm (3,) u (81). Ecan mamecTHo pemerme ypaBHeHHA (3), T0 m3me-
cTeH HHTErpaaA M™. Jleticreuteanuo, ecam z =@ (x1, Xo- -y %) pe-
menue ypasHerud (3), TO, morOmHUB

Xy=yy - ey Xy =1, z2=0 (@, sy ...y u,)

oty P =T, (uy, vy s W)

'
p=® 2 (uy uy -

Mbl, OUEBHAHO, YAOBAETBOPHM YCAOBHAM (3,) » (81).
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Ho zazava maxoxaenus wunterpara M™u pemenus ypasHenns (3)
HE PABHOCMABHDI: He no Besikomy Hurterpary M™ ol Moxem weno-
CPEACTBEHHO COCTAaBHTb pemenue ypasHenns (3), kak BuaHo, Hanpu-
Mep, s npuMepa B § 65. .

74. 3apaua Komu. 3arnmascor osumm Amneitunim ypapuensem, mbi
crapurr B § 8 u 16 sagauy Komm creayiommm obpasom: aamo

0 o
qncao X ja oyaxuus O (xy. % ..., x, ), Halitn To peweune ypas-
HEHHs, B KOTOPOM NpH

. — 0,
X,=x," rz=8(x, x, ..., x,_,)
Jaree ubi 0606uman 3azady caeayomum 06pazoM: HaliTu peure-
HHE YpaBHEHHA, B KOTOPOM IpH

x, =% (%, x0, ..., Xoo1) P z2=0(x, xg ---, Xy 1)

[lpn xamaoft w3 3TMX NOCTAHOBOK 3ajauM, B NPOCTPAHCTBE, YHACAO
usMepeHHH KOTOporo n--1, 3agaBaroch MHOrooGpasne H3MepeHus
n—1 #1 WCKaAOCh PEIIeHHE, ero IaKAIOYAIOILEE.

Crasa Tenepp sagauy Komm, wmni Moxem mnocraBuTp ee caeayio-
wuM o6pasoM: AaHo MuOrooGpasne n-— 1 msmepeHmil B npocrpaucTse,
4YHCAO H3MepeHHmE koToporo n-1:

(4
x(l)——:cpl (uy -y u, ) ]

(83)

N
l
G
7~
&
&
I
N —

Hajitn pewenne ypasuenus

f (Xis - es Xns Zy Piy o+ 1y paz)—_—ol 3

3akAloualollee 370 MHOroo6pasme.
OrmerHM, uTO M3 3aJaHHs, N0 KOTOPOMY H3MEPEHHE MHOroo6pa-
3ua (83) paBHO n—1, yxe BbITEKAET, YTO HCKAIOUEHHE U, Us,- - ., U,

H3 mepsbix n ypasHeund (83) AaeT TOABKO OAHY 3aBHCHMOCTD MEXAY
© O (U]

13 Xgs ooy X7

Ecau cymectyet pemenne sagaum, To MCKOMas HHTerpaAbHas IMO-
BEPXHOCTb cojepxuT Miaorcobpasue (83) ¥ moxHO ana kKamjaoH TOuKH
Ha HeM Ha#iTH ee HHTErpaAbHbIA 3AEMEHT, OTHICKMBAA 1o ocHopauuio (83)
uprerpan M. Yepes kamabvii Tako@f DAEMEHT NPOXOAWT XapaKre-
PHCTHYECKas AMHWA, OPHHAJACHKANAT HCKOMOMY pEIICHHIO, KOTOPas,
ecan (83) He eCcTp reoMeTpHuecKOe MECTO HEKOTOPOro cemeficTea
3THX AMHHA (Takoe ceMefCTBO MOMHO NMOAYUHTD, CBA3AB R napaMeTpoB
¥apaKTepuCTHUECKHX AMHHH PEUIEHUs OAHOIO 33BACHMOCTDIO), OTAHYHA
oT AmHud, npHRagAemamnx Muaoroobpasmo (83). Xapakrepuctuueckue
AMHHH, NPOXOAAIINE YePe3 YKasaHHble MHTErPaAbHBIE BAE€MEHTBI, 06pa=
3YIOT ceMefiCTBO XapaKTepHCTAYECKAX AHMHHA pellcHMA H caMO pemie-
IIn€ — HX [EOMETPHUECKOE MECTO.
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Ms aroro BhITeKaeT, UTO JAf pelIeHHs 3ajaud ugmuo nocty-
"
gatb Tak: mmem no ocHosaumio (83) maTerpaa M™, orbickusas

O . , pﬁ” u3 ypaBHeHu#

Pis .-
0 Oy __
f(x(10)’ ceny x(:), z(o)’ p(1 ), crey Pa )=0 1 69
©__ 0 g O YN
Az =p dxy |- TP, dx,),
H3 KOTOpDbIX BTOPOE PABHOCHABHO ypaBHEHHAM:
Iz @ % © 0%, |
du, =P 0y, + o e du, |
e e e e e e t (84
do @ 9% 0 02 |
dun—l =h dun—l —I_ o —I_ Pn aun—l J

—1 B
Haiian unrerpar M"Y, muem xapakTepHCTHUECKHE AWHMH, olipeie
AEHHDBIE €I'0 JAEMEHTaMH, ONPEACAsAsl mapaMeTpbl a # b no popmyram:

D=V (x(lo), . x(;:), a(lo), caey a(,?)) |
AN (0_1{\) SO I
(dxl)o— Proowees Ox4/0 Pn Il} (85)

b‘(zm(d_a;>o+(a;2)o——o’ T "(dal)o—l_ da,/o °

[Noayuennme a® u 89 6yayT QYHKUAAMH OT apryMeHTOB U,
Us, -+ -y U, ;o VlcKOMOE pelIeHHE ZOAXHO ObITb PE3yALTATOM HCKAIOYE-

HAA BTHX APTyMECHTOB W3 YpaBHEHui

z=V (X5 -+ 12y ai"), a(20)’ cee, aff))’ ]
oV, v @V oV _ } (86)
bg’)m+;—.(;):o, ooy B8 aag”)+oa§f) 0.
Ipumenanue. Ypasneuun (85) n (86) wmoryr 6niTh 3amMeHeHDI
ypaBHEHHAMHY
VRO, ..., 5D, 20, a0, ., a®)=0 1
W\ o, (AW _ (a_y) o ¢ (%) :0[ ,
;(d_Z)opl —I_(—d_;l_ 0—0’ T\ 0z Jo Pr + Ox, /o I(SS)
oW oW\
o (W W\ _ o . (0)(__) (_) —0 |
b2 (dal )o+ (aa:a 0 0 oo b Oa, 0+ da, /o ;
Hn [ ‘
Wiy -y Xp % a§0)’ ceny af;’)zo
W OV W oW | ()
2 oa® T =% o g T 5 |
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Ocraercs ycraHOBATb, YTO HaMu ZeHCTBHTEADHO HaflaeHo pe-
weune. /IAa TOro 4YTO6bI B PE3YABTATE HCKAIOUEHMS MbI NOAYYHAH Z
Kak QYHKUHIO OT Xy, Xy, ...,X,, ypaBHeaus BTopok crpoxm B (86)

ZOA®HH GBITb PAa3PEMAMBI OTHOCHTEABHO 4, U, . .., 4, . Takroe
ClIeHHE AACT NAPAMOTPH Uy, Uy ..., U, ; B BHAE OQyukuu#l oT

0 0 -
Xy, Xgy ++-y X, 4y X,, BCAEACTBHE Uero a(l),. cuy a;) 6yayr ynx

unAMH BTHX aprymentoB. Ho Toraa, uro6ni z 6biac, pemennem
ypasuerus' (3) AocTaTouHo, uTOGH 6b1A0 COGAIOZEHO yeAoBHe

' oV oV ov
da—?)dago)—‘-— 3 a(20)dag))+ .. +Wda£f)s (N8)
n

KOTOpOMYy BCA€ACTBME MOCAeAHHMX pameHcTe (86), momHO aarp Bug

da’ = b da)’ 1 ... 4 b® da® (87)

7

ov

cudTas, d9TO W #+0; nocaegnee OPEANOAOKEHHE 3IaKORHO, TaK
a
1

oV
KaK eCAH BCE NPOM3BOJHBIE —o HYAH, HyAH Takme # sce | OV,
) y H
a; a /o
MBl OpH PEUICHHH 3aJaYh HMEEM AEAO C OCOGEHHBIM CAyyaeM.
0 0
INapamerpm a(1 ),...,a;) HaxoAaTcs HamM “3 nepsbix n-}-1 ypa-
suenus (83).

Jeuddepenunpys nepsoe 3 ypabuenuit (85) m moawayscp 3a-
BucHMOCTbIO (84), moAyuaem BCAEACTBHE OCTaALHDBIX ypasrennii (85)

CHagyaaAa
W\ o VY @
(ga—l)odal 4o +(d7n)odan —0,

a 3arteMm
da’ = b day -+ ... 4 57da®; (88)

OTCIOAa ACHO, YTO HaflfeHHAs HAMH (PH NOMOILH ONHCAHHOTO npo-
Hecca NOBEPXHOCTb €CTb BCErza MHTErpaibHas.

75. HexarounreAnnbte cAyan sagawa Koms. Mepexoas x 0630py
CAytaes, B KOTOPDBIX ONHCAHHLIA B NPOWIAOM Naparpae NpoLece He OpH-
BOJHT K PELICHHIO, HauHeM, Kak B § 67, ¢ pasGopa NPEANOACKEHHA, YTO

U3 ypasHeHH# BTOPOH cTpoxm (86) He wmoryr 6mTh wakigeHnr napa-

METPBI U, Ugy. .-, U, .

O6osnaunm, ans yzo6erea, smakamm O audpepeHunaAb, B3ATHIE
B UPEAMNOAOKEHHH, UTO MEHSAIOTCS TOABKO Uy, Uy ..., U, ..

‘Ecan us ypasmenmii Bropoi crpoku (86) Heabss mafiTH u,,
Ugy« ..y U, ,, TO AKOOHAH ITHX ypaBHeHHH no Uiy +.., U, , paBHAETCA

TOMECTBCHHO HYAIO; ECAH OH HE DPAaBEH HYA NPH HEKOTOPOM Bbibope

(1) ()] (1) o
HHCEA Xi's veos X'y Uy vy W) 4, TO Uy, u, .. -»,_; MOTYT 6blTb Hal-
ZAEHbI,

§ 75. Hckmountersnrie cAyvan sapadu Kommn 185

SuaunT, €CAH ©g, ©g, ..., ®, A€Bbi€ UAaCTH 8THX ypasuennfi, mua
¥

ypa.BHel‘“’[ﬂ 80)2 — O’ 8(93 EES 0, ceny 8(9” = 0’

B xoTOpbix 3Hak ¢ o0603HAYaeT PE3yAbTAT AuppepeHIUpOBAHNA N0

u,, g , u,_;, MOXHO HCKAIOMUTD ZuQPepeHUnarn du,, du,, ...,
; ey U, :
dl; | M COCTAaBATD HEKOTOPYIO 3aBHCHMOCTD:
n—
Aydmg ... A, 80,=0. 87
0) ©
Bamennn B (87) x;p xg5 - -1 X, UCPE3 x(lo’, x(2 y e+ er X, 5 MBI TOAYYHM
(Ay) Bog)+ - - - +(4,) (Be,)=0. @87,

85). O60-
JupPeperunpyem Tenepb ypaBHEHHA TperTbei c'rpom:l B(Og ) Oce:
suavaem uepes d yacTb AMPPEPEHLIHANE, 3ABHCALLYIO OT GXy 5. - 50X,

e o)+ (Bon) =0, .. ., (do,)+(tw,) =0,

OTKyAa BCACGACTBHE (871):

(A;) (do,) + (As) (dg) + . . . +-(A,) (doy) =0. (83)

Hoaoxnm oo
(do) =a® dx® o dx) - . . . +a dx,”,
rac 9
ot (25 (25,
4 8 daldx, 0 (/asd_ri 0
Uy, Uy gevey U,
Toromum Tenepn, AAA yp,(c;)Gc'rBa, uTo 3a mApameTpPnl Uy, :“,x H,M 97:0 ;
o €MHs OCHOBAaH! >
BbIGpaHbI x(lo), x(2), «vey X,_ 4y T. €. UTO YPaBH
puji, ykasauuoiii B § 72: .
© O O ) 0o KO X)),
x(0)={}(x1,x2, cees Xy )y 20 =olxy, Xy y Xy
n
Toraa . (
[ 0)
o 0) ®) » 9 de
©__4® 9 O 4 [ 1y O
(d(Ds)Z(alé)_i_an dx(10)> dxl + + 7y 1+ n dx(nl))_1 n

u ypaenenue (88) pacnagaercs Ha n—1 ypaBuennii:
s=n

8 8 a% — . —1. 89
2(‘43)(“(,-)4‘0‘;) W)—O,l——l, 2, ...,n—1. (8%

%
8=4

Baarogapa nepsomy ypasrenmio (84) ® ypapnenmaM mepBnix AByX
crpok B (83), copaBegAMBO TOXKECTBO

ov AR
f(x(10), Y xig), (V)O’ (d?;)()’ I (R)o):o.
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Paccymaas xax 8 § 70 u noabsysco ypapnemusamu tperpel CTPOKH
B (85), U3 moCAeAHEro TOMECTHA 3aKAlOyaeM:

\ BV \ o, 0V } oF\ .
E (dagm), &+ @z )} () =0 =2
1. €. ;
. of
. (8)
== 1=0,s=2,...,n
Z * (dpi) s "
Yunoxas nocaeasme ypasmenus ua (4,), (4y), ..., (4,) n ckaa-
AblBasi MX, HAXOAHM:
5 S+ ()2
- A, = A )
(£ 2@+ (3, 2,4

ot () D @ () S -

uro BeaegeTene (89) aaer nmo cokpamenun
) () 2 = () Pt (2 o
) axgu) Op, 8ng) o op,_, 8x£?)_1 o,

Bcenomunas gopmyay (82;) § 72, us ckasamsoro Buamm, uro usy-
1aeMO€ HaMH OGCTOATEALCTBO MOMXET OGHAaPYyRHTBCA TOABKO B Xa-
PaKTEPHCTHYECKOM CAydvae.

[TepecmoTpnm Teneps BCe O6CTOATEABCTBA, NPH HAAMYHH KOTOPHIX
Mbl HE CMOMKEM pelUHTb 3ajaum Kowm,

Mpexae Bcero mpu cocrasaenmn muterpara M™ ™ Bosmoxuo no-
ABAGHHE HMCKAIOUHTEABPHOrO HAH OJHOTO H3 xapax'reg)mc-ruqecmx cAy-

yaes, MexAy nPoumM npusoasmero x uurerpary M®™ Bmecro mure-
rpaxa M"Y,

Ho xpome aTtoro, MomeT cAyuuTbcs, BO-NEPBBIX, YTO BCE SAEMEHTDI
HallJcHHOTO HHTerpaAa Mo 6YAYT OCOGCHHBLIMH, ¥ MBI HE CMOXEM,
NOSTOMY, COCTABHTbL ypaBHERHs CEMefCTBa XapaKTEPMCTHUECKHX AHHH;
BO-BTOPDIX, MOXKET CAYYMTBCH, UTO ZaHHOE MHOrooGpasue (83) mame-
peHus n—1 eCTb reOMETPHUECKOE MECTO XapaKTEPHCTHYECKHX AMHHE,
OfIPEeACACHHBIX SAEMEHTAMH COOTBETCTBYIOLIETO €MY HMHTErpaAa. ECAH
Mbl, HMES ASAO C DTHM CAY4YaeM, HE HATOAKHEMCH Ha CAyuail, yKasau-
HbIf MepBBIM, TO MO KamjoMmy orementy muterpara MV mp madigem
XapaKkTePHCTHYECKYI0 AHMHHIO, HO 9Ta AMHHA GYyZET OpHHAaZAeXATb
uuoroobpasmio (83) n reomeTpuueckmm mecToM TaKHX AmHME 6yzeT
AaHHOe HaM MHorooGpasme (83).

§ 76. [Mpumepn 187

(n—1)
B aTom cayuae mbi 6yaem HasbiBaThb HHTerpan XapaKTepH-
CTHYECKHM, a JaHHOE MHOroobGpasue HMamepeHus n—1 XapaxkTepHCTH-

ko#l, npuHazAexamed penieHHIO,
Mb1 BepueMcs B raaee ceabMoft x pasb0py HCKAIUHTEABHDIX CAy-

yaes 3ajaun Komm.
76. Npamepnr: 1) [loauniit muTerpar ypassesns

1, . ; ;
z=x,p;Fxapr - x9Ps — 5 (p2+p22 —ps?) (90)
€CTb

1
2= 2,0, | Xo@y | Xg25— 2 (2,2 + a? — a5’). (91)

Mbi noAyunm xapakTepucrudeckme AnHuH ypasHewma (90), mpucoe-
anaps K (91) ypasnenus

by (xy— ag) - (xy—a) =0, by (x,— @)~ (x3-Fag)=0. (91"
[Toroxus B ypapHesmsax (91):
a,==0, ay-=t, ag=0, by==1, by=0, ©2)

Mb! MMOAYHHM XapaKTCPUCTUUCCKHE AHHHH

z=x2t——1-t2, X, x3—t =0, x3=0,

2
reoMETPUYECKOe MECTO KOTOPHIX
1, .
x3==0, z= 5 (22— x,°). (93)
Wiem uuterpar M. [Moromus
o, 1 o 2
x§°)=u, x(zo): U, xg)) =0, 9= —2—('0 —u),
HaxoZHM cHa4aAa, YTo ( o
pl‘)): —u, py =7
M 3aTEM, H3 ypaBHEHHUs
1 p 9 0 8 ’_1_ 2_1_ 2y ! _1_ (0)3
Lo uwy= —w o o) g i
410 , -
p(‘sm =V2u
’ 0 O © 70 3O
OrbickuBas Tenepb a(1 ), af_,), a(3 , by b)), cnauana maxogum
0 O . o® O YT g
a(10)=P(10)=—u' a(z)=p2 =v, ay =p, =V2u
Jaaee

B (utu)tov—v=0 B2 uV2 u=0,
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T- €.

0)
¥ =0

o __ V2

3 _— _._-l‘
2

YpaBuenus xapakTepHCTHUECKUX AMHMI

. FT T mutnut Vfuxs—%‘(”"'—lﬂ),
s

x;— v =0, ——-—;—VQ_ (t1+ )+ x+V 2 u=0.

Hckaouenne u n v npusogur x pemeHHo;
— 1,a11 o vV
=T3™" —{—-—2—x2 +V 2xx5—x?

yAOBAETBOPSIOWEMY MOCTABACHHBIM HAYaAbHBIM yCAOBHAM.
Muoroo6pasue (93) — reomerpuueckoe Mecro XapaKTePHCTAUECKUX
AnHufl ypaBHEHHs, HO HE reOMeTPHYECKOE MECTO XapaKTePUCTHYECKHX
AHMHHE HEKOTOPOro pemeHus. XapakTepPHCTHYECKHE AMHMH pemerns
noayvaem u3 (91), sbipasus ay, ay, ay, by, b; uepes zsa napameTpa

TaK, 4TO6bl GHAO COGAIOZEHO YCAOBHE

day = byday |- byday, )

Yeaorne (M) A0AZHO cOoxpaHHTDCH, €CAM MBI CBmeM napamMeTpel xa-
PaKTEPUCTHYECKHX AMHHH pEeHIEHHA ele OAHOR 3aBUCHMOCTBIO; MEXKAY

TEM nagaue’rpm (92) sromy ycaosuio me YAOBAETBOPSIOT.
2) Paccmotpun ypasuenne

1
2= xipy -+ XaPa = Xgps— 5 (p® 4 p® - py?),
XapaKTePHCTHYECKHE AMHHM KOTOPOrO AaHnl ypaBHERHAMA:
1 \
z2= a;x, -} Gaxy~-agr; — 9 (1®+a* - a?)
by (xl—a1)+x2—a2=0, by (x; — @)+ xs—az=0.
Hafigem pemeune, B xoropom

x,=0, z=V x2? + x2 —% ‘

B paccmaTpuBaemom cayuae mmeem

0) () () T
O, iy A, YT L

p(g) — u p(0) _ v
z Vuro2 " " Vu2—i--v2

ST 1 d
Va2t o2 —5= u? - o2 __%_ piﬂ)_l

(0)
5’ Py =0.

§ 77. 3azaun oTangwme or sajaun Kowmn 189
OTHCKﬂBaﬂ XapaKTEePHCTHUECKHE AHHHH, npexje BCEro HaxOAHM

©___0 © - 0

: 0 __ 0 __
a =p, =0, a&; = p, -

w
Vage ™ =P
Vv

%ﬁf“

NHuIeM OCTaAbHbIE ypaBHEHHS XapaKTEPHCTHUYECKHX ARHuil cAreayo-
muM 06pasom:

L S
Véte

Tak kak Tenmepp

oV . oV
% Gay T da;

H CdCTaBHB ypaBHEHHA

oV oV o0V Vv
) ovy _ ooV vy _
c1(° (302)0_{_(5‘11)0 0 & (0a2)0+(0a,)0 o

oV , oV
—'——0, 03%—2'—{“673-'—_—0

T. €.
of u — O N
ey ) = et
v
v =0
T Vate
HAXOAHM
v
=0, &=L,

Ypasuenus xapakTepPHCTHYECKHX AMHHI

Xou X3V 1
= Vaae T Vats 2
u? -~ v? Var+o

Xy = 0’ VXg — UXg — O-

WckAatouenne 2 B ¢ NPHBOAHT K MCXOJHOMY MHOroo6pasmo, xoTo-
pOE B ZAHHOM CAyda€ XapaKTEPHCTHKA.

71. 3apaun, orammsie or sagatu Komu. Komyc xapaxrepucrn-
gecknx Ammmii. CrTaps 3ajauy HaXOMJCHHsS peleHHs ypasHerus (3)
N0 AAHHOMY OCHOBAHHIO, Mbi MOxeM O6OGIIHMTL cKasaHHOE B § 65,
B3sB 33 OCHOBAHME BMECTO MHOrooGpasma H3MepeHus n— 1 mHoro-
o6oasue usmepenusa k:

x§°)=’~?1 (uy -0 )

............. ¢3
X =0, (@ o 1) (83
z(”)———‘f? (tyy -~ u,)

Tlpasnaa, gaunsie B § 74, oxasbiBatoTcs OPUMEHHMHIMH ¢ TOR TOABKO
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—~1
pasmuuedt, uTO Ara maxomaenus murerpara MV wpm Gyzem mmern
7’
BMecTo cucTeMsl (847) cucremy

do dv do
9% 9% © 92,
du,  P1 du1+ SR Ou,
(.).. . }’ (841')
99 @ 9% © 09,
i ow, P du,,+ SR Ou,
B KOTOPO#, TOAbKO k ypaBHeHuil; BCACACTBHEe 3TOr0 B Kamao# TOuKe
OCHOBAaHHS APTYMEHTH pgo), ceny p,f:)) 3aBHCAT eille OT n—k—1 mapa-
METPOB.

0 0
Ypasnenus (85), aaomme o'’ 8", ocratorcs nemamennmmu u gator

BO3MOXHOCTD, Kak M Npexje, MOCTPOUTL CEMEHCTBO XapaKTepHCTHUE-
CKHX AHHHH, 3aBHCAIIHX oT n— 1 napaMetrpos. Ecau nmo mcxarouemmn
STHX NMapaMeTpOB [OAYYATCS NOBEPXHOCTb, TO 3T NOBEPXHOCTb GyaeT
HHTErpaAbHOH: paccymaenns § 74, ycranosusmne 3to 06CcTOATEADCTBO,
HE 33aBHCEAH OT TeX NPEANOAOKEHHH, KOTOPble MOTYT GbITb CASAAHBI
06 H3aMepeuuH ocHomamus. BaoAp ocHoBaHUS BTa HOBEPXHOCTb He
MOZXKET KMETb OPEJEACHHOH KACATEAbBHOH NMAOCKOCTM.
MNpumep. Hafttn peileHHe ypaBHEHHS:
o 1., ) 2
z2==xsp1t Zops = Xsps— 5 (pi2 -+ pa — ),
3aKAluyaroillee MHOroobpaswue:
xi=1t, x=0, x3=0, z=1¢

[Noanbi uuTerpan ypasnenus
1
z = X0y} x0; -+ Xpa5 — 5 (22402 — a,?).

YpasueHus XapaKTepPHCTHUECKHX AMHUA HaxoauM, [PHCOEANKAA ypa-
BHEHHSA

b, (xl—al)—]~x2—a2=0, by (xl—ax)+fa+‘13=0-
INoAoxus

K 500, 00, 5t
opexae Beero maxozmm pl) =1, [Toabsyacs ypaBuenuem, noayuaem
1 o __ oF
t=t“§7(1+P2) —Psh
OTK_VAa 3aKAIOYAEM, 4UTO MOMKHO INOACKHTD

py =u, p'=V17 o=

§ 77. Bapaun, orAmunne or 2agaus Komn 191

[Mpumenss oponecc § 74, naxozun
a(lo) =1, a(;) =uy, ag?) =V1+ua®
B (t—1)+0—u=0; & (t—1)+0+V1+4u*=0,

OTKYZa

b(o)—" u b(o)___ l/ 1+ul .
2T—1 t—1

VYpaBHerHs cemeficTBA XapaKTEPHCTHYECKHX AMHHN:

z=x;+xu+t x3 V1 u?

14+ u? .
t—l—l_—l(xl—l)—}—xg—u———O, —ZT_{_—:—i—(xl—l)—!‘xsT
+V1Fa® =o0.

Hckarouenne u 1 f NPUBOJUT K PEIIEHHIO

! &)

z2=x —‘szz —x5%

B KOTOPOM 1pH X, = 0, x3 = 0 neT onpeAerennoft kacaTeAbHOH DAOCKOCTH.
OtMeTHM B 3aKAIOYEHHE, UTO NOAOKHB

X1= x(f), .« ey x"=x£(:), Z=Z(0),
rae x(;;)’ cees XS), 2z nocrosmmbie, B3AB JAPYIHMH CAOBaMH, 33 OCHO-
BaHHe TOUKY o (X(lo)’ x(2° o xff), Z(o))’ (04)
Mbl NpPH BEAKHX p§0), veny pf:) YAOBAETBOPYUM YCAOBHIO

dz® = pPdx O+ ...+ PO dx¥.
ApryMémm pgo), ceny p(n_o) 6yayT CBA3AaHM OAHOKI0 3aBHCHMOCTDIO!

0 O _© O _ 9.
f(xg.())’ Xgy - x;)’ Z 5 Py oo pn)—o’

n—1 wus HHX OCTaHYTCA TNPOM3BOAbHBIMN, W Mbl HaizeM HMHTE-
rpaa M® P 5 xoropoM uMEHHO OHH H ABAAIOTCH n— 1 HPOH3BOAL-
HBIMH apryMeHTaMH.

Haxoxaenne XapaKTepHCTHUECKHX AHHHA M HCKAIOUCHHE H3 HHX
3THX NapaMeTPOB NPHBEAET K PENICHHIO YPaBHeMHd, KOTOPOE eCTb
reOMETPHYECKOE MECTO XapaKTePHCTHUECKHX AMHHMH, MPOXOASUHX e
pes TOUKy m— KOHYC TaKHX AHHHA C pepmuHOof B m.

YpasHenne 3TOr0 KOHycCa MOKHO HafiTH ¥ HENOCPEACTBCHHO
HCXOAS OT ypaBHeHuil

W (x)y Xg -s X 2, a(10)’ a(20)’ Y 05?7)—0
oW . oW @dW , oW (86")
© 4 2=s=0, ... —+ =0
b 5:1(10) da;m o Tm da(f) 002)) [

XapaKTePHCTHUYECKHX ABHBH.
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Banucas, uto Auuna (86”) npoxoauT uepes TOYKYy m, MBI NPHCO-

eauunm k (86”) ypasnenns

)74 (x(lo), xg)), ey xﬁ”, P a(lo), a(zo), ceey af))=0 }}
() 4 (9) mo, o 4027 4 (%) =0 |
2 aal(o) 0+ 0(12 0—0, e bn aa! O_l_ da” ) _0 }
HUckarodan us 2n ypasnennst (86) u (85) 2n—1 napamerpos
(0) © 7(0) ' b(o)
. alr"‘)an’ 22 "2 Y2

MBbl ¥ NOAYYHM KOHYC XapaKTEPHCTHUECKHX AHHHHA.

78. llpeoGpasosanue ypaBuenHs B He COZEPKAINEEC HEHIBECTHOK
dyaxuen. [Togzo6no Tomy, kak Mbl Aerarm 810 B § 13 m 42, Mb Mo-
KEM 3aMEHHTD KHTCFPHPOB&HHC YpaBHCHUSA

f (x1, X3 <oy Xus 2, Py

<o Pa) =0, (3)

#
COzepAAlLEro ABHO HEM3IBECTHYI0 (YHKUHMIO Z, MHTEr pHPOBaHMEM APy~
TOro, HEU3BECTHOH (YHKIHH ABHO HE COJEPMALLCTO.
JeBcTBHTEADHO, OTHICKMBasA BMECTO 2z ypasHeHHe

W(xu Xy «oey Xy 2)=0, (95)

KOTOPOMY OMO YZAOBACTBOPAET, MBI NOAYYAM JAS NPOHM3BOAHBIX OT 2
BbIpaMEHUsA

ow ow
Ox, Ox,

p1=—a—)£1V—’ LR pn=—‘0%—)r (96)
oz 0z

M3 KOTOPbIX, KOHEUHO, ZOAZHA GbITb HCKAIOUEHA z NPH HOMOWIK YPa-

prenns (95). 3uaunt, pesyAbraT HMCKAWOYEHHs z npu nomomu (95) us
ypaBHeHHS

ow oW
Ox, dx,

f X1y X2y + - o3 Xpy z7_ﬁ: ey —‘—5%— =0 (97)
0z 0z

AOAXEH ObITD TOXKECTBOM.

Ecan mbt Haitzem 3nasemme W xak dymkurio or xy, ..., X, z,
yaoeaeTBOpAlomyto ypasuennio (97) u, npupasuaB ero Hyaw, cocrta-
pum  ypasreHne (95), To ™Mb, KOmewHo, mafifeM peumenme ypaBHe-
uait (3). Ho careayer aymatn, uro mocrymas takmu o6pasom, Mbi
HEKOTOpBIE pPellleHus NoTepsieM: AAA pelleHus ypasHenus (3) pasenu-
cteo (97) AOAKHO JeAaTbcs TOKECTBOM TOAbKO Hpu mocpeactse (95).
Ogauako, ue TpyaHo ybeguTncs, 4TO, AeficTBYs ykasaHHbIM 06pasoM, MBI
MOXEM NOTEPSATH TOABKO OCOGEHHbIE pemcHus ypaBuenus (3).

JlefiCTBUTEAPHO, €CAM HEKOTOPOE pelleHHe MpHHAJAERHUT ceMed-
CTBY pellleHufi, 3aBHCAILMX OT NapaMeTpa, OHO NOTEPAHO He GyaeT.

ERCTIEN S

§ 80. Teopema HAxobu 193
[MoroxuM, 9TO z TakOe pellleHME H NOAYYAETCA M3 PEIICHHs
z=® (x1, x5, .., X, Q) (98)

no saMene a Hyaem. Pemas ypasuenue (98) orHOCHTEADHO @, MBI MO~
AyuuM ypaBHEHHE

W(xl, X2, '.' *y Xny Z)= a, (99)

B koropom W yaosaersopser ypasuenmwo (97). Ypasneunue (97) ue
34BHCHT MMEWHO OT @ H, 3HA4YAT, ECAH YACBAETBOPSETCA HPH nocpea-
ctBe (99), 3aBHCAIIErO OT @, TO YAGBASTBOPAETCA TOMECTBEHHO.

Monroxus B (98) @ =0, MbI MOAYYHM ypaBHEHHe, Zaloluee AaHHOE
pemenne. Ecan tenepp z He ocobeunoe peluedue, TO OHO MOBET 6bTD
HOAYYEHO M3 HEKOTOPOro MOAHOTO HHTErpaAa

2=V (X1 Xy «cvr Xy iy -5 Q)
nyTeM NPHCOEAUMEHMs HECKOADKHX 3aBHCHNOCTEH

©y (al,az, caey a,,)=0

. s s 8 e 2 s s e o e

P R

mk (al! aﬂ) ety au) =0'

BaMenas ojuy M3 HHX, CKaxeM NePBYIO, Ha
oy (ah Ugy =« oy an) =a,

MBI 3aMEHMM 2 pEIUIEHHEM, 3aBHCAILMM OT ¢ M obpamarouuMcs B z
npu o« ==~0; 3Ha4HT, Z HE TEPACTCA NPH 3AMCHE yPABHCHHUA (3) ypasue-
unem (97).

79. 3agaua muTerpuposaEns ypapmemmi. K3 cxasaumoro scHo,
uTO 3ajavy HHTETPHPOBAHHA yPABHECHHUA (3) MomHO NMOCTaBHTb ABO-
AKMM 06PasOM: MOKHO HMCKaTh €ro MOAHBIA WHTErpa, 3HaHMe Ko-
TOPOTO AACT GECUHCACHHOE MHOXECTBO peureHuit ypaBHEHHs H NO3BO-
AWT pewnTb 3azavy Komm, mAH MOXKHO CPa3y HCKATb, MHHYA NOAHBIA
HHTErpaA, XapaxTEepPHCTHYECKHE AHHHMH, 3HAHHE KOTOPHIX MO3BOAHUT
pEWHTD 3ajavy Komwx # cocTaBuTh HOAHbIE wuTerpaa, Hafiasa, wanpu-
Mep, pelleHHe, B KOTOPOM NpH

x,=x) 1 z=a-}tax,+ .- T ax,

Tlepsas Meroza 6yaeT M3AOMEHA B IAaBE mecTol noa mmeneM nepsoi
meToapt flko6u, BTOpas OyjcT H3AOXEH2 B TIAaBe ceapMoft 10A
umenem Metoan Kom. - -~

TAABA LIECTASL
NEPBASl METOAA #IKOBH.

80. Teopema flko6u. Meroaa flxo6u npuAaraeTcA K ypaBHEHHAM,
IPHrOTOBACHHBIM, OCOGbHIM 06pa3oM.

[MoAromumM, 3aHO ypaBHEHHE
f(xn Xoy +-v3 Xy Z5 Po P2

vets Pa)=0. (1)

13 n. I'outep.
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[Moromum, cnauara, uro ypasueswe 3asucnT or z. [lpumenss
K ypaBHenuio ckasauHoe B § 78, npeo6pasyem ero B ypasmenne, ne
saBHCsmee OT HEH3BeCTHOH (yMkyuum.

[Moromus, 4TO 2z yAOBAETBOPSET ypaBHERHIO

W(xl’ X2, ctey xn! Z)SO) (2)

nuem W us ypapuenmsa:

ow ow

. 0 0

f Xiy Xgy « ooy Xy Z,—-—ax—‘é—, seey T 0“1& =0, (3)
0z 0z

npenebperast TaxAM 06pasoM OCOGEHHBIMHM PEIIEHHIMH, KOTOPHIE MO~
ryT 6piTb NOTEPSHH.
[lpegnorommm, uto ¢ymxkura [ weozHOposHAas OyHKIMA OF

DPi» P+ s P, O603Hauas sHakamu
9 G2: ---, Gy (4)
npoussogusie o1 W no xy, xy, ..., x,, pemaem ypasrenne (3) ornocu-

J
TEALHO —5— M JaeM eMy BHA

ow
"5;+ H(xl’x% cey Xps Zy G1y Gy - oy qn):O' (5)

Ormernm, uto ecan ypasuenne (5) noayueso us ypasuenus (1) yxa-

saHEbIM OGpasoMm, To B HeM / oauoposnas @ynkIMA mepBoro HsMe-
pennus ot aprymenros (4). [eficreureabHo, AeBam wacTs ypasHe-
uns (3), oueBHAHO, OAHOPOAHAA (DYHKIHA HYAEBOrO H3MEPEHMA OTHO-
cuTeAbHO mponseoannix ot W. Bereactene aroro, ypasuennme (5) me
AOAMHO MEHATbCHA, €CAH MBl BCE OPOH3BOAHbIE OT W yMuHOXMM Ha
OAHO M TO M€ YHCAO, OTKyAa sicHO, wt0 H poaxHo mpmoGperatp He-
KOTOPBIi MHOXHTEAb H CAyuae YMHOKEHHA Ha Hero aprymentos (4).

Ipumeuanue. Bawenns ypasuenne (3) ypasnennem (5) Mo,
B CAyuae, korja ypasHeuue (3) AaeT HECKOABKO 3HaueHHH ZAs

o AcAaem BbIGOP H3yYaeMOro ypaBHeHHs, OTHM caMbIM  MBi

NPEAPEmaeM M Bbi6Op BETBH OOAHOrO HHTErpPaAa.
Mu npeanoroxunn, uto B ypasuennu (1) pynxuns f meoanopoamas
DYHKUHA OT @PTYMEHTOB Py, Py, - - ., Po; KOTAA B3TO YCAOBHE HE COGAIO-
0
aeHo, u3 ypasHenus (3) HeAbss wHaiiThH "5, TaK Kak aTa npoussoa-
4

Has, KaKk o6Wuf MHOKHTEAb BEAMUMH, CTOAIIMX Ba MECTax STHX NPO-
H3BOAMMIX, M3 ypasHenus (3) cokpawaercs.

B arom cayuae, npusogs x Bmay (5), maao ypassenne (3) pemarn
OTHOCHTEABHO OAHOT'O U3 apryMEHTOB

9 925 -+ 5 Gne
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Ecan ypapmenne (1) me 3asHcHT oT z, Mb1 GyAem ZAaBaTb €My BHA
ypasuenus (5), pemas €ro OTHOCHTEABHO OAHOA M3 NPOHM3BOAHHX
P1s Das -« -» Py B DTOM CAyYae, KOMEUHO, H yxe ue 6yaer oanopoaHofi
@yuxuuell OT BXOAAIMX B HEE NPOM3BOAHBIX.

Mt ycranosum metoay fxo6m, e AeAasd NpeANOAOKEHUS, UTO H
oaHOpOARas (Qyukuus ot aprymenton (4).

Teopema SAxo6n Jaro ypasnenue

g;z”*_H(xhxm ceey Xny Z, Gy G2 - s 9,)=0; )
cocmasum cucmemy YpasHeHuil

dy OH do  _OH ;45 . 6

Jz_—__(f;:’ (IZ_ 6xi’ (l y &y '“!n) ()

- Bagauu unmerpuposanus ypasnenus (5) u cucmemvt (6) pasno-

CUAbHBL.
Mpbl joKaxewm, APYTHMM CAOBaMH, 4YTO KOrAa H3BECTEH NOAHBIR

MHTerpaA ypasserna (5), MOXKHO COCTAaBHTb BCE HMHTETPaAbl CHCTEMDI (6)
¥, 06paTHO, KOTAa COCTABAGHB BCE HHTETPAAbl CHCTEMEL (6), Moxno
cOCTaBHTb MOAHHE murerpar ypasserus (5).
Ipumeuanue. CocraBana no npasuaam § 70 ypasHenHs xa-
PaKTEPHCTHYECKUX AMHHA AAA ypaBHEHHA (g)fv/no;\yqaeu, o603Ha-

uns AAn yAoGerBa uepes g MPOHMSBOAHYIO —5 - :

dx, _dx, _dz_ . dg _ ___ de. _
d == . o 0 — dH _ 1 b -d—H— . e ?ﬁ_
Bq_l dqn oxl ()xn
dg dW ]
T dH TR o
il N\
0z kA:l 0, a+q
. g H=0,
yTo npuBOAHT K cucTeme (6) M, KpOMe TOro, gaer ypaBHEHHS
k=n k=n
dg  oH d_lz _ oH H

oH _NoH
L= & 0o 9T Lg%

81. Teopema 06 HATETPHPOBAMMHE CUCTEMBI. YCTaHOBHM CHauaAa
MEPBYIO HaCTb TEOPEMBbl: ECAM H3BECTOH NOAHBI MHTElPAA ypaBHe:
uua (5), TO MOMHO COCTAaBHTb BCE MHTErPaAbl CHCTEMbI (6).

Tak kak B ypasHenun (5) YMCAO HE3aBHCHMbIX NEPEMEHHBIX n-}1,
OOAHbII MHTErPaA €ro 3aBHCHT OT n-+1 npousBoAbHOR NOCTOAHHOHR;
tax Kak ypasuenre (5) He copepmUT ABHO rienssec'moﬁ oyaxuux W,
OZHA M3 NOCTOAHHBIX BXOAWT B BTOT MNOAHBIH HHTErpaa, Kak ykasaHo

B § 57, apaurusHO.

13+



196 fa. V1. lNeppan meroga fxo6n
Beaeacreue aToro nmoammii unTerpaa ypasuemus (5) umeer Bua:
W=V (x;, xo -+ 1y Xp, 2, @3, @y, .., @)—0C. ™ -
Ilpu srom, xak BmrexaeT n3 ckasaumoro 8 § 57, ypasnenun
_ v _ oV _ov
9 dx; 92 oxy 7 qn ox,
ZOABHBI GYITh Pa3PEUIMMbl OTHOCHTEABHO @, Qg - - - , O,3 MHAYE U3 HUX

MOXHO GBIAO 6bl BTH NOCTOARHBIE HCKAIOUATD H HOAYYHTb YpaBHEHHE,

, ow
ue 3apucaiuee OT 5 Hanounum, uro B § 57 6biro ycramosaeno To-

HECTBO
p(W W . W) p(o¥ v v
ox, Oxy """’ dx,)] 7 \da; 0a, """’ Jda, ©)
D(ay, ay ..., a,) D (x;, x90 «ves xp)
N3 caeranmoro sameuanuss o BO3BMORHOCTH HaflTm M3 ypasnennit (8)
NOCTOSIHHBIE @y, dg, ..., @, BHITEKAET, YTO HH OZHMR M3 AKOGHAHOB
ToxecTsa (9) HE paBeH TOXECTBEHHO HYAIO.
Beogs woBbie nocrosmume by, ..., b,, cocTaBAseM paBencTBa
av oV .
——d‘—x;—:q‘, d—tzi-=bi’ (l=1,2, ...,n). (10)

Joxamem, uro pasencrsa (10) o6pasyior noamoe cobpanme 06mHxX
pemenuii cucremnt (6); npuueM 2n NOCTOAHHLIX HHTErPUPOBAHHA
paBHbI

Qy, Aoy .0y Ay, bp b2: ey bn' ’ (11)

Panee uem npuerynmaTph x goxasaTeAbcTBy 9TOrO yTBEPRACHHSA, OpO-
Bepuy, uto ypasHenue (10) o6ragaer asyms cpoficTBamy, ykasaHHbiMH
B § 2, 6e3 xoTophix co6panre (10) we momer 6bITH co6panmem o6mMx
pemeHnii gAs Kakof-Anbo cucTemnt znpdepeHynarbHEX ypaBHEHHH.

1) Cucrema (10) moxer 6piTb pemieHa OTHOCHTEABHO '

X1y X5 -+ :_xm TG~ s Gp- (12)
TMocaeauue n aprymentos Bripaxennt sBHO yepes ay, Gy,. - -, @, U NepBbe
n apryMeHTOB neppniMu ypasHenusamu cuctemnl (10); uro xe kacaerca
NepBbIX N APryMEHTOB, TO WX MOKHO HafATH M3 NMOCAEAHHX YpaBHE-
muit (10), Tax kak npasmbiit us onpeseanrereit (9) me wuyan.

2) Cucrema (10) moxer 6bmiTh pemeHa OTHOCHTEABHO NOCTOSH-
uboix (11). Tlocaepnne n us aTMX NOCTOAHHBIX BHIpaXeHH ABHO uepes
NEPBDIE N M X1y X3+ - -5 X,, NOCAEAHHMH ypaBHeHHsAMy cucTembl (10); uTo xe
KacaeTca nepsuix n mocrosHubix (11), 10 Mx MomHO Ha#iTH M3 mepBbIX
ypasrenuit (10), Tak kax AeBwil u3 ompezeaureneit (9) me HyAb.

YcTaHOBHB 3TO, MPHCTYNaeM K AOKa3aTEAbCTBY TEOPEMbI.

[Noacrasras B ypasuenne (5) BMecTo npomssogubix or W mx 3ua-
geuusl, NOAYYAEM TOMECTBO '

oV dV)EO’ (13)

av
_&.—-{—H(xl, X250 00y Xy Z,—a“g,...,d—xn

®)
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KOTOPOMY Mbl JajuM BHJ

oV
) - =0 13)
5+ (H)=0, (s
o60o3Hauas 6yksoft () pesyabrar 3ameHbt B ¢yuxusu F aprymeHTOB
G1» G2 -+ Gy HX 3HAUCHHAMH.
Aesas uactb Tomecrsa (13) ecTp QyHKLUs OT apryMEHTOB
Xy Xgye o on Xpy Qgye e or Qe

Jrnpdepenunpys ero no NEPBBIM apTyMEMTaM, MOAY9aeM 11 TOKECTB!

k=n
&V (K ﬁﬂ)ﬂ_go i=1,2,...,n).(19)
——_—-()de, + (”‘a—x_l') +2 ( oqk axk ax‘ » (l » 4y

k=1

Jlupdepenunpys ero HO MOCACAMMM H3 STHX apTyMEHTOB, OOAyuacM
HOBBIE It TOKECTB!

k=n
2V 2 fﬂ)ﬂ:—_—o i—=1,2,...n).  (15)
0z da; + (aqk dx, da, y (=12, )

k=1

[loaroToeup Takum 06pa3OM AOKA3aTEADCTBO, obpamjaeMca K CH-
crene (10). Hatian us oToil cucTeMbr apryMEeHTbI (12) xak QyHKUMH z
u nocrosmpix (11), nmogcrasasem ux B ypasuenna (10) m noayuaem 2n

TOXEECTB. . )
O6osuauasn ssakom [F] pesyAbTaT 3aMeHH apTryMeHTOB (12) yxa
BBHHBIMM WX BbIpAMEHHSMH Uepes Z, Mbl JaeM YNOMAHyTHM Tome-

cTBaM BHZ:
ovy_ v_ "
[_5;]= [‘h] [—0;;] '—‘bt' (109

Ecan mpr BoinoAnnM u B tomectax (14) n (15) yxasaunyro noacra-
HOBKY, TO Mbl AagWM HM BHJ

20 [ 2]+ S H] [2k =0 an)
k=1

k=n
o2V OH] [ 2V :|_=_0 (157
[ 015a1]+2 [ g, 0x;, Ox, ?
k=1
Tak XaK BCAEACTBHE NEPBbIX PABEHCTB (10") ouesmano
[(F)=[F].

Jup@epennupyeM cHauara NOCAEAHHE Nt TOXECTB (10’) no z. Tloay-.

gacMm k—n
NV 7 2V ] d {x;] 0 (16)
[7;37,]4“2 |-omdar) ~ds
k=1

Il
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Tpakrys ypasmenus (15) xak cucremy ypamHemnt c HeH3BeCT-

HbIMH P » BHAHM, TaK KakK ONPEJCAHUTEAbL NPpH HCH3BECTHDIX, pas-

)

Hbifi onpeaeanterro (9), me HyAb, CHCTEMa HMEET eHMHCTBEHHOE pe-

menne. Ho cucrema (16) oTaAmuwaerca or cumeremm (15") TorbkO Tem, -

d[x
4yTO B Hell HemaBecTHble 0603HaYeHM sx-xaxauu—d[l‘l
2
Caeaosa'rel)\buo HMeeM:

d [x, oH
i 4 R et E )

Audpdepenunpyen Teneps no z nepsuie u3 n Tomects (10°). Toayuaem

k=n

oV E eV 1 dlg] _ dle]

dx,(?z ]+ [ axkdx,] dzh = dz (k=1) 2)-.-,’1). (18)
k=1

Moavayser yeranoBréuummu pasencrsaun (17), aaem ToxecTsam (18)
BHA:

[ ]  [o2] [ 2] = 8 1)

CpaBHeHHe NOAYYCHHRDIX PaBeHCTE ¢

, COOTBETCTBERHDIMH
creamu (14°) gaer

TOXe-

419 E_[g_x’ﬂ, (i=1,2...,7). (19)

Pasencrsa (18) u (19) FOBOPAT, YTO 3ameHa B ypaBHenuax (6) apry-
MCHTOB X), X3,- ., X, HX 3HAYCHHAMH, HaflieHHbIMH M3 NOCAEJHHX Dd-

sercts (10), a aprymenros gy, ¢, ..., gn WX BDIDAKESHHSAMH, JAHHBIMA

neppuiMi pasencrsamu (10), o6pamaer ypasuenms (6) B TomecTsa,
YTO M TPe6OBaAOCh AOKA3aTh.

82. Teopema 06 umrerpmpopammm ypapuepus. YxameM, npexie
BCCTO, NPABMAO JAA COCTABAEHMS MOAHOrO HHTErpaAa ypasuemus (5)
no cobpanuio o6wux pemeunft cucTeMb (6).

OAOKHM DaBeHCTBa

x=0(z,a,...,a,b,...,b5) } (20)
7:="Y,(z,a,-..,a,b,...,b,)
B KOTOPBIX
a, ay. . ., Qyy bl: b?: R bn 4 (21)
IDOH3BOABHBIE MOCTOsHHBIE, 06GpasyloT co6panne obmux  pemeHuft
CHCTEMBI
dx _OH dg,___ OH 6
dz d¢;” dz —  ox,° (6)

Mu, oamaxo, 3a (20) Bossmem me n

POH3BOABHOE coO6GpanHe OO6mux
peweruff, a co6panue Komm,

cumras, 4to by,..., b, cyrb Hauarbmble

\

%

i
‘
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BHAUCHHUA Xyp. .-y Xy @ Qyy Ogy- - +y @y HATAADHDIC 3HAUCRUS G1y G2+ - -5 Ty

oTBeualoulne z = Zy. .
[Mpu TakoM mPEANMOAOXKEHHH H3 ypasuennft (20) umeen:

ecan 2=z, TO X;=b p=a (i=12,..,n. (22)
Us ypasmennit (20) moxem pafitn Bce mocrosimapie (21); uaaqe (20)
He ObiA0 6b1 coGpamnMeM OOWAX PEIICHHA CHCTEMBI (6). -ruem;nl:
B YaCTHOCTH, 4TO H3 MEPBBIX N~ ypasHeHHH (20) moxmo Bblpzaa:nz
by, by, - -y b, B YHKLHHE OT 2, @) Ty, - +» T aelteTBHTEADHO, UPH 0
o;;u obpawaroTcs B NepBbie N ypasrenn# (22), u3 KOTOPHIX, OYEBHANO,
momuO HadTh by, b, . «y Do SHAUHT, KOAM CHCTEMA H3 MEPBBIX naypaz
nenuift (20) paspemnma OTHOCHTEABHO by, by, - - -, b, IpH HeETHOM un:qo-
HME Z, TO OHa paspellNMa OTHOCHTEADHO BSTHX apryMeH¥oB HPH NP
H3BOABHOM 3HAUYeHHH Z. )
dCHOBmBaHCD Ha STOM 3aMeuaHHH, MMES AeAO ¢ AwGo# (yHkumed
® (x;, g1 2, @y by),

Mbl MOMEM IIPM NOMOIUM CHCTEMbI (20) npeo6pasoBbiBaTh €€ MO :Boeuzy
YCMOTPECHHIO Au60 B (PyHKIHIO OT Z, @ b, ANGO B PYHKUHUIO OT X;, Gy, 2,

60 B QYHKIHIO OT X,, Z, Q4 _
. 4 (24}' qf,g: ay b) =P, (x 90 2) =0, () a, b) =Ty (x; 2, a).
»
[Tepexoamm Tenepp K ONHCAHHIO npaBHAa AAA COCTABACHHS HOAHOTO

unrerpaia. CocraBaseM QyHKUMIO
i=n

_N\9H _ _ g (23)

DTy QYHKOHIO OT X, 2, §i BEPEAEABIBACM, COTAAcHO €O cxaUsanzlﬁm,
B (QYHKUHIO OT Z, @, b, YcroBHMCA o6oznauaty ee suakom (U). Cum

Tas, 4To @, b, NOCTOAHHD, BbHINHCARCM HHTErpar
2
[ W)d=.
24

CocTasasieM janee cymmy

V=c,b_+a2b2+...+a,,b,,+f(U)dz (249

' 3 QYHKUAA OT Z, a, b; nepe-
¥ STy CyMMy, COTA4CHO CO CKa3aHHbIM, M3 QYHKL , 7

AcAbiBaeM B (YHKLHIO OT X 2, Gy
[Toaumit maTerpar ypaBHeHHA

ow
dz

AaeTcsi PaBCHCTBOM

+H(x1sx2"--: xmz’ql”"’qn)=0, &)

W = V'— c, (25)

rae V yxasauuoiv o6pasoM, nepejeAaHHas QYHKUUA (24). Ormertnm,
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uro ecam (25) aefictenrervno pemenne ypasmemus (5), To W ero
noinpifi marerpar. B camom aenre, nmpm z=2, W o6pamaercs B

W=a1 x1+a2x2+...+a”x,,—c, (25’)

TaK KaK Ha OCHOBAHAM MNepBhLIX n paseHcts (22) Qymkumnm ot z, r,, a,
o6o3navenHbe sHakaMu b, o6pagaiorcs B x, mpH z=2;, O peme-
HHAX %€, 3ABHCAIUHX OT HYXHOTO WHCAA MPOH3BOADHHIX MOCTONHHDBIX
¥ EMCIOWME HavaabHOe 3Havemue Buga (25'), mur ycramosuan B § 57,
9TO OHH OBPas3yIOT MOAHBIE HHTETPAAbL.

TMETAM eile, 9T0 koraa H oaHopoamas (yuxuus mepsoro masme-
PEHHA OT Gy, Go,- - +y Gy UTO HMEET MECTO, ECAH ypaBHenne (5) noAyueso
npeobpasopanuem ypasnenus (1), To ¢yukuua U tomecTsenso paBHA
HYAIO.

Jrs poxasareabctBa TOrO, UTO (25) neficTBHTEAbHO mOAHBI HETe-
rpaa ypaenenus (5), nago cymers HafiTH npousBogHLIe

oW ow ow ow

Ox,’ Oxg *""" 0x,’ 0z (26)
H yCTAHOBHTb CHpaBEAAMBOCTD TOXCECTBA
)4 oW ow oW\ __
d—z+H(x1,x2,...,x”,z, ()xl’ ax2 g0y ax”)':O. (27)

INpucrynas x waxomaemmio npoussozmbix (26), ycaosnmes 0603navaTn
3HaKaMu ,d“ AMQQepeHLHarb, B3sTble B NPeANOACKEHHH, YTO Nmepe-
MCHHO TOABKO 2, & apTryMeHTH a;, b, NOCTOsHHLL; B TakOM 3HAYECHHH
BCTpewaloTCs B ypaenenusx (6) dx;, dg,; aaree, ycAoBmmcs o603uauaTn
snakoM ,,3“ gudQepenuuanmi, B3FTHE B HpeANOAOKEHHH, HTO Z N[O-
CTOsIHHO, HakoOHel, 3HaxoM A Gyaem 0603HauaTs AHQ(epeHInaAbl, B3~
Thie MO BCeM aprymentam. Mo 6yaem mmern

Axy=dx,4-dx, AW=dW-|-3I7, (28)
Boruncasem

dW u EW,
Tepenift u3 unx maxogum cpasy, anddepenuupys (24):

dW = (U) dz. | (29)

Jrs Boruncaenns BToporo umeem

i=n 2

i=n
W=V a2b+ b,aa,_;_af(U) dz. (30)

i=1 i=1
%

8f(U)dz=f8(U)dz (31)
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i=n

o= S (2 0)an =SB0

i=1 $=1

+§ (%g)a(q,)—i (%—ff;)wq.)—i: (52) 30 @

i=1 i=1
Moabaysico ypaBuenmsivu (6) n3 (32) mocae cokpameHHs CpejHHX
CYMM MOAyYacM

3&U>=§ 2 2 (g) 1 2 ) 3 ()= 2 (Lo g+

=1 $=1

i=n .
3 Xy 7’
449, (x,>} ~ 2 g2 x) (32)

i=1
Tloactaasis o710 smauenune d (U) B (31), maxopum:

‘afw)dz=f8w)dz=fiﬂ"i’dﬁdpi(qoa(x‘)];

: =1 £
Z, 4=1
%o §=n

= “2"(%)8 (x)— 2 a,3 by, (317

i=1 i=1
TaK KaKk NpH Z=2p 5
g;i=a;, Xy= O4.

BCAC#CTBHC BCEro 3TOro floAy4acm .
. -n
i=n

t=n i=n
S(W)= Y035+ X bda+ X, ()8 (x) — Nadb=

$=1 i=1 i=1 =1
i=n

— Yha+ ) )

$=1 i=1
M 3HAuAT, OAb3ysCh CHOBa ypaBHeruaMu (6),

A(W)=3(W)+J(W)=2b,Sa,—I—z(.q;)Nx;)-l-:—Z’:(g—i)((h)dz—'
_ =‘=n, ‘ .-=,.‘ IR NCo PR
(H)ds Zbaa+Z(q)6(x)+Zdz g

t=n

i=n
— E b, b, + 2 () B (x) - d(-)]— Hdz,
“ * =1

i=1 i
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MW= T bda+ 3 ()4 () — (H) ds. 33)

i=1 i=1

s

b

Bo Bcex BmKAagkax A0 CHX nop Mbl TpakToBarn W, x,, ¢; kxak Qynx- |

LMH OT z ¥ NOCTOSHHBIX @, b,
Bripasne

’npn'nouoxgu nepsbix papeHcTs (20) wepes aprymentni
' X1y Xape v o3 Xy Apye - oy, (35)

npeoGpasyen (W) B pyukgmo W srtux aprymentos, ZaHUNYI0 paBEH-
creom (25); dynkuus (H) obpaTurca B oyukguio H or Bux, 3azam-
"HyI0 IpH NOCPEACTBE (GyHKIuHA

Tis G2+ - -y Gy,

MOAyueHHHX u3 BTOPhX paseHcTB (20) no mckAlovewun 3 wux (34)
Papencreo (33) npunnmaer Bug

i=n i=1n
AW = Y b8a,+ N a5 —Haz, (33)
i=1 im1
rae tenepb (34) pynkgun oT (35), u M3 HEro Mbl 3aKAIONAEM:
ow ow ow .
_d_x_,— = quTz = —H(xlv s XwZ,q1- - '7‘]»): —37;—_— bi' (l=])2!' . ')n) (36)

IoAbsysce mepeuimu n pasencrsamm us (n 4 1)-ro, BetBOANM, uyTO

ow aw ow
—d—z——{—H<x1,x2,. v ey Xy Z,—d-xT,. . .,-a&) EO,

a 8T0 H TPpeGoBaAOChH AOKA3aTh.

Hrak Teopema Sko6m ycramoerena moamocTbio.

83. Hpmmepsr. Marerpmposanue ypasmennii ZHHAMHKE CHCTeMSLI.

Orraran BuBOgB! M3 TOAYYCHHBIX PE3YABTATOB, PasfepeM HECKOAbKO
OPHMEPOB.

1) [lpounrerpnposars ypasaenne

P1py—4z=0. (37
OrsickuBas BMecTO z ypasHenne
W =0,
KOTOPOMY OHA YAOBAETBOpSET, HMEeM
oW  ow ow oW oW ow
Pl—_—_?‘xl‘”_dz“:—ql:Ws P2= —5;2—--“6;:""’23‘_5‘2‘-

Ypasuenue (37) npunamaer cuazara BHJ

oW \2
‘71‘72_42(02 ) =0

by, bs,..., b, 39
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¥ 3aTeM 06pamaeTCs B ypaBHEHHE, K KOTOpOMy [pHMCHHMA METOZA
Axobu: ]

W _ 1y B—o (87
dz 2 z :
Cucrema (6) uveer Buz:
dn 1 ﬁj;i@=_iw/ﬂwgéﬁ=¢%=_
dz 4 g, z  dz 4 g, 2z’ dz

Toaaraem z,=0. MaTterpaan Kom# mocAeauux ABYyX ypaBHeHmil:
q,=a;,, g3=a

i : 4
W3 mepebix aByX ypaBHeHmif, €CAH b, u b, smavenums x; H Xxp 0Op

z=0: ——
; 1 ot P
xl—{——;—-‘/%z=b1, x2+-2“/a3 2= by

Mynxuus U B paccuaTpuBacMOM cAyuae PaBHA HYAIO. [Toanniit nurer-
par ypasuenus (37')

1 a,
W=a,b-ab—c= al(x1 +—2—‘/-‘; z>+

'+a2(x2+—‘~ [0 ) emantantVam—e

2 az

[pupasuse W myaro u aeas ofe vacTH paBeHCTBA HA C, NOAY-
yaeM HOAHbIt muTerpar ypasenus (57):

a X1+GQXQ+Va1a2z=1'

us
Me moaywmam aas W oasopoamyio (YHKUHIO NepBOro Kza::ger‘x”o
OT @, @, ¢. B oasom mn3 caeayloutnx naparpagoB Mbl 0O SCH, 10
ecan H oanopojnas (QYHKuMs NEPBOTO M3MEPEHHHA OT ¢, BT
TeAbCTBO BCErjga HMEeT MeCTO.

2) MpounrerpuposaTbh ypaBHeHHE

9192 x1 o =0. (38)
JlaB ypaBHEHHIO BHJ:
Oz | X1 x —o0, H= Xy Xg ,
0x, G2 92
moAaywaem cucremy (6) B BHAE
dey _ 2% dgp_ _ x
dx, g’ dxn 92

Bui6upas HyAb 3a HauaAbHOE 3HauYeHHe X, H 06O3Havas depes bua
HAYAABHBIE BHAYEHHS X H g AETKO HAXOZHM: ;

g° Fxf=a% x.= VEQT_'—:XTQ "2 (39)
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B paccmarpusaemom caywae

U—_%1X XXy 2xx
9° 92 9
[loaunii uurerpar noayuaercs ua

b
] (U)=—2X1;“-

&3

b
z=ab—f2x1—dx1-——c=ab-——xf —b—-—c

a a
i 0
HCKAIOWeHHEM b, wmalizennofi m3 BTOpOro ypasuemnus (39). Bummoanss
BBIKAQAKH, MOAYYaEM

z=xVa®—x2—ec.

OrmMetuM, 4TO mOAHBIR uuTerpan ypaeneuus (38) momnO 6bB1AO GBI
HaliTH ¥ Npu MOMOWM cAeayiomwHX coobpamennuil (cu. npuamep 3, § 58):

loroxus g, =ax,, us ypasuenus (38) maxoznm g, = — o X
- 1
Cucrema ypaeneunit
. 1
N T=a Xy q2=_a_1x2

OYCBHAHO 3aMKHyTast H# jaerT

1 1
Z=—Q— alxlﬁ—Q—aI—xzﬁ—{—ag.

3) INokamem, B sakriovenne, creays SHxobn, uro K HHTET'pHPOBAHHIO
cucremer (6), ¥ 3mauuT K ypasHenmio (5), CBOZHTCHA, B O6wem BHAE
3ajaua ABHEEHHA CHCTEMbl MaTEPHAAbHBIX TOYeK moA AeficTBHeM cuA,
HMEIOUIHX MNOTEHUMAA, €CAH KAaK CBA3W, OrpaHHUMBAalOIHE CcBOGOAY
CHCTEMbl, Tax ¥ NOTEHUAAA AGHCTBYIOIIUX CHA, HE 3aBHCAT OT BPEMEHH.
Moromnm, uro cucrema & marepmaAbHbIX TOuEK maxoawrTes noz zei-
crBueM cuA, umeiomux noterguar U u ceasana 3k—n ycaosuamm

fi (e xg,e ey 2)=0,.. ., fore—n (x3 X9, - -, 2,) =0. (40)
JlBuzenne ynpaeasercs YpABHEHHAMH
P _ U N o, &y, U NA g
___fi:_ Js . s —_ 8
™ dn Ox; + 2 & Ox;’ e 9y, t 2)\8 9’
8=1 8§=1

8=8k—n
d*z,  oU of, P
mi_dp__ai——!—z)\a_az_l, (1—1;2’-.-;k)’ (41)
8§=1

rie MHOXHTEAM
!

"3k—n

A, A

Qys e ey

XapaKTepHsyloT BAMFHHE peaxuuil cBsseft. JTH MHOXHTEAM BbIpa-
MAIOTCH PAHOHAADHO 4EDPE3 KOOPAMHATHI TOYeK H WX MPOMBBOAHLIE
No Bpemenn f; AAA HAXOXKJGHHS OTHX BHIPAMEHHH ZOCTATOYHO ABa pasa

HHTErpPaA
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epeunupoBaTh NO Bpemenu ypasuenua (40) u HckAroumTb
zggf:q;?ofo E:o%me NPOM3SBOAHbIE OT KOOPAHHAT TOYEK MPH MOMOILH
ypasrennit (41).
BhipasuM KOOPAMHATH TOUEK HYepes (YHKIHH

=0 (G G- » Gnd Us="1 (G0 G2- - -, Gl Z =1 (15 G- - -1ga)s (42)

OT N NapaMETPOB -
p ql' qg,o . qn, (43)

BHIGHpas 9TH NApaMeTpHl Tak, uTo6m ypasuenus (40) yno;é\e'rnopx-
AMCH TOMECTBEHHO MOCAE 3aMEHBS X;, Uy, z; HX 3Havenusawu (42).

Yro6bl ONPEACAUTb ABHAEHHE CHCTEMbl, AOCTATOYHO onpeaem'%b
mapamerpyt (43) xak Qymkuum ot £ JAs cocraBreHus ypaBHEHuH,
OUPEACAAIOMX 3TH NMOCACAHHE (YHKIMH, MOXKHO HCIOAb3OBATH NPHH-
nun [ammabTOHAE.

TNorommum .

1 Y 5] 79
T=j my (2521 2/%) @9

=1

— mupas cuaa cucreMsl. 1loabsysics (42), Mbt Moxen Bhipasutb I uepes
napamerpnt (43) m mx npomssoambie mo . Tak kak npouzaog:b:
OT X, ¥y, 2, AMHeiiHbIE OAHOPOAHBIE (PYHKUHH OT ﬁnponszé)mémxe: ongo-
metpos (43), TO muBas cuaa T, 6yayun gpyukuued or ( )’I/Iynonbsoaan
poAHOR QyHkyuell BTOPOH CTENEHH OT HX MPOH3BOAHMIX. Yicn An30825
ypasuenus (42), MOZ(;)O Takke H MOTEHIHMAAbHYIO (YHKIHMIO BBID
HTbI .

qepgisé):;': eapryu(emu (43) kaxmmp-HHGYAD QYHKIHAMH OT ne;:::
BOASWAMH CHCTEMY H3 HEKOTOPOTO IIOAOXEHHA B JPYroe, BLIYHCAS

t
f (T U)dt.
i,

Vs Beskux sbi6opos ¢yHxuui (43), TO, KOTOpOe oTBewaer AeHCTRAH-
TEeAbHOMY JABHXEHHIO, yAOBAETBOPSET YPAaBHEHHIO,

af(T—i—U)dt:O. (45)

CocraBasisi ypaBHEHHE, HMEEM

4 =

t t [
,3f(;r_|_U) dt-= f(a T+8U)dt=f { 2 gqy: 3g,
Z . ¥ 1

v ) -~

n t=n

SE ou
S+ S

n i=1
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t
0T dig,\, or
/ oot [ (S 44 )d’—an ] -
1, i=

Q=

TS s (55 e

TaK kakx Ha IPaHUYHLIX NOAOKEHHSX CHCTEMbI BCe BapHALMH 8 g, paBHB
HYAlO,
Hrax ypasrenme (45) mpumnmaer pup:
¢

i=n
OT d[oT\ U
gL e (o) U\,
I{E(&h df("%’)Jr"%) q’}dt
=1

0
# BAcYeT, 3a c06oit ClPaBejAHBOCTb N YpaBHEHU:
d (OT) oT 0U, (i=1,2,...,n). (46)

dt 0q dqi T‘h
Beoanm B paccmorpenne smecto mpomssoymbix g/ mepeMennme
orT . )
;ZW, (i=1, 2,...,n). 47

Tax kak npaBuie wactu ypasnenufi (47) Aumeiinvie Qymkuum ot g/,
9TH NPOH3BOARbBIE MOTYT GhITh BLIpAXEHDBI Yepes Pireevs Ppe
Ecan

g9 =Kt’ (i=1’ 2""7 n)) (48)

MCKOMBIC BRIPAXEHHA, TO YDABHEHWAMH JAH HAXOMAGHHA AapIyMeH-
TOB (43) 6yayTr ypasuenus (48) u ypabmenus

dp, _oT , oU .
Tt = dqt "'a;‘ , (l— 1, 2,. . .,n). (49)

Kusyo cury 7 moxuo takxe BbIpA3UTD YEDPE3 HOBble HEHIBECTHBIE P,
HCKAIOUHB H3 ¢ BbIPAKEHHs POU3BOAHbIE ¢, MPH MOMOILH paBeHcTs (48)
O603naumu uepes (7°) To, uro MOAYYHTCSl NOCAE TAKOTO HCKAIOMEMA:

T= T("u q/)= (T(‘?v py))=(T). (50)
Hama 6amkaiimas sagaua npeo6pasosaTh ypasHenns (48) u (49).
Hs (50) ameem
dT=d (7). (51)
Tax kax T oamopoanas QYHKUKA BTOPOro usMepenus or q,, To
i=mn i1=n
. or |, . o7
2T= W(h, Tzz_a;’—qiﬁ]:

=1 =1
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,Zl,mpq)epengupyx BTOPOE 'romec'rno, noquaeM

’ aTd

i=1

2 : z : oT
d—=— 0 / q; - aq‘ d
u, caeacrsue (47), -
i=n i=n
2: , or d
dT—: q; .dpl—— 2 _07;: [/ FI
i=1 £=1

C apyrofi cTOPOHDI,

d(T)——E o) 4 ¢+2 AT a4

[Toacrasasa B (81), 3akao4aemM, 4TO

i=1

;7)) 0T 0T ;49 ... (2
9 ap{ dq{ dq,
B cuay Broporo cootromenus (52) pasencrsa (49) npumumaior BHA:
dp,____O0(D)—U_ _ 0H (53)
TIT - dq,- 5q, ’
ecAu HOAOKHTD He (T)—U.

Mepsrie pasencraa (52) we orauunp or ypasuenu#t (48). Tak xax U
ne sasmcuT OT g, U He 3aBucHT H OT p;, H Mbl HMeeM,

BcaeacTeue aToOro mepehiM H3 paseHcTB (52) MOXHO AaTh BHA:

dg, _0(MN—U_0H . 4149 o

dt op; op,’
Mrak apmikenme cHCTEMBl TOYEK YNPABAJETCA CHCTEMOH:
iﬂ:iji ipi::—'{-]’ H(qls‘h; 7‘7mP1:°--;Pn)=(T)—‘U- (54)
dt ~ Op, dr 9,

Hurerpuposanue me cucrembl (34) pPaBHOCHABHO HHTETPHPOBAHHIO

OJZHOro ypaBHEHH:

aW
%¥+H(q1)q2:"'JQn) pl)""pn)zo’ P (l—l 2. ’n)' (55)
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e

Hrax, pemenne 3afaun O ABHACHHHM CHCTEMbl B YKA2aHHOM YPE3BbI-
qafino o61EM CAydae CBOAMTCA K MHTETPHPOBAHHIO OAHOIO YPABHEHUR
TOr0 THNA, KOTOPOMY MOCBsAIEHa 3Ta rAasa.

BrocaeacTsun GyAyT ykasaHbl NPHEMbI, MO3BOAAIONME HHTErpHPO- .

Batp ypasuenue Buza (55), e mpuGeras k COCTaBAGHHIO H HHTETPHPO-
panmo cucTembl (54); BCAeACTBHE BTOrO 3aMevaHMs, 3aMeHa CH-

cremnl (54) ypasuennenm (55) MomeT okasaTbes moAesHO.

dpmesamme 06 mmrerparax cucremmr (6). Bosspamaemcs

k uccaegosannio cucremn (6). Iloromum, uto maftiaen unrerpaa

CHCTCMbI

dy__ 0H dq,__ oH

& =0 & =" g =L2-am 6

Ecau (56) mmrerpaa cucrtemnl, TO Ha ocHoBauud (6)

i=mn
od, oD, od,
5 dz-} E O, dx,+ o0, dg,=0.
¢ =1

Hcknaouas npu nomoigu (6) dx, u dg, n cokpagas na dz, noaywaem

i=n
oD, OH o®, oH od,
oz T 2 dq, 0% ox, og, O (57)

d®l =

i=1

T. e. wro ®; ectv pemenne Ammefinoro ypasuenus (57), xoropomy
MOXHO AATb BHA! -

oD
1 (H, ®,)=0. (57)
Ecan ¢yuxuua P, ve s3aBucur OT 2z, TO mOcAeaHee pPaBEHCTBO HMMEET
BAA:
(H; q)1) =0.
[Noroxum, wro mMeeTcs eme murerpar cucremst (6)
Dy = bh,, (56")
B kotopoM @yukuus D, Takke 3aBucuT oT z. Toraa cko6ka
(Dy, D)

TaKKe AeBasd YacTb HHTerpara cucrembl (6). /JeficTeBuTeabno, no To-
mecry Slxo6u:

(H, (D, Dy)) 4 (@, (o, H)) - (g, (H, D)) =0. (58)
Tak kax scaeacTue TOro, wro (56) u (56') mmrerpaant cucrembl
(H, @) =0, (H ®))=—(0y, H)=0;
u3 roxecTsa (58) umeem:
(H, (D, D)) =0,

- 910 B TPebOoBaAOCH AOKa3aTh,

Dy (o1, Xos- e o3 Xy 2, Py - -, P) = Iy (56) :
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Cxasamnoe MOXHO OGOGUATS H NPHMEHETh. K HHTETpPAAAM: (56),
B koTOpHX Oynkmus @ zaBucuT OT z.

TlpmBeseM B COOTBETCTBHE ApryMEHTY Z APTYMEHT g, nozo6HO TOMY,
kax B cko6ke [lyaccona apryMemTy x; COOTBETCTBYeT apryMeHT gj R
BBEAEM B PACcCAOTPeHHE (PYHKIHIO

H1=¢I+H'
Hmeen 7
i=n - v,
oD OH, o®, oH, o, _ 0D . o
(HU (Dl):‘ 621 +E aq‘ 0x‘ - aX¢ a‘h - dz +(H) l)v
$=1

rak kak P, oueBHaHO OT ¢ He BaBHCHT. 3paunr, ypasuenre (57')

HMEET BHA: (H,, ) —0. (57)

Orcioaa, NOBTOPSsi TOADKO UTO BHIMOAHEHHBIC PACCYMACHHN, MOMHO
yGeAnTbCA, YTO €CAH (56') kakofi-HR6yAb APYTOit HHTErpaA CHCTEMbL (6),

TO OYERHAZO
((Dn (De) =hg

tome umrerpan cmcremsl (6). Mpy, Bupouem, me yTBepxAACM, €9TO
STOT WHTErpaA He 3aBMCHT OT murerparos (56) u (56) u, B wacrmOCTH,
aro ckobka [lyaccona B AeBo# ero wacTH HE MOCTOAHHOC.

85. Cay1aii, xorza H oamopoamas (QyHKIMSA Nepeoro HSMEPEHHA

- OT apryMenToB qy, qs,. - -, 9, B npumepe 1 § 83 mbI BHAEAH, YTO B DTOM

caysae V oasopozsas QyWKUus NEpPBOr0 H3MEpEHUS OT NOCTOANHBIX
ay, ay- - - Q,. He Tpyano y6eautncs, 4T0 9TO OGCTOSTEABCTBO BCErAa
ameeT MecTo, koraa H oaHOpoamas (YHKUHA TEPBOrO H3MEPCHAA
OT ApryMEHTOB 1, @5 - -+ Gn- J|CACTBUTEABHO, B BTOM CAy4ae, MO (op-
myae Ofirepa

Buauar, B 3TOM CAyuae HMeeM

V=a, b +ay byt ...+ a, by (59)
rac by, by, ..., b, QyHKUIHM OT apryMEHTOB (35). Ho mo dopmy-
b o oV v |

=, hy=m— e, by =53
b= da,’ by Oa,;’ da,

suaunT pasenctso (59) mmeer BHA:
4
' Oa,

u roBopHT, ¥TO V OaHOpOAHas (YHKUHA NEP3Oro H3MEPEHHS OT 4pry*
MEHTOB @&y, Agy « - +y Upe

a, (60)

14 H. Toarep.
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86. 0 xapaxrepucrrtecxknx Amnmsx ypaswemms (5). Ecau

W=V (x x23-+ s Xps 2,0, ..., a,)—¢C (7
wnaxofi-unbyap noawni# umrerpaA ypaenenus
aW ] N
55 Hx % Xz, g1 05 .9,) =0, (5)

1 &
TO WO ckasanuoMy B § 69 cucTeMa XapakTepHCTHYECKAX Ammumik AAn

ypauenus (5) onpeaeaseTcs paBeHCTBaMm:

W=V (xy x99 ...y X, 2, @y,. .., a,)—¢C (61)

PP A S

da,’ day’ "' " da, (62)

HPH COCTaBACHHH paBeHCTB (62) MbI TPaKTOBaAM MOCTOSHHYIO € Tax, KakK
B § 69 TpaxTOBaraChr MOCTOSHHA® @, a NOCTOSHHBlE a,..., a,"rax,

Kak TaM TPAaKTOBAANCH NOCTOAHHBIE G, &y, .. ., d,. Meroga Slko6u yunr

?
kax cocTaBHTb NMOAHBIf mHTerpaA (61), a, 3pauuT, NO3BOASET H cocTa-
BUTL ypaBuexus (62).

Mer nokamem Temepb, uTO ypaBuenus (62) HaMu B AefiCTBHTEABHO-
_c'rg 8réaﬁaexbx panee cocrasaenns ypasuenhs (61). Ilorommm, kak
B , " 9TO Hamu mafizeno cobpanne o6mmx

pemwenuft Komwm cu-
cremor (6). [Toroxnm o

x[=(P‘(Z,al, ceey Ay, bl’ ...,bn)
qizdh (z’a]; sy Uy bl! -..,b")

((=1,2,...,n) (20)

sro cobpanne. He Tpyano y6eaurncs, uro mepsbie n us mux, ypéus-
HeHHA

x;=v;(z,ay,...,2,b,...,b,), (i=1,2,...,n) (63)

HE ;!{To HHOE, Kak ypaBHenus (62). .
o661 y6eaHTbCA B 3TOM, BCIOMHHM
. NpaBAAO JAS COCTAaBA
noasoro uuTerpara (61). o
ypg::::::::;};és)azgf HOAHDIH n;;'rerpaj\l; HAZ0 mpesje BCErO pEmHTD
( HOCHTEABHO by, ..., b,; NoroxHM, uTO, pem
a

NOAyYHM ! > TTO POMIAR X, M

b=, (x;, Xy ..., Xp2,a;,...,0,), (i=1,2,...,n) (63)

3areM HaAO COCTaBHTb (YHKLHMIO

3aMEHHTb B 9TOH QYHKUUH X, H¢; HX Bblpaxenusmu (20) 4epes z, a,, b
B3AITh HHTETPaA o

.
(3

fz (U) dz;

H (QYHKLIHIO

§ 87. Uurerpnponanne ypasuesns oiuero suga

COCTaBHTD CYMMY

V=a, b;-ta, b1 .- ‘}‘Va»'b:.—*‘ f (Wdz
20 -

W=V—c;
HCKAIOMHTD u3 mocAeanedi gymxuwn by, by, ... b, npu momowm ypas-
senuit (63'). »
Mocae oTux AcltcTBHE moAywaeTcs Ta QYHROHA OT Xy, Xg -« -5 X
z, a,, @y, - -+ @, KOTOPAA BXOAHT B pPABEHCTBO (61). -
B § 82 B popmyae (36) nmamu zan Audpepenunar aToft QyHKIHH
OT X1y ¥ny =0y Xy, Zy @1, Agy -« -, @, VIMEHHO, MBI HAIAM TaM, ¥TO
i=n i=n .
AW=AV= Y, bia,+ Y, q,bx,—Hdz  (33)
i=1 i=1

4ro mpHBeAO Hac Kk (opmyAram (36), zaomMM OPON3BOZHHIE OT W mo

BCEM €€ apryMeHTaM.
Bomucoias mocaeanre Qopmyan (36) m BCnoMuHas, kaKoe 3nave-

ume B uEx mMeoT by, b2, ..., b, BHAHM, 9TO B OGO3HAUCHUAX BTOrO
maparpaa OHH HMEIOT BHJA: _
oV 2% av
E X0} ————— ), . =, 64
aal 1» da.“ ‘ 2 ’ 0a” n ( )

Pagencrea xe (64) rosopaT, uro ypasnenus (62) u (63") nan (63) ne-
OTAHYHBIL.

ITpumeuanue. Mt ykaspisaam yxe B IpHMEHAHHH K § 80, uro
cucrema (6) — 4acTb CHCTEMBI ypaBHEHUH XapaKTEePHCTHYSCKHX AH-
nnii, soeeaeunoli B § 70. Hegocraromue ypasuenus noayuatoTcs,
0410 — ANPPEPEHIHPOBAHAEM ¢ U NPHMEHEHHEM ypaBHEeHHH (6):

i=n i=n
oH oH o0H oH
dg = — O dx - dz T e\ = — 2 4z
l {= o vt deot Z oy das) =5 4z

Apyroe — IHpHMeHEHHEM (QOPMYAL

==n
N\
dW = 2‘ g,dx;+qdz.
i=1
CaeaoBaTeAbHO, B 9TOM Naparpade HaMm CHOBA COCTABACHHI
ypasuenus § 70, nprueM myTem pacCymAeHH#, HE 3aBHCAWHX OT
coo6paxennfi Toro naparpaga.

87. Hurerpnposanue ypaBHCHAS HEPEOro nopi;gna o6mero BEAa.
Mzur nokasaax B § 80, ¥TO HHTErpHPOBAHHE YDaBHEHHS

f(xu Xgy » 0y Xpy 2y P1s P2 -+ Pn)=0 (1)

o6mero Bja MOXET GuITb CBEACHO K MPHMEHCHHIO nepBofi METOZB!
flko6u. Ipr eTOM Tam 6bIA0 M yKa3aHO, K&K 9TO CAEAATD.

14%
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OrbickuBas z u3 ypasuenns

W (x1, x5 ... x,2)=0, 2 B
Mul uckaAu W us ypasumemus
f Xygy X3y =« «y x", Z,--;!TZ“,—TZ—‘QW—, veey — Z”W =0, (3')
; Jz o0z oz
NOAOAHB, UTO ¢y, go .-, ¢, O3HAYAIOT mpousBozHble or W mo mepe-
MEWHBIM X, X3, ..., X, H 9TO
=g = e P e (65)
0z dz oz
Tpeanoroxns, uto f meoamopoanas QYUKUHA OT Dy, Py - .+) Pp, MBI
MoxeM aarb ypaBHenuio (3') sua:
, W ‘
—d—z—_*—H(xl’ K2y venes Xy 2 Gy Gy -0 oy q,.)=0; (5)

pEemHuD OTHOCHTEABHO —5 ~—, H NPHMEHHTL METOAY Slko6u, naTErpHpys

cucremy
de;, _ 0H dg, oH .
dZ - dq“ ’ dz - 0xl ’ (’_1,2, .. ey n). (6)
Ecan
W=V (x, xo v, Xps2, 01, a3 -.., @a,)—¢C

noAnnifi MHTerpan ypasuenms (5), To pemeume z ypaeuenus (1) moxmo
HafiTH, pemas ypaBHcHHE

V (kX3 000y Xy 2@ @30 - ..y @,)=c. {66)
IMocaeauee ypasnemme sapucHT OT n-}1 NPOM3IBOABHBIX MOCTOSHHBIX
Ry, Aoy +.., A, C, (67)

TOrAa8 Kak A HaXOXAEHuUl MNOAHOrO HHTerpaia ypasuenus (1) go-
CTaTOYHO HaHTH pelieHHe, 3aBHUCALIEE TOABKO OT N NPOH3BOAbHBIX
nocrosmubix. Ho u3 ckasammoro B § 85 scmo, uro ypaeumenme (66)
OAUOPOAHOE OTHOCHTEABHO aprymenTtoB (67). Vimeuno, B zamsom cay-
uae Qyurxnus H oguopoanas ¢ymkuus OT g, o, .-., §,, Ha 9TO MbI
ykasoiBaa B § 80. CaepoBaTenbno aeAs, HampuMep, Ha ¢ 06e 4acTH
ypasuenus (66) uAm, uTO TO Xe caMoe, moaaras, uTO ¢ =1, MBI 0O-
AyduM noAHbifi mETErpan ypasuenus (1) B puge

V (X1 x99 ooy Xpy @y @3, .., a,)—1=0. (68)

Hafias noanmii muTerpaa ypasuenus (1), MBI MOXeM COCTaBHTb AAS
HEro H ypaBHEHHS XapaKTepHCTHYeCKHX amuu#t. [lpumenss npasuao
§ 69, no 3amenss, Bo usGexmaHne HeZOPa3yMeHus, 6yKBbl by, by, ..., b,

T e T S
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6yxBaM# €, €3 ..., C,, Mbl HOAyYAcM, BOCHOAbZOBABIIMChH MpHMEHa-
Huem B Koule § 69, ypamueuus:

Vxyxg o5 X2z a,09 -0, ¢,)—1=0 ]
' vV, |
C2 —_da, +——0a2 =0,
ov |, oV
C3 ‘a“a: + oag > (69)
ov , oV
c"_a—a: +7&:‘—-—0.

VYpapuenns (69) 3aBucsT OT 2n—1 NPOHIBOABHBIX NOCTOAHHDIX. ,
BeaeacTBie 0ZHOPOAHOCTH PYHKUHE V OTHOCHTEABHO @y, @y, - - -, Ay,
HepBOMY ypDAaBHCHHIO MOXHO JAAaTh BHA!

oV oV o
3] -%T+ag—(3—cz:+...-|—a” 0a,, 1—0,

a cucreme (69) Bual
oV oV oV _ oo -
Ba; =g, day = —gc,, —d;a_ = —gey, -, F i ge., (69)

MOAOXHEB

1

A — €2 4 —C, aq,

g=

Hs popuer (69’) scuo, uto cucrema (69) paspemmma OTHOCHTEABHO
X1y xg, eey Xps
ypasuenns (69') npu z =z, obpamaioTcs, HMEHHO, B
Xy =g, Xo==—gCy Xg==—fCs ... Xy = "FC,
KaKk BbITEKaeT M3 ckasammoro B § 82.

Ilpumeuanue. Ecau f ognopoanas QyRKUMA OT Py, Pg, - -5 P
To ypasuenne (3') HaZO pemaTb OTHOCHTEABHO OZHOTO H3 apry-
MEHTOB @y, G -+ +s §,. Pemas, HanpuMep, OTHOCHTEAbHO ¢; H

A8B €My BHI
Ox } (x1 Xpy -y X2 2, G2 - -5 7,) =0, \
1

MB MOXEM IIPUMEHHTb BCE CKA3aUHOE, HEPecTaBHB APTYMENTH!
X; ¥ Zz BBOAA B PacCMOTPERHE BMECTO ¢y NPOH3BOAHYIO ¢ OT W

no z. .
VYpasuenus  (69) 6yayT  paspemuMbl  OTHOCHTEABHO
Zy Xoy Xgy vy Xye
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88. VYpapmenmm xapaKrepHCTHYECKHX AmHmi -ypasmemus (1).
B § 70 mb1 cocTaBHAH Aud@EpEHOHAABHLIC YPABHEHHA XapaKTEPHCTH-
yeckux AWHHH# AAA ypasmenna (1). B § 86, rosopa 06 ypasuenun (5),
Mbl CHOBZ YCTAHOBHAHM O3TH YpPaBHEHHA, MPAYEM OyTEM paccyxaenmuit,
He 3aBHCAMHX OT coobpamenuit § 70. DTo AaeT BO3IMOXKHOCTDH BHIBECTH
elle pas ypaBHEHHs XapakTepHCTHYECKHX AMHu# # AAa ypaeneuus (1)
He3aBUCHMO OT paccyxaennt § 70; ars 8TOro HajO TOABKO BEpHYTHCA
obpaTHo oF ypasuemus (5) k ypawuenmo (1) u mpeo6pasosarp ypas-
uenust § 86 Tak, YTOGH B HHX BOIIAH TOALKO DAEGMEHTHI ypaBHE-
nus (1).

lpuctynas x pemennio sTOR 3azaun, NOAOXHM, YTO B ypaBHE-
HUH {1)) ¢dyHKUHs [ HEOZHOpOAHas (QYHKLHS OT APryMEHTOB plbpﬁ cees Py

Toraa ypasuenne (3') Momer 6bITb pemeno OTHOCHTEABHO 5, B mpe-
ofpasoBano B ypasuenne (5). ’
EcaAn M1 3smavenue o2 HafizenHoe wua ‘ypasmenns (3'), 1. e.

pasaoe — H, moacrasum B (3'), TO Mb NOAYYHM TOXECTBEHHO HYADb:

f (xl: X2y o0y Xy 2 '_1_‘1{1—: _;’%'; LS ] 'Iq_l_"')so' (70)

O6o3nauum AeBy0 wacTp MOCAeauero paeeHcTsa sHaxom (f), ycaosus-

HCh 0GO23HAYATh STHM 3HAKOM DESYABTAT 3aMeHbl B AI0Go# Qymxuuu f

apryMeBTOB Di, Pa, - - ., P, NpH MNOMOWIH NOACTARORKH
— 9 .9 e In_- (
P1= H.’,pﬂ_ o ""‘Pn H (71)

Jae Takum o6pazom TomecTBy (70) Bua: ,
(.f) = p_: . (70)

HaOWileM psj APYCHX  TOXECTB, moAydaempix u3 (70°) augpepenun-
posanuem 1o X, 2, ¢;. Juddepenuupysa no x;, norydaem

ueMy MOMHO AaTb BHA, BBOAS, TAE MOKHO, aPTYMEHTHI Py, Poy -« +; Pu
k=n i

) 0 1 OoH . -
(—%‘)—2(’#) (pk)-—'H-—dTEO. (l%l, 2, “oay n) (72)
Taxum me oGpasom, cocraBass mpoussoamyio mo z ot (f), moaysaem

T k=n . !

of L[ of 1 0H

(%)=, (a) @0 & =0 72

k=1

§ 83. Yparuenna xapaxrepHcTHuECKHX ARMUE 215

Auqupepenunpyn (#) no g, umeem

k=n .
2 S() (- ) -
oq, Ops H3 | 0q, %) H
k=l
HAH . |
3/ of OH | [ of '
— L ) —— —~— | =0. 73
2(‘9%:)010 0q,+(6p‘) (~)
k=1 e
MMoroxum Tenepb, 4TO X;, ¢ GYHKUHH OT Z, 3aAaHHLIC yPaBHCHHSMH
dey oH dg,  OH
“dz  O¢q, ' dz Ox, * (6)
[Mounmas noA py, Pa, - -+ Pn PYHKIHUH OT Z, 32JAHHHIC PABCHCTBAMH (711),

n3 toxecTs (73) noryuaem ToXecTBa

k=n

()= D) oo =
- kL m
() S e

Tlepeaeaas oano us paseucts (71) B

‘I1=(Pt) H, (71)

UOAyHaEM

g =dG) H+ 00 [ d+2

oH , ., oH
ar, ot g da

Beaeacreue ypasnennit (6) mmeem
k=mn

k=n
oH oH oH oH _ 0H OoH ) dz =0,
2 Ox, dx,+- oq, dq,=2 ( ox, 0g, Oq; Ox, z
k=1 .

k=1

Brauur

¢z Ox

' oH _, d(p) oH
b ‘_h dzi + (p) =5, (75)
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oH

d
[loacraBass B nocAeznee ToxeCTBO BMECTO O Toa HX 3HAYCHUS
Xy

n3 (72), (72,), naxoznm

~ H(%) EH%@+@:{(%)
St e St e
OTKyAa, coxpawas na H u npusoas B nopx#ox, noAy4aeMm
-— 4 (p,) - = dr C=1,2,.,1) (7))
(S)rer ()~ D)oo
Hrax, enpavesrussi Tomecrsa -
(‘l;; == d(p,) ST dz . (76)
Co) )t () S (2
k=1

K KOTOPbIM HaaO0 MNPHCOEAMHHTD H HCIHOAbL3OBaHMHOE TOxectBo (70).

TCIOAA 5ICHO, TO X; H p, Kak (QYHKUMH OT 2 YAOBAETBOPAIOT ypaB-
HCHEAM

dx; — dp, . de

of of L of N _of

op, Ox, +p oz 2 op, P+ i (7)

k =
f (xI) Xgy cevy Xpy 25 Pry oeey Pp)=0 JI
Ypasrenns (77) meoranuum or bisexennmx B § 70.
aK Kak {10 YCAOBHIO f HEOAHOPOAHSA GYHKUHS OT P, Poy - -+ P,
= of

2 op ™
=1

Me paBHa HyAlO BCAeacTBue ypasuenus (1), m cucrema (77) zonyckaer
pemieHne, B KOTOPOM X; B p, CYTb (YRKEHH OT Z.

Hurerpnposaune ypaenennfi cucremn (77) eBoanT, 0aHaKo, 2n npo-
M3BOAbHBIX MOCTOSHHBIX, TOFAA KAK YDaBHEHHS XapaKTEpPHCTHYECKHX
aumnk cogepmar ToAbko 2n—1. Ho mocreguee ypasuenwe B (77) no-
3BOASIET OZHY M3 NOCTOSHHBIX BHIPA3HTb Yepe3 OCTAAbHEIE.

Mun ykasuisaam yxe, uro paBescTso

f=nh,

-

§ 89. Cayuaif, xoraa f 0AHOpoAMAA QYHKDEA OT NPOHBBOAHAIX 1

rae h mpOHSEOABMAA NOCTOSHHMAA, OAME H3 HMHTErparos cucremu (77).
JeficTBHTEABHO, NOAB3YACH YPABHEHHAMH CHCTEMBI, HAXOAHM
i=n

I

i=1
1=17

— e [ D [ () [+
D ’ '

k=49
of of
S e
k=1

Xy =% (Z) Qyy Ty - .y @3y) } (78)

pi=% (z, ay, a3 .. "ah)

BuaunT, ecan

coSpanne o6yux’ pemenut cuctensr (77), To nocae noacranoskH B (1)
BMECTO X, p, ux 3uaucnuit (78) umeem

Fxy, xg -3 Xp 2o Pis ooy p‘)==(I) (e, ag -- -» Agn)s
rae mpaeas 4acTb oT z Me sasucut. OTcioAa SCHO, 4TO AAA cOGAl0-
Aeuna nocaezuero ypasuenus (77) nago, uro6ni GbiA0

@ (aln Qay ey ah)_"'_——o’

OTKYAa MOKHO HaliTM OZHY H3 UOCTOSHHBX @, Oy ... O, Yepes
ocraAbHbie u npeacTasuth B pasencreax (78) x, p; B BuaAe Qyuxymilz
H 3THX OCTaAbRbix 2n— 1 NPOHBBOABHBIX MOCTOAHHBIX,

[Moaoxus
of . of . Of _ 19
_‘az——' ’ ax'_ '_‘Xv apl _‘Pu (1’ L B n)
Mbl MOXEM ypapHEHHAM XapaKTEpPHCTHYECKHX AHHME zaTo BUA
dx, dp, - dz }
P, X+tps ki”P L
® Px
Ry | (79)
f (!‘1, X9y soo Xny Zyy Prrecos Dn)zo ;

89. Cayuai, xorza [ oasopoamas (QYHKEEA OT EPOMBBOJHEIX.
B HCKAIOUEHHOM B TPOMAOM maparpa)e CAydae, O KOTOPOM YIOMHHA-
Aocp B npumedannn x § 87, AR HAXORMACHHS XaPAKTEPHCTHISCKHMX
AHHHfI MBI IOAyuaem Ty xe camyio cucremy (79), uto um B Obmiem
CAyuae.

-
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B arom cayvae 3 ypasﬂenﬁx (3') meab3s wmaiitu

oHa cokpamaerca. Ypasuenne (3') mmeer sua:

ow
Oz " TAK Kak

f (i %y ooy x,, Z 9 9 .. q,)=0 | (3" |
H BMECTO ypasHeHus (5) Hago B3ATb ypaBuenue
) ql+H.(xl’ Xoy reey Xy 2, q'.?; -"1qn):0’ (5')
M 3amenrss cucreMmy (6) cucremofi
dx, _ dH' dz —0 dg, ___ OH dq oH n o
dx, dq, dx, ' odx dx, * dx, 0z ' ©) -
TAE ¢ NpOM3BOAHAN oW .
oz
Buecro Tomecrsa (70) umeem Tomectso
[y xg -0, X, 2, —H, gy, ..., 9,)=0,
KOTOPOMY MOXEM AaTb BHJ i
H
hHh=f (x,x X,z — 22 — 1) = /
PRt 1] ) q q 3 resy q —0: (70)
obosunavas 3naxom (f) pesyAbTaT mojcTanoBkH B VB
H: 9 VS /
P q q » P2 g ? sy pn_.—_q_"‘ (80)

Bumecto Toxects (72), (73) u (72,) nmeen

Po( ) () 12

of __i( df) ( af) 1 49 (i=23...,n) (73)
dg, “op, o5 ) ¢ 35 =0
q; q Py P q Oq, j
afy _ ( of of \ 1 oH
oz \ 0z Op, ”q_ oz =(. (72’)
Horoxus, urto x,, ¢, (i=2,3 n), z .
y ) ) 3 Iy s e y Z, HKIIHHA , -
l;ble ypaesenuamu (6’), n Boipaxas npu nomomge:y(s()% qeg::-)x:lc, ?;tﬁie
To;gcf;’a R P., u3 BTOpOroO To)ecrsa (73') naxopum mpu nomowu (6')
dx, __ dx .
(L’Ji) — (_"L)—’  (i=23,...,n) (81)
op, Op;
 Augdepenunpys (80), noayuaeM
dg, _ d(p) dgq
dx,  97dx — () dx,
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uAn, scaeacteue (6'), ,
' oH . d(p,) oH
S ) ) oL

nocJ;eauee mxe&rno HA OCHOBaMHH (73") M (72)) Aaer

) ()=t ) ()

d(p,)’ | —_dn _
of df)*,(af)"
(5e)+o () (G
Coeaunssn Buecte (81) u (81°), sakatouaeM, UTO CHpaBeAAHBH TOxe-
cTBa

(81)

!

(é‘z) | —(‘gf—) :((Z)) (—gf—) 0=12 .., m) (82
2 X, ”

Mpucoeannan k (82) orHomenue

dz dz .
0 “k=n > -
. 2(‘5’;;)(?&)
k=1

y6expaaemcs, 9TO M B PACCMATPHBAGMOM CcAyYae CIpABEAAHMBH ypaB-

wenus (79).

TAABA CEJbMASL
METOJA KOIIH HAHMETOJA XAPAKTEPHCTHYECKHX AHHHIA.

90. BoccTanoBAenHe peMIEHHS W0 ZAHHOMY mEOrooGpasmio Ha
meM. B raase mepsoft, ycTaHOBHB oOmpejeAeHHE CeMeAcTBa XapaxTe-
PHCTHUECKMX AHMHH YpPaBHEHHs, Mbl MOKa3aAH, KaKylo CBf3b HMECT
Teopus pemenns sazaud Komm ¢ reopuelt aTHx Anumit. Taxme B raaee
natot pemenne 3azavx Komu 1o moAHOMy HHTErpary NpHBEAO Hac
K HEOGXOZHMOCTH BBECTH B pacCMOTpEHHE MOHATHA XapaKTepHCTHYe-
CKHX AHMHH# ypaBHEHHs H XapaKTEPHCTHYECKAX AHMHHA pemeHHsA. Yera-
HaBAHMBAs TaM ®TH OOHATHA, Mbl €CTECTBEHHMO (asupoBaAucb HA TECOPHH
goAmoro umrerpara Aarpanxa. ‘

Caeayer omuaats, 4TO, ODPUCTYNAA K H3AOXEHHIO METOAH, NPUCHO-
cobaeHHOM K HemoopeacTBeHHOMY pemenmio sazaun Komm, bl Takxe
ue obofizeMcs Ge3 pacCMOTPEHHs XapPAKTEPHCTHYECKHX AHMHHH, HO He-
u36exHO BOCCTAHOBHM 9TO NOHUATHE.

[Moromum, aano ypaBueHue

fxy, Xo oovy Xpy Z, Pis Pay «-o» pa)=0 1)
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H H3BECTRO HEKOTOPOE €ro pemeuHHe .
2= (x;, x5 ..., x,), 2

KoTOpoe 0GpasyeT Muoroofpassic H3MepeHHs n B NPOCTPaHcTBe n - 1
uamepennit. Beeaeu B paccMorpenne Mmoroo6pasne mamepeuns n—1,
npHHazAexallee MuOroobpasuio (2):

; z=0 (x, Xy ..., x,) }
xn=3 (xh Xoy - - xn—l)

&)

KOTOpOe, HCKAIOHAS M3 NEPBOrO YPABHEHHS X,, IPH NOMOIIHM LTOPOIO,
MOXHO 3aJaTb H YPRBHEHHSAMH '

zig (xl’ X9y «: oy xn-—l) } (4)
X =3 (x;, x5, ... X,,_x).
3aeen

b (xlv X9y i ?gxn_g)E‘b (xl) Xy -y Xn.._p ﬂ)‘

[ocraum ce6e Gammaiimeilt sazaueh BhACHEHHE BONPOCA: MOKHO AH
BOCCTAHOBHTD pemeune (2), sman ypasrenne (1) m umorooGpasme (4),
npuHAAAexaliee DTOMY PEIUCHHIO; HAXOMACHME pemenHs ypasuennsn (1)
no mHorooGpasuio (4) oGpasyer, no CKasarHOMy B rAaBax nepsofi u
nsroi, sazasy Kowmn, )

Koraa ussecrio pewenue (2) m asso mropoe ypasnemne (3), Mu
MOMEM BLIYHCAMTD, He npmGeras k ypasuenmio (1), ma wmporoo6pa-
suu (4) He TOABKO 3HaYeHHe PyHKUMHE z,—QyHKUAIO 0 —HO Takme m
3HaYEHHSA BceX UPOHIBOAHBIX OT Z, :

Ho xoraa zaHo T0oAbKO MHOroo6pasue (4), BhiumcAeHHe 3Hauennii
NPOH3BOAHLIX OT Z HAa BTOM MHOrooGpasWu 6€3 UOCPEACTBA ypaBHE-
nua (1) memosmozmo.

Hanpuasep, pasencrso

dz = 51 dx-l + Pa d-r2+ s _‘}— Pa—_1 dxn_l + Pndxn»

Aaogice Bce OPOH3BOAKbIE NEPBOro MOPAAKA OT 2, KOrAa z AAHA Kak
PYHKHHA OT X; Xg - .., X,, OOpaljaercs B PaBEeHCTBO

d@) = (p) dx; +(p)dxa+ ... 1 (p,_,) dx,_, - (p,) oY,
B KoTopoM 3nakoM (F) obosmauen PE3yAbTAT 3aMEHM B (ByHKULHK

F (xy ..., x,_, x,) aprymenra x, uepes ¥
[locreanee e paBeHCTBO zaeT TOADKO COOTHOWEHHS

a8 a o a8
'a:q =(P1)+(Pu) d—xlr LR dx”_l = (pnf-l)‘_}— (P,;) 52_—' (5)

1

Sm COOTHOIIEHAA NO3BOAAIOT BbIPpA3HTD (pym(gnu
(pl)’ (p2)’ MRS ] (pn—-l) (6)

sepea ¢ynxymo (p,); Ho QyHkuua (p,) ocraercs HemamecTHOR.

.
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[Toabaysch ypasnenmem (1) m samenas B TomecTse
(N=o, ™
B KOTOPOM g, ® Py, Pgy « - =3 Ppp—; BHUHCA®HH 1O (2), pynxguu (6) ux Bo-
pameHHAMH
(p) = §9— (pﬁ)—;af—(l—, ooy (P = Sfu_l —(pa) Sin_l » )

Xy

Mbl MOAY4aeM ypaBHEHHE

b a% & 0% _
D= (0o ons B ) G o0 G P ew) ) =0. (7,)

osBoamomee, Boobie roeops, Hafitu (p,). _
. 3?%!:! nfem’xo uwozmem Hafith (p,), ecam npomssoasas ot (7;), no

(p,) He ofpamaercs B HyAb BCACACTBHE YPaBHEHHA (7,), 1. e, ecam
upn Harmumu (7)): ’
08 0% o 09 P Y0 8)
—ﬁﬂ)'a}“'—@ _a;;—' . (_I_Jn—l) ox, _, +§_n)¢ v
rae sHak (P,) umeer sHaueHHe, AHAAOTHUHOE 3WAKY ).

[pn cobrroaennn ycrosus (8) uomno Hafltu roaomopdmyro QyHK-
ymio- (p,), H, 3HAUHT, BHUHCAHTD OCTAAbHbIE NPOH3BOAHELIE (6); BO mHe
TPYAHO "yﬁep,n-rbcu, uro npu cobrozenun ycaosus (8) uomno HafitH
spauenne Ha (4) Bcex NMPOHM3IBOJHBIX OT 2.

Jan ®TOro ZOCTATOYHO, NOAOMHB

xn—{) (xl, Xy <o vy Xn_1)=59

€3aBACHMBIM NI PEMCHHbIM
npeoGpasosarh ypasHenHe (1) x BOBBHIM E p

Xiy ooy xﬂ-—l’ Se ‘
O6osﬂaqaﬂ npOH.‘BBOAHble OT Z MO HOBHIM NCPCMEHHbIM JAAA YAOG‘
CTBa, BPEMCHHO, qyepes Gy Gay - - L7 ST 9y 4 CaMyIo HEH3BECTHYIO

yepes z, Mbl THOAYytHacM TIOCAE npeoﬁpaaonamm YPaBHEHHE:

_ s 9% o
](xh Xogeeey xn_p%—!—ey z,9,—9, a—x—l’ o Guy I dxn_, ’ q")——o, (1)

M3 KOTOPOro, MPH COOAIOACHHH YKasaHHOTO BBbIE YCAOBHA, HOMHO
wafiTe g, npeoGpa3opar ero B ypaBHEHHE

. _ ) 9
qn=F(x1: Xoy ooy Xy 1> E} z, 9y G2y - - qn—l)' ( )

Buavenusn npH £ ==0 npOM3BOAHBIX §;, G2 - --»J,_j PABHO KaK W 3Ha-
YeHHe BCeX APYFHX MPOH3BOAHLIX OT 2z, HE COAEpAalnX AHPdepens
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EHpoBaHus no f, paBHE NPOWSBOAHKIM OT 8 MO X, Xy, ..., X, _,, Tax

xak npn !=0, ouenano, z o6paaerca s 8. Ypasueunne (9) aaer cpasv
(g9,) u, sHauut, gaer BosmomHOCTb Haltd mpu =0 Bce npoussoznme
OT 'z, COAePEAILME TOABKO OAHO An(ppepeEmuposanne mo £, .
IMpoandpepenunponas ypasuenue (9) no & m samerus, uro sTO
AnpdepeHUIAPOBAHNE HE BBOJHT B MPABYIO YacTb NPOH3BOAHLIX, 3ABH-
CAYHX OT ABYKPATHOrO Anppepenuupoanus 0o £, Mbi MOAyIHM 3Ha-
senne npH £=0 Bropold npomssoguoli or z no  u, swaunr, sHaueHus
npu £=0 Bgex NPOH3BOAHBIX OT 2, COACPMAINHX ABAa AHPPEPEHLHPO-
Bauma mo £, :
Mpoaoamasn rak zaree, mpt cmomem Hafitn 3nauenna npu (=0
BCEX NPOM3BOAHBLIX OT Z NO X1, Xg --., X,_,, {; BO3BPaTHBIHCD e
K CTapbiM MEPEMEHHBIM, 3HAYCHHA BCEX MNPOUSBOAHHIX OT 2z No
Xyy Xy + ey Xp_yy X, OpH Xx,=3, u, 3HauHT, BoccTanoBHTL Pynkumnio (2).
91. Xapaxrepncrukn m xapaxrepmcrmuecxkse AmEmM. [lorommm
Tenepn, 4TO ycroBhe (8) He co6GAIGAGHO M uTO
o9 a9 ab |
(P) 0x; @W{ T (Pa_)) m"{*(fn)—o (8)
BCcAeACTBHE ypaBHeHHA (7,). BaMeHuB Besge ps €ro anauenueM, Bbi-
YHCAEHHBIM no pemeHmo (2), mm o6parum ypasremne (7,) B Tome-
crBo (7); Bmecte ¢ aTHM M (8,) ofpaTuTcs B ToxecTBO. '
3nauut, M TOAbKO TOraa mo (4) He CMOXEM BOCCTAaHOBHTL pe-
menne (2), ecan

9 09 . ’ 0% .
) G — P G = (P o TP=0,

1

T. €., €CAH ¥ yjOBAeTBOPSET ypaBHCHHMIO

ox, ox, Ox,
P o + P x, + -t Pl g—— P, =0. (10

n—1

[To camomy BmBoay ypasuenus (10, B ero kosdpuumenrtax z sza
MEHEHO ero 3HaueHHeM (2), a nNPOMSBOAHDIE P, Py, ..., P, BBYU-
CACHBI MO BTOMY 3HAYUEHHIO 2.

Ecan 8 pemenne ypasuenns (10), To muorooGpasme (3) M 6ysem
BasbiBaTb xapaxmepucmukoi ypasnenus (1), pacrmoromennoii na pe:
wernnu (2). S S .

PaccMoTpuM cHavaAa cAyuafl, KOrga UHMCAO HE3aBHCHMBIX MepeMeH-
HbiX paBHO ABYM, T. €. Koraa ypasuenne (1) mmeer BHA

f (XD X2y Z, P1y p2)=0. (1,)

B stom cayuae usmepenne wmuoo6pasusa (3) paBHO eaummme, T. €.
XapakTEPHUCTHKA €CTb AHHHA, PACNOAOKEHHAs Ha pEIICHHH. Y paBHE-
nue (10) umeer BHA:

dx P}
dx,

Pl "P‘g:o

Soasid - whe b el

§ ¢1. XapaxTepueruku 4 IapaxvepmermuecKkue AMHRH 3 4

HAH dx, dx; 7

Pl P2 . (101)

[Mosropsisn A0CAOBEO BhiKAaAkM § 62, WO NoApasymenas B HHX NOA
2, py» p2 pemerne (2) H €ro NPOHSBOAHHIE BMECTO :NOAHOrO HHTO-
rpara M €ro TNPOHSBOAHDIX, Mbi NOAYYHM, Kak B TomM:saparpage,
auppepernuupys (1') no x; u xo, npumenss oGosuauenms 8§ 88:

g 7 ‘
X+ Zpit Pyt h B =X+ Zpt

Y {%i_dxl-{- g)’(’; dxg}=0

9
Xo+Zp P gpl + Py Pe =Xo-+Zp,+

Xq 0x2

Opy Ips- —
o G e gf dry | =0,

rae —i- anamenateAb nponopunn (10).

Orcioaa, BOCHOAb30BABIIMCh PABEHCTBOM

dz == p, dx,~+pydxy
SaKNIOUHM, UTO Z, Py, P, Ha XaPaKTEPHCTHKE CBA3AHD yPABHECHHAMH:

dx, . dx, dpy, _  dpy )

P, PR T XFZp T XtZn !
o dz : ¢ (11)

— Pipit Papy l

f (x1, x5 2, pu p=0. J

CAea0BaTEABHO, XapaKTEPHCTHKA B PACCMATPHBAEMOM CAYYae €CTb
OAHA M3 XapaKTepHCTHUYeCKHX Aunuil ypaBHenus (1); Tak kak oHa yaoBAC-
tBopsieT ypasHenuwo (10,), To, o cxasaHHOMY B § 62, ona ecTpb Xapax-
TepucTHiecKasn AuHHs pemeHus (2).

[lepexoaum k:obugeMmy cay4aio.

Beniomunas ckasanHoe B § 15, w3 TOro, 4TO X, YAOBAETBOPSET
ypasnennmio (10), sakatouaeM, 4TO NOBEPXHOCTD

X, ) (12)

B NPOCTPAHCTBE n M3MepeHnfi eCTb FeOMETPHuCCKOE MecTo cemeficTsa
AMBHil, 3ABHCAIIMX OT n— 2 NapaMeTPOB, NOAYUYEHHDBIX MYTEM CBA3DI-
BaHMs OAHOA 3ABHCHMOCTHIO NAPAMETPOB XaPAKTEPHCTHHECKHX AHHHH
ypaprenun (10). Tlocaeanne saBmcar or n—1 napamerpos u ompeae-
AeHbl CHCTEMOH

dx1 ng o

dxn -1 dxn

Pl P‘l Pu-—l— Pn.

xnz’a (Xl, Xgy « o

(105}
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[Npucoeanueune Kk ypapueHnsaM kampofi Takol AuHuM ypasneﬂha
z2=D (xy, x3 ..+, x,) (2)

onpeAcASeT AHHHIO B NPOCTPaHCTBE n -1 namepenuil.

Mm mMeem TakuM oDfpasom B mpocrpancTBe n -1 HaMmepeHuit ce-
Me#icTBO AMHREH, 3aBRCAIINX OT 7 — 2 napamMeTpos, 1 xapaKkrepucTuxa (3)
€CTb FeOMETPHYCCKOE MECTO DTHX AHMHMA,

Koraa st k cemeitcTpy xapakrepncTnueckux Annuii ypasnenns (10)
NpucoezurseM ypaBHeune (2), TO Mbl NOAyYaeM B IpocTpaHcrBe n- 1
usmepennlt cemefictBo Amnuif, sapHcAIIHX Or n— 1 napaMeTpoB u Ae-
mamnx Ha nosepxuocr® (2). [losepxuocrs (2) ecre reomerpmueckoe
MeCTO DTHX AMHHI,

Uz cxasannoro B § 70 scmo, uro Hamm mnoayueHo cameitcTBO xa-
paKTepuCTHYECKHX AHHMA pemenns (2). XapakTepuCTHKY, pacmoro-
meHnYIo Ba pemendHd (2), MbI TOAYYHM, CAEZOBATEABHO, CBs3LIBAs
napaMeTphi CeMeHCTBA XapaKTEPHCTHYECKHX AHHHA pPEmICHHs OAHOH
38BHCHMOCTbIO. Menas Bh6Op 9TOH 38BHCHMMOCTH, IOAYYAEM PA3AHYHBIC
XapaKTePHCTHKH PEMICHHs.

O6paTuM emgge BHAMaHME HA TO, YTO H3 NepBOro npumepa § 76
SACHO, YTO HE BCAKOE ceMefCTBO XapaKTepUCTHYECKHX AMHHM ypaBHEHHA
NPHBOAKT K XaPaKTEPHCTHKE, KaK HX TeOMETPHUYCCKOMY MECTY; JAAS
NOAYUEeHHA XapAaKTEPHCTHK, KaK BHTEKaeT H3 CKa3aHHOTO, HAJO, YTOGHI
AHHHE ceMmeficTBa ObiAH XapaKTepHCTHUECKHMH AHHHAMH PEMICHHA.

[oBropsas Tenepsb AoeroBHO paccymaenns § 70, wo moapasymesas

B HHX UOA 2, P1, Po ---» P pemienue (2) m ero npoW3aBOAHBIE BMECTO
NOAHOTO HHTErPaA2 M €ro NPOH3BOAHLIX, Mbl NOAYYHM, KAk B TOM
naparpage, aupdeperuupya (1) mo x;, x;, ..., x, ¥ npHMeHan 060-

3nayenua § 88: -

I apl apﬁj dpn —
Xit+Zp+ P, Ox, + P, Ox, +...+P, ox, =X.+Z o+
+x(_‘_d’.;’i_- dey .o ‘;Z: dx,,),

rze —- 3HAMEHaTEAb NPOTOPHUH (10,). Orcoaa, BOCNOAB3OBABIIHCH

PABEHCTBOM
dz=p,dx;+pedxa+t ... + podx,
3AKAIOYAEM, YTO Z, py, Py -+, P, HB KamAoH H3 AMHHH yKasaHHOro
ceMeficTBa CB3aHBI YpPaBHEHHSMH
dx . dp Az )
P, = T T X4z TS|
Z P.p, } (13)
k=1 ‘
f(xy X0y ooy Xy 2, Pro -5 P)=0, j

T. e, BOCCTAHOBHEM pesyApTari § 70, 0O xoTOphIM HaxoxAcHHE
XapaKTCPHCTHYECKHX AHHMH DEMICHHA CTAaBHTCA B 3aBHCHMOCTb OT HA-
XomzAeHus KapakTEPHCTHYECKHX AWHHH ypaBHEHHI.

§ 92. Xapaxt. Aunus, HPOXOAHIGEA HGCPES MATErPAALHLIH DAGMEHT 225

92. XapaxrepacTREUECKAS AHHAA, NPOXOAMKAs YePes HHTErpan-
geiit saement. B § 71 Mnl ycArOBHAHCH rOBOPHTB, 49TO XapaKTepPHCTH-
yecKas AMHHA NPOXOZAHT 9ePes HHTErPAAbHHIN BACMEHT

] 0 U
M(O) (xf))’ Xé )1 vy xi,,)s Z( )r p(10)l iy PS?): (14)

0.0 0 @ :
ecAn OHa IPOXOAHT epes Touky m (x, D, 29, 29) unpuuaa-

ACEKUT K YHCAY XaPaKTCPHCTHUCCKHX ARHHH pEUICHuA, CcOojepxallero

anement MO,

Mporurerpuposas cucremy (13), Mbi HaxozuM HE TOADKO ypaBHEHHE
AMHHHM, HO H 3HAUEHHA apTYMEHTOB Py, Pos - - -5 Py BAOAD B3TOH AMHHH;
npHYeM M3 camoro BbiBoja ypasnemn#t (13) scHO, 9TO BAOAD xapakre-
PHCTHHECKOH AMHHME pemeHHs (2) 3naueHHs STHX apryMEHTOB pPaBHb
3HAYEHMAM [POH3BOAHBIX OT QyHKuHH P (x1, x2, ..., X,) Suauamr,
€CAH TOCTOSHHBIE MHTErPHPOBAHHS ONPEAEACHbI TaK, YTOOGbl IHAYUCHHA
Pi» P2y +--» Pn B HeKOTOpOH Touxe Ha (2) GHAM paBHB 3HAUCHHSHM
npoussogHbix 0T @ (x4, X3 .- -» X,) B 8TOH TOuKe, TO BAOAbL BCel
xapakTepucTuueckoft anumm pemerua (2); npoxoase# uepes sty
TouKy, OHH GyAyT paBHb NPOu3BOAHbIM OT Qymxymn P. CarepoBa-
TEADHO, PO XapPaKTEPHCTHUECKYI0 AMHHMIO pemenns (2) momuo cxa-
8aTh, YTO OHA NPOXOJHT dYepes BCAKHE HHTETPAAbHBLIA BACMEHT pe-
menns (2), cOOTBETCTBYIOWMA TOUKE HA HEH.

OTcioZa BLITGKAaET HOBOe NPaBHAO AAA pemenHs 3sajaun § 71;
9TO6B BalTH XapaKTEePHCTHUECKYIO AHHEIO, NPOXOAAINYyI0 Wepe3 HHTe-
rparbubifi BAement (14), Haz0 MPOMHTErpHPOBATD CHCTEMY (13) nopn
HAYaADHOM YCAOBHH OJHOBPEMCHHOrO oGg)mgeﬂnn (gen:-;(gec’rg?xx X1,
Xoy vevy Xpy Zy Pp» +-y Pn B HHCAQ X; 5 Xy 5 ooy X'y 275 Prs

(0)
ces Py

Ecan Mbi, 9T06B1 HE OTAABAaTHh NPEANOYUTCHHA HH OAHOH H3 HEHs-
BecTHbIX, 0603gaunM wepea df smamenatein npomopyus (13) u Bb-
6cpeM, HHTErpHpYs CHCTEMY, 3a HE3aBHCHMOE NEpPEMEHHOE I, TO 3a-
Aaua CBEAeTCA K HaXOXACHHIO pEeHHi CHCTEMbI

s

.. TN . P . S——Y
T Pg T XL“*"‘D'-Z k=n ! ,
N Pipi (13)

k=1 ‘

f(xly Xz, vees Xy 2y, Py P2 "‘)pn)=0 .l

NpH HAYaAbHBIX YCAOBHAX! €CAH t=0, To

0 (0)

: ©
¢ xn,:xg))! z2=2z 5 P1=P1s *o*r Pn= Pu> 15)

Xl":‘xi gt e

3azaua MHTErpUPOBARHS CHCTEMDbI [PH YKa3AHHBIX YCAOBHAX Komu
uMeeT, BOOGIE roBops, Kak Mbr ykasniBaAu B Beejenun, 0ano u TOADL-
KO OJHO PEIIEHHE.

15 H Tionrep.
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Ecau nuterpupoBanue cucTeMbi NPHBEAET K (QYHKIEIM
0} © _©) (O (0)
xi=(?i(t’ Xioer s Xy 225, PPy i
(0) 0 () _(0) o .
z =0t x; .. .,x;) 29, pi Yoo "sz)) (i=12...,n) b (16)
J

© ©)

O ) (] (]
P;z%(i, Xioeees X0 27, p(l)a"')P;)):

TO STH QYHKUHH AOAMHDBI €1 yZOBAETBOPATL YCAOBHIO
1 f(x, Xy .0y X, 2, Pry Poye -y p,)==0.
Mu ykasaau B § 70, uto pasencrso -
fOr, X900y Xy 2, Py Pose oy pa)=h

OZMH H3 RHTErpaioB cucrembl. CA€ZOBATEADHO, NOCAE MOACTAHOBKH
B €ro AeByI0 4aCTb BMECTO aprymeHToB Qynkuuii (16), nepemennoe ¢
ZOARHO HCUE3HYTb, M JOAXHA OCTaThCA (QYHKUHA OJHAX HAYAADHLIX
sHavenuif. 3HaunT, NpH HaAwuuw paseHcTs (16):

JACHE TS TP Y Py =x§1(x§°),' xg’). . .,xff), 29, pio),. s pﬁ?)).
Bua pynkumm ¢ merpyano matitu. TIocae samenst £ HYAeM, npasas
94acTb PABEHCTBA HE M3MEHMTCA, TaK Kak OoHA OT f He 32aBHCHT. B Ae-
BOH apryMeHTBl X;, Xg.. yX,, 2, Py Pa- .., P, OOPATATCH COOTBE--

CTBEHHO B xgo), xg»’ ey £0, 20 pio)

()
w2 3 yoe ey pg), TaK YTO Mbl IIOAY 4HM:
0 (0) © _® © 0)y__ 0 © Y 0 0
F{x" Xy s s X5 2 3Py s ey Py )=<§»(x(1),x2),...,xfl), 2" ), p(l),— ..
10)\
ey P

0
Ho Bcaeactsue roro, uro M” unrerparvnmsi sremenrt:
@ o @) _0) (9 0
J{CHAT S .,xf‘ NP2 .,pf,))=0
H, 3HAYMT, NPH HaAMYHM papeHncTB (16):
f(xn Xgse + yXyy Zy Ppye -+, P )=0.

WUnaue, ecam nawarbume snauenms onpegersior HHTErpaAbHBLT
®AEMEHT, TO Haxomaenue pemenudi cucremm (13') csoanrcs x mure-
FPHPOBAHMIO CHCTEMbl ypaBuewnfi ee mepBOfl CTPOKH H HAXOXAEHHIO
ee pemenufi Komu; z06asounce xe ycaosue BTOpPO# CTPOYKH OKa3uI-
BaetTca cOOGAIOAEHHBIM caMO coGolo.

Mu ycroBaamcr B § 71 naswiaTo HHTEerpaApEnii asaemenr (14)
0COOEHHBIM, ECAH Hepes HEero HeAb3s MPOBECTH onpezerenHoff xapai-
TepucTAYECKOR AMHHW. B macrosmmR MoMenT Mbl MOmeM Toumee yka-
3aTh YCAOBHSA, NPH XoTOpbix pAeMeHT {14) ocobenunii.

CAH BAEMEHT Ocobenmmil, TO mocraBAewmas 3agasa Kommu wHurte-
rpupoBanna cucTeMel (13") He MomeT MMeTh OnpejeAeHHOTO pEmIeHu;I.
Mocaeanee me mmeeT MecTo TOAbKO TOraa, KOraa ogHH M3 KO3 pu-
1HEHTOB

k=n

Pl! P2’~' "Pm X1+PJZ=X1+P:’;Z: LREF Xn'll'P» Z,E Pkpk (17)

k=

§ 93. Ocobennsie pemennn ypapuenna 227

nepecraer ObiThb FOAOMOPQHBIM BOGAH3H BDAEMEHTa M® uau xoraa sce
xoa¢pduynentnl (17) 06pamaioTcs OZHOBPEMEHHO B HYAD.

Daarogaps sTOMy 3aMeYaHHIO BHMMATEALHOE H3Y4MCHHE YPABHEHHS
(1) mozBOAsieT BbIAGAMTL BCE OCOGEHHblE HHTErpaAbEbIe BAEMEHTHL

Bakaouenrs aroro naparpaa OPHBOAAT HAC K JAOKA3aTEADCTBY
yTBepxkAeHHs, Bhickasaunoro yxe § 71: ecam apa pemeHns ypaBHeHs
HumeloT ob6uufl, He OcoGeHHbIR HHTErpaAbHbiE IAEMEHT, TO OHH HMEIOT
ofLlyl0 XapaKTePHCTHYECKYIO AMHMIO, MNPHYEM KAacalTCs BAOAb 9TOMH
AHHUH. .

JeficTauTeAbH0, XapPAKTEPUCTHICCKAE AMHHH ABYX pemenu#, npo-
xozamue dYepes obwui MX MHTErpaAbHLIA SAEMUHT ONpPEACAeHB! ITHM
DAEMEHTOM, TaK X€ Kak M BCE HHTErpPaibHLIE HX DAEMEHTBI BJIOAD
XapaxTepPHCTHICCKAX AWHHHA; OTH M€ X2PAaKTEPUCTHYECKHE AHHHH COB-
NazaioT BCAGACTBME €ZMHCTBEHHOCTH pemeHua cucTemel (13) npu zan-
DbiX Ha4aAbHBIX YCAOBHEX.

93, OcoGemuric pemennn ypanmenss. (CkasaHHOE B NPOIMAOM Ha-
parpaie NO3BOASiET BbIAEAHTDH Bce OCOGeHHbie pemenun ypasHenus (1).

Mst zrzean s § 71, uto mesxuit uHTErpaAbHbI# BAEMEHT OCOOEHHOrO
peumeHns OCOGEHHBIH. ChrezoBaTeAbHO, AAS HaXOXAeHMsA OCOGeHHuLIX
pemennil Hazo HalTH (QYHKEMM z, OGAajaioliue CACAYIOUUMH CBOM-
crBaMu; ecAr B aaemente M(x,..., x,, 2, Py,.--5 P,) Z YyKalaHzas
QYHKLHA, @ P, Py---) P, €€ NPOHIBOAHBIE [0 Xy, Xgye -+, X,y TO BOAKIH
kaxgoro M ozun né kosdpuunenro (17) nepectaer 6nTh roAOMOP(-
ubiM HAn 8T0 M O6pamaer B HyAb Bce (pyHKumE (17).

Kasaan Takas (yHKUHS, €CAH OH2 YAOBACTBOPACT ypashenuio (1),
MoxeT OBITE OCOGEHHEIM pEIICHHEM.

lNpeanoromus, uTo mCKOMOE OcOGEHHOE PEWEHHE 2z FOAOMOPQHO,
MMbl MOKEM OrPAaHYYMTBCA MPH €ro OTHICKAHHH H3YUeHHEM yPaBHEHHH

P, =0, P,=0,...,P,=0. 17,)

JeficTBUTEABHO, Tk Kak z YAOBAeTnOpseT ypaBuenmio (1), ro npo-
SHPP~DELUHPOBAB €r0 N0 X;, HAXOAHM

k=n a
X, +Zpt Y P =0

=i
Orcioaa ficHO, uTO €cAH Koa(Guaumentn (17,) roromopowuw:, To,
PR CAEAGHHOM TPEANCAOEEHHH O Z, TOAOMOPPHB H OCTAABHbIE KO9 (-
¢punuentnt (17); ecan Bce xodPPUUHEHTH (17,) o6pawaioTes B HyAb,
TO, HpH CAGAAHHOM TPEATIOAOKEHHH O Z; BCE OCTarbHHIE KOIPOH-
yuentnt (17) o6pamaoTca B HYAD.
94. 3azaua Komm., Jaxo MuorooGpaswe mamepeHna n— 1

0 )
x:(l)= (I)l (“1"' .y un_l)

(i=1,2,...,n)

{18)
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Hafitn perienne ypaBHeHHA (1), sakawcuatomee aTo MHOroo6pasve.
Urofpr moOCTaBAeHHas 3aaaua 6biaa sagauest Koww, naso, uroGm
PE3yALTAT HCKAIOHWCHHSA LAPAMETPOB Uj,..., U, , H3 ypaenenuft (18)

NPHBOAHA Gbl TOADKO K OAHOH SaBHCHMOCTH, HE cozepamaneit 2.

Tpn TakoM ycAoBHH HekoToppe n— 1 M3 mepBbiX n ypaBHenm# (18)
ZOAXHBE GBITD Pa3pEUIHMbl OTHOCHTEABHO U,..., U, ;. F3 eroro Bui-
Texaer, 4TO, He HapyWlaa OGUHOCTH, MOXHO, cTaBs 3aaaty Komm, upea-
noAaraTh, #TO JaHHOE MHOrooGpasme AaHO YPABHEHHAMM:

© a7 @ _(0) (0) 0 0 0
X, =Y, 0, ., X, ), 20 =0(x(1),. . XS;)~1)' (4"

0
ECAH 3HAKOM x;) o6oanaucn nozobaromsM 06pa3om BhGpaHabid ap-

ryment. Ot Braa (4") Aerko nepexoaum k BHAY (18), noroxuB

"‘(10) =uy, xg)) = Ugyeeey xr(:)—)—l =y -

EcAH 3aaaua HMeeT pemicHEe, TO, MpeANoAaras, HalupHMEP, 4TO BTO
pemeHze JaHO ypaBHEHHeM (2), Mbl MOxeM B COOTBETCTBHE Kax ot
rouxe MHoroo6pasus (18) npHBECTH MHTErpaAbHbIA BAEMENT, COCTaBHB
TakuM 06pa3OM HHTErpaA M™, ocnosanne xoroporo (18).

Uepe3 Kamablfi BAEMEHT STOrO HHTErpara ME MOXEM NMPOBECTH Xa-
PaKTEepHCTHYECKYIO AHHHIO PEUICHHS; PEeIICHHE (2) 6yaer reomerpuue-
CKHAM MECTOM YKa3aHHbIX XapaKTepHCTHUECKHX AHHMH.

Sror 0630p HABOAMT Ha CAeayioliee NpaBHAO AAA COCTABACHHsA
pemenns. Cradara cocraBaseM no ocHosanmio (18) murerpaa M"Y,
4t0, BOOGWE roBOPs, 'BHINOAHHMO. Jiaa 3TOro oOmpeacAsieM QyHKUHH

0 0
p() sy p;) TakK, 4TOGhI GbIAH COGAIOACHBI YCAOBHS:

1
f(xi())" X zm)’ p(l‘))" T p:"('])) =0 ]} (19)
dz® = pgo)dx(lo 4.+ P dxs). J

n

DaeMeHTH HaBJeHHOr0 TaKHM 00pa3OM HHTErpaAa
n—t) _(0) © _© O 0
M0, 20, 290, 6Y)) (20)

3aBUCAT OT n— 1 MapaMeTpoB. .

Barem ucpes kaxaviil saemenT muTerpara M NPOBOZEM Xapak-

TEPHCTHYECKYIO AHHHIO PEIeHHsd, 4TO, BOOGIIE rOBOPS, BOLIIOAHHMO.
Hnesn B CBOCM PACHOPsKEIAN co6panne (16) pemenui Komn cn-

ctemul (13'), MBI zocTuraem 9TOrO mpOCTOfi 3aMEHOH B ypaBHEHHAX

() 0 i) 0
(16) aprymenToB X,7,..., x;), 2, p(l),.. .+» P, HX 3HaUCHHAMH, JaH-

(n—1)

umue marerparom (20).
BhinoanuB 8Ty 3aMeny, Mui npeo6pasyem (16) B ypaBHenus

x; =Ll uyy ugye e u, ) ]
z =X(t,.u1) uz""’un—i)(i=1,2,..., n); Ii (161)
pi=0ot u, uy,.. .8, ) J

e
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uepsmie n---1 ypasnennii cobpamna (16,) Aazyr mckomoe cemefAcTBO
XapaKTEPHCTHUECKHX AWMHHA pemeHus.

JAs cocTasAenMs PEMICHHA OCTAaHETCA HCKAIOUHTD K3 ypaBHeHu#
HallgeHHOro cemeficTBA XapaKTEPHCTHYECKHX AMHHE mapaMeTpBl U,
Ug,. .-, U, , W HECKYCCTBEHHO BBEJEHHOE MEpeMEHHOE L. Zrs BENOAHEHHA
BTOIO HCKAIOWeHHS Ha1o #3 nepsbix n ypasmeuns (16,) mafiru ¢ u na-
paMeTpbl Uy,. .., U, ; HMOACTABUTD WX B CAEAyIOWeEe ypaBHEHHE (16,):

z=7(, vy, gy s Uy 4 ).

Tlpy npHMEHEHHH BTOrO HPOLECCA MOryT BOSHHKHYTD CACAYIOULHE npe-
NATCTBMA JOBEACHHIO €ro A0 KOHUa:

a) MOKET CAYUHTBHCH, 9TO MO AAQHHOMY OCHOBAHHIO Mbl HE CMOXOM
cocrasutb materpaa M"Y, moaysas mHOrza WHTErpaa M® , nuoraa
Ke HE MoAydas rOAOMOPOHBLIX spauenu#t ZAS MCKOMBIX QyHKURH. Ecaun
o6cronTeabcTBo (a) He oGHapymuBaeTcs, TO

b) MOKET CAYUHThCS, UTO KaBAbH FHTErPaAbHDI BAEMEHT HHTE™
rpaaa M Yocobennmiit.

Haxonen, ecan npenarcrsua (a), (D) me ofuapymuBaiorcs, TO

C) MOXKET CAyqHTbCA, YTO H3 NEPBbHIX 7 ypasrennit (16,) Heabzs
maliTH £, Uy, Ugp..-s Uy g+ _ <

Mb: mocesTEM pas6opy caydaes (a), (b) u (c) ocobuift naparpad;
Tenmepb A€ AOKAXKEM, UTO CCAH YKa3dHHbIE CAyHad HE oGHapyKHBAOTCH,
TO OMHCAHHDIA MPOLECC ACHCTBHTEABHO MPHBOAMT K HaXOMACHHIO TPC-
6yemoro pemenus. B sTOM Mbl MomeM yGeauTpCA UPH NOMOIIH CAe-
ayomux coobpamennit. Haitas #s nepebix n ypaBHeHud 16,) ¢, uy,
fyy. . .5 U, ; B TOACTABHB HX B OCTAABHbE ypaBHEHHA, Mbl TIpeACTaBEM
Z, Pis Por--+» Ps B BHAC OQYHKUHH OT Xi5 Xop- ooy Xur DTH PyHKUHH,
KaK BHIACHEHO, YAOBAETBOPSIOT YPaBHEHHIO

fx1ye - o5 Xy 2 Ppse- o p.)=0.
Urofisl y6GeanTbes, 4TO 2 AcHCTBHTEABHO peIICHHE YPaBHEHHA (1),
OCTAETCH TIPOBEPHTD, UTO HAHACHHDIE AAA Pi, Po- - +5 Py QYHKHHH pPaBHbI
NPOMBBOAHBIM TO X1 Xg,- - - X OT pafigeHnofl @yukuHH 2z, T. € UTO
Rafizennpie QYHKUHMH CBs3aHbl 3aBHCHMOCTBIO

dz == pydx; -+ padxs - et pade (21)

05. YeTanoBACHEEe ACACTBHTEALHOCTE mpemecca § 94. Mum ycra-
HIOBHM CNPaBeJANEOCTb PABEHCTBA (21), nocrasus ce6s B Goree o6mue
yeaosua. O606was aHHBIE PAHEE OMPEACACHHA, YCAOBHMCSA FOBOPHTD,
4TO cobpanme OYHKJHI OT HEKOTODHIX MAPAMETPOB:

{0, 0 0) (O (0
O, 2P0 ) (22)
c6pasyer uaterpaa M ypasneHHA (1), ecan coGAIOAEHDbl YCAOBHS:
G ) O O N —
}r(xl()’,,.,xiz , Z ), P, ,...,pi? =0

o __ (0 5 ©0) (% 5 (0)
d2® = pdx - ... - p, dx,

1 JOKaxeM CAeZVIoHice yTBepmneaHe:



20 Ia. VIL Meroaa Komu

Ecau cobpanue uucer (22) obpasyem wnmerpar M w ecau cobpa-

Hite yucea
(xh--‘ » Xy Zy Ply- ey pn) (221)

roayueno us (16) samenoit aprymenmos x§°’,. . .,xf? , 29, pﬁ"), R pgf)

ux sxauenusmu (22), mo cobpanue (22,) mome obpasyem unmerpaa,
m. e
b f(Xl,--., Xpy Zy Prse o5 ) =0
dz=pdx,-}+ ...+ p,dx,.

[lpn sToM Mnl mpegncaaraem, uro MoxHo B popmyaax (16) same-
HATh APTYMEHTHI xﬁo), N x('?), 29, p(lo), e, pi?) ux snavexuamu (22);
3TO YCAOBHE AHAAOTHUHO TNPEANOAOKEHHIO, uTo cAyuafl (b) me umeer
MecTa.

[lepBoe B3 pgoKasHiBaeMbiXx paBeHCTB COGAIOAEHO N[O JCKA3AHHOMY
panee; HaM HazO TOAbKO AOKa3aTb BTOPOE, KATOPOE AHANOTHYHO pa-
senerey (21). Ycaosumcs, xak B § 82, o6osunauarp 3xaxom d aug-
deperyuarbl OT NEPEMEHHBIX X;, 2, P; PACCMATPHBAEMBIX KakK QyHKUUH
OJHOro #: B BTOM CMbICAE B3ATH zupPepeHpguarn B ypaBHeHusx (13');
3naKkoM ¢ Mol 6yAeM 0603HauaTb AuPdEepeHIHAAB PACCMATPHBAEMBIX
NEPEMEHHDIX, KaK QYHKUEA OT NAPaMETpOB U, Uy,..-, U, ;, H 3HAKOM
A pupdepenpmarnt Hx Kak Oyaku#fi or ¢ u napamerpos. Ilpr TaxkoM
BbIGOpe o6o3nauenuit Mpl HMeem .

A=d -3,
Ilpu BrGpanubix o6GosHavennsx zazanme, 4To coGpaHme
© © O (© (0)
(y s eer X5 2 3 Prsecey Pyy) (22)

o6Gpa3syer HEKOTOPLIA MHTErpan, 3amMCbIBAETCA PABEHCTBOM:
©__ O 0) ©) 5 (0
az = py axg +...~{—pﬂ Ex"-

n

Mei ycraHomHM CHpaBesAHBOCTb paBEHCTBA
Az = P Axl —}~ P2 Ax‘.’ + e +p'nA-xu7 (211)

KGTOPOE NMPH 0603HAYCHMAX NMPOMAOTO naparpaga He OTAHHHO oT (21),
a npu ofo3navenuAx BTOro naparpada OT AOKa3bIBaEMOTO.

Ecan B pesyabTare mcxarouenns f u mapaMeTpoB M3 ypaBHeHu#
(16) noryuaeTcs z Kak (pyHKUHA OT HECBA3AHHbIX 3aBUCHMOCTSAME apry-

MEHTOB X;, Xp,..., X,, H3 paBeHcTsa (23,) MOKHO 3aKAIOYHMTDL, YTO
0z Oz
Il axl3 . .l pﬂ dx" .

Tlozgo6uoe 06CTOATEABCTBO 06HapyxHBaETCA, KOTAA HE HMEIOT MeCTa
cayusan (a), (b) n (c).

Pasencroy (21;) moxuo zath BHA:
dz bz =pidx; +pedry 1. .. Fpudx, - p 82, padxy +

! i

= . —

[ 1 7

1)

a "{7}'
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Ipeo6pasys nepsnie n ornomenuit (13') u npupasnnsasn HX K TIOCAea-
‘ remy, 43 (13') umeem :

:_.'?ldxl — — —p;xdxn __ dz .
_Plpl ' —Pnpn T k= -
kgi Pip,
dz—pde,—...—pdx.  dz—pdx,— ... —p.dx,
T k=mn - 0 T .
1?;1 Pwp—Pipr— ... —Fup,

W3 nocaepHero paBeHCTBA 3aKAIOYZEM, YTO

dz :pld‘xl + pﬁdx2+ ... + pndxn (23)
B uTOo AAs cnpaBegauBocTh (21') ocTaercs yaoBaerBopHTh paBencTBY
: Sz=p,dx;Fp.dxot ... 4p,0xp (24)
. Ioaoxnm .

(25)

ﬁ,uqu)epeﬂgnpyn nocAejHee paBencTBo mo fu MOAb3YAACh TeM, 4YTO
{ sizaxd d B 0 MOMHO NEPECTABAATb, HMEEM
dU=38dz—p, 8dx;—p.3dx,— ..

) : o~
—dpydxy— ... —dp,0x,.

U=éz—pdx,—pyixy—... —p,dx,.

c— paddx,—dp, x, —

(<6)

[posuddeperunpyem renepb MO napameTpaM ToxecTso (23):
8dz=p,8dx;-peddxyt ...+ p,ddi,} Op, dx -3 pudry

F oo Ep,dr, (26)
Craapmsan pasenctsa (26) u (26'), noaydaem
i i=n i=m
{ dU=Y, tp,dx,— ¥, dp,dx. @7
i=1 i=1
; Va ypasnenuit (13") mmt ognako umeem:
s dx,—= P,dt, dp,= — (X, p,Z)dL
4 TMoacraBaas oTu 3mauenns B (27), saxaovaeM, uTto
: i=n z}:n f i=n
dU— | Y Popt Y XbxtZ i x, | de ©7)
i =1 1=1 R
Ho ¢ynxnunr x,,. .., X2, Py, - -+ P, YAOBAETEOPAIOT BTOPOMY YCAO-
puio (13'): . .
f(xh'"’ Xns Zy Pra-- > P“)EO.
' Japdepenynpys 5TO TOXECTBO NO NapaMeTpaM, 3aKAIOYaeM
i=n i—n
(28)

2 Xix+ 3, Pidp,+ Ziz =0,
i1 .

=1
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Boiunran AeByio uactb toxectsa (28) ms npamoir (27'), moayuwaem
OKOHUATEABHO

i—=n
dU“—“—Z[Ep‘&x,——az]dt:—-fZUdt. (29)
i=1
Hs nocaeguero paBeHcTBa 3aKAOHaeM, 4TO
i t
—[Zat (30)
‘ U= er 0 -

rze U, anavenne U npn £=0.
Ho Tak kax npu #==0:
.0 V) .
X=Xy 272, Py,
Mbi HMEEM HAa OCHOBAHHMH CJZEABHHBIX NPEANOAOKEHHMH O co6pannn (22):
— 3,0 O © 05 _© @y O __ '
Uy=12822 —pP8 50 — p0 50 — .. — s P =0. (@31)
Paseucrro (33), caegosareanno, aaer
U=8z—p8x,—p2dxy— ... —p,3x,
a oTciosa BuiTekaer H 4ro (21,) cnpasegauBo, uTO M Tpe6oparoch
A0Ka3aTh.
96. OGozpeare HcxkAlueEnbix cAydaes. [Ipegnoroxenue (a) 6niao
nozpobuo paccmorpeno B § 72.

TaM mbl BBIACHHAM, OTMETHB, 9TO BTOpoe B3 yeaosuin (19) pasno-
CHABHO YpaBHCHHAM -

oo .(0)0(1)1 0P
AR et © " n
Ou, Py du, Tt du,
0d 00 oy
el ()bt ©" "
aun——l . P aun—1+.“+pn aun—-l
. (0) (0)
9To BCE€ Py, , ..., P, MOXHO HafiTH, ecAn OnpeaeAHTEAD
(P (P,
oD, oo,
ou.’" " Ou,
e (33)
o0, oo,
du, ,’°°7 Ou,_,

He oGpamaeTcs B HYAb BCA€ACTBHe mnepBoro ypaBHemusa (19); 3zecs
)

C .
3naxkoM (P) HaMH 06O3HadYcH pe3yAbTAT 3aMCHbI B 5o~ @PTyMeHTOB
Py

Xis .4 Xyy Z, DACMEHTAMH JA2HHOrO OCHOBAHWA.
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OcraBAsis B CTOPOHE cAydad, Koraa w3 ypasnemntt (19) merbas
= 0 i)
HaliTH roAoMOpQubIx sHauenn#t s pi’,...,p. , HazsamHBl HCKAIO-
YHTEABHBIM, Mbl Ha3BaAH XapaKTEpHCTHUECKHM CAyuali, Korga 0aHO

0
H3 Pg_m,- . -,P(n) OCTABAAOCh MPON3BOABHBIM HAH KOrza uafigeHHHIE TO-

0
AOMOp(QHbIE 3IHAYECHHS p(lo), ceey p:l) o6pamarH B HyAb onpeaeARTeAb(33).

Mmt npeanoroxum, uto M3 nepsbix ypasHenudt (18) meanas uckaio-
YATb MapaMeTphl U, U,. .., U, ;; 9TO TpeGyer, uToGbl ONPEAEAHTEAD-

0D, oo
du, 7 ouy
oo, 00,

1e -y
du, , Ou,

n—1

1

6nia oTAmueH or Hyas. [loabsysce otuM, w3 ypasuemrii (32) moxuo

HafiTy p(lo), . pﬁ')_l M HCKAIOWHB WX H3 mnepsoro ypanmenus (19):

() 0 0)
f(x(l(,);x‘_);"' x(o) z()’ p() --»P(,,)=0

n? 13

0
COCTABHTb YpPaBHEHHE JAA pi,). Ecan meapss mafiTH H3 MOAYHUEHHOrO:

YPABHEHHA HH TFOAOMOP(HOIO, HH He OAOMOPQHOrO 3SHAUCHHA AAA

ps,(:), ps) AOAKHO M3 BTOrO YpaBHEEHHA HCHUE3aTh, & B 5TOM CAyHae

onpeaeruteab (33) goaxen o6pamaThCa B MYyAb TORECTREHHO.
Ecan muoroo6pasue (18) zawo B sHae (4) u, 3maunT, ypaBHeHHS
(32) umeroT BHA

06 © o8 09 © © Y ,
AN R U L R AN 0}
0x(1°) Py Pu 0"’ dxg’)_l " " dxﬁ));l
onpeaernreab (33), kak Mb1 ykasaam B § 72, oGpauwtaercs B
ot , 9% ,
P)—P)y——— - —{Pa) 5o &)
d Ox
Xy n=1
CaeaoBaTeAbHO, B cAydae (a) OH TOXECTBEHHO paBeH HyAIO; HasBan-
Hbfi XapakTepHCTHUECKHM CcAywafl, KOraa MOXHO HadTH p(l), e py

H Korza HafijeHHbnle ux 3mauesna ofpamaloT B HyAab (33), moa
cayua#t (a) ue moaxoamr.

TToayuennsifi pesyabTaT OnmpaBabiBacT AaHHOe cAysaio (a) Hassa-
HHE XAPaKTCPHCTHYECKOTO.

B paccmaTpuBaeMom cAydae FOAOMOP(PHOE pEIECHHE Y YPaBHEHHs
(1) moxeT cymecrsoBaTb TOABKO TOrAa, KOraa ¢ynxuus f yaosaerso-
paeT go6aBounbiM ycaoBusiM. JlefcTBHTEABHO, eCAH MO HCKAIOYEHHH

npu nomomu (32°) ms nepsoro ypasHenus (19) p(lo),.. .,pg’)_l HCKAIO-

daerTcA H pf), TO OCTaeTcA ypaBHeHHe, CBA3biBaiouiee Qynxywmio 0.
Ecau 0 noAyuennomy ypaBHEHHIO HE YAOBAETBOPAET, TO HE cyule-
o s
CTByeT pewenHs, B kotopou Ha (4) pY orpammueno, ecau Boobuie
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<ymecrsyer pemenne. [locaesrnit cayuali cAeayeT oTHeCTH K Ha®BaH-
HOMY HaMH HCKAIOUHTEABHbIM. B HeM Mbl He MOZKEM COCTaBHTb KAaKOFO
AH60 HHTErpara CuHTasn pf?) OrpaHuyeHHbIM.

Hckarouns ero, HaM ocrtaeTcs OT cAydas (a), TOAbKO cAyyal mos-
paeman muterpara M,

CocraBHB 5TOT HHTErpaA, MOKHO BAEMEHTDH! €ro NOACTABAATb B POpP-~
myAnt (16) y, ecan ue obnapyxurca cayuait (b), o6pasoBath MHTErpar
{22,). Tak' kar Bome n usmepenne mHTErpara GpiTb He MOMET, Mbl
IIOAYHHM HMHTErpai Mi"); yxe npu {=0, nMeEHO, €ro DACMEHTHbI 3a-
BHCAT OT n NapaMeTPoB. ECAM OpegAOAORHTb, YTO OCHOBAHHE BTOrO
HHTerpaia Mg"’ HMEET M3MEpeHMe paBEoe 1, TO, TaK KaK HaMepeHHe
z He MOxeT 6bIThb Bblile HaMepcHHAs coGpanua QYHKRUUE sp,..., X,
9TO nochejHee cofpanve caMO W3MEPEHHS N W AOAKHO ZOMYCKaTh
pelleHne OTHOCHTEALHO Napamerpos. Hcexarouenme aTux napamerpos
U3 BBIDAKEEMA Zz JOAKHO NpUBECTH K HAXOXACHHI0O 2 KK (QYHK-
SHH OT Xy, XH- - -, X,. |lpegooroxense, 910 T QyHKEHSA FOAOMOp(PHA
Ha muoroo6paszun (4), nHeosmomHo, Tak kak Ha MHOroofpasumum (4'),
v e. npu £{=0, He BCe e uPOM3IBOAHBIE Dy, Pg,..., P, XMEWT Olipe-
AGASHHCE BHAYEHWeE.

ChepoBaTeAbHO, €CAM OTKHADIBATD HMCKAIOUHTEAbHBIE CAYYaH, TO
‘OCHOBAaHHME WHTErpara Mﬁm AonxHO OHITL HaMepeHusa n— 1.

Cayuait (b) nossasercs, xoraa Kamabl DAGMEHT HHTErPard M"
ocobennptii. C aTHM 06CTOATEABCTBOM MBI MMEEM AEAO, ECAH MHOTO-
ob6pazue (16) mpuHAAAERHT OCOGEHHOMY pemeHMIO. lakoe pelieHue
3azau¥ Mbi MOXeM HafiTh, npHMeHsas ckasammoe B § 93. [lpesnoroxe-
Hue, yro ypasuenus (16) mepecraloT 6biTh roAoMOopdHbIME BEAHIH
arementoB M™ Y pabnocuabno npeamoromenmio, uTO BOAMSH 3ITHX
BAEMEHTCB HMEET MECTO OjHO H3 OGCTOATEALCTB, yKasaHHpx B § 93
H CONPOBOXAAIOWNX NOABAEHHE OCOGEHHOrO HHTErpAALHOTO DACMEHTA.
3uaunr cayuait (b) 6yser nokpoit, Korga 6yAyT HcCAeZOBaHbl BCe
0coGeHHbBIE pENICHNUS.

ITepexoaum k cayuaw (c), B kOTOPOM H3 nepBbix n ypasHewuii (16,)
HeAb3s uafituf, v, U, ..., U, ,; €CAH HX HEAb3A HAHTH, TO HX MOXHO
HCKAWYHTD M HaHTH 3aBHCHMOCTb MERAY X;, X - - ., X,

IroT cAywad pacmajaeTcs Ha ABa NOACAydas: Ha NOAcAydair (A),
B KOTOpOM HamMepeHue cOoGpanms QyHKuMil

(X1 Xoye ooy X Z, Pry- - o5 Pu) 34

paBHO n, n Ha noicaysaii (B), 8 koropom usMepenne sTOro co6pammus
LHKE n.

Bo Bcsaxom cayuae coGpanne uncea (34) yaoBAeTEOpAeT ycAOBHAM
fGtn Xoye oy X0y 2, p1ye - s pa) =0 J
dz = pldx1+ R +pndxn
T. e. o6pazyer HeKoTopmi#t HHTerpar M.

B noacayuae (A) co6panue obpasyer mmrerpar M, me gasas pe-
lueHus ypasuenns (1).

35)

L%
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B noacaysae (B) Mbi mMeeM ZeA0 ¢ HekoTOpHIM HHTErpaiom
M®®. Jeficrerreapno, usmepenue- cobpanus (34) me momer 6biTh
Hke n—1, 6yayun paBHo n—1 npu t=0. -

Ecanmbi uMeeM Ze40 co cayuaeM (c), TO B 060HX nozcayuanx akobuan
dxl ({XQ dx“
dt ' dt 7777 dt

SRR (36)
Ox; Ox, Ox,
7 t .2
@‘ln 1 dun~—l auﬂ—l
' ZoaxeR o6GpamaTbcAd TOKECTBEHHO B HYAL! HHade BOGAMBH HeXOTOpOMH
TOYKH (t(o’, u(lo), .. .,uifll) MOXKHO ObiAO Obl ONPEASAMTbD H3 NEPBHIX I
ypasnennit (16,) ¢, u, u,,..-,u,_,. CaegoBareanno, (35) pasuo HyAl0
. dy, dx,
B upn t==0. Tak xax npoussoamsie i 1ttt g COOTBETCTEEHHO
pasubt Py,...,P,, to npu =0 skobuan (36) o6pamaeTca B 3HAUEHHE
—1
(33) ma nurerpaie M™Y; Takme, ecAn Mbl HMeEM AeAo c 3azanmeM
Y © (© @ __ (0) (®)
Xf,,)=8(x1):---’xn)_1 , z -—-6(x1 P ) {4)

7o (8') obpawaercs B HyAb Ha HATErpaAE M™%,

Hrax, B cayuae (c) MBI HMEEM JEAO € XaPAKTEPHCTHUYCCKHUM CAyYaeM.

97. Xapakrepucrudeckaii caygasf. Mo mokasem, uro B xapakre-
pHCTHHECKOM cAydae sazada Komm uMeer 6GecuyHCAGHHOE MHOXKECTBO
pemennii.

B caysae (c) ocHoBanme nonyaesmoro mmterpara M) wmam
HHTErpaia M™ paetes nepsbivu ypasHenuamu (16,):

x,= 1t u,. .., un_;’} \

z=ytu, ..., v, ) |

&2)]

usuepenne ero n— 1; B nmogcayuae (A) m B nogcayvae, ocraBLiEMCH
or cayuas (a), OHO MOmeT KaxywHMcs o06pa3oM 3aBuceTh elle OT
OAHOrO NapameTPa, OCTABAsNCh TEM HE MEHee H3MepeHus n— 1.

DTO ocHOBaHHE EO BCEX CAydasix €CTb [EOMETPHUECKOE LieCTO Xa-
PAKTEPHCTHUECKHX AHHHAH.

ilpn £=0 ypasneaus (37) Bo Bcex cayuasax ofpamaioTces B

x,=®,w,..., u, ), ({=12,...,n) !

(189
2=, ..., u, ,).
[To ycaosmio, ns nepeoix n—1 ypasnenuft (18') Moxsno HadTH na-
4
paMeTPbl Uy, Us,. . .,U, _, ¥ npeoGpasosatb ypasaenns (18') B ypasueur
A RS ¢ E
X, =8, x, ) z=0 (ke o0y 1, ). (4%)
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3nauut, B3 nepsuix n—1 ypasuenndt (37) Takme MOmHO mafith 9TH
napaMeTpbi H 3aMEHHTb HX U€pE3 NapaMeTPHl X, Xy. .. X, _ 3 €CAH BTO
HAXOXRACHHE BHITTOAHHMO UPH YACTHOM 3HAYEHHH f, TO OHO ACAKHO GBITH
BBUTOAHMMBIM H NP TPOH3BOABHOM 3HadeHuH f.

Urak, muoroo6paswio (37) moxHo zath BHZ:

=Yy, ) 2=0(x, .., x, ) (33)
MPH  HMCKAIQYEHWH U3 X, W Z NAPAMETPOB U,,..., U, _,, OCTAAbHBIE
napaMeTphl TakXe AOAXKHBI HCUC3HYTb, MHaue uaMepernue (38) 610 Onr
Goaee n —1.

Ho Bcaxan Touka muorco6pasus (4% zoaxuna npumagAemaTb MHOrO-
o6pasmio (38), Tak Kak uepes Kamabifi:snement, cBaAzaHzbii ¢ (18'),
HaMH NPOBOZHAACH XapaKTepdcTHYecKas AMHuA u (38) ecrb reomerprn-
yeckoe Mecto 3THX AMHHMA. Orcioaa BhiTekaer, yTo MuOroo6pasua (4%)
u (38) cosnagalor. Tak kak (38) ecTb reomMeTpuueckoe MecTo XapakTepu-
ueckMX AHuuE, (4%) Takike reoMerpHIECKOE MECTO XaPaKTEPHCTHUECKHX
AHHUH. -

[Npamem Bo BHMManue nepsnie n—1 s3asucumoctn (37):

Xy = Xx(f’ Uy - -:uﬂ_l)

® e e + e e s+ & « . o

37)

Xy 4 = 1([‘, 7 3 .,u”__l). 1
3 uux momno mafite ¢ u HexoTOpbie n—2 W3 OCTaABHHX NapaMeT-
poB. [JleficTBATEABHO, Ha COCTABACHHOM HHTErpaAe OAHH H3 KOB(-
¢uumenros P,...,P,_ |, ne Hyab. Ecam 6m1 Bce omm GBIAM nyam, TO
Koappunuent P, 6bln 651 OTAMYEH OT HyAd, TAK KaK MH He HaXO-
amuca B cayuae (b). Ecan x;, x,,..., x,_| He 3ammear or {, To P,
P, ..., P,_, paBHb nyamo, HO P, OTAHYHO OT HYAR M X, BaBHCHT
OT {; TOraa npm MCcKAaouenum us ypaBuenus (37), gawowero X,, mapa-
METPOB uy, Uy,..., U, , NEpeMEHHOE [ HEe MOZET HCYE2HYTb, a B3TO
NPOTHBOPEIUT CACAAHHBIM NPEAMOAOKCHHAM.

Ecan P, ne o6pamaeTca B HyAb Ha COCTABAGHHOM HHTErPaie, TO
u3 nepsoro ypaesenus (37') momuo walitm £ TloacraBus naligennce
3navenne ! B ocTaAbuble ypasuenns (37), Mbl noayunM n—2 ypasHe-
HMA, H3 KOTOPLIX MOXHO HaHTH n — 2 NapaMeTpoB; eCAH Bbl X HeAbzs
60100 HaliTH, TO MOXHO GHAO Gbl OGHAPYAHTD 3aBHCHMOCTb MEXAY Xp)
Xype v s Xy_yo

IMorozuM, crezoBaTEABHO, HTO MCKAIOUEHHE NAPAMETPOB H3 X, BbI-
NOAHEHO HAXOXJCHHEM { H HEKOTOPHIX APYTHX NApaMeTPOB, NpHueM
OZMH W3 NapaMeTPoB u , u,...,U, ,, CKAKEM NapaMeTp u, ,, HAXO-
AHTb He IPHIIAOCKH. '

Beaeacrsue atoro ypasmenus (38), (4%) Tome, Moxuo cocrasuth

0,
CAeAyIomEM 06pa30M: 3aMEHHTb U, _; NOCTOAHHBIM UHCAOM U, " 4 » BB~

6paHHbIME MPOMSBOABHO, HO TaK, GTOObl YKa3aHHAT BO3MOMHOCTb pe-
menns cucremnl (37°) oTmocmTeAbHO mNapaMeTpOB He HapyliaAach.
Haittu ste aprymenrst us cuctemn (37°) m mexnrounTh HX H3 mocres-
BHX aByx ypasHenuit (37).

LA B ot g e
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CaepoBareabno, (4*) ecTp reoMeTpuHecKOe MeCTO XapaKTepHUCTH--
YeCKHX AMHRH

Xy =7y (b upe oty o u® ) (i=1,2,...,n) !

z =7t upe - Uy g u,)- J &
Mpu ¢=0 us (39) norysaem
= i 2D ] )
22 =0 (@w,..., u, » ) )| ‘

CkasaHHOE NPHBOAMT K 3aKAIOUEHHIO: MHOrooGpasue (4*) ectp reomer-
PHUECKOE MECTO XapakTePHCTHICCKHX AuHuf, NPOXOANIIHX HEpes BAe-

MEHTLl HHTErpaaa 0 o .
0 0
xi())’ 15(20);"01 x;)y Z( ? p1 !""pn )’ (40)

HOAY4AEMOTO W3 HHTErPand, COOTBETCTBYIOMIEr0 OCHOBAHHIO (4%), sa-
@
MEHOIO U, _, Uepes U,
CocraBam MuOroo6pasue naMmepenus n— 1:
@ u, Yi=12....n ]}

X¢-) S Qi(ul’ uz.. ey un_z,

M (41)
2 = Qu,, g+ - vs Up_p Uy _y)
puibupan OyRkuaR 2,..., 4 @ NPOM3BOABHO, HO TaK, HTOON OHH
JAOBACTBOPAAK TPEM YCAOBHSAM.
1) [Toroxmm, 9TO COGAIOACHH PABEHCTBA
©) y__ ©)
Qe e Uy u, =0 u, ..., v, _» w, )

n—1)
2) lNoromuM, 4TO HHTErpPaA M}

1 1 ) 1)
X(ll),o .y x‘fl)’ Z( ), Pg)" ces Py )9

noCTpoeHHNIH N0 ocropanuio (41}, (r;)e XapaKTePHCTHICCKHI.
3) TMorommm, uto mpuu, == u, ; BAEMEHTH BJTOr0 HHTErpaia

06palllaloOTCA COOTBETCTBEHHO B DAGMEHTbI HHTErpaAa {(40).
oxo6ubifl BuiGop Gynrmut (41) Boamoxen. Hrobbl yAOBACTBOPHTH

NepBOMy YCAOBHI0 AOCTATOUHO NOAOXHTH o
() -
Quy s uy_p U ) =Ry o5 Uy _» Uy, y) (8, — U ) A
rae A, QYHKIME apTyMEHTOB Uy, Ug,- -y Up o9 Up_ye
Uro6nl 6bir0 COBGAIOASHO BTOPOE YCAOBHE, HAAO TOABKO;, HTOGHI
ypaBHEHHE
(P --r (P
09, 02,

__’. ..y _—
Ou, du,

- . « . e .

. P L

00, oQ,




238 Ta. VII. Meroga Koum
e 6piA0 Gbl CAEACTBHEM YpaBHEHHH

1 (tY) (1 (1) 1)
f(-“’g)! XgeeoryXpy Z ): Py P )=0

02 _ w99

(1)()9"
Ju, P Ou, +...Fp

" du,

\
)
J

4TO BO3MOXHO, Tak Kaxk BbiGop A,, A,,..., A, unuem He orpanmuen.
Haxoney,; moxmno yaomaersopnts m nocaeamemy ycaosmo. Ilpu

0 o
U, 4= u;_l nepsbie n—2 ypasnennii (42) Bo Bropo#t crpoxe ofpa-
IIAIOTCA B ypaBHEHHsA, cBasniBaromyue oiementnl (40); mocaesnee me
ypaBHCHHe 00palaercs B

e -
A=p A +.. . +p)4,

H CBA3bIBACT TOAbKO 3HauenHs Qynxuufi A, paBrbix 3Hauenmsm Qywx-
wak A, npm u,_,=ul ; ux MomHOo mOA06parb Tak, uTOGH ypas-
neHue yzouaerBopsrock. Ileppoe ypasnenmne (42) B cmay nepmoro
YCAOBHA He OTAHYHO OT YypaBHeHHs, CBA3bBaroUlero saeMenTol (40).

[loabsysce muoroo6pazuem (41), Mpr MoxeM pemnuTb 3agavy Komu
H NOAYYKTb HHTErPAAbHYIO HOBEPXHOCib.

Hnrerparbunte saementrl, onpegerennpte uncaamu (40), 6yayr np::-
HaaAexaTh 3TOH WHTerpaabrcéi nosepxnoctH. CaegosaTeAnno, xapax-
TepucTHUeckne AmnmE (39'). Kak nNpoXoasIHe Uepe3s BTH HHTErpaAs-
HbI€ DACMEHTHI, OYAYT Takse NpuHAAAEXATb BTOH MHTEerpaibHoll mo-
BCPXHOCTH M, 3HAYHT, HafACHHAA HMHTErpaAbHAA TNOBEPXHOCTb GyzcT
3aKAlo4aTh HMX TeOMEeTPHYECKOe Mecro, T. e. Muoroo6pasme (4%).

Uz gokasannoro, Memay npoudm, BLITEKAeT, 4TO HMeeTca Gecumc-
ACHHOE MHOKECTBO PECHICHME, HMEIOWMX ¢ JaxnbiM ofweHd ero xa-
PAKTEPHCTHKY.

98. 3agaum, oranumsie or sagawm Komm. [cam mmercs o6mee
peweHne ypaBHEHHs, TO NpoleccoM, onucanubiM B § 94, me orpannm-
YHBAIOTCA BCE BO3MOMKHBIE CAYuad.

0 0 ¢
Momxuo ue cuuraTs, uaTo x(i),. . .,x;) 29 ¢yuxgaaMu or n— 1 na-

PaMETPOB, HO CYCCTh HX (QYHKUMAMH MEHLIIEr0 HHCAA MOZ06HO TONY,
Kak Mpl zeaarw B § 77. /leficTBHTEADHO, MOAOHUM
©__. .
x; =9, (up ug. . sy ) (=1,2,...,nkn)
(4]
z( )

H

1,2..., n—1

s

=0 (uy, tyyerny Uy )

Bropoe ycrosue (19) aact cucremy us :—1 ypaBuenmfi:

do _ w9 e,

du, 1 oy, ) duy
dp N (0] d"?l L + p(ﬂ) o,
dzzk_l 1 duk__l ! ' ’” ()uk_l *

[lpucoeannns x oTHM ypaBHenusu nepnoe ypasuenue (19), mbr Bbipa-

N

¥

¥
!
:
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0 0
3HM K M3 apryMeHTon p(lo), Pyse e p(n) yepes ocraibHele n—k, Ko-

TOphie ocTaHyres npoussoabubimu. Dopmyan (16,) 6yayT nonpemueny
3aBHCETb OT N napameTpoB: ¢, k—1 napanae'rpm:,0 oﬁoaﬂa;;eﬂﬂmx 6y~
BAMH U, Uyy--., U, M N—K U3 apTyMeHTOB p(l),.. 5 pi;) .

EcAn nckArouenne 3THX TapaMETPOB AACT 2 KaK (QYHKLHIO OT Xy, - - 5%,
To mafigennoe z Oyaer pemeuuem ypaBHenus (1) Ha ocmosanun
cxasannoro B § 95.

C oTum cAydaeM mb 6yAeM, yanpuMep, HUMETh ASAO, €CAH MB 6y-—

0 (© 0
zem cumTath X ), x(z),. - X(;z)): 2% nocroaunnmn. Bropoe ypasnenue

0 (0)
(19) coSaoaenc TOTAa NPH BCAKHX p(l),. --» P, ; NEPBOe YpaBHEHHe
(19) onpexersieT OZMH H2 HHX depe3 OCTaAbmbie n—1, KOTOpHle
H OCTAIOTCH NpPOM3BOABHBIMH. Mel moAayunm xomyc XapaKTe[i{)P)lCTH(;l)e-
& ©) i (
CkMX AvEHuE, TNPOXOAMLAH uepes ZAHHYIO TOUKY (X7 5...yX, s Z )

0 KOTOPOM Mbl yae roBopHAaM B § 77.
99. Mpumepnr. 1) Hafiva 10 pemenne ypaBHenns

ppa—4z=0, (43)
B ROTOPOX npu x; =0: z=x,. (44,
Ypacnenus, onpejeAfiOluHE XapakTePUCTHICCKHE AMHHIL
do _dn _ dp _ dpy  dz 45
P2 P: —4p, —4p, 2p, p;

NPHYEM NOCACZHEE OTHONIEHHE MOMET ObITh 3aMEHEHO OTHOMIECHHEM
dz

5 Huarerpupya cuctemy (45), aerko Haxoaum

t st 1 o ©) 1 o
po=pe", py= i) €, z=z,", 1Ty Py e - x TP
1 o ~“ 0) 1 o
Xy = TPL)e + x, —g P (16
ToAomus . .
-"(1) =0, xg) =u, z,=u, “7
KMEEM
g L)
1=p, P —4z,=0,
T. €. . © ,
P(g)z s Py == 4u. (47)

TloacraBraa HafigeHHBle 3HAaUEeHHA B NOCAeAHHE Tpu ypanuenus (46),

noAydaeM
) 1

xl:AT 4 —*I,

UCKAIOUEHHE U H [ j3eT pellleHue
Z == Xg (4).’1 “}“‘ 1)-

4t 1t
Xo=ue tu—u=uce, z=ue ;
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2) Hafirn vo pemenne ypasuenns (43), 8 xoropom npn

1 o
X=Xyt 2= 4x2 (48)
Tloromus
1
20) =u— O =u, z,=4u?

HMeeM H

0) © .

Su=p, +p,.

Tlpucoeausne K 3TOMY ypaBHEHWIO YpaBHEHHE
PO A0l
HAXOAUM
pio) =4u, pg” = 4u.
loacranoska B mocheamme Tpu ypaeHemus (46) HalizeHHbix 3ma-
“CHAR ZaeT

2 8¢ it 1 4t
z=4u e, x,=ue u—~4 —u=ue —
4t &
X, =ue -Fu—u=ue .

[lpn HCKAIOYEHHH U TMPONAZAeT M f, W Mbl MOAyHaeM
0 1
z=4XQ, Xy = X9 — 5
4
+T. €. BOCCTAHARAMBAEM JAHHOE OCHOBaHME.

B paccmaTpmBaeMOM cAydae, Kak BHAHO W3 NMOCAEZHHX BBIKAAJOK,
ocuopanme (48) €cCTb reoMETPHYECKOE MECTO XapaKTepPHCTHUYECKHX
AuBnE#, PACTIOAOMEHHBIX HA HEKOTOPOM PEINEHHH.

3) Hafitu ars ypaBuenms (43) KoHyc xapaxTepHCTHYECKHX AHHuM,

(1] 0) -
NPOXOAAMHUX 4Yepes TOUKY (xg ), xé), zy).

[Toromus
o _ 4z0 _ 4z
1T ® ’
P u
us (46) noaysaem
1 4t 0 1 Zo 4t (0) F2)
z=zoe8t’ X =g ue +x(1)_7fu’ =7 + T

4TOo Zaer

,z =z, (1 +2 ‘/ (r,— Jf‘f)z(ofv2 — ) )2.

4) Haiita 10 pelueHne ypaBHEHHs

X Py Xg Pp = 0,
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B KOTOPOM MpH
h -
Xo=-—: z=0
X
Moroxur
0 0 h
AMeeM
_©o_ h @
O0=p’——5 Py (51)

Iepsoe ycaosue (19) aaer )
up ——% Py =0. (51)
Ypasnenne (51) u (51') we pasamuse. Mm momno YAOBAETBOPHTD,
TOAOKHB
p(zo) =u, pgo) = lz—'v. (52)
Xaparrepucruyeckne Anumn ypasuenus (49) onpeaeasiorcs cmeremodt

dx1= dx, =__dp1=____al72_=_a'_z__dt
1 — X P — P2 o

HHTErpKPYys KOTOPYIO, MOAYYAEM

ot Ay —t _ __©® —t o) ¢
X)==X] €, X,=Xx, e , z=z, pl—pg)e ) p2=pg)e.

[Moacraeassa smagsenus (50) n {52), noryuaem
t h —t h —t

— _ __ _ o
X =ue, xy=--e , z=0, PL1="_3ve , p=ve;

NOACKHEB B NOCAEAHHUX ypaBHEHHAX

¢ t
ue =&, wve =n,
HaX0JHM

hn
n=h K=", z2=0, p=—, p=n
Ms1 noayuaem Ttoabko mmrerpar M,

Camoe obmee pemenue ypasrenus (49), yaosreTsopsiomiee mocra-
BACHHBIM ch\OBHﬂM

z=(x x,— h)e (xl Xo)h
JlaHHOE OCHOBaHHe — XapaKTepHCTHYECKAs AHHHA.

16 . TwaTep.
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HHTErPHPOBAHHE CHCTEM YPABHEHHH NEPBOIO NOPHAKA.

100. 3ameuanna aareGpamueckoro xapaxrepa o cucremax. Iloro-
AUM, A3aHA CHCTEMaA

Fy(xy x5 <oy X, 2, Pyy Poy -

s s e & e e 4 s+ e e & a2 . e = e =

o p)=0 l

F'm(xb Xgy «oey Xy 25 P15 Py -+ =5 Pn)=0
u3 m ypaBHeru#.

Pance uem npucTynats K muTerpupoBanuio cucremn! (1}, Hago moa-

BEPTHYTb €€ aAre6pamuecKoMy H3YHEHHIO, AHAAOTHYHOMY TOMY, KOTO-
pomy 6piaa noaeeprsyta B § 40 cuctema M3 m AunefiHbIX ypaBHeHHil.

[lpm mccAepOBaHAM CHCTEMBI MOXET OOHAPYMHTbCA OJMH M3 CAe-
AYIOIWAE CAY9Yacs:

I) MOkeT CAy4HTBCA, YTO CHCTEMa ZOMYCKAaeT PEIEHHE OTHOCH-
TEABHO /n W3 APTYMEHTOB Py, Pa, + -+, Pny T. €. 4TO ypaBHenus (1)
arrc6paHyecKH HE3aBHCHMbI OTHOCHTEABHO BTHX apPryMEHTOB HAH

II) aro aprymenTnt py, pg -.-; P, MOKHO HCKAIOUHTH H3 ypasue-
amii (1). B aroM mocAezHem caydae MoxeT OGHapyAWTbCA OZHO H3
CAEZYIOWAX O6CTOATEADCTR.

1) mckAloueHHe aprymesToB py, ..., P, NPHBOZUT K TOMECTBawM;
'B 9TOM cAyuae uacTb ypasHennft (1) aare6panueckoe cAescTBYE OCTaAb-
HbIX M MOryT 6biTh oT6pomenn;; cucrema (1) moxeT 6miTh 3amenexa
APYroil, ¢ MEMDbIIHM YHCAOM YpaBHEHHA. )

2) wckAlOueHHE apTyMeHTOB py, p3, ..., P, BAET OAHY HAU He-
CKOABKO BaBHCHMOCTEH, CBA3BIBAIOWAX APTYMEHTBl Xy, X2, ...y X, 2.

oy Xy Z) =0. (2)

B aTom nocaezuem cAydae ousiTh MOTYT OGHApYMHTBCA ABE BO3SMO-
HOCTH:
a) cpean sasucuMmocTeR (2) ectp oaHa, He 3axAruamuas z:

) xn) =0 (2,)

B OTOM cAydae cucTema ypasrenmit (1) He nmeer pelrenus: HesasmcH-
MbIE MepEMEnHbIE, IMEHHO, HE MOTYT GLITh CBA3bIBAEMbI 3aBHCUMOCTSMH.

b) Bce sammcmmocTr (2) coaepxart 2. Toraa M3 oaHOH u3 Hux
MOXHO 5TO z HafiTu 6e3 Kakux-AH60 unterpuposaHui. Momer cay-
uuTbCSA, 4TO HaftZeHHOE z YAOBACTBOPAET BCEM ypaBHEHHUAM cuctembl (1),
TOraa OkasbiBaeTCs HafijeHHbIM ee pemesHe 6e3 KaKHX-AHGO HHTerpu-
poeanmit. Ho Momer cAyunTbes, uTO 8TO z OAHOMY' M3 ypaBHEHmil
cucremnr (1) He yaomAeTBOpseT; TOrza CHCTEMA HE HMEET pelreHui.

B zaapneiimeM Mni 6yaeM npeanmorararb, 9TO CHCTEMa NOAXOAHT
noa cayuat (I). Ecam 6bm1 oma mog aTor cayuwait He noaxoamaa, ee
MOXHO 6BIAC 6bI 3aMEeHHTH JApPYyroi, ¢ MEHbIINM HYHCAOM YpaBHEHHH,
nogxoasineli moa caywa#t ([), mam y6eaurbes, YTO OHa He HmeeT
pelieHni, uAn HaflTH ee pemenne Ge3 HHTErpUpPOBAHUA.

o (xn Xy -

o (X, xg .-

R gt
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101. Teopema o samxmyThix cacreMax. Ecau uexomopas pymux-
UUst z YA0BAEMBOPSIEM YPABHEHUSM
f(xlvx2'°': Xny Zs P1y P2y o pn)__‘o} (3)
F(Xl, Xge ooy Xy 2 P P2 -+ Pn)=0:
MmO OHG YAOBAEMEOPAEM U YPABHEHUIO

i4e .
SVE (O, Ay (P )] -
[F’f]"Z[?;(axﬁpﬁ)—ap,, ox, TP )T
=1
k=n i
_2 or 4 o dF) )
- y op, dx, op, dx; |’ /
=1

Moacrasass BMecto z ero sHauenme B (3), Mbl o6paTnm pameH-
ctea (3) B TomecTa. O6o3nauan wepes (f) u (F) pesyavrar 3amennt z
ero sHauenneM B f H F, EMeeM, CA€AOBATCABHO,

()=0, (F)=o0. - 3)
Juddepenunpys TOCAEZHHE TOXKECTBA 0O X, MOAydaeM HOBBIC
TOXKECTBA

k=n
0 () + (e 2 () = () +
+ 2 ()=
2D=() (o) 2= ()

k=n
OF \ Op _
+2( aph) 0x, =0
k=1 J
e (6) Ha (—LF) BTOpOE Ha ( of )
Ymuoxan meproe Ha TOMECTB Ha \ pr ) p op |

BbiYyHUTass H3 NEPBOro NPOH3BEACHHA BTOpOE, AaBaid B pasﬂoc'm i 3Ha-
YCHUA 1, 2, ...y N A CKAAAPBIBAA aTH PasHOCTH, MOoAyYaceMm
i=nk=n

@, f])+ZZ(%§;) ()2

i=nk=n

of )(0F)AQB&EO T
_ZZ( op, ] \ op | Ox; ’ (T

16%
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Ho, nepecrarasa smauku i u k, nmeewm:

f=nk=n Kk=ni=n
S a-SSmems
o Op Opy. | Ox ] e Op ] \ Opy | Oxy
Bcaeactere aroro Tomecrso (7) mMeer BHA
i=nk=n
/ N OF \( of \[ O 9
s+ 2 2 (o) (on) (S =) =0
@ . D+ Lol sl dp; Jp; Ox, dx,
M TaK Kak
Opy, — 9p,
ax‘ ax,‘
AaeT

(7, fH=0 “)

T. € TOROPHT, 9IO z, YaOBAeTROpsiomee YypasHemuaM (3), yaosae-
TROpsieT Takme M ypaBHenmio (4), 4To B TpeGoBaroch AOKa3aTh.

[Toroxum tenepp, yto aana cmcrema (1), noaxoasmwas noz cay-
va#t (1), [Ipucoeannnm k cucreme ypasHenus

[Fh Ey] =0, (8)

KOMGHHHpYs MONapHO Ha Bce BO3MOXHBIC cnoco6nl ypasHenus (1).

Ha ocrosannn zokasammoft Teopembr kaxzoe pemenne cuctemn (1)
YAOBAETBOPSiET KamaOMy us ypasueruit (8).

Momer .cayuntbcsi, 4TO Kamaoe M3 STHX NPHCOEAHHEHHDBIX YpaBHE-
umit (8) ectp aAre6panmueckoe caeacTBHE ypasHemuii cucrems (1) u uro
n3 cuctemst ypasuennfi (1) u (8) moryr 6piTo HaltaeHBI TOABKO Te e
M3 NPOU3BOAHBIX Py, P, - .., P, Kak us chcTeMn (1); Toraa pesyabrar
HCKAIOYEHHA STHX TPOM3BOAHBIX K3 ypasHenu#t (8) zaer romxecrpa.

B aToM cayuae cumcrema (1) masmBaercs samxnymoii.

Teopema. Kaxosa 6t nu 6voraa cucmema (1), nocie opanu-
UEHHOW HUCAQ JelcmBull MOXHO 3aMeHUMD ee 3aMKHymMOi cucme-
MO UAM yBegumbcA, UMO OMA pPeUlCHUIl He UMeem, UM Haiimu ee
peutenue.

Ilpucoezmnum x emcteme (1) Bcerosmoxubie ypasuenns (8). Ecam
Ka#AOC H3 NPHCOCAMHEHHBIX ypasHeHui 6yAeT aire6pauyeckum caeg-
cTteueM cHcTeMu (1), To cmcrema (1) yme samxuyta. CaegomaTeAnHo,
ecau cucrema (1) me samknyra, T0 Mbl mMeeM B ypasuenusax (1) m (8)
CHCTEMY, B KOTOPOH €HCAO aAreSpamuecKd WE3aBHCHMBIX YpaBHEHHH
6oree m. | ’

Hoagepruem cuctemy us ypasmemmii (1) n (8) arre6pamueckomy
usyueHno, onucamiomy B § 100.

Ecau mpi naToaxneMcs Ha cayvait II, 2, To mb yBrguM, 9t0 cHCTEMa
u3 ypasuenn#t (1) u (8) He umeer pemenuit maum maftaem ee pemenue.

CAM Mbl HaTOAkHeMcss Ha caydafi I mam I, 1, To Mm 3amennm
cucremy (1) noso#i, BTopo#, crucreMoit Toro me Buaa, kak cueTema (1),
HO copepasaliero 60Aee ypabHeuwit, yeM cucrema (1); uMcAo yparrenui

g

5
¥
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B HOBOMA cHcTemMe no kpafimed mepe Ha oaHy ezuuHuy Goaee umcAa
ypasuenufi cucremnt (1), T. e. mo kpafine#i mepe pasuo m-|- 1.

C wHoBoit cucremoli Mbl BO30GHOHHM OMNEPAUHI0 H NPHUCOCAHHHM
k Helt HoBble ypasHenms Buaa (8), B AeBBIX YAaCTAX KOTOPHIX CTOAT
BCeBO3MOXHBIE cKOO6KH FlKo6u AAa ypaBuenufi HOBOR cmcTemsl.

Ecan ara HoBasa Bropasi CACTEMa HE 3aMKHYTa, TO NmocAe aare6pan-
4EeCKOro €€ W3y4EeHHA MBI HAH y6GeuMcs, 4TO OHa He HMMeeT pelleHHH,
HAHM Haligem ee pelleHne, HAM 3aMeHHM ee HOBROH, Tperveilf, cucreMof,
B KOTOpo# 4uHCAO ypaBHEHHH aAre6paHiecCKH HE3aBHCHMBIX OTHOCH-
TEADHO Py, -.., P, O KpafiHefl Mepe Ha OAHY eamHmuy 60oAee umcaa
ypaBHeHUH BTOPOR CHCTEMBI.

C oroft Tpetbel cmeTemMoll Mbl BO3BOGHOBMM Onepauud NpUcoezu-
HeHMs ypaBHeHHHA U3 MpHpPABHHBaeMbix HyAlo ckobok Slxko6m, m 6yaem
OMHCAHHbIE ONEPalyH OPOAOAKATH Aaree.

Nocae n— m -1 Boso6GuoBAennii onepauun, €cAH Mbi paHee He
MOAyYHM 3aMKHYTOil CMCTEMbl HAM He ybeaAnMcs, 4TO CHCTEMA He MMeeT
pewennt mAm He Ha¥lzeM pelnenHs, MBI OOAYYHM CHCTEMY, COAepxia~
wyio me memee n-+—1 ypaBHeHni, KOTOpme Bce aAreb6pandyeckd ne-
saBUCHMbl; M3 n-1 ypasHeHmii MOXHO HCKAIOYAUTb n apryMeHTOB
Py P2y - - -1 Pp; TIOCAE HCKAIOYEHHS He MOXET MOAYYUTHCH TOMRECTRO;
sHauAT Gydem HMETb ZAero co caydaem I, 2, m wmn yBmamM, urO
cHCTEMa He MMeeT pemleHufi uAm HaflzeM ee peumenne,

Hs ckasannoro sicro, 4T0 Teopema cClpaBejAHBa.

102. Hopmaarmas cacrema us m ypassenmid. [loroxnm, uro zan-
Has CHCTeMa U3 m ypaBHeuu#

Fl (xli Xgy «»+3 Xyy 2y Ppy P2y e v s pu)=0

(1)

s ® 8 % e & ® * & & o w & « o = e @

)
{
|
J

Fm (xn Xgy oo vy Xyy Zy Pyy Pay o+ 0y pn)=0
rae
m<n
aAre6panuecKky He3aBHCHMA OTHOCHTEABHO Dy, Py, - -., P, M 3aMKHyTa.
Pemum ypasnenns (1) OTHOCHTEABHO HEKOTOPHIX M aPryMEeHTOR

P Poy «- -y Pne Hymepys noaobaiommm ofpasom HesaBuCHMbIE Iiepe-
MEHHDBIE Xy, Xgy « + .y X, MBl MOXEM CYHTaTh, YTO MOAYYHM CHCTEMY
o =p—hx X, 2 Py -+ P.) =0 ‘I

¢ 4 e @& s e 4+ a2 = e e s s s + 8 = 4 } (9)

(szpm—fm(xp ooy x”, z,pm+1, ey pn =0‘ j

Teopema. Ecau cucmema ypasnenuii (1) 6viraa samxnymoii, mo
cucmema ypastenwii (9) maxme samxuyma.
[To zapanmio, xaxaoe ypaBreHue

[Fi, F]=0 7 | (8)
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caeacteme ypasHenmit (1), T. e. obpamiaeTcs B TOMECTRO, ECAH MbI

32MEHHM B HEM P, Por - - -y P, HX 3HAYCHHsAMY, HalfeHHBIMM H3 ypaB-
uenntt (9). Hago gokasatp, uto kamaoe ypaBHeHHe

I4

[(p“ w]] = 0 (8 )

¢cTb cAeAcTBue ypaBHeHH# (9), T. e. 06pawla€TCA B TOXKECTBO, ECAH
Mbl 3aMEHHM B HEM Dy, Pg, - .., P, HUX 3HAYCHAAMH, HaHACHHDIMH H3
ypaBHenuit ( l~i))

aKk Kak u3 cHcTeMbt ypasuenmu# (1) moxuo mafitu py, ps, -y P
TO MOAKHO CUY#TaTb, YTO AKOGHaH

10
D(pl’ Pas + > Pm) ( )

HE PaBEH TOMECTBEHHO HyAlo. Mbl 6yzem cumraTh, 4TO BCe apry-
MEHTbl B QYHKUMAX F MMEIOT TaKdHe HadYaAbHbie 3Ha4eHusd, 40 M Ha-
yarbHOe 3HadenHe onpeZeauteas (10) oTamuHo or HyAs.

EcAr mbl B QyHKRUuAX

F]’F2’-.l-’Fm

3aMEHHM apryMeHTBl Py, Py, - - -, P,, MX 3HaueHuAMHA [y, fo - - -, [, Haf-
AennbiMu peumendeM cuctempt (1), To Mbl O6paThm xaamyro H3 BTHX
oyuxkuuit B Hyab. O6osnauas snaxom (F) peayAbTat aTOH 3aMennl,
T. €. NOAOXUB

Fr=F,(x;, xp o0y x5 2, f1s fir o 02 [ Prg e pn),

Boifepem are kakHe-Hu6yAbp m3 sTHX QysxuMl, manpumep F; m Fy
H paccMOTPHM TOXKECTBa:

(F1)=F1(x1’ Xoy 0+ 0y Xy 2, fp f2, ""fm’ P 1 =0 pn)EO ]

y (11)
(F)=F, (xp X3 -, xpp 2 fis fooe - o5 fons Prngors - -0 P2) =0.
Aupdepenuupysn (11) no xy, x,, - . ., X,,2, Mbl MOKEM COCTABHTb HOBhIE
TOMECTRA.
Ipuctynas x ux cocTaBAeHHIO, OTMETHM NpERAE BCETO TOXECTBA:
do, _ _ Ofy 0%y of; 02, ofs
Tr, = " Ox, o T T 0z gy opt h O™
92y O g (h<m, h£E); (12)
0pk b aph £ S H ]
OTMETIIB BTO, HMeeM )
k=m k=m
o) _ ( : )’+2 (ﬂi) o _ (9&)_2 R\ 99
dx‘ dx, 0plt ax, o dx, ap]‘ dx, o
: =1
k=m
o(Fy) _ 0F 0F1 ) ofy _( oF, )_ OF, 0cok=0
0z 0pk 0z |\ 0z op, ] 0z
k=1

§ 102. Hopmaabuan crcrema us m ypasHennil 247

YMHORMB BTOPOE M3 HAMHCAHHBIX TOKCCTE Ha p; H CRAaAmBasi C mep-
BbiM, BOCNOAB30BARWHACH BEEAeHEbIM B § 37 coxpayennbim o6osHaTeHAEM

of ., o _df

dx; 0z  dx.

Y 3AMEHHB Py, Por + - -» Pm 96083 fi for oo o, fn» TOAYuaem
k=m

45)-S\ () d2)=0 a0

MMpoaupepenyupyen Tenepn TORECTBA (11) no p,, cuntas, uro i >m.
Ho.z\yqaem e

a0 (2)+ S - (30)- B e
op, dpa 0pk dp P &\ 9Py ] Opy

Ho ecau i < m, Mp uMeeM TOKECTBEHHO
k=m

(o) = 25w
ops | o opx | Ops’

0

i ¢ A
BCe ——g—%—:‘-, HMeHHO, paBHBI HyAlo, ecAm i7k, a o 1.

P

I/ITaK, npu Beex i crnpaBeJAHBO TOXECTBO
k=m

("Fl)EE("Fl)"% 1219 n (13"
op, e dpx | 9p°

AHaJ\OI'H‘IHbIe apa TOMXECTBa- Mbl MOXREeM HalHucaThb JAAA (pynmym Fg:
l=m

2)- S

dx; | op, dx;

= (i=12...,n
- S ()2
op, “~ op; op,

VMHOXHM TOXECTBO (13) ma (13,) m Tomectso (13;) wa (13') m Bbi-

yTeM H3 NMEPBOro nponsseaeﬂua B'ropoe, MBI TOAYHHM

OF, dFy _ OF, dFl 2 2 OF, oa) 99, (d';, )_
(Opa do ~ Ope dx¢ apk dpz op, \ dx;

n

k=m | =
0F2 OFI) d9; ( dwk)
B 0Pt 0”]: dPt dx,
rem e
SIS o) 4 ()5 ()
- opy ops op, \ dx; op dx;

=1 1=1
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Jasas B nocaeanem Tomectre 3HaveHns 1, 2, .

-+» T H CKAQABEBA
[OAy4aem ’ Ansa

k=mi=m

@ Ep= >, () (5 ) rv=0.  an

Tak Kak BCACACTBHE CKA3aHHOrO Bobume [F), Fy) oGpaumaercs B HyADb
no 3amege B Hell Py, Py, ..., p,, X 3HAUCHUAMHE, HABACHHDIMK U3 op-
cremsr (9),/4T0 NpH HamBx 0603HAYEHHAZ NEePEBOAUTCA PABEHCTBOM

(Fy, F.))=o0.

Taxk & .
ak [ n F, 6b1au Boifpanb Hamu cpean Aesbix wacrefi creremn: (1)

POUIBOALHO, Mbl MOxeM BMecTo (14) manucats TOXECTBA:
k=ml=m

aﬁ)(a,vj) i=1,2, ... m
Z Z( 0pk opl ([‘Pln ‘;91])=0, (J-:l, 2, el

") as

Boinoansis B mocaen
HEM DaBEHCTBE CHAYaAa CYMMUpPOBzHUe 110 k
H
€My CHauaAa BHj yroiap it
k=m l=

IEApCITNE.

k=1 =1
H, [IOAOMHMB 3aTeM

-

I=m

o — 2( L) i 5,

l=

(16)

BHJ :
oF, ) %) oF, j %

of {9F\ ,,» N\ 0

(37) s () o ()0
Hoc.}enaee PABEHCTBO CMPABEZAMBO NPH BCeX 3HAYCHHAX ; W Je

aBas ! 3HaueHus 1, 2, ..., m, [IOAY93aEM M3 HErO CHCTEMY AHMHEHHbIX

YPaBHEHuM, HEH3BECTHHIMA B KOTOPOH ABASIOTCH (16) u onpegerntern
KOTOpoH ecTo ompezeauten (10), e pasubif HYAI0; OTCIOZAA BBITEKAeT,

4TO
U =0, (h=1,2, ..., m) (18)

Buibnpas nexoropoe A, mmmen noapo6ree paeenctro (18). Hmeem
; oF; oF;
0 __ J
U,'= (Tpl> (EAN )] + (V@p‘:) (o @D+ .. -+
oF; ’
+ (5] ton sub=0.

. Jasan B mocaegnem paseucTse j sHauemue 1, 2, ..., m, noAyuaem
HCTeMy ypaBHeuu#, onpegerutern KOTOpod He pasen myaio. Orcroga

3aKAO4Yaem:
=12...
CP." g EO) g ’ ’ ’ m,
T2 2] (h=1,2,...,m)

K AR

§ 103. Yacramii cayuais 249

INocrezune xe paBemcTsa rOBOPAT, 4TO BbiCKasaHHA® TEOpEMa Clpa-
ReAAHRA.

103. Yacramii cayuwaii: m=n. PaccmoTpum wacTapit cAyuai,
Korza m=n. B oTOM cAyuac HaXOmAEeHHWE Z CROAHTCA K NOCAEHO-
BaTeAbHOMY MHTETpHpPOBAHUIO 7 OGLIKHOBEHHBIX YpaBHeHMH NEpROrO
nopszxa.

JefictBuTeAbHO, B aTOM caydae cuctema (9) mmeeT BHZ

'?1=P1‘_f1(x1, X9y + ooy Xy 2)=O ‘
]

)

0= pp—fu (X1, Xg5 - - ., X,,, 2) =0 J

mpuuYeM CHCTEMa 3aMKHYTa, GCAH 3aMKkHyTa cactema (1)
IMoromum cnavana, uTo ypaBHEHHS CHETEMbl HE 3aBHCAT OT 2. Toraa

90

of. . df;
[on #1= (20 ¥ =~ 3% + 5 =0 (19)
-7
Pasenctsa (19) rosopsar, uto .
dz=fidx,~fadxo-~... |1 dx, (20)

NOAEHE audQepeHuuar H YTO HAXOMZEHHE 2 CBOAHTCS HeNocpesa-
CTBeHHO K KBagpaTypaM. Camoe o6iyjee 3sHauenWe z 3aRUCHT OT OAHOM
NPON3BOABHOK NOCTOSKHOM.

Ecan ypamnenns (9,) 3asucar or z, ro B ypasnennn (20) Mbl umeenm
YpaBHEHHE B TOAHBIX AWQPEePEHUHAAAX, K KOTOPOMY TNPHMEHHMO BCE
CKazaHHOE B IAaBe weTBepTOH. Bermommuas ckasaHHOe B rAaBe ueTsep-
TOW, MBI JOARHbI AAS HaxomaeHns pewenus ypasuenus (20) npexae
Bcero y6eaurben, xak soiTexaer 3 § 49 m 50, uTo cucrema
ypaBrenui '

xp=Ltf L~

_of o _f of _o [®Y
Xz(f)—*—ag"i‘fz 5 =0 - Xu()= ox, Ffu 5 =0
samxrytas. CocraBass ckobky Ilyaccosa ars X; m X, manpumep,
HMeeM

_1 9% ofs _ 0f of; }fﬁ_:_ o of _
)= e g Sh |G —Grn) Lm0,
OTKyZa sicHO, 4ro cuctema (21) samxmyTa. 3aMKHYTOCTH me cHcTeMbl
(21) aocratouno ars cymecTsoBammsa pemenus y ypasnerua (20),
npudem camoe obyiee Takoe pelleHHe 3aBHCHT OT MPOH3BOABHOM I10-
cTORHHOH.

Ecan
fQa xo oo vy 2y 2)
Kakoe-uubyap pemenne cuctemsr (21), T0 z HaXoAUTCA M3 ypaRHEHHUS
f(xh Xoy » v Xy Z)=-‘C-
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Benomunas cxasannoe B § 54, npuxoaum K CASAYIOIIEMY NPaBHAY.
IMoroxum, kak B ToM maparpade, uro cuMBoA (f), obosnauaer

pPesyAbTaT MOACTAHOBKH
= O )
X =00y a0y Xp ==X,

B HekoTopylo QysKum0O f(X), Xp -« ., X, 2).
Toraa wurterpuposarue ypasuenus (20) cBoguTcs K nocaezosa-
TEABHOMY HHTErpHPOBAHHIO Zu((PEPCHIMANOR

d(z),= (foh dxy+(fa)idxg+ ... -+ (fuhdx,, \l
d(z)n_z':"(fn_1)n_2dxn—1+(fn)”_2dxn’ l
-d(@),_, =), _,d%%- )

HuTerpupoBanne NO 3TOH METOAE CBOAHTCHA K HHTErPHPOBAHHIO
ypaBHeHHsA

0z
o h @3)
IpH YCAOBHU
z=(z),, npm x;, = x(10) f (24)
ypaBHeHusA
oz
—(,i—z)i=(fz), (23))
IPH YCAOBEH
(z), = (2), npn x,= xgn) , (24)
ypaBHEeHHA
iz), _,
()xn = (f"' )n -1’ (23n — 1)
fipE YCAOBHH
(2),_,=c npn x”=x§:)). (24,_,)

CAezosaTeAbHO, HHTerpuposanme cHcTeMbi (9,) cBoAMTCS K NOCAEZO-
BaTeAbHOMY WHTerpHposaHuio ypaesenu#t (23, ), (23,_.), ---, (23)

u (23), uto m TpeGoBarOCh AOKA3ATD.

104. Meroza Aarpamxa—[llapne wmrrerpmposamms ypasmeman
¢ ABYMs HEBARHCHMBIMH NepeMeHabMB. YToGH aaTh npuMmep Ha NPH-
AOMECHHES CKasa”HHOIO, yKaxem METOA}’ ANA HHTEI'pHpOBaHﬂH ypaaﬂemm

F(xls X2y Z, P15 Pe) =0 (25)

§ 104. Meroaa Aerpansa -— llapna 251

OT ABYX HE3aBHCHMbIX MEPEMEHHBIX X; H Xp, MO3BOARIOWIYI0 NPOCTO
COCTaBAATH ero noAubii muTerpar. MeTtoja coctomr B mpucOeAHHEHMH
K ypasuenuio (25) ypasnenns

® (x;, Xy 2, Pys P2) =aq, (251)

SABHCAIIEr0 OT NPOH3BOABHOTO MOCTOSIHHOTO @ TaKHM 06pa3zoM, 4TOGH,
Bo-nepenix, ypasnenma (25) n (25,) o6pasoBmiBaAm 6bi 3aMKHYTYIO
cucremy ypasHeHEH u, 4TOGbl, BO-BTOPBIX, YpaBHEHMS (25) u (25y)
6biXM 6b1 aAre6paHvYecKn HE3IABHCUMbl OTHOCHTEADHO p; H Pa.

Ecan ypasuemus (25) m (25,) o6pasyloT 3aMKHYTyiO CHCTeMy, TO
PaBeHCTBO

oF [ 0® oP OF { a® o0
[F,‘D]=0—m(—0;1—+m—5z—)+g’;;(g:‘;+m7{)—

oF oF \ 0® oF oF 0@_
—(FgﬂLPsz)?a';—(?x:Jr"%”az‘)%;—" (20)

ZOAMHO 6mTb creacTEHeM ypashenmit (25) m (25,) mam, Tax kak (235;)
3aBHCHT OT NPOH3BOABHOTO MNOCTOABHOro a, a (26) or mero me samu-
CHT, TO CAeAcTBHEM oaHoro ypasseHus (25).

Ecan ¢@ysxug#s ® takosa, 4TO ypaBHeHHE (26) cobarozeno Tome-
cTeenno, To cucrema (25), (25,) Tem 6onee 6yAeT 3aMKHYTOH.

Hpumeuanue. Ecan cxobka Slxo6u (F, ) TomecTsenHo pasha
HYAIO, TO PO cucTeMy u3 ypasHenuit (25), (25,) rosopst, uTo oma
8 UHBOAIOUUL,
Ecan ycaomue (26) cO6A1048HO TOMECTBEHHO, TO (yHKUMA D (xy,
Xe, Z, P1y P2) PEUICHHE YpaBHEHHA (26), T. e. paBencto (25,) oamm
M3 MHTErpaiAOB CHCTEMbI

dx, _dx __ dp — dp, _
oF = OF — 0F+ oF 0F+ oF
apl dp-z axl Pl 02 ax2 p2 az
dz
oF oF (27)

T. €. CHCTEMBI, ONpeAeAsioel XapaKTEPHCTHUECKHE AMHHH ypaBHe-
aus (23).

Mbt BmaeAn, 9TO PaBEHCTBO

F(xb Xoy Zy P1s p2):h

oaun w3 unTerparos cucremer (27). Ham Hago, caegoBaTeAbHO, HaiiTH
TOABKO eIllé OAMH MHTErpaA BTOH CHCTEMB, aAreGpamiecKH He3aBHCH-
Mbid OTHOCHTEABHO p; M py, OT ypaBHemus (25), uroSpl cBecTH Haxo-
MjeHHe MOAHOrO MHTerpaia K HHTETPHPOBAHUIO ABYX YpaBHesuil mep-
BOrO MOpPAAKa.
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B cayuae, xoraa ypasuenne (25) ue 3aBucmr or z, crobka  Slko6u
[F, ®] obpamaerca B crobxy Ilyaccona. [lo maxomaesmm pemenns
COOTBETCTBYIOWER CHCTEMDI

dx dx. d,
K e R )
opy  Op, Ox; Jx,
pellenne dagaun CBOAMTCS K KBAaApaTypaM.
Mpumepn. 1) Haita noauwtfi murerpan ypasHenus
%o® (X pyt+x2p3) py =242, Pe-
Ypasneune (26) umeer Bua:
(222 x; py —+ x3° po) (%i -+ by ‘3;2 ) + (% py— xy) (% +P2§‘;D) -

ad
— (g% p2—p1) W —(Bx2 py P11 2x x4 p1*—2ps) 'g(g =0.
1 P2

CDYHK!;HH CD, 3aBHCsAIas TOAbBKO OT Xo H Py, YAOBAETBOpsET ypaB-

HEHMIO
N 0P 0o 0
2 3 P15 =Y
Oxy p,
3HAYHT 3a pelleHHe YPaBHEHUA MOXHO B3SAThb

@ =S pl X2.
Cucrema
X2 (xy py - x2p2) pr=z+ x5 2
Xop1=a

3amkuyTas. Pemas orHOCUTEABHO p, M py, HaxOZuUM

a xa®—z
h=-—" p=—=—"—5—.
X, Xo—— X2 @

MHTEFPHPOB&HHE AABHHOI'O ypaBHEHMS CBOJHTCA K BHTETrPpUpOBAHHIO
YCaBHCHHA

2
dz =2 KiaT—z
z X dx,+ Xy — X% xy
MAH ypaBHEHHR
0z a
ox, =-;(2—, z=(z); mpu x,=0
0 (Z) (z) .
dX; - Xg—;aga » (2=5 nmpn x=1.

BmeJmilil HHTQPPHPOBaHHﬂ, Haxo UM
¢ XoQ — ]
Xo Q Xg Xoa

§ 105. Yacrawmit cayuali m=n-}1 253

2) Haiite noasmbifi uuTerpar ypaBHeHHs
Xy py — X, pa— py pa=0. (28)
Bazasa cBOAHTCA K MaXORZCHHIO NOJOGAIOWEro pemeHus ypas-
HEHHsA

0P 0P oD o
(x2— p2) Tox, (~"1""‘Pl)a—x2 +pe )

— =0, (29
P Py Op, 0. 29)

Tax kaxk 04O M3 pemeHHll ypapBHEHms
D= pl2 ’IL pﬁgv
3ajaya CBEJEHA K HHTErpHPOBAHHIO CHCTEMBI B HHBOAIOLMH
xopr— X pa—p1p2=0
pt+pl=a. .

Anre6pamueckoe pemenue BTOH CHCTEMBbI, OAHAKO, HeyAO6HO. 3aMenns
aamHoe ypasHeHue (28) ypaBHeHHEM

P P ’ (28,)
mp 3amennM ypasHerue (29) ypaBueHuem
x 0% — e ._0.9.,_ J‘___?.(?__i. 0P ==0 29
p? 0x, p? Ox ' p Op,  pa Opp %)
KOTOpPOMY yaonneTBOPsieT YHKLHES —5—1— .
1
Baagaua CROZATCHA K MHTErPHPOBAHAIO CHCTEMDI
X3 py— X1 pr— P1P2=0
P17 axy,
KOTOpast 3aMKHYTa, HO HE B MHBOAIOUAH. »

Pewan ee OTHOCHTEABHO Py H p,, HAXOANM
ax, ax?

P17=aXxy, P2=‘ﬁ_x2_a, dz:ax] dxl"l_"lil:a dJCg, z = 5 +

2
ax, b
+ 2(1-ta) +6
B raare ZecsTOH MBI PacmpOCTpaHHM METOZy STOro maparpada Ha
cAyuafi MHOTHX NMEPeMEHHBIX H 3HAYHTEADHO €e MONOAHHM,
105. Yacrasui caysai: m=n-} 1. [loroxum Tenepn, uTo HMeerTcs

cucrema u3 n-} 1 ypaBHeHui
Fy(xpxg -5 Xay 2 P

v p)=0 )

4
J

Fn+1(xla Xoweoy Xyy &y Py« ooy Pa) =0

@)
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TaKasl, 4TO ONPEACAUTECAD

D (F, ..
D (, -

) Fy Fy )
o Pps Z)

31

i

HE PaBeH TOXECTBEHHO HYAIO; IPHNHCAB APTYMEHTAM HEKOTOPhIE Ha-
YaAbHDbIE 3HAuYEHNs, cBssanHbie ypasremmamu (30), Tak, 9To6b! HakaAb- -
HOE 3HaueHHE (31) 6blAO OTAHYHO OT HyAs, pemaem cuctemy (30)

OTHOCHTEABHO Py, -

cHCTEMy
. ?1—P1'—f1(x1,x2,...,xn)=0 ‘
............ . |> (30) *
P = Pn _fm(xlsxﬂl ey Xn) =0 ‘ -
<P=z—f(x1, Koy ov s Xp) =0 J

U3 ckasansoro B § 100 BoiTekaeT, 4TO Mbl MOXEM CHUMTaTh 3ajauy
WHTCTPHPOBAHMSA CHCTEMBI okoH4YeuHofi; Hago 2z, ZAHHOE NOCAEAHWM
ypaeueruem (30°), noaCTaBAATE B OCTaAbHDIE ypaBHEHHs; ECAH BCE OHH

- P z. [loromum, wro npu ®ToM MBI MOAYYHM -

i T T B R g

YAOBAETBROPATCA; TO HaAMH Haltiaeno peLIEeHHuEe CcHCTEMbl; B HpOTKBHOM

CAyYaE CHCTEMa He HMeeT pelleHHH.
Mo:no, oanaxo, aokasars, uro xoraa cHerema (30) BaMKHYTa, TO 2,
AaHHOe nocAeauuM YpasuenueM (30'), HaBepHoe pelleHHe CHCTEMEL.

Hrak, noromum, uto cucrema (30) samxmyrta, T. €., wT0 cxo6km

Hxo6n

BCE PABHBI HYAIO Ha OCHOBAaHMHA YpaBHEHHH CHCTEMBI.
Ecan me1 ycroBuMcs o6o3mnauaTe 3HakoM

(F)=F(x1r X2y .- xmf’ flr . '7fn)

SpesyAbTAT 3aMeHBl B (YHKUHEH F apryMewTos p,, ..., p,, Z 2Hade-

muamu (30°), To ycaosme o samkmyroctn cucremor (30) nepepegerca |

PaBEHCTRAMH

([Fn F}])EO,
Hpﬂqu Mbl MMEcM TOXeCTRa
(F)=0. G=1,2 ..., n, n}1)

Andpdepenunpys nocaesnue TOMECTBA MO X, MOAyYacM, HampPHMep,

3= () + () ax,+2 o) =0

Ox;
[Tpn6asass x npasoit wacTH mocaezHero Toxectsa

{ OF\,
\ Jz :)}z

(32)

Ox,

et R

e

§ 105. Yactumf caysaii m=n-1 255

H BpIYATAs TO M€ CaMO€, NOAYYHM

() () D) e

Tlo raxo#t xe ‘mpuuMHE HMEEM

dF,_ dF2)( 2 0F2 dfk =0. (3%
( dx{ ) + ( 0z f’ + dpk x ( )
Yuuozum Toxmectso (33') Ha( g:‘ ), a rozecteo (33) na ( gﬁ ‘2 )*

BLIGTEM BTOPOE MPOM3BECAEHHE M3 MEPBOTO, AAAMM | BCE 3HAYEHUS OT
1 20 n ¥ CAOXHM MOAyYEHHBIE TOXECTBa.
Bameqax, 9TO0

SN ) () - 2 2 i) (5o) o
;;;yqaem i
e 35,) (25) () () +

ap,,

I

(g 8) o

Bamenss arn yaobcTsa B nocaegHeM paBencTse I uepes [, a Fy
n F, uepes F, u F;, aaem eMmy, BhaeAdsn cymmposaﬂne no / u moab~

3ynch 3ammy-roc'rmo cucremnt (30), Bpm
_a_fk) -
ox, |

SN ) 305

- >z< ) (L -r)=o

)

DS

i1 k=1

0fz

Oxk

apk

[NoAroxuB

(34)
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Mbl MOXeM MNOCACAHEMY PaBEHCTBy JAaTb BH]

OF, ) ) oF, 0
(o) U0+ (o) Ut +
OF, \ yor__ (_9F W —
+( o ) U,,—(—g;—) Ud=o, (35)

Tocareanee jpaBeRCTRO CNpaBeaAHBO NPH BCEX 3HauemmsAx [ H j.

Hagan 1 suavenus 1,2, ..., n, nil, MbI TIOAYYEM CHCTEMY ypaB-
HeHufl, KOTOPOR yAoBAeTROpsiOT OyHkuuu (34) m onpeaeAmTeAb KO-
Topofi pasen 3maueHmro onpegernterd (31) H He pasen TOMecTBeHHO
HYAIO.

Orcroaa 3akaovaeM, 9ro

UP=o0, ((=1,2, ...,n), U?=0.

JaBas B neprom pasenctse j 3mauemns 1,2, ..., n, n4 1, noayuaem
cucteMy us n—1 ypaeuenmft

(4] (£a)+ (35 (2~ )
o+ ()=

Ox,

onpezeAuTeAb KOTOpOH TOT me onpezeanteab (31) u ns xoTopoi
MeXJY NPOYHM NOAydaeM

P
Of s (=12 ..., n)
i

[Tocaeanue pasercTa roropsT, uto
z=f
ecTp, AcficTBHTEAbHO, pemenne crcteMm (30).

106. Teopema Kommn. [Nepexoas k murerpmposanmo cuctemsr (1)
IIOAOXHM, YTO OHa nepeaecaalHa B CHCTEMY:

(?1:P1'—f1(x1’x2,'°-’xn’ 2, Pmy1? -P,,):O

|
l ©
Qm:pm_'f’m(xhx“?" ° "xm’ z, p1n+1’ ce pn)=0 J

n uto cucrema (9) 3amxmyTa,
To o6crosreabctso, uto cmctema (9) 3aMKHyTas, 3aMHCbhIBAETCH

TOXECTBAMH
(i=1,2, ey, m
j=1,2, ey N

B KOTophix 3Hak (F)) 0Go3HauaeT peayAbrar 3aMeHHl Py, Py, - .., P, HX
3HAYEHHAMH, JAHHBIME ypaBHennsmu (9).

({24 ‘Pj]) =0,

§ 106. Teopenma Komn 257
Te opema. Cucmema (9) umeem pewenue, 8 xomopom npu
x1=x£°), Xy veny xm=x(,:): z="8 %y Xpmpor « o1 Xph

we 0(x,, , -, x,) npoussorvnas QyHxyus ee apwymenmos; mpu

3MOM, KOHEHHO, MPEANOAQIACMCA, UMO HAUAALHYBIE SHAYEHUS apLy=
MeHMO8 maxosbl, umo npasvle wacmu ypasuenuii (9) rromoppubl
B6AUSU HUX.

- Tak kak B NPOIIABIX rAaBaX YCTaHOBAEHA CHPABEAAMBOCTD TEOPEMH
&M caydas m= 1, npu JOKasaTeAbBCTBE TEOPEMbl MBI MOXEM HPEA-
noAaraTh, 4TO TEOpeMa CpPaBeAAHMBA, KOrjJa WHCAO ypaBHueumit m — 1.

Hrax, npegnoromum, 4T0 Teopema cnpaBesAHBa, KOTAa YACAO ypas-
Henuii parHo m—1 u aoxameMm, 4TO OHA clnpaBeAAMBA W TOrAa, KOraa
YHCAO ypaBHEHHHA paBHO m.

INpurerynas k AokasaTeAbcTBY, 3aMedaeM HpexAE BCEro, UTO B CKOGKe
Axobn

[on o]

npu i >1, j>1 ue BoinoAHsercs AHPQepeHnuUpOBaHuA NO x; M YTO

de
OHa HE 3aBHCHT OT py. JefcTBETEABHO, OHA MOTAA Gbl 3aBHCETh OT ﬁ,
1

do;
;,cP—" TOABKO B TOM CAyuae, eCAH 6bl QyHRUWH $;,, ¢; 3ABHCEAH OT pj,
X1

gyero HeT, ecam i > 1, j>1.
OTcloAa BBITEKAET, YTO CHCTeMa ypaBHemuil

(P?___—O: ccy (Pm=0
3aMKHYyTa, ecAn 3aMKHyTa cuctema (9), m uTo cucrema
0
(91 =ps—f2 (x(x): Xy vos Xy 25 Pygrs =00 Pn) =0

("?m)l'—pm_fm (x1 y Xos ey Xy 2y Prgyy o0 ey P,,) =0
Takxke 3AMKHYTA.
Haiinem, noApsysico sazauneMm, TO pemenme chcremnt (9)), B KO-
TOPOM NPH
© R () S,
Xg==Xp, +eey X=Xt 2=0 (xm_H, ce X))
[Moaomum

z2="% (xg x3 s Xpp xm_,r_l,...,x”) (36)
a10 pemenne. [lo ycaosnam umeem
ceaX,). (37)
Himem nocae atoro To pemenue nepsoro ypaehenms (9):

¢r=pr—f (X1 Xg -+ s X 2, Py <o P =0, (38)
B KOTOPOM TNpH

© —_—
8 (xxg - X Ky e X)) =0 (2,

— 0, __
Xi=xptz=b (Xg Xz oo s Xy Xpppy o0 er Xy

17 u. 'narep
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[Toromum .
z2=0 (x;, x3 ..., %, Xy o %) (39)
aT0 pemenue. 110 BH6OPY ero mmeem

{ (0) —
Q (X" Xay oves Xy Xpigy -y %)= (xg Xy, ..., X, Xty + - s Xp )y
oTkyaa, Beaeacteue (37):
0 0 ~ 0 0
d (x(1 ), xg)), ceey xﬁn), Xpggp +oos Xg) =9 (x(z)’xs,. . .,x(m), X,

T X)) =
=6 (xm_'_l, Xy po, o vs Xy)e

M3 crasannoro sicuo, uro ¢ymnkuma (39) yaoBAETBOpAET HAYAABHKIM
ycaorusiM teopembl. Mbi zOkameM, 9TO OHa yAOBAETBOPSIET HE TOADKO

neproMy ypaBHeHMio chcTeMbl (9), HO H BCEM OCTAABHbIM ypAaBHEHHAM
aTo#l cucrembl.

[MoacraBasem ans oToro HafiAeHHOE z B (PYHKUMH Oy, ..., P, 3a-
MeHssl B HAX Py, --., P, COOTBETCTBYIOIIMMH [IPOM3BOAHLIMA OT (YHK-
uun . [Toroxpm, 9TO MBI DOAyuMM NpH BTOM

Po=Wy, ..., 9,=0,.

3aecy ®, ..., ®, QYHKUME OT Xy, X3, -.., X,, MPHUEM Kamaas M3
aTtHx QyHkuuii obpamaercs B HyAb Npu x1=xl° , TaK KakK [OCAe TakoH
3aMeHbl CHCTEMA

=0, ..., 9,=0

oSpamaeTcs B CHCTEMY
(QQ)l = 0’ et ((?m)l = O’
a z B ee pelleHne,
Beeaem B paccMorpenne ypasnenns
q’2={?2—m920) vy ‘{’m={?m_wm=0; (40)

KaxAOMY W3 STHX ypaBHeHmB yaoBAeTopseT @ynkims (39), yaosae-
TROpsiloas ypaeHenuto (38); amaunr, Ha ocHoBammmu Teopemn § 101,
9Ta (YHKUHMA YAOBAETBOPAET H KamZOMy M3 ypaBHeHHH

[‘Pb "Pﬂ] =0, [(Pl» ‘!’3] =0, ..., [‘?b bl=0.

Jpyramn caoamm, ecam 3max {F} o6o3HauaeT pe3yAbTAT 3aMeHbI
Ply -+ Pny Z MX BHAYEHHAMH, BoiYHCAeHHBIME no (39), TO

{[(?1’ 41} =0, (i=23, ..., m)

Buibupan ozuo us ypaemenmit (40), maygaem cxobkry {o;, ¥.].
Mpr ameem Ha ocHoBanum cBo#icTB cko6ok fKo6u, ycTaHOBAEHHBIX
B § 37,

o1 4l=loy, o,—0]=[oy, o] —[2;, ®].

Ho
k=n
[o), »]= 0oy - "0_f1 _au)__, ’
0x; Op, O,
k=m-+41
TAK KaK ®, He 3aBUCAT HH OT 2, HH OT Py, Po, - -5 Pye

§ 107. Pemenme sazaun Komm 255
Janee )
_ 9% do, - Oy dy
oo 2= ox, +p 6z Ox, "’P«“az1 +
k=n
+ ( do, do, do, do, )
Op, :dx, op, dx, )’
k=m-1
OTKyZAa
g _ Jo; 09, do, 0%, of,
e AR IR
k=n
Oy \ {de, | [ 9% do, \__ . [
+ {aﬁ-}ld"k} {0pk}{dxk}_mil‘0;}’
k=m-41
TaKk Kak

[ )5 a () +

b S (o) e o

3uaunt
k=mn

llon Wi =— gt > fo) T tafZd =0 ap
k=m-1

Ypaeuesre (41) nmeer pemenwe, B KOTOPOM NpH
0
xy=x o, =0; (42)
HpH BTOM STO pellieHHe ezMHCTBERHOE.

Tax xak ¢ynxkuus ©; ygoraeTBopser ypaeuenmio (41) m yeao-
suio (42), To ©, paBEa HYAI0O TOKECTBEHHO, W60 OYEBHAHO, YTO HYAD
ects pemenne ypaesenus (41), yzosaertsopsiowee ycrosmio (42).

Hrax, ToxecTsenno

“)‘2507 “)SEO; ey mmEO;

oTkyaa fAcHo, 9to (39) ectp pemennme cuctemni (9) M 4rO TEopeMa
AOKa3aHa.

107. Pemenre sagaun Komm. /Jorasannas Teopema HaBoguT Ha
CACAYIOIUYIO METOZy HHTerpHpoBamus cmcteMbl (J)

EcAm uiuercs TO pelneHEe 3aMKHYTOH CHCTEMBbI

o, =p—f1=0, =p—fo==0, ..., ¢=pp—fn=0 (9)

B KOTOPOM MNpHu

— — O — ,® —
X=X,y Xg=1Xp'y ...y X, ==X, 2=8 (Xppp Xpyz ++*s X))

17*
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OTAeAsleM nepBOe YPaBHEHHE CHCTEMbI
oy=p,—f{=0 (38))

H COCTaBAAEM HOBYIO CHCTEMY, 3aMEHHB B OCTAAbHLIX YPaBHEHHAX X,
. .
yepes xﬁ).

[lpumenns 060snauenns, mcnoabsosanmbie B § 34 u 54, mMm no-
AydYaeM cucTeMmy

o) = pa— () =0, (2, =ps—(fe)y =0, --.,

. Pudt = Pm— (fuh =0. )
Oraernem nepsoe ypaBHEHHE CHCTEMBI
(%)= pa—(f2),=0 (382)
M 3aMeHseM B OCTAAbHDIX Xy 4Yepes x(zo). Mnr noayuaem cucremy
(#5)e=ps— (fs)e =0, ..., (Pn)2=pPu—(fu)=0, (92)
OT KOTOPONl CHOBAa OTAEAsieM NEPBOE YPABHEHHE
(95)a =pPs— () =0 (38,)

H NPOAOARAEM TAK ZaAee.
[Tocae m — 2 onepayuit Mn noAyduM cucremy

(Pm—1),_y=Pur— 1), _,=0 }
(¢n),_,=Pu— (), _,=0,
OT KOTOPO# MBI OTAEAHM nepsde ypaBHeHHe
(‘Fm_l)m_zzpm_r—(fm._l)m_2=0 (38m—1)
H 32aMEHHB B INIOCAECAHEM ypanuemm Xon—1 qyepes Xs:)_l
cremy

Om—_s)

, TOAyuYHM cH-

(Cpm)m__1=pm_(fm)m_l=0 (9m_1)

M3 OZHOTO ypaBHEHHA.
Jra unrerpuposanus cucremb (9) Hazo mafith TO pemenue

z= Bm—l (’Ew xm+1’ M 4 xn) (43»1—-1)
ypasuenua (9,,_,), B xoTopoM npu

= 0,
X = Xt 2= 0 (xm+1’ X2 * - xn),
TO pemenne ypaBHeHus (38, ,):
z= ﬁ'm-z (xm—v xm’ cr xu)’ (43”;_2)
B KOTOPOM NpH
— L0
X1 =%, :2=9__ (x,, Xppigp oo x,)

B rax aaree. Haxonen, To pemenuc ypasnenua (38y):

22{)1 (IQ) Xy o- ey X,.),

§ 108. Ilogcranoexka Maeiipa 261
B KOTOPOM NpH
= 50 =98 (
Xy ==X, z=Y (x5 X5 ..., X,)
H TO pemeHue 7
z=9% (x1, x2 ...; x,) (14)
ypasrenns (38,)), B xoropoM npu
0
x=20 1 z="9 (x5 xg ..., X,).

Pemenne (44) nocaeanero ypasHeHHs GyZeT HCKOMbBIM. pelleHHEM
cucremn (9).

[lpn muTerpuposanmn ypasuenus (9, ) nO yKasaHHRIM HaYaAb-
HBIM YCAOBHAM NpHZeTcH, 1O cxeme § 94, moAb3oBaTbCA HMHTErparoOM

Mo,

(0) ©) © __ ©)___ —
Xy =Xy s Xy g Uy +eey X, =1, zo=10 (”m+v cauy)
o8 ab
PO ==L
m+1 aum_H ’ > n Ju,, (45)
© __ © © a9 dh
pm —-fm (XI,XQ, ...,Xm, u1n-|-1’ sy un, m, ey au”

H ecAH Qyukuus ( fm)m , TOAOMOp()HA BOAH3H HEKOTOPHIX SHaYeHHI

0
X0, Xppgrr +o > Xy T Pyygy =+ o2 Py (46)
. (n— m)
npanairexamux aromy M , TO, IO CKa3aHHOMY B TOM e maparpade,
pemenue (43, _,)6yaer cymecTBoBaTb: KOB(QUIHCHT IpH P, B ypas-
mennn (9, ;) pasen eannmge. [Iposormas mepebuparp ypasueHHs
(38,,_5) ---» (38), ybeaumcs, 4TO yCAOBHEM CYIIECTBOBaHHA y HHX pe-
WeHns SABAACTCA Takae roroMopuocrb @yuxunit (f,_ ), _s-- - (folo
(f), ©6ausH Tex me HauaAbHBIX 3HaueHud aprymenros (46) m apry-
MEHTOB Xi, Xg, «.+, X,, 13 HadaAbHble 3HaueHHA aprymentos (46) me
MEHSIOTCS [pH Nepexoze OT OZHOro u3 murerparos (45) k apyromy.
Taxum o6pasom Bamuelimee 3HaYeHHE 7§PH pPEIEHHH BOMNPOCA
0 CyIecTBOBaHHH y AaHHOR cucremnl (1) pemenus, yaoeaersopsatomero
MOCTABACHHBIM YCAOBHSIM, HMEET H3y4YeHHe ONPEACAHTEAR
DF,Fy. . F).
b
Dipipos - spy)
£CAH OH HE PaBEH HYAIO IPH HEKOTOPHIX, ONPEACACHHHBIX HHTErPaAOM
M®™ ™™, HauaAbHbIX 3HAYCHHAX APTYMEHTOB Xi, Xy, .., X,y ApTYMEHTOB
(46) ¥ COOTBETCTBYIOIUMX HM 3HAYEHMAX Py, ..., p,, HalZeHHBIX H3
ypasrenuit (1), TO HCKOMOe pemieHHe CyUIECTBYET.

108. Hoxcranosxa Maikiepa. Beeaem, kak B § 35, mosbie uesasm-
CHMbie NEPEMEHHbIE, OAOKHUB

X1=x(10)+yhx2=x(20)+yly2’ “_,xm=x,£:?+!]1ym' - (47)

COXpaHAs HE3aBHCHMbIC NEepeMEHHDbIE .l’m+1, xm+2, caey X

(10)
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O6o3nauan GyxsamH g, ¢s, ..., ¢, OPOH3BOAHDIE IO HOBLIM Hesa-
BHCHMbIM N€pPEMEHHbIM, HMeeM

G =p1tPo¥at - -+ P s
92 P2l G3=P8Y1s + 39 =P Y1 (48)
Imt1 = P10+ *7 Gn = Pn-
B HOBBJX NEPEMEHHBIX CHCTeMa (9) umeer Bua:

. n=h+rfy+ -+ fuln }
2=fa¥y o =[5
CYMTadA, KOHEYHO, HYTO B (YHKUHAX f, BLIIOAHEHA 3aMeHa, COOTBET-
creyomas gopmyram (47) u (48).
Tak kak npu x; = x;” Mo umeem y, =0, MbI MOAydaeM, NpHMenss

k cucreme (49) mpoyecc npomaoro naparpaga, 4TO ee HHTErPHPOBAHHE
CBOAATCA K MHTErpMPOBAHHUIO YPABHEHHS

a=fi+hy+ - Ffouln ‘ (50)

q2=0) q3=0’ ey q,,,:O- (51)

Cucremy (51) Hago mHTerpuposaTh NpH YCAOBHH:

npH x2=xg)), ceny xm=x£:);z=6 (=,

(49)

H CHCTEMbl

1yt x,)-
Ee pemenne, yzoBAeTBOpsiioylee 8TOMY YCAOBHIO:
z=0 (xm+1, gz *o0s X (52)

Chreaosareabro, 3axaua HHTErpHPOBaHHA CHCTeMb {9) CBejeHA K HHTE-
rpuposanuio ypapuenns (50) npu ycaosmm:

npu y, =0 z=6(xm+|, Xpyt29 ...,xn)

M, KOHEYHO, K BOSBPAILEHHIO K CTAPLIM NEpEeMEHHbIM. DTO BaKAIOHUEHHE
nasniBaetcs reopemoit C. An.

109. Npumep. Hafitu pemenne cucrembi

P1ps— X x3=0, p2p,—xx,=0, (53)
yAOBAETBOPSIOLIEE YCAOBHIO
z=mxg-tnx;+r, ecam x =0, x,==0, (54)

rae m, n, r ODOCTOSHHBIE,
[To naany § 107 Mot goaxubl cHavara HalTH pelleHHe ypaBHeHHA
Pap,— X, =0 (55)
OpH YCAOBHH
z=mxz--nx,~+r, ecAm x;=0. (56)

Tax kak ypaemenne (55) He 3aBMCHT HH OT Xy, HHM OT Py, TO NPH €rO
HHTETPHPOBAHHH MONHO CUHTATb X3 H Py IOCTOSHHLIMH M 3aMEHHTD
ycaosre (56) ycaosuem

z=nx,}+r, ecau x=0, rae r=nx-}r. (56")

§ 109. Ilpumep 263
Ypasnenus, onpeaersouue Xapakrepucraueckue AHHHM aAa (55):
deo _ dx, ___dpy ___ dp, __dz
Ps P2 X X 2papy

COC].'LHHH}! nepBoe H 4YeTBEpTOE OTHOIICHMA, a TakKXe BTOpOE B TpeTbe,
[IOAy4YaeM JBa HHTErpaaia:

0)2 0)2 0)2 0)%
pt—ax=pl" —x", pp—x2=p" —x. (7

BocnoabzoBasmuch ypasnenueM (55), W3 paBeHCTBa NEPBOro, TPEThEro
M NATOrO OTHOWEHHH moaydaeM

psdxy  xodpy dz _ _dxp,—dz
- PaPy T xexy  paputxax, 0 '
OTKyZa 3aKAIOYaeM, HTO
Z-—XgPa= Zo—xg’) P(zO)- (57,)

Takum e 06pasoM HaXOAHM H MOCAezHuil HHTerpaa
Z— Xy Py = zo—xio) p(f) . (57,)
Hurerpar M W orpevaromuit ocuopanuio (56'), HMeeT BHA
x(zo) =0, x(f) =u, zog=nu—+r, pio) =n, pgo) =0.

3HauUT ACKOMOE peNIeHHE HAXOXHM, HCKAKOYaA py, p, U H3 ypas-

HEeHH . . .
pE—xf=n3 pPf—x’=—u

z—xgpy=nu-}r, z—x,py=nu-tr—nu=r.
Mcxomplil pesyabraT ACKAIOMECHHS

Z=X4Vn2+Xzz+n

z=mxy-—x, Vit x2-r

QOcraeTca HHTErpUPOBATDh ypaBHEHHE

HAH

p1Ps— xy x3=0 (559
OpH YCAOBHH

ze=mxg+x, Vit x2t-r, ecam x,=0. (58)

Tak xax ypasHeuwe (55;) He 3aBHCHT OT X, H p, MOCAejHEE YCAOBHE
MOKHO 3aMCHHTh YCAOBHEM:

z=mxs—r, ecam x=0, rae rn=x Va2 x2+r (58)

Tax kax ypamuenme (55,) BNOAHE aHAAOTHYHO YPaBHEHHIO (55), moxem
cpasy HANHCATb, YTO HCKOMOE pellEHHEe ero:

Z2=Xg Vmetx2+n
z=x Vm2F x2+x V-t xl2+r (59)

HAK
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110. Mpeo6pasosanne CHCTeME! B HeSaBHCHIOYI0 OT z. B sakaio-
YeHHe 3aMETHM, YTO KOTJA ZaHAa 3aMKHYTas CHCTeMa

. Fi(xpXp - s X0y 2, Py P2+ - s Pa) =0

Fm(xlvx2’ ey Xy Zy P1y Pay -+ -5 Pn) =0
Mbl MOXEM, OTbICKHBAA BMECTO Z ypaBHeHPle

! W (x1, Xoy « oy X, 2)==0, (60)

KROTOPOMY L: YAOBAETBOPACT, 3aMCHHTh €€ HHTCTPDHPOBAHHE HHTErPHPO~

BaHHeM 3aMKHYTON CHCTeMbi, He cogepxaiell ABHO HeusBeCTHOH QYHKIHM.
IMoBTopas ckasannoe B § 78, Mbl yBHAHM, YTO, OTBICKHBAS peieHHE

CHCTEMDI

ow ow
0

Fl xl’xa""’xmz,_%, ey g);& =0
0z 0z

D (61)

ow ow
o 0

F, xl,xg,...,x,,,z,——g%—, ...,—7‘@_ =0
oz 174

M Haxoas z us ypapHenHs (60), Mbi TepacM TOAbKO OcOGeHHbiE peme-
gus cucremn (1).

Jleficreutenbno, Beakoe pemenne cucremb (1), koropoe mnoay-
4aeTCA H3 €e PCLICHH:A, 3ABHCALIETO0 OT HEKOTOPOrO NapaMeTpa, MOMeT
6biTh Boccrancsaeno. Ecam ypasmenne (60) noayuaercsa us ypaBHenHs

w (xl Xay neey Xy z)==a, (601)
aaroniero pemenne cucrempl (1) samenowo o myrem, TO Qynxmms W
TOMECTBEHHO YZOBAETBOPAET KamaOMy H3 ypasHenuit (61); stu ypas-
HeHHAl, HMEHHO, He 3aBHCAT OT d. OcoGeHHbIMH Xe pemeHHAMH B CAY-
Yae CHCTeMbl HeAHHEAHBIX YpaBHeHHHl, TaK ke, KaK H B CAydYae cH-
CTeMbl AHHeflHbIX ypaBHeHHH, HasbIBaIOT Te pEINEHHA, KOTOphie He
HUpHHAZAERAT ceMeHCTBY peillenmil, 3aBHCAILMX OT mapaMeTpa.
3amkryTocTh cucrembl (61) BhiTexkaer m3 ycraHoBAennoro B § 43.

TAABA ZEBATAA.

0 NNOAHOM HHTEIrPAAE AATPAHNSA B CAYYAE CHCTEMbDI
YPABHEHHA.

111. Ocnoernie onpeaerenun. [loromum, zana 3amxuyTas CHCTeMa -

H3 m ypaBHeHmil B BHZE
Fxy, xo .. 5%, 2, Pu Py -+ -5 Pr)=0
. Ce )
,pﬂ):O

Fm(xl! X2y e vy Xpy 2y, P1, Poyooe -

§ 111. Ocuornne onpeaerenus 265

HAH B BHJE

e=pi—fi (X0 Xe, o3 Xy Z, Pt 1y - -y P) =0

P A ) « s e . e e 4 4 s s e =

(?mzpm'—fm(xv X2y a3 Xy 25 Py t1s o 0oy Pn)=0

‘H MOAQXHM, UTO Hafigzeno ee peuicade

2=V (X}, Xg ++vy Xpy At1y +++3 Gus @) 3
3aBucsiee OT 71— m -1 NPOH3BOABHBIX MOCTOSIHHBIX
Ayt An+2 --+ Ay A (4)

OTbiCKHBas NPOUIBOZHBIE OT Z MO Xj, Xg, - « -5 Xy, IPHCOEANHKM K ypaB-
meunio (3) ypaBHeHus
Vv A4 _ov ®)
P17 axl ’ Pe——‘a}‘;, veey Pm T axln
oV v A% 5
T Pete= g PaT g (&)

»

pm+l=

TMoroxum, uro us n-1 ypasuenuit (3), (5) u (5') momuo BhIZE-
Autb n—m-}1 Tak, 4T06bl M3 HMX MOXHO ObiA0 HalttH mO-
crosuubie (4).B arom cAyuae pemenne (3) HasbiBa€TCA MOAHBIM HHTETpPa-
aom cucremn (1), coorsercteenno cucremn (2).

Hafiga ns mexoropuix n—m-+1 ypasuennt (3), (5) u (5') mo-
crosuubie (4) H NOACTABHB HX B OCTaBIIHECs YPABHEHHS, Mbl NOAYYHM
CHCTEMY YPaBHEHHA B YaCTHBIX MPOHSBOZHDIX, KOTOpaf DPABHOCHALHA
AaHHOM.

JefcTeaTeAbno, o6osnaunm uepes (A) rpynny Hs apryMeHTOB

Z, P1s c+vs Pmr Pm+1 <5 Pns (6)

HCIOAb3OBAHHBIX TMpPH HaxomaeHmm mocrosuubix (4), wepes (B) rpymmy
u3 ocrarbHbix aprymentos (6). .

Us ypasuennit (3), (5) u (5'), aaomux arementnt (A), mocrosu-
#bix (4) mekaountp Heanssl. lloacraBass maiizennble 3saueHHs 1o~
CTOAHHLIX B ypaBhenusi rpynmbi (B), Mbi noayunM yxasammyio cecreMy
ypaBHEHAN B YaCTHBIX NMPOH3BOZHBIX.

3ameuaeM NpexJe BCEro, 9TO yKa3saHHas CHCTEMa COCTOMT H3 aAre-
6paHueCKH HE3aBHCHMDBIX YpaBHEHHH: ee ypaBHEHN:, UMEHHO, PemICHDI
oTHOCHTeAbHO aAemenros rpynmut (B), a nmpasbie wacrm stux ypasue-
HHIi 3ABHCAT TOAbKO OT aAemenToB rpynmnt (A)

EcAm 6bf moayueHHas CHcTEMa He 6p1Aa 6bl PaBHOCHAbHA AaHHOH,
TO MOCAE MCKAIOYEHHs M3 JAHHHIX YpaBHeHuH, NpYU ee MOMOWLH, BAe-
menros rpynnst (B), moAyunaacp 6bl He TOmeCTBEHHAs 3aBHCHUMOCTb
Mexay aAemeHTamu rpynnbi (A). DTa 3aBHCHMOCTb AOAmHA 06paIIaTHCA
B TOXECTBO NOCAe 3aMeHnl aAeMeHTOB rpynnbl (A) HX 3HaueHHAMH,
zamnpve ypasrenusmu (3), (5) u (5'), Tak xax (3) pewenne AanHOH
CHCTeMbl; HO TaKOE B3aKAIOUEHHE TFOBOPHAO 6bl, UTO H3 ypaBHeHHH
rpymnb (A) MOXHO HCKAIOMHTD NOCTOAHHbIC (4), YTO HEBOIMOXKHO MO
npeANOAOKEHHIO.
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Jannoe onpeaeaenne spasierca ob6o6mennem onpexerenua § 57.
[pnmep § 57 a0CTaTO4HO nNOsCHAET, YTO HE BCAKOE pEHICHHE CH-
cremn (1) vam (2) w3 m ypasuenufl, saBucsmee or n—m-}1 napa-
METPOB, MOXET ObiTb HASBAHO NMOAHBIM HHTErPAAOM CHCTEMBI.

Bamernm, oxuako, uTo ecan (3) To pemenne cucreme: (2), B KoTO-
pom npH

xl=x(10), e Xy =12 1 z—a I

, m m m+1xm+1+ s 'T‘a»x»_*_a) (7)
1o (3) HaBepHOEe MOAHBIH MHTerpan cucrembl (2).
JefictBureAbHO, B 3TOM CAyuae npH

ypaeuennn (3), (5') obpamatorcs B
2=y 41Xy +1 + v —}—a,,x,,—-}—a, Put+1=8Cn+1, - Py=—4a,

¥, OYEBHZHO, PA3PEIIMMBI OTHOCHTEABHO NapaMeTpos (4
i p pos (4), CaegosaTeAnHo
oy R NPM [POM3BOALHBIX 3HAYEHHAX Xi, Xz, ..., X
JOABHDl AONYCKATb pPEIIEHHE OTHOCHTEABHO 3THX NapaMeTPos.
3 CKa3aHHOTO, HalpHMeEp, sjACHO, 4TO HafAzennoe Hamu B § 109

peurenne
z=x; Vm2+x2+x, Vit +x2-1,

pps— x1x3 =0, Pops— Xg%, =0

m

CHCTEMbI

ecTb ee MOAHBIl MHTEerpaa.
B § 107 mm nokasaam, uro cucrema(3)umeer pemenue, yAoBAeTBO-
pstomiee yeaosuio (7), eCAH, KOHEYHO, HAYAABHBIE 3HAYEHHA xlo), co X9
m
BbiGpanbl Tak, 4ToGbt ypaBHeuns (2) ocTaBaAHCh TOAOMOP(QHLIME BOGAH3K

uux. Fls aroro BbiTexaer, 4ro BCAKOR 3aMKHYTOH CHCTEME MOXHO NpH-
BECTH B COOTBETCTEHE NIOAHKIH MHTErpaA.

Ecan, menan us6emarp ynorpe6AesHs MHOTOSHAUHBIX (DYHKIHH, MbI
BMeCTO TOro, 4yto6bi 3ajaBaTb z ypaBHeHHeM (3), 3agag¥M ero HesBHO
ypaBHeHHEM

W(xl, Xy + ..y xn) z, am+1, caey Uy, Q)ZO) (3,)

Mbl_ MONEM, NPH HaAHYHH YPaBHEHHA (3'), samenuts ypasuenus (5)
u (5') ypasueruamu

ow |, oW ow ow

Oz P Z’:\‘_‘T:O’ ey a’;Pm“l_E:O (54.)
ow ~ ow oW oW -
5y Pmti Fm=0, S (;-Z“Pn—i—-djc;“:o; (5.)

ypasuenun (5,), (5,), xoneuno, mepegaror npousmogubie OT z TOABKO
NOCAE HCKAIOUEHHA H3 BHMX z Npu NOoCPeacTBe ypasHenus (3'); Ho mpu-
nucaB ¥ HuM ypasHenue (3) M HMes B BHAY, YTO HCKAIOYEHHIO MOJAAS-
XarT @, +4, ..., 4, G, Mbl MOXeM COXpaHHTb HX B BHAe (3,).

B saxAiouenHe yKakeM Ha HeKOTOpBIE YACTHhIE CAyHaH.

§ 112. Tlpuwmepn. 267

Fean cucrema (1) paspemmma OTHOCHTEABHO NPOHBBOAHBIX Py,
Pos- - - Pm WAH HENOCPEACTBEHHO AaHA B BHAE (2), 10 ypasremus (3)
¥ (5') AoAZHBl 6bITb Pa3PENIMMbI OTHOCHTEABHO MOCTOSHMLIX (4); nuaue
13 HHX MOXHO GbIAO Obl BTH MOCTOAHHDIE HCKAIOUHTD B HaliTH 3aBMCH-

MOCTDb, HE COAEPEAIIYIO Py, Poy -+ s Pme
B yxasanHOM cAyyae AkOGHAH
( oV oV oV )
D ’ y 0——
0%y +1 OXm+9 Xn (8)
D(am"l'l! AQpt - an)

He TOXECTBEHHO HYAb NpH noaoGalomell HyMEPauHH aPryMeHTOB (4).
Us ckasauHoro B § 57 scHO, YTO OH paBeH AKOGHAHY

(“aV oV 0_[/_)
0dpyy ' Oa,4q’ " " Oa,] (8"
D(x,,.+1. X+ o+ xn)

TlosTopas paccysaenun § 57, Mb MozeM yGeaAHTbCs, WTO B CAy€ae,
koraa ypapuenns cuctembr (1) He 3aBHCAT OT 2, HIOAHOMY HHTETpary 3)
MOXHO NPHJATH BHA

z2=V(x, Xo o+« os Xp»p Aty = = = a,)+a (3.)
B KOTOPOM OAHA H3 MOCTOSHHBIX BXOZHT aAAMTHBHO.

Bo-nepemx, Tak Kak BMecTe ¢ AGHIM z Takme H z—ad' pemeHHe
CHCTEMBI B 3TOM CAydae, ypapHeHEE (3) MOXHO 33aMEHHTh YPABHEHHEM

z,= V(xl) Xyy ooy Xps Ap+1 - - Ay (1)+a’; .

po-eTOpbiX 3 ypasmeunft (5) m (5') moxuo HaliTH TOABKO n—m
aprymenTos (4) u, 3HaYWT, OAUH H3 HMX MOXKHO 3AMCHMTD onpejcAcH-
HbIM TIOCTOSHHDIM HHCAOM.

112. Npumepni. MeToaa oTaeAcHHN NEpPeMEHHLIX. Ha npumepax
§ 58 mbt mMeAn CAyuait y6eAHTbCH, UTO B HCKOTOPDLIX CAyuasx co-
CTABACHHE TOAHOTO HHTErpaia He NpeiCTaBAsEeT 3aTPyAHCHHH. Mmui
yKaxeM B 9TOM Naparpage OZHH NPUEM oblero xapakrepa, o6aeryarolui
HaxomAeHAE Takoro MHTerpara. Msi Gyzem NpH aTOM MPEANOAArarb,
YTO ypaBHEHHs CHCTEMbl He 3aBHCAT OT Z.

YCAOBHMCS TOBOPUTh, 4TO B (YHKEHAX ¢ M ¢ NepeMecHHbie OTAE
AGHbI, €CAH (PYHKUIHs ¢ 3aBHCHT TOAbDKO OT TeX map

(1, p1), (xo Pg); cees (X Pu) ) (9)

OT KOTOPBIX § He 3aBHCHT.

Toraa

(e, H=0;

HocAeaHee ACHO H3 TOTO, YTO B ckobke [lyaccona mpoussoznas no X,
ot ¢ Bcerja MOMHOXAETCA Ha IPOH3BOAHYIO ¢ NO p;, KOTOPaA B oaHO#
nape ¢ X

CAea0BATCADHO CHCTEMSE

0= 0, d{ =0

3aMKRvVTasd.



268 Ta. IX. O noasom murerpare Aanrpanza s cayuae cueremm

3aiiMeMca CAydaeM OZHOTO ypaBHEHH:

f(xl) X2y veey Xpy Ply P« oy p»)=0' (10)

Tloromem, wuTo YMHOZ3A ypaBHEHHE Ha HEKOTOPYIO (YHKUHIO OT
aprymMeHroB X, p, i=1, 2, ..., n, Mo®HO ZaTb eMy BHA

P-(D(Xj, Pj; P P2 .- (Pk)-:o)' (10,)

rae B QYHKUHMAX
H P Par -- 0y P
napui (9) oraerenn: Zpyr or apyra u or nap, OCTABIIMXCS ABHO B ®,

Mnt maftzem noanerii uHrerpaa ypassenus (10), mafigsn noausie aate-
TPaAbl YpaBHEHHH
L

Y =a, =a ..., ¢=a, 11)
o(x;, p;, @, ag, ..., @) =0, (11)
B KOTOPLIX @j, @), ..., @) NPOHSBOAbHBIE MOCTOAHHBIE.
Ecaun
2=V 4b, z=V,-}by, ..., z=V,--8b,
NOAHbBle HHTerpaiwmi ypapHenuft (11), a
z= V() + a,
NOAHDIH muTerpaA ypasrenus (11°), ro nouvii murerpar ypapuenns (10):
2=Vot-Vid- Vot .. + Vit ap (12)

JleficTBuTEeADHO, €CAH (YHKUHA ¢, SaBHCHT OT X

, S+1’ MRS | xl’ TO
ypasuenns (5) 1 (5') cocrasaenn us pasencrs

ov; .
Pi= gy s echm s+1LiL (13)
J .
Orcrona acuo, uro (12) pemenne ypasuenns
¢ = a;. (14)
Hs pasencre (13) moxuo mafitu Bce MOCTOSAHHbIE MHTETpara
z=1V,,

KpoMe agauTusHOR b,; pasencrtso (14) npezcrabaser PE3YABTAT HCKAO-
yenHs us ypasuennit (13); rax kax (14) aaer a,, scwo, uro us ypas-
neunit (13) moxuo madite Bce nocrosumbie, Bxogamme B V, na,. Tax
xak (12) yaosaereopser kampomy us ypasrennit (11) u (11'), z ects pe-
menne ypasuenns (10); ypaewenus, coorsercrsyomme (5) z (5'), no
BbIACHEHHOMY A3IOT BOSMOXHOCTb HaliTH BCE NOCTOSHHbIE, BXOAAUIHE
B Vo, Vi, ..., V3 umca0 koropmx n—k—1 m nocrosmnane
"aj, @y ...,q,, YACAO KOTOPHX Kk, MOCAezHEH NOCTOAHHON B (12) ns-
AAETCS Qo BHAUMT z AeACTBHTEALHO NMOAHbIA WHTerpaa ypaeuenns (10).

Aas cucremnt (11), (11°) pasencrso (12) caymur noAnbiM HHTErpa-
aom. B (12), umenno, kpome g, ..., a,, uMeercs ewe n—k npowus-
BOABHBIX TOCTOAHHBIX; YHCAO %€ NPOH3BOABHBIX MOCTOAHHBIX, BXOZA-
IWMX B NOAHbIH HHTErpar cucremmt W3 k--1 ypasmenuit pasmo

n—k—14+1=n—=k

§ 112, Tlpumepnt 269

O6patno, Beakuft noausiit uuTerpaa cucremor (11), (11°) cayzur
HOAHBIM HEHTerparoM ypaeseus (10); yaosaersopss ypaBHEHHAM CH-
cremn (11) = (11'), oum yaosaersopser u ypasmenmio (10), xoropoe
ABASETCA CAGACTBHEM YPaBHEHHH CHCTEMbI.

Tepswit 1 Tpetnit npumepn § 58 mocrpoeHm mpu nomoumy ykasaH-

. HBIX coobGpamxenuii.

PaccuoTpum eme ozuu npuMep, 3anmMcTsys ero u3 kuurx B.T. Mm-

IIEHELKOro.
[Tpumep. Haitu noruwifi murerpar ypaBnenus

1 {0z \2 0z (10z | 0z ) 2 (az )‘2
== |5= — =4+ )+ x’xnl5—). A5
z_xl (dxl) +x26x2 (xl Odx, +0x3 +xa' Ox, )
OrbickHBas BMeCTO z ypaBHeHWe, ero Jawliee,
W(x, x3 -+, %, 2)=0
H 0603Hauas 4epes p;, Ps, Ps, Ps NPoHsBozHbE ot W mo x, X3 x; 2,
noaywaem ars W ypasnenme

2 ' /,
zp42 e £1_+x2p2 (% + ps) +x22x3p22' (15 )

Xy
Mepemennnie (z, p,) u (xops) OTAeAsIOTCA OT OCTaAbHbIX. [loromus

zpld=ay, XoPg == dg, (16)

NnoAyvaeM ypaBHEHHE
2
P P1 [ By =—
xl + ay % QyPy a,“Xs ay -
1 1 :

B nocaezuem ypasuennn napwi (xy, py), (x3, ps) Takme orzereHbl.
Ero murerpar SHaudT HailzeM, NOAOKMB

2 ,
£1—+02£1‘=au @pst agtxy=ay— a. (16)
Xy X1

Moaume uurerparm ypasuennit (16) u (16’) coorsercraenno:

W=2Vaz+b, W=alogx,~by
s 2 1 a® 3
W=—%2X1+-3—;1; I/(T"l—axxl) + b

9
a—a Q"
=T T g xg? a5

Buagur 5 1 e
_ » a
W=2V az+ aglogxg—%- X1+'3‘ o 1/(—[:——}—01):1) +
a,—a as?
+ 2 a : xs-—-g—x?)?-{—%.

Tpupapuss W uyao usamenns a, eamumyefi, Aerko ybeaurbes, 9To
us ypasuemnit (3), (5) u(5’), coorBeTcTByIOIHUX HallACHHOMY HHTErpaAY,
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MOX%HO HAafiTH a@;, o, @3- JHAUHT TO Z, KOTOPOE TAKHM o6pa3omM MOxer
6biTb Hafizeno, noARbI HHTerpan ypasuenus (10).

IMoromum remepn, uro B Goree obmeM cayuae cucrema (1) us m
ypaBHEHHH MOXET OLITb 3aMeHena CHCTeMOH u3 m, ypaBHeHui, pacna-
aaloieHca HA HECKOADKO SANKHYTBIX CHCTEM, CBSISHIBAIOLIAX TPYIIbI

nap (9) Taxum 06pazoM, 9TO mapbi HEKOTOPOH rPYNILI, BCTPEUYAIOUIUECS

B OZHOH H3 CHCTEM, He BCTPEHYAIOTCA B ZPYTrHX. [lOAOXHM, YTO HOBas
CHCTEMAa 3aBHCHT OT mM,~—m mnapamMeTpoOB TakHM O6PasoM, uTO,
¢ oanoH c'r:ﬁonm, 9TH BCE€ mMapaMeTpnl MOTYT ObiTb HaiizeHbl, ¢ Apyroi
cTOpOHDl, cTapas cHcreMa (1) noaydaercs HcKAlOueHHEM oTHX mapa-
METPOB.

Toraa noanbifi HHTerpaa HOBOH CHCTEMBI BMECTE ¢ TeM H NMOAHDIH
WHTErpaA CTapoi; NPH 2TOM Takoii NOAEDIE HHTerpaa Momer GbiTb
HafileH CAOKCGHHEM [IPABDIX 4YacTedl NOAHBIX HHTErpaAOB OTZAEAbHBIX
CHCTEM H 3aMEHOIO CYMMDBI aJZHTHBHBIX NOCTOSHHBIX OZHOIO.

Hanpuwuep, nepenncas cucremy § 109 B suge

PiPs__4_. P2 Py 4. .
X; Xxg 1=0, Xy Xy 1=0,

MbI MOXEM 3aMEHHTb €€ CHCTeMOk
P pp 1 Py

—=a, = 2 =

Xy Xg a, Xg Xy ay

P2__, P __ 1

ToAnbie HHTErpaAbl OTAEAbHBIX CHCTEM:

a, 1 x,?
e=Baite, z=1
N 1

11 .
z=> a4x4 oy

1
2= ayx,2 -} ag,

Tloarwrit HHTErpaa AAHHOM CHCTEMB!:
&g 1% 1 . 11,
z 2 X4 —‘_ 2 a, + 2 Xy _l_ 2 a, Xy +l13.

113. Haxomzgenme pememmii mo moAmomy murerpary. Jlaas
B paBedcTBe (3) mAm (B'f NOCTOAHHBIM Q,, . 1 @y, 10y ---5 @,, G pas-
AMUHBIE 3HAYEHHs, Mbl TMOAYYaeM pasiuuHble pemenus cHcremm (1).
Ho xpome arux pemenmii, xax u B caygae oamoro ypasmenus, Hs
MOAHOTO MHTErpaAa MOMHO MOAYYaTb pelleHHA, SaMEHSA apTyMEHThI
Quipr -+ Gy @ QYHKOHAMH OT Xpy « .., X,.

OcranoBuMcs, AAS ONpeJeAEHHOCTH, Ha CAydae, KOTAa CHCTEMa 1)
npHBeAcHa k BUAY (2), a NOAHbE MHTerpar Aan B BHze (3).

Yparuenns (2) norywarorcs NyTeM HaXOBACHHA @y, . 1, -+ @, &

v3 ypasuenn® (3)u(5") u nogcranoBkoft HafizeHubix sHauenuil B ypas-
uenns (5).

JHauuT, €CAH MBI BMECTO a,, 415 -++» @ @ NoacTaBHM B (5) Ta-
KHe QYHKUHH OT X, Xy ..., X,, 4TOGb paBencrBa (5) m (5') ocrasa-
AHMCh CNPABEJAHBBIMH, Z OCTAHETCA PEMISHHEM CHCTEMDI.

B
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Jugpgepenuupyn (3), ae cunTam @,y -+ dy @ NOCTOAHALIMH M
samenssi dz ero 3HayYeHHEM, HMEEM )
‘ diy =2 e, ..+ dx, -
pl‘.ixl_}_"‘_‘—pn xn_"az Xy e Ox, n
ov OV g 1OV 7
+mddm+1*{‘—... +da,,da"+da da. ( )
Tlpu maamumu pasencrsa (17) pasencraa (5) = (5") ocratorca cnpa-
BEAAHBLIMH, €CAH oy oy
A% oV oV ,.—o. NB
mdam+l+"'+dd”da”+dd da ( )
Vs nocaeauero pasencrsa, Kak B § 59, Mbl MOXEM 33aKAIOUHTD,
uro aprymentbl (4) cBszanbl, BoOGWe rosops, o kpaiineit mepe ozHOH
sapHcHMOcTp0. JleficTBHTeADHO, NOACTABAAR B (NB) BmMecro audde-
PCHIMAAOB STHX aPIYMeHTOB HX 3HAYEHHA W MPHPABHHBAA HYAIO KO-

sqquuuentor apu dxy, ..., dx,, MOAyHaeMm
oV 9a,., oV da, OV da___
W Tmiiy 45t =0
Oa,, ., Ox; da,, 0x, a Ox;
oV __ ay, oV da, | OV da__,

dar drn T Ve ax, e ox,

Hs pasencts (18) 3akarouaeM, UTO HAH BCE OMPEAEAHTEAH LOPSIAKA
n— m-+1 Tabanub

‘ dam—l—l aa” .a_.a_. ‘

i ——ax1 s seey dxl , dxl
e e (19)

. éa;" . 1. ... .dc;n. o

| o, v Ox O,

paBHBI HYAI0, HAM CIPABEAAWBb PABEHCTBA

oV ov ov 2
V_ —o... =0, =0 (20)

da,, . . ’ ’ da,, da

Ecam cnpaBeaauent pasencrsa (20), To Hafizennoe pelleHHe Mbl
GyAeM HasbiBATb OCOOGENHDIM. 19

Ecau paBHbI HYAIO BCE YKasaHHbie ONMPEACAHTEAH ra6aunm (19),
1o aprymentnt (4) cBssambl IO Kpainedl mepe OaHO 3aBHCHMOCTDIO,
YTO Mbl H YTBEPEAAAH. |

[ToroxHM, uTo OHH CBsf3aHbI k-1 3aBHCHMOCTSMH

a=8(am+k+1, LIRS ] an)

am-}—l'—:('m—{—l(am-l‘k-l-l’ “eo @) (21)

Ay = &m+k(am+k+1’ e @)
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Haxoxgenne snavennit a, 0, , ..., a, TOorza ne npeacrasaser
yse 3aTpyaucHHIA. _

Cuaras, uro sasucumoctamu (21) HCYEPNbIBAETCA BCA CBSI3b MEXZY
aprymentamn (4), noacrasasem s (NB) smecto aprymentos (4) nx sua-
veuns (21) m npupaBHEBaeM HyAI0 KO2(QHIHEHTH npw

dam+k+1, «oey da,.
Mot moayuaem pasenctsa
oV 99 oV 99,4
da Oa

Mtk 1 aam+_1 0am+k+1

ov._ 0%, ., oV
T d da + da =0

am—i—k m-k-1

L T S “ e e e (22)

oV | oV 9%,
Ja Oa, ' Oay,, da, T

oy oY oV
27 o mek T
o da,, , Oa, +0a,, |

Mpucoeauuns x arum n— m —k pasencrsam (22) papencrsa (21),
MBI HAaXoAMM BCero n—m—{~1 paBencis, H3 KOTOPHIX MOTYT 6BITD
Hafiaennl, BoOGILe rOBOpPs, BCE apryMeHThi (4).

aKHM 0GpasOM MhI MOMEM COCTABAATb PASAMUYHBIC PEIICHHA CH-
cremnl (2), NOAb3YsCh BO3MOMHOCTHIO BBOZHTD B PACCMOTPEHHE pasamy-
HbIC TPOHU3BOAbHDIC (DYHKIIHH,

TMETHM, YTO 4HCAO pasencts (22), kOTOpOe MomHO BHIGHpatDb
NPOHSBOADHO, HE XapaKTePH3yeT BhiOPaHHOTO pENIEHHS, a 3ABHCHT OT
POpMbI NMOAHOTO HHTerpara (3): AN NMOAYHYEHHA OZHOTO H TOTO e
PENICHHA H3 Pa3AMUHLIX MOAHBIX HHTErPaAOB MNPHXOAHTCA MHOTAA
AaBaTe k pasAHYHBIE 3HAYEHHSA. OTO OGCTOATEABCTBO AOCTATOYHO
pasbiacHEHO B § 60 AAA YACTHOrO CAyuas OZHOrO ypaBHEHHH.

Samenns B (3) napaMerpn a, a,, 41y --+» @ HX 3HaveHmamu (21),

Mbl MOAYYHM ceMelcTBO nosepxHoctell B mpoctpancrse n -1 usmepe~
HuH, 3aBHCAIKX OT n — m — k mapametpos. Dopmy st (22) nokasmearor,
uTO HaHAEHHOe pemrenHe onpeaersier OruGalOmyI0 aToro cemeficTsa.

B xauecrse oru6awomeii, nafgennoe pellleHHe ecTb reoMeTpude-
CKO€ MECTO MHOrootpasmil, 06pa30BaHHbIX TOUKAMH, NPHHAJASAAUIHMH
nosepxrocTy (3) n cMemuniMu ¢ mero. Msmepenne sTHx MmOroo6pasmit
KOAEGAETCA OT m B cAydae, KOraa 9YHCAO ypasmennit (21) pasmo
OAHOMY, A0 n—1, KOTZa 4MCAO aTHX ypaBHeHHHi n — m.

114. Xapaxrepacruueckoe muoroobpasue. [loroxum, uro 3aMKHY-
Tas CACTeMa AaHa B Buje '

o=p—fi=0, ..., ¢Q=p,—f,=0 @
M H3BECTCH €€ MOAHbIH HHTErpaa:
z=V(xy X9y o+, Xy, Ay s o5 Ay, ) 3)

§ 114. Xapakrepnernaccxoe mMuoroo6pasue 273

3apaune ypasuennst (2) parHocHAbHO 3agzanmio n--1 ypapuennfl
ypasuenun (3) u ypasuennit: ~

oV oV
plvzax—l’ ccry Pm= T (5)

oV oV ,
pm+l=—0—';ﬂ:, ey Pn = 5 (5)

|

Hanomuum, wro us ypasmemnii (3) m (5) Moryr 6weirb maiizenbi
ApTYMeHTHl @,y ..., @, @; HHaue (3) We OGbIr0 Gbl MOAHBIM HuTer-

Farom.
TMoroxum, zaree, zano He ocobeHnoe pemenne cucrembr (2):

z=q)(x1’ KXoy ooy xn)’ (23)

T. €. JaHAa NOBEPXHOCTb B NPOCTPAHCTBE, YHCAO H3MEpeHHH KOTO-
poro n—1. ( :

Pemenne (23) Momer 6u1Tb HOAYHEHO H3 MOAHOrO HHTerpaaa (3).
€CAM MBI CBAKEM APTYMEHTHI @, 4 ---, On @ HEKOTOPHIMH 3aBHCH-
MOCTAMH, YHCAO KOTOpbIX korebaerca or 1 g0 n—m - 1. Tloromum,
uro 3TH aprymentn: (4) mago ceasarb k-1 saBHCHMOCTAMH

a=3(am+k+1, ey a”) }
am+l=&m+1 (P k10 s ay) ’ @1)
am+k=3m+k(am+k+l’ e an) J

Ha ocroBanuH cka3amHOro B NPOINAOM uaparpade sajaHHe peme-
Hus (23) paBHOCHABHO 3aaHHIO ypaBHEHH}

z2=V(xy ooos Xpy Gpygp vooe Au a)
a={’(am+k+1, .« oy a")
am+1=%m+l(aM+k+l’ S @)
a7u+k=%m+k(am+k+1’ S @)
oV 9% OV P [ (23)

9 ov,, oV
vV 4k 4

dam,-i—k-—{—l dam«}-k+l

oV oy | oV M, dﬂn,+k+6V

: oV o
Ba_é_&;_*_dam_'_l 37,,—+"'+dam+k da, da,

18 n. T'ontep.
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Pemenne (23) noaysaercs us (23;) uckaoueHuem n—m—+1 na-
pametpos (4).

Bamenum cucremy (23;) Apyrowo, BBOAS B PacCMOTPEHHE HOBbIC
n—m NapaMeTpoB M CBA3bIBafA WX TYT Xe HOBBIMH n— m ypaBHe-
auamu. Acuo, uTo cucrema (23,) paBHOCHAbHA cHCTeMe

z=V(x} X3 -5 X mtpp -+ 22 Ay a) )
Vi, LoV _ oV, OV
e it G =0 0 G b T,
' a=9(@ntrtn - @)
am+1=&m':1 (am+k+1’ LR | an)
optre = Vptr @mtrtrr =+ @) (23,)
dﬁ =b + aﬂmi,l—_
0aptits " Omtits
.
R By G Rpdis xS, Y
R . T bt xk1
0{} ()87"“*“ | Ul"m'f'k
(Ta:=bm+1%—"1“i— Y et a2

n

Mbi MOmeM, HMEHHO, CYATATb, YTO HA JAHHOM peIIeHHH NPOHU3IBOA-

Has %L/- He paBHA HyAI0; IapaMeTp @ HHYEM KpOMe CBOEro obosHa-
2 !

YeHHs HE OTAHYAETCA OT APYTHX NapaMeTpoOB d,+y, ---> O, BXOAA-
mux B (3), M Mbl MOXCM, CAGZOBATEADHO, 33 @ B3ATb 10T, AAA KOTO-

0
pOro MmpoMsBOZHAA - HE HYAB; oAHA XK€ H3 NPOHUSBOAHDIX
Ja

oV vV oV
da.r.’ '’ da,’ Oa

HAaBEPHOE M€ HyAb, TaK KaK WHa4C PCUICHHE (23) 6bir0 681 ocoGen-
HbIM, YE€ro HeT [0 MPEANOAOXMEHHIO.

Hckatouas ns ypapuennii (23,) napaMeTpbi @, 1y, - - -, bptyse - by
Mbl moAyumM nosepxHocTb (23). [lpreTymas k 9TOMY HCKAIOHEHHIO, Mbl
HCKAIOUMM CHawaAa M3 ypaemenuit (23,) mepsofi u BTOpOR CTPOKH mna-
paMETPBl @pt1y ---» Gy, @ Mbl HOAyuHM n— m -1 ypasuenuil, 3asu-
CALIMX OT n— M NapaMeTpoB b4, -..» b, OrH ypaBeuns, 3aBHCAILHE
or n-}1 nepemcHHbLIX -

Z; Xyye oy Xy

ONPEAEASIOT B NMPOCTPAHCTBE H3MEPEHHS n+41 uexoropoe MHOrooG-

pasue H3MEepEHHA
nt+1—(n—m-41)=m.

B
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Hrak, Mb1 ompegeanan mexoropoe muoroobpasue A, HaMeperus m,
sapHcAmee OT n— m napaMerpos b, 44, ..., b,

Tax kak nckAoYenie BSTHX NAPaMETPOB NPHBOAHT K MOBEPX-
Hocru (23), nosepxuocrd (23) ecTb reoMerpuueckoe MeCTO MHOro-
ofpasuit 4,

Muoroo6pasue A, wMn GyaeM HasKBaTb XAPAKMEPUCTMUHECKUM
MHOwWObpasuem, pacroromennvim rHa peweruu (23). Cemeficto xa-
PAKTEPHCTHYECKHX MHOTO06pasuf, PacHOAOXEHHBIX Ha HEKOTOPOM pe-
meHHH cHcTeMn (2), 3aBHCHT OT n— m NapaMeTpoOB.

BeeaeM remepn B paccMoTpeHHe cemeficTBo MHOroo6pasmit C,,
usmepenusa m, sasucamux ot 2(n—m)-+1 napamerpos m onpeze-

AsieMbix TemH ypasHemmsmu (23,), KOTOpble HAXOXASTCA B DEPBHIX ABYX
CTpOKAX:

z = V(xp X2y vovy Xy am+1’ v ony Ay a)
av oV av .-, aV 24
"—bm+l+_ “—'=0’ b ) ——_bn_*— =0. ( )
Jda Oa,, +, Oa, I7]

ITpumeuanue. Paccyxgan xax B § 62 u 69, Mbi Momem y6e-
AWTbCS, 9TO uapamerpni b, 4., ..., b, HesaBUCHMBI OT mnapa-
METPOB Qpydqy + ooy Uy Qs

[Ipeanoaoxenne, 4TO CYIIECTBYyeT 3aBHCHMOCTb BHAA

w(bm-l-p B bm ay+1s sy Ay d)=0
PABHOCHABHO NPEANOAOMEHHIO, 9TO K3 (YHKIHuR
av _ 4 oV
0’ Oa,y,’ '’ 0a,

MOXHO HCKAIOMHTD X;, X -

.y x,. V3 pasencrea me myaro ompe-
AeaHTerell TabARLbI

oV vV 274 ! .
” Jadx,’ Oane dx, ' a,dx, I (=m-+1, ..., n)
BbITEKAET, YTO M3 NPOH3BOAHBIX
w_ v
dxm"l‘l’ T (}X"

MOryT ObITb HCKAIOUEHbI BCE NOCTOAHHBIE &, @, 4f4, -
HET, €CAH ypaBHEHHsA CHCTEMDbl 3aBHCAT OT Z.

EcAd ypaBHEHHA CHCTEMbI HE 3ABHCAT OT Z H @ — AAAWTHBHAA
NOCTOAHHANA, TO HCKAIOHEHHE X, 4y, +-+ X, ZOAKHO BBEINOAHATLCA
H3 OAHHX QYHKUHE

.-, @, 4ero

oV o
aam +1 T aau
B O
( axm‘l'l e axn
OTKYyA4d AKkoOuau D(a o e a ) paBEH HYAIO, Wero HeET.

18+
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Wz qoxazaHHOTO scHO, 4TO H3 ypaBHenuii (24) BTOpOH cTpOKH
MOXHO HaliTH n— m APrYMEHTOB M3 X;, Xy, ..., X, M 4TO (24)
AefiCTBHTEADHO MHOroo6pasge H3MEPEHHA m B MPOCTPAHCTBE
n-+ 1 usmepenni.

Maoroo6pasas C,, Mbl Ha30BeM XapaKTepHCTHUCCKHMH MHOroo6pa-
suAMH cucTembl (2).

Bhipasus B HMX @pty ..., Qn @ HEKOTOPHIM 06pasoM depes
bty ---,1b,, Mn mnpeoBpasyem muoroo6pasus C,, B MHOTOOOpa-
sun A,, Aemamme Ha HEKOTOPOM pemeHHH CHcTeMsl (2).

EcAnl mbrs ypapneHHAX (24) 3aMEHAM Qptqy + - oy @uy @ Dppgyse -+ 5 by
KaKHMH-HHOYZb QYHKIHAMH OT HEKOTOPLIX n— m NapameTpos, CKa-
XM U, 4 --., U, TO M obparaM C, B HexoTopoe MHOroo6pa-
3He, 3aBHCAIIEe OT n— m MapaMeTpoB. BO3HHKAeT BONPOC, KAKOBLIMH
AZOAXHBI GBITh yKa31HHbIE QYHKOWH, YTOOBI MOAYUEHHOE MHOTO0Gpasue
GbIAO HeKOTOPhIM A,, T- €. MHOr006pa3sHEM, PACHOAOXCHHBIM Ha HEKO-
TOPOM peureHHH CHCTeMbi (2).

C TakHM BONPOCOM Mbi yMe HMeAH AEAO B cAydae, koraa m=1 A
B § 69. Jan Toro uro6m noaysemnoe us (24) mmorooGpasue Guiro ‘
HekoTopoiM A, HaZo uyroGbi NOCAe  ACKAIOMEHHA IapaMeTpoB
U,+{ ---» U, NOAyHaAaCb oOmnpeAcACHHAA (QYHKuHA z H 4TOODI BTa
PyHKOUS CTara pemeHueM cucreMb (2), T. e. urobbi z M ee mpo-
H3BOAHbIE YAOBAETBOpAAH cucteme (2).

Mpoussogusie p,, ..., p, OT z 8aT0 TO, UTO HAXOAUTCS H3 ypaB-

HEHHA (
dz=pdx;-}- pydxy+ . ... - p.dx,. 25
Vpasuenns (2) coGArogeHbl, eCAH COGAIOAEHBI YpPaBHEHHUA ‘
z= V(xb Xoy 100y Xpy Aty v+ > Apy a) 3 :
oV oV
pl:a—.;:’ AR pm='dT"n (5) :

aV oV ,

Prb1 = g st P g S)

MMepoe m3s aTux ypaBHeHHH cOGAI0Z€HO, TaK Kak OHO MepBOE U3 ‘
ypasrennit (24). :
Jduddepesnupys ero, Hmeem
1% ov ;
dz:pldxl_{—"' ’Fpndxu:ax—ldxl—i_ e _Iré;:”xn_f_
Lov LoV
-+ o, dag4.+ ... da, da, - oa da.

7/
Us nocreasero pameHctsa sicHo, uTO ypasuenus (3), (5) m (5)
COGAIOZEHDI TOrZa H TOAbBKO TOrja, Korja

v O ga 1.9V 4o 8
Z)Z—__:dam+1+ +da,, da, 5 da=0, (08)

m

bt

§ 115. Hurerparvuniit saemear 217
T. €, BCAGACTBHE BTOpbiXx ypaBHeumit (24), Toraa uw TOAbKO TOraa,
KoTaa
da=b, da,+ -+ ...+ bdda,; - 25"
.oV
KaK Mbi YKa3biBaAH Bbllle, MOXHO, HMEHHO, CHHTaTh, YTO Do #* 0.
a

HMrak, 3amena B Muoroo6pasusx C,, ux napamerpos
gy Qptty +-vs Quy @ by ooy b,

QYHKUMAME OT HEKOTOPHIX 1 — /N HaPaMeTPOB Uiy, - -+, U, NPeobpa-
syer cemeficrso C,, B cemeiictBo A4, Toraa w TOABKO TOrza, Koraa
cobaoaeno ycaosue (NB),

Ilpu  cobarozennn  ycaosua (25') wuckrrouenne mnapamerpos
Upty, ---, U, XACT pemenne CHcTeMb! (2), eCAM pesyAbTaTOM aTOTO
HCKAIOueHHA 6yZeT OAHA 3aBHCHMOCTb MEMAY Z, Xy, Xoy -, X,.

OcnosbiBasch Ha aaHHbIX ONPeAEAEHHSX, MOXHO, OZHAKO, AYMATb,

uTO cocras cemciicTea MHOrooGpasufi C,, uAm MuOroo6pasmuft A, sa-
BHCHT OT BbIGPAHHOT'O NMOAHOTO. HHTETpPaAa.
- Mot gokameM, uTO 3TO He Tak: BbLIGOPOM HHTErpara oGycAOBAEH
TOABKO BLIGOP NMAPAMETPOB CeMeHCTBA U, CAEAOBATEABHO, TOABKO Bbl-
60p aAeMEHTOB, XApPAaKTEPHUSYIOUIMX OTJEAbHbIE MHOroOGpasus ce-
MeficTsa.

[Noao6uo ToMy, xax Mbi caerarn ato B § 62 u 70, Mbi ycraHOBHM
HMCHHO, YTO XapaKTepHcTHYeckoe MHOrooGpasme C, MOxer 6biTb Hafi-
A€HO HHTETPHPOBAHWEM CHCTEMbl B HOAHBIX AH(PEPEHIHAAAX, BIOAHE
onpeAcAeHHOH, KaK TOABKO JaHa 3aMKHyTas cucreMa (2). Mwbi otkra-
AblBaeM Ha HMECKOAbKO naparpagOB BLIBOZ B8TOH cHCTeMbl, 9TOGb!
[OCTaBHTb €ro GAHME K e¢ HEeNOCPEACTBEHHHIM NPHAOMEHHAM; B GAl-
mafimpx me naparpagpax Mo pasbepeM HECKOABKO BOMPOCOB, I03BO~
ASIOIIMX PeWAaTh 3a4aYH MO ZAHHOMY NOAHOMY HHTETpPaAy.

115. Harerparpusiit saemenr. Korga aama murerparbmas nosepx-
HOCTb—peiIeHHe CHCTeMbl (2)—TO BCSKas TOYKA €€ OmpejeAsieT He
TOABKO €€ KOOPAHHATBI Xi, Xa, .-« X, Z, HO TAKEE H KO (POHUHEHTH
KacaTeAbHOM IAOCKOCTH K JTOA NOBEPXMOCTH, T. €. IMPOUSBOZHBIE
Py Doy -+ » Pa OT Z IO Xy, Xpy ey Xy

CosoxynrocTp umcea

M (x(lo), x(go), ey X 29, p© 2, .. :f)) ) (26),

12 L]

Ha3biBACTCA HHTErPAABHBIM 2ACMEHTOM CHCTEMhI (2), €CAH 9TH YHCAR
CBA33HbI COOTHOLICHHAMHS :

PO f, 0, 5, s 30, 2 0 e p)=0
« 0 e e 4 .o L T (27)
Pl — X, a0, :2)+1, co P =0
Teopema 1. ITo unmerparorony saemermy M® momno, soobwe
w080ps, naiimu npoxogswee uepes mouxy m (x\, x3, ..., £V, 29),

Xapaxmepucmuuecxoe MH02006pa3UE USMEPCHUS M HEKOMOPOIO pPeute-
0
Hu, cogepmausero siemenm MO,
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IMoromum, uro

z=V(x; Xy -+ Xg a(:l)ﬂ, ey aﬁ”, a(o))
dV o av oV o OV 28)
oy 0% o ..., L0+ 5=0
da™® "'+1+ da‘,ﬁ) " 9° ™ + daif)
ypaBHEHHA chonoro muOrooGpasus. 3HaxaMu
. i2% aVv oV
0"’ 0. 1:?-1-1 B 6‘1(:)'

KaK M paHblie, Mbl OGO3HAYaeM PE3YALTATHI 3aMEHbl B COOTBETCTBYIO-
WMX NPOH3BOAHLIX OT V aprymedros a, @n+i .-, @, HX 3Hade-
nasvu @, aﬁ? PRI aff) .

Muoroo6pasne (28) A0AXHO 3axAlOHYaTb TOUKY g, T. €. AOAKHDI
6bITh CHpaBeAAHBbI PABEHCTBA :

20—V, £, ., 1Y, & o

© (9)
' Xy am+1""’ u? a )

- (28")
W\ o OV )_ (_az o (QK)_’(
(0{1 )ob’"+l+(0am+l 0—0’ e aa )obn _*_ all,, ()#0}

(9, - )
da /g "7 \0a, /o

0603Ba4eHbI pe3syAbTaTbhl 3aMCHbLI B COOTBETCTBEHHBIX INPOH3BOAHDLIX

(0) (0)
or V Bcex apryMeHTOB X, 0, YHCAAMH X; , Q; .

B KOTOPbIX 3HaKaMH

0 0 0
Koraa usBecTHnl YHCAQ a® , aﬁ? +r ...,aib), bin) preee b;) MOXHO Ha
GecUHCAGHHOE MHOXECTBO cNoco6os  mozoGparb  Qyrkmua U,
O,t15- s Oypy B ypaBuenmax (23;) Tak, uToOBl STH YHCAZ HM YZO-

BAETBOPAAM. Bui6op @ymkumit & npuseser k HaxOmAEHHI0O QYHKUWA a,
(0)

gy ++ +y @, SHAUEHHS KOTOPBIX B TOUKE /M PABHH @, 14, +++ 5 @y
a(J) K KOTOpble YAOBAETBODSIOT YCAOBHIO: -
av /14 av aVv
———da —da,, oo +5—da ~—da=0. (N
0am+1 m+1+ ddm+‘_, m't-2+ +aa” n+aa ( )
Bcaeacrsue sToro -
z= V(xl' Xoy ooy Xpp Ty gy Q90+ 21 Ay a) (29)

pemenue cucrembl (2).
Ha pemecuuu (29) Bcreactene ycaosus (NB) nmeem

oV % oV

Dy _axlv P2=a;; SRR Pn=§Zy

E
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a 3HAYHT, AOARHO GBITH

((\)___(Q;v_) T __ oV
PU= o ) 0 P = \am ),

© © © _® © (© (50)
z =V(x1,x2, s Xps Qiyy )anla))

VYpasuenna (30) me saBucAT OT TOro, xak Bbi6panni QyHKLUA
#, ﬁ-m+1v ..+, ¥, H COCTaBACHHOE PELICHHE, HO BNOAHE OTpejeAeHDI 3a-

AanMHEM HHTETPAABHOTO BAEMEHTa. : : ,

Moabsysacs ypasmermamu (30), Momuo, Boo6me roBops, HafiTH
a("‘?_l_l, ceey a(,f, &% wmer rosopmM ,Boo6me roBopa“ mnoToMy, uTO
B STHX YpaBHEHHAX X;, ..., X, AMEIOT YacTHbIC 3HAYCHHA; €CAH 6ml
OHH OCTaBAaAHCb IPOH3BOALHBIMM, TO HCKOMBbIE YHCAA MOXHO GbIAO Gb
gafiTu HaBepHOE. :

Haiixs am_l, e, af:), HigeM b:z)_,_l, cey bi?) no ypassenusam (28')
BTOpOHl CTPOKM M NOACTaBMB Bce Hafzennoe B ypamHenus (28), cocra:
BASIEM MCKOMOE€ MHOTOOGpasHe.

[lpo nafizenHoe MHOroOGpasue yCAOBHMCSI TOBOPHTb, YTO OHO NPO-
XOXHT Yepes BAECMEHT MO,

Ecau uncea a(,;? ST aﬁ?), &, b(:,) SEPRTPH bf) HafiTH HeAb3A, MbI

6GyacM Ha3HBaTb UHMEIPAALNOI SAEMENM M® acobennoin.

M3 aoxasannoff TeopeMbl Kak CAGACTBHE HOAYYAEM: €CAH JBa pe-
wenHa cucreMbl (2) aMeror o6nii He OcoOGeHHWE HHTErpaAbHBIR 3Ae-
MEeHT, TO OHH HMEIOT H OOllee XApaKkTepHCTHYECKOE MHOrooGpasme
u3MepeHHd m.

116. Haverpaa M ™. Caeayn naparpagy 72 =asoseM muTerpa-
AoM M= muoroo6pasue n-— m H3MepeHwmi: '

xy =9, (u'mfi-l’ Uiz
Xq =82 (um+1’ um-+‘.” ceey Iy
X, =8, (Upip Uy o u,)

z=9% (u (31)

m-A-12 "m~}-2’ .
Py=p1 @i Upips -

eCAH COGAIOZEHBI ycAOBHA: ecAR QynKuuH (31) Tomecrsemno yaosaer-
SOpAIOT YPABHEHHAM

?[=P1—f1=0, LS ?m:‘pm_fm:o (2)
dz = pydx, -} podxs + ... + padx,. (25)

Ilpo nepsbie n—1 pasencrs (31) Mbi 6yzem rosopuTb, UTO OMH OMNpe-
aeasior ocHosanue uurerpara M™ ™ :

H €CAH
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Mubi nokasarn B § 72, 9r0 ecan x;, Xy, ..., x, 3aBucaT or k na-
paMeTpoB, TO Bcaeactue (25) ocHoBan#§ Taxme saBmcuT OT K mapa-
merpon. ['0BOps 06 murerpare M™—™, wmpi me npeanoraraem, uro
OCHOBAaHHE 3aBHCHT HMEHHO OT Nn——/m MapaMeTpOR M He HCKAIOuaeM
CAyuas, KOrja 8TO OCHOBAHHE 2aBHCHT OT MEHDIIEro 9YHCAA.

Te A‘,;f ema. [lo ocnosaruio, 8006we 1080p, MOXKHO Haiimu urnme-
pax M*™

(n—m)
s na)loauxemm M » KOrja Hajz0 OCHOBAaHHE, HAaj0 HCKATb
TOABKO Py, Py - -+ Pur

PH AORA3aTEAbCTBE TEOPEMBI MBI BHIAEAHM H PACCMOTPHM OTAEABHO
CAyuafl, HymHbIi HaM NpH pelweHnn sagaun Kowm, B koTopom ocmo-
BaHHE 3ABHCHT OT n—/m NapaMerpoB. B arom caywae ycaoeme (25)
AReT n—m 3aBHCHMOCTeH, CBASLIBAIOIWHX HCKOMBlE DAEMEHTH!:

M o o,

du,, ., pldum+l+ +p"dum+1
D I (32)
ob . o, %,
W—prgr—l----—l-pn a

Tlpncoeannum x vuMm m ypasennit (2), mpbr MOAYYHM n ypaBHEHME, K3
KOTOPbIX, BOOOUIE rOBOPs, MOXHO HafiTH BCE HCKOMBIE N APTYMEHTOB.

Koraa me ocuomanme sapmeur or % napametpos, rae k< n—m,
TO B cucteme (32) mcero k ypammennif; npucoeaunerne x Hefi m ypan-
nenuit (2) Aaer BOSMOXHOCTD HafiTH TOABKO m--k ua aprymenron
Pis Pos « - +) Py OCTABASSN R—m—Kk M3 HHX NPOH3BOAbHBIMH.

[Tocaeanee o6croareancrso obuapymuBaeTcs M B CcAywae, Koraa
k=n—m, ecan ako6man, cooTBeTcTByOWM ypaBuenuas (2) n (32),
06pallaeTCs TOMECTBEHHO B HYAB,

OcraBans B cropone caywaii, B koropom ypasrenus (2) u (32)
UPOTHBOPEHHBH HAM HE JalOT JA P, Py, - .., P, TOAOMOPOHBIX HA
OCHOBaHHM wuTerpara (31) pemenmuft, Mm HasoBeM XapaKTepHcTHue-
CKMMH BCE CAy4aW, B KOTOPbIX M3 cHCTeMbl ypasuemu#t (2) u (32)
HeAb3s HallTH onpeseAeHublx 3uaveHufl gAs Pi1s> P2 --+» Pu, @ Takme
CAyua#i, KOraa roAOMOpQHble GYHKIHA P, Py, - - ., P, O6PAWAIOT B HYAb
yKasaHHBIA Bhine Axo6HaH.

O606wan gannoe onpeaenrenue, Mbi MOxeM HasbiEaTh HHTETParOM
M® cacremni (2) COBOKYIIHOCTb 3HaueHHii

Xy Xoy ooy Xy 2y Piy Poy oo o5 Py

€CAM OHH 06pasyloT MHOroo6pasme s msmepennui, YAOBAETBOPAIOT ypas-
sennam (2) u cBAsaHbl BaBHCHMOCTBIO

dz=p,dx,+p;dx;-} ... 1-p, dx,.

117. Bapaua Komm. Ckasammoe a0 cux NOP MO3BOASET PEHIHTD
sagavy Kown, mocraBaennyio B § 107. Cooreercraenso CKasaHHOMY
8 CPOWAOM maparpae Mbl MOKeM NOCTAaBHTD ee CAefyloluM 06pasom,

1]

-

§ 117. 3agaua Komn 231
Ha#itu 10 pemenne cucremn (2), B xotopom, ecan

X = 81 (xm-H’ xm+2' tree xn)

CLiliiiiiiiiiiin (33)
X = ﬂm (xm-i-l’ xm+2’ T xn)’
uckOMas QYHKUHSA z pasma O (x,,., ..., X,), HAH, AaBas eil Goree cnM-

MeTpuuHbH BHA, HafiTH TO pemeHne cucTembi (2), KOTOpoe sakrlouaeTr
ARHHOE MHOT0O6pa3ne M3MepeHHA n— m:

x(10)= 9, (um+l, Up oo s a,)
- e e . -
xi?: %, (umyr Upioy +oor Uy) . (33"
0
A9 — ¢ (um+1’ Upgrop ++ u”)

Jlas pemenns sajaum mocTymaeM Tak: HUIeM N0 JAHHOMY OCHOBA-

umio (33') uurerpar M™™ no npasuram apoulAoro  Haparpage,
0

T. €. npucoeaunseM k Qyuxyusm (33) Qyumkgum p,, ..., p, Tex me

0apaMeTpoB U, ., - - -» U,, YAOBAETBOPAIOWNE YPABHEHAAM

p(IO) - (fl)o= 0’ ceey p'(:;) — (fm)o =0
R VI

n

(34)

B nocaegunx ypamnenmsx smak (f), o6osmauaer peayAbraT 3amenni
B f, BCEX apryMEHTOB COOTBETCTBYIOUIMMH HM AaPryMeHTaMH CO 3Had-

om (0):
rom ( ) — © _(n @ _© (0 (0))
(fz)o_'fi (Xl s Xg 5 ey X”, z pm+1’ oy Pule

Hattan murerpan M™ ™™, nmem xapaxrepucruyeckoe wmuoroo6pa

sue A,, onpeaeass napamMeTpn Upipy - o os Oy @ bm-H’ .1 b, mo Ppop-
MyAaM:
z, =V (" 9 ..., xi:”, 052)4_1, eeny aif), am)),
o __ {0V o _ [ oV )
puL+1 - ( dx,,”rl }oy ceey Py T ( aXm o (35)

OV e L[V \ W) o (g)_
(W)o bm+,+(~—da ) =0, .., (% B (%) =0

m41 /0 n

0 0
Hatian as:).w A a® b 'fn).;.v ce bf‘) B QynKkgusx OT apryse:-
TOB U, ..., U, COCTaBASEM MHOroobpasue A, no Qopmyaam:
0) 0 (@)
z= W, x0, -, x5 a1, -0y 0, ) ]l )
oV o +5)V =0, ..., O_Vb(u)_}_d_[%:() ?
R
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#a ucrAowaem u3 n—m-1 ypasuemmit (36) n—m napamerpos

Uy gy oo os Uy Ecau Mb1 npu 3TMX BBIKAAZKAX HC HATOAKHEMCS IIPH
ONPeACACHHH p(lo), vey pff) Ha XapaKrepaCTHYecKHH cAywall HAm ma
cAyuail, KOraa HeAb3si HafiTH rOAOMOPQHLIX penienuli AAs BTHX apryMed-
TOB, 4 TaKxe HA Ocobeunbiit cAyuait mpu Haxomnennnao), aﬁf.).;.u ey aif’
a?, b$)+ Do bﬁf); HakoHey, ecaum wus Yypassenmit (36) BrOpOi
CTPOKH okakeTcs BOSMOMHDIM HafiTH mApaMeTPbl U, ..., U, TO

HCKAIOYas Mx M3 nepBOro ypapHenus (36), Mbl NOAYWHM z Kak QyHK-

UHI0 OT Xj, Xg, - .., X,, KOTOpas 6yAeT HCKOMBIM pEIICHACM CHCTEMBI.
JeficTBUTEABHO, MOAy4YEHHAs [OBEPXHOCTbh, KaK TIEOMETPAYECKOe

mecTo MHoroo6pazuit (36), saxalouaer ocmomanme (33'), Tak kKak ka-

#goe muoroo6pasue (36) B OTAEABHOCTH €ro 3aKAlO4AeT; Jaree MHO-

roo6pasue (36) ectb xapakrepucrHueckoe MuorooGpasme A,.
BcaeacTrue TOro, wtTo

z== V(xp Ko oo o) X am+1) cesy Qs a) (3)

moAnn# HHTerpaA cucrembl (2), noacraHOBka Qs+ 0, @ Hal-

aennbix us ypasrennit (3), (5'), B ypasuenns (5) o6pamaer mx B TO-
xectBa. CaegoBateabHO, M3 cnpaBeaAuBocTH YpaBHeHui (35) cpepuci
CTPOKH BbITEKAeT CNPaBEAAMBOCTb TOKECTB

ooV © =(‘7_V)
Py (dxx )o’ 0 P 0x,, /o

Tipoauddepenuuporar nepmoe ypasrenue (35), Ha ocHOBaHHMM 3TOrO
BaKAloYaeM, 9T0

24 oV AN
( —)0 dagz)H-[— —[—(E)O "“53"*"(%) da® =0,

dam—i—l n 0

BocnoabaosaBmHch ypasuenuamu (35) Tpertbelt cTpOKH, HaxoauM:
0 0) 0
b, dal)  + ... + b0 dd) — dd” =0,
§TO BCAGACTBHE BTOPHIX ypasHennH (36) aaer
Vv 0 oV ., m, 0V , 0
OV ga® 4 Va0 O 30 o, N
da;?:H 41 + + 0a:i)) (] aa(O) ( )

T. e. yKasniBaeT, uto co6aoaeno ycaosue (NB) § 113.

118. Ypasuenus saa maoroo6pasus C,.. [Ipeanoraras nonpexuemy,
YTO MBI AMEEM JAEAO C 3aMKHYTOH CHCTEMOH, pElmICHHOH OTHOCHTEADHO
M TPOH3BOAMbIX:

o, =p,— =0, ¢a=p;—f=0, ..., P =Pu—fa=0 (2)

peuuM ypaBHEHuSA

z=V (X, Xp-o s Xy Quip’-- - a, @) \l
oV av oV ov_ 1} (24)
Ja b'"+1 +0am+l—_0' U ga b"_{_da"'_o' !

{;

§ 118, Ypasueuns s umoroobpasus C 283
OnpefeASIOIHE XapaKTEPHCTAYECKOE MHOroo6pasne C,, 4 ypaBueHns
Pt ™ dxm+l v P@ ()xn i .

OTHOCHTEABHO MOCTORRHBIX @, 1y « -3 Opy & by -0 by

MMoromum, uro pemas uepsoe ypapuemne (24) n ypamuenns (57,
MBI ITOAYUHN:

(Dm—H (xp Xg1 ++ o5 Xy 25 Pmys -

)
..... -
)

D, (xpp X0 ooy Xy 2o Py -+ 0s Pr)=a;
I 49T0 ocTaAbHme ypasuenus (24) aator
<I)n+m+l(x1, Xgy e ooy Xpy Zy Poprpr+ - o P)=1b,1
................. e (37)
Dy Xy Xgy - o3 Xy 20 Pryyns -+ o p) =",
Mynxyns @, ., NOAyyaeTcs H3
ov
da;
oV
da

HMCKAIOSEHHEM Q. - - ) @,y @ TPH MOMOLLH ypaenenui (37). O6o3na-

uas 2naxom (F) Pe3syAbTaT TaKOro HCKAIOWENHS W3 HEKOTOPOR QymK-
uun F, Mpl MOKEM HHCATb:

ovy . (dV
o = (20 (200
Myuxunn z, aannas mepsbim ypabncuue (24), yaosaersopser kaxz0#
nape ypaBHeHuZ
=0, (=12, ..., m), ¥;=aq,, G<n+1). (38)
Cheaomateabro, no xokasannomy B § 101, osa yazomaersopsieT H
KamaoMy H3 ypaBHEHHii:

o0, 0, N {a';, o aq),.)
[0 Q)= tPg T g \ % POz )T

a TaKMe KaXJOMY M3 YPaBHEHHi

k=n
o0, | , 0D, f’.“l(a‘?f+ ‘3.‘I’f>_0ﬁ ) }zo__—
53+ffiaz‘+k_ 10, \F TPE ) Ton T

39)
‘ = { (s (I)j] }’ (
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06osHauas auaxoM { } pesyabrar mckAouemHa p,, Py s P, UPH RO-
MomH ypasHenuit (2).

€Basfg 4acTb HOCAEAHEro0 YpaBHEeHRASA BAaBHCHT, OJHAaKO, KpoMme He-
3aBHCHMBIX [IEPEMEEHBIX, TOABKO OT

2 Pugts <=5 Dy (40)

NOoCAeHHEe xe apryMeHTHl 3JaBHUCAT CYWECTBEHHO OT am+1, e,

M M3 HAX STH NOCTOAHHBIE MCKAIOWEHb 6biTo He Moryr. Smaunr,
ACUE3HOBEHHE 3THX NOCTOAHHBIX M3 PE3YAbTAaTa 3aMEHbl B (39) z ero

SHAYCHHEM BO3MOKHO TOABKO NPH YCAOBHH, 4TO (39) or aprymen--

ToB (40) Boo6we me saBucHT u, CAEAOBATCABHO, paBHA HYAIO TOXKe-
CTBEHHO.

HB CKasaHHOrO ACHO, 4YTO (pyBKgHH
® L@

m+1 -

n? (Dn—}-l
YAOBACTBOPAIOT CHCTEME ypPaBHEHHMH

k=n
D ' 2
e S(n ) 221w
T =12 .. m) [
or n4-(n—m) 41 uesaBucHMBMIX HepEMEHHRIX
Xpp Xpp ooy Xy 2y Ppiyy ooy P

Aoxamem, uro Pynxunu

(Dn—}-mr+1’ ct s q)Zn
TaKXEe YAOBAETBOPAIOT BTOH CHCTeMe.
Honomnm ars ynpomenus Boixaazox

Do =gy gy = — oV

W BEIUMCAHM ckO6ry [2, @, 1.
[loabsysep cpoficrBamn crobox SIko6u, noaywzen

J=n-f1
[o.,, D . ]=([o. ¢ Wty
P ,H.,'] _ (['.Jiv Yn‘H]) + T ["?i’ q)j]’ an+l =a
J=m$1 4
¥, TaK KaK IO ZOKasaHHOMY
{ [‘Pﬂ CD[] } =0,

OKOHYAaTEeALHO:
{ [CP,-. (bn—h)'] } = :([:P‘i’ "J,H.j} }'

%

§ 113. Ypasaennsn arn mmorcobpasma C, 285

Ha
N
= ) B Trnyy
cp._, ‘{J"_H] - apk dxk =
k=1
/ k=n k=n ]
1 do, RV VoV Eai eV _\ v |
=—(7Vv-‘4’ Opy Oaodx, |Oa, Op, Oaj0x, | Oa }
gﬂ_ 4 k=1 ) k=1 /

\

3amenns B ¢, = 0 neusnecrnoe z wepes I/, Mb noayuum romecrno. Judp-
QepeHyHpyd 3TO TOMECTBO, HAXOAHM

k=n k=n

o9, OV + dtp,.dV_O dyp, RV _*_% QI{ZO

i R A Wk ¢ Bl A ok A A =0,

dpy Oadx, ' 0z da ’ Op, da0x, ' 0Oz Oa

k=1 k=1
NOHUMAA TOZ Z, Py, ..., P, Gyukumio V u ee NPOH3BOAMBIE; 3HAUUT
TPH TaKOM IOHHMAHWH APTYMEHTOB Z, P, - .., P,'
[“.’p '!‘,,.H'] =0,
oV 1%
Hekatouenne us IRl L Vaprymenros a, 412+ - > @, @ OBHAKO,
m-t1 n
oV oV
BOCCTAHAaBAMBAET P, 1 «+ -3 Pps Z H oGpaxgae'r@—’“, Y. Bfoos frn
AaBasi BHIPaxeHHS [POMSBOAHDIX Py, ....D, 9ePes Z, p, . ....,p,.
uaunr 1
— p ! e
[z q‘ﬂ_{,j]) = { ([%, ‘.Jn_i_j]) j=0
u Tax kak u3 aprymentos (40) mckaowmTb @, ., ...,q,, a Heab3s, ToO
NMOCAeAHEE BbIPAMEHHE PABHO HYAK TOZECTBEHHO.
A€ 10BATEABHO
{ {,jr,;’ ®n+j] } = 0’

4r0 m Tpe6OBAAOCh AOKa3aTb.

Cucrema (42) goamna 6bitb 3amkryroit. Ecam 6br ona He Gniaa
saMkHyTOfl, TO OHa gomyckaia 6bi Menee 2(n —m) 11 arre6pamuecku
LE3aBHCHMBIX PELIEHHI, TOr1a KaK HAMA YCTaHOBACHO, 4TO i YAOBAETRO-
pstor 2(n— m)-}-1 aare6panyeckn HE3ABHCHMBIX Qynxymi (37) u (37').

Anrre6panueckas nesasucamoctp QyHkuna (37), (37') ycranosaena
ramu B npumedanuH § 114. Ecan 661 oHm 6mAu ceasasm 3aBucuMo-
CiAMH, TO MOXHO 6biAO 6Bl yCTaHOBHTb PAaBEHCTEO BMAA

(b g o5 bpp By - @, @)=0,
3TO, 10 AOKASAHHOMY B TOM Waparpae, HEBO3MOMHO.

Dyayun nopmaibmo#, cucrema (42) axoGuesa.
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Benomunas ckasammoe B § 49 m 50, mbl BrauM, yTO HHTErpHPO-
panme cucreMbl (42) paBHOCHABHO MHMTErPUPOBAHHIO CHCTEMBI B NOA-
HbIX agudPPepeHUHAAAX :

=M k=1 )

d
fi+ 2 5;;‘]’;.- dx,

i=1 Ke=mtt

;i:ﬂl

i=1

dz =

(k=m-+1,...,n) 3)

Pasenctna (37), (37) me uro mHOe, KaK HHTErPAaABl CHCTEMBI B HOA-
Hbix andgepennnarax (43). '

Mz ckasammoro fcHO, YTO HaXOMAEHHE XapaKTEPHCTHUECKHX MHO-
roo6pasufi C,, HaM¥ CBEAEHO K HHTETPHPOBAHHUIO CHCTEMDI (43) B noa-
unx auddepenpnarax. Cucremy (43) momno masmarb cmcremol ypas-
HeHui#, OUPEASASIOWMX XapaKTepPHCTHUECKOe MHOroo6pasue (.

Takum o6pasom Bbickazaumoe Hamu B § 114 yreepmagenne o uesa-
BHCHMOCTH MHOrgo6pasust C,, ot pui6paHHOrO MOAHOrO HHTErPaAa MOXHO
CUNTATb YCTaHOBACHHDBIM.

OrMeTnM, 9TO B 49acTHOM cayd ¢ m==1 cucrema (43) o6pa-
waercsa B

! k=n
dz=\ f+ 23—; Eo | dry
) = (43)
d¢ __do _
dx, —%;dxl,dp,‘ =" dxy, (Q =2,3,...,n)
W, 3HAYAT, HE OTAMYHA OT CHCTEMDbI
dy__ _ dxy dp, dz
SRtk et~y i B
Yz 2 > 09
Op Ox, TP + 2 O, P
k=2
¢ = P1 —f= 0’
onpeaeAsionlel XapakTepHCTHUCCKHE AMHHMM YPaBHEHHA
2=p,—f=0.

B 3akAtouecHMe NOZYEPKHEM €Ile pas, STO PEHISHHs CHCTEMBI B MOA-
amx audpepenuuarax (43) maxoasrcs ua ypassennit (37) u (37') pe-
IeHAeM HX OTHOCHTEAbHO HeMSBECTHBIX CHCTeMbl. 1ak KaK ypaBHEHHA
(37) u (37) moxno cuwrarb HafifeHHBIMH, KaK TOABKO COCTaBAEHBI
ypaBueuus (24), T. e. Kak TOAbKO Hafl4eH NOAHDIA HHTErpar cu-

§ 119. O6o6menne meroam Komu 287

crempbi (2), TO MomHO cuuTaTh cucTeMy (43) MOAHOCTBIO NPOHHTErpH~
pOBaMHON, KaK TOABKO HafzeH HOAHB# HHTErpaA CHCTEMDI (2).

. D10 3aMEvYaHME HMEET HEKOTOpPOe SHadueHHE NPH NPHAOKREHHUH Me-
TOA, OCHOBAHHbIX Ha HHTErpHPOBaHuA cucTeMbl (43), H3AOMEHHIO KOTOPBIX
6yAyT MOCBSAIIEHB! CAeaylouine 6amxafimme naparpadbl.

119. O6o6menne meroam Komm ma cayuaik cmcremsi. [loao6Ho.
TOMy, Kax MHTerpmpoBaume cucremn (43)) mpumeao mac B raase ceap-
MO#i K pemenmio 3azaun Komm B caydae OAHOrO ypaBHEHWs, MHTErpu-
poBanme cucreMbi (43) MomeT NpHBECTH K PENIGHHIO 3TOR 3ajauy
B CAyYae CHCTEMBL

Benomunn nponece, omucannnifi 8 § 117. Ilpamenas aror npoyecc,
HAZO Opexie BCEro MO JARHOMY OCHOBAHHIO (33’) cocraBurp HuTe-
rpax M™ ™. D1oT HuTErpaA MOKHO COCTaBHTb, €CAH Mbl HE HATOAK-
HeMCA Ha XapaKTepPHCTHYeCKHH cAyuaii; B [OCAeZHEM 'cnyqae BMECTO

unrerpara M" ™ MomeT OGHApYRHTBCH HHTErPAA M®,s>n—m, Hatias

0 ) 5@ 0
M™ ™, Mp gOoAmHEbI HCKATb 3HAYEHHA aﬁz_l, cees a;), a, b£n+1, cee b(n)
Kak QyHKUME OT MAapaMETPOB U,, ., - ->U,, 9EPE3 KOTOPbiC BLIPAKEHDI

SAEMEHTbI AAHHOTO HaM OcCHoBauua. JiAs ®TOro Hag0 NOAb3OBATLCH
ypasuennamu (35), kOTOpHIE NOAYHAlOTCA N3 ypaenennit (24) u (5')
NpomAOro mnaparpaga 3aMEHOI0 B HHX BCEX apryMcHTOB COOTBET-
cTBylonME aprymentamu co sauxom (0). Tak kak ypasHemus 37
u (37') npocroe npeobpasosanme ypasuennii (24) u (5'), moxuo mo-
AY9YHTD ypaBHEHAs, PaBHOCHAbHBE YPaBHECHHAM (35), BoImoAnsAs B ypaB-
genuax (37) u (37) yxasanumyio 3ameHy BCEX apryMeHTOB COOrBeT
cTByloUAME aprymenTtamu co suaukoM (0).

o 0 (©
CAez0BaTeAbHO, MBl NOAyYacw Hafigemmbie B § 117 aﬁn) o1 ...,a")»
© Q) .
a’, b, .y, 0, , BHUHCAAA HX N0 opmyram:
o _(© © _(© (O oy __ 0
(Dm—‘r—l (X‘ Xa's o Xy 2 Pm-l—l""’Pn)-'_ -1
oy () © _0 _© ©On __ (0}
(l)n ( 1 xal RS | ‘X”Y Z Pm_lr-]’ ""pn)—_an
(0 © _© _(© oy (9
q)n+1("1 y Xy ey Xy 2 Py e Py) =@ (44
(o _(0) @ _© O 0y __ z2(0
fl)n+m+‘(x1 y Xgs wvey Xy's Z 3 Prggr o+ P, -—bm_*_1
0 (© © _0 O (O __ 1(0),
o, (x(l), x‘), ceey X 2y Pt coey Py ) = by

oco6eunplft cayuall ofHapymupaeTCR, KOFAa ACBbLIE WACTH HEKOTOPHIX
ypaeuennit (37), (37') nepecraior 6biTh ONpPeACACHHBIME HAN KOHEUHbIMH
mocae ykasaHHOR IOACTAHOBKH.

[MocAe HaxOXAeHus yYKa3aHHbIX APTyMEHTOB, Mbl AOAXHDI IOACTa-
BASTD WX B ypaBHeuus (24); HO ypaBsHEHHs, PaBHOCHABHbIC (24), moi
noaysaeu u3 (37) u (37'), ncka04as H3 HUX p,ppp - -2 Pp TAK KaK

3TH ypaBHCHHS TOAyYeHb H3 (24) npucoeaumenvem K HHM ypaBue~

F3
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unit (5'). CaeaoBaTeAbHO, MBI MOMEM MOAYYHTD YpaBHEHMHS, PaBHO-
cunphbie (36), us ypasuenuit (37) u (37’), eninoamss » Hux sameny

f1apaMeTpoB @, 1, ---s G, @ b, ..., b, w©HafipenmmiMm wux 3xave-
aaamn a’) e aﬁ», a9, bE:)-H y oo bf?) M HCKAIOUEHHEM P,y - -3 Ppye
3uaunt, ypaBuenus, paBHocwAbubie (36), noayuaiorcs us
¢m+1 (xy, 2 +-r Xy 2 Pugrs -2 Pp) =
.—_JQ)"H_I (x(‘o), £, x&?, 29, pﬁi’_H,. e P
Q, (X Xy - ¥ 2, Pupgy oo Py =
' =@ (x(xo), x;o), ceel x(:), 2" p:? FRTIR psf))
(I)WH (x‘, X s Xps Zy Py ov s Pn)z
== CI’”J_*_1 (x‘l()), ;ff_,o), ... ,:cif), z(o), pS:)Jrl,. cey pig)) (45)
(Dn_‘_m_*_l (xp Xp ooy Xy 2, Pm-l;' ey Py) ==
= (I)"+m+l (xgo), - 50), ceey x(;?), z(o), p:;)_* e pf))
Dy, (X)y Xop o0y Xy Zy Pryyisov ey Pp) =
=0, (x(lo), xg"), e e, ,r(:", %, pS),EH, ceey pﬁ-])),
VICKAIOUEHHEM P, .y, - +) Ppe 12K Kak B Qynkymax O, mbi umeem co-

6panue arre6panyeckH He3aBHCHMbIX pellenn#l cucremnr (42), ypasnenus
(45) MoryT GbiTh pEmEeHBl OTHOCHUTEABHO . 5 - -
H OPHBOAAT K PaBEHCTBAM BHAA:

o X &y p1n+11""P'n

0) @ _® O (0)
x;=0, (X, X -, X, xg e Xy 2 Puligy e P )
(i=m--1,...,n)

(0 © ) (0
z=0 (X, xp - Xp xl)’ T xn)' 2(0’ Pt -

(0)
o Xy Xy e X Z Pm+p"-’Pn)’
(i=m--1,...,n).

Pi="Y (x, x, -

}
o) b (46)
x© © _© (0
J

Stu pasencTBA MOXHO OBIAC Obl NOAYYHTDB, MHTErpHPYys HENOCPex-
ctBenno cucremy (43) merozoit Komm no npasuram § 54.

[leppie n—m -1 ypaBuenns cucremn (46) gator Tpe6yeMuii
PE3YALTAT HCKAIOUEHHS P, - - -, P, W3 ypaBHewuit (45).

JlA7 OKOHYATEABHOrO COCTABACHHA pEWEHHS, OCTaeTcA HafdTh z
KaK (QYHKLMIO OT Xp, ..., X, HCKAIOUas [0AapamMerTpbl U,y - U, H3
nepebix n— m—-1. ypasuennit (46). [locreanee BOSMORHO TOADKO
B TOM CAy4Yae, €CAM H3 NepBbix n-—m YypaBrenufi (46) aru napa-
MeTpbi MOTYT GbiTb HaiAeHbI, KOrZa MOCA€AHee HEBO3IMOMHO, YKA3am-
Hble NMapaMeTpbi M3 NepBHX n — m ypaiHenu#i (46) MoryT GHITb HCKAIO-

§ 119. O6o6menne merogm Komu 89

4EeHbl, H Mbl NOAYYa€M 3aBHCHMOCTD, CBA3LIBAIOILYIO OAHM Me3aBHUCHMBIE
nepemeuubie. EcAx 310 06cToATEABCTBO HE O6HAPYXABAETCA, Z HCKO-
MOe peluéHue, YTO BbiTeKaeT ua ckasammoro B § 117.

Mbi pagum eme ojHO AokasaTeAbeTBO, ycramoBHB Goaee O6iee
upearOmenre.

Teopema. Ecau cobpanue

(0) {0) 0 0 0 0
M(xl * xz)r RS | x:f;‘) Z( )! Pg )’ MR § p;))’ (47)

ecmb nexomopwlii. unmerpar cucmemst (2), mo cobpanue ypasnenwii
(45) smecme ¢ zannvLMU YpasHeHusMU cucmemd

‘?1=P1“—f1=0) vy r‘gm=pm~—fm=0 (2)

onpeeASIOM UHMELPAA SMOU cuUcmembl.
[lpucrynas K AOKasaTeAbCTBY TEOpEMBI Mbi MOXEM CUHTaTh, Me

0 ()
Hapymas oGIIHOCTH, 4TO B uHTerpare (47) x(l ) xsn) IOCTOSHHBIE,

JefictBaTeAbHO, AaB OCHOBaHWIO BHA
X = (g e v Ko ooy Xy == Y (g e e o0 X)), 2= L C S X
Mbl MOmeM x;— U, xg—19y, ..., x, —¥_ BaATL 3a mepeMenunle Hesa-
BACHMBble. 3amena nepemenubix B ypaeHemusx (45) m (2) menser ux
B ypaBHeHHs, COOTBETCTByIOmHME NpeobpasoBanHOl CHCTEMe.

Jas aoxasareAncrsa TeopeMbi, BCACACTBHE COGAIOAEHHSA paBeHCTS (2),
AOCTATOYHO AOKA3aTb, 4TO

d2=p1 dxl—l_ e +pndxn’ (48)

KOraga B nOCAEZHEM paBeHCTBE apryMeHThi TPAKTYIOTCA Kak (pyﬂl(gﬂﬂ

OT Xy« Xy um+l, ooy U, HAH APYIHX BO3MOXKHBIX napaMerpoB HHTE-
7

rpaxa (47).

Joxasvipaemas Teopema anarormuna TeopeMe § 95 um Gyaer Hamu
AOKasaHa Nno cxeme TOro xe naparpada.

Ycaorumes 0603navarp smakom d Au@QepeHyHAAb), B3ATHIE B pej-
NOAOMEHBH, YTO MEHAITCA TOAbDKO X, ..., X,; 3HaKOM 3 audpdepen-
UHAABl BSATHIE B NPEANOACKEHHH, YTO MEHSIOTCH TOAbKO NapaMeTphi
AaHHOTO HHTErpaAa H 3HaKOM A-—anqupepengnanbl, B3:ATDIE B MPEANO-
AoZeHuH, UTO BMEIOTCH Bce mapametpn B (46). [Ipu atnx o06o3mave-
HuiX pasencrey (48) Hazo gartb BHA:

Az=p Ax;+pyBxa ... p, A, (48')

AHQpPepeHIHAABI d xax pas Te AudpdepeniHarb, KOTOpPbie BCTpeda-
torca B cucreme (43) u
A=d -3,

3aMensst na ocHoBanuM ypasHennit (2) B ypasrenusx (43) neproit cTporu
fi ua p,, ymHOmas ypaBHEHHA BTOPOR CTPOKH Ha p, H BHIUHTas H3
YpaBHEHHs DepBO# CcTPOKH, MOAyvaem: '

dz=pdx,} ...+ p,dx,. (49)
Ham ocraercs goxasarp pasenctmo

Sz=p, 1 bxm+1—+—pm+23xnl+2+ oo -{—p,,Ox,,.

19 H. I'oxrep.
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Horoxmum

' U:az——pm+13xm+l—— — P, Ax,. (50)
Judpepengupys (50) n (49), noayyaem:
dU:adz-—pm+13 dxm+1 . ,.——p"adx”-—dpm_*_laxm_*_l

bz =ppy Bt b padde, - Epdi,

.. .-—dp” axn
3 pude,

Cuaumna;{ HAXOAKM:
kt=n f=m

i=m k=n 1
o S S8 5050 St
=1 K=ma1 " -

=m+ i=1
i=m
- og;
= U O dx,,
=1
Tax Kak B CHAY ypanuexmﬁ (2):
k=n
99 5 0\9 09 »
—5P4+2 50T 2 ap, P
k= m+l k=mtt
d
_"OP1+2 ?iak+20?,ak+ C'MU:O
k=m+1 k=m+1

“3 noayqexmoro paBEHCTBa BbiTCcKaeT, 4To
i=n
o
=B dx, (51)
0z
i=1

noiubifl gH@Qepennuar; NocAezHee HETPYAHO TPOBEPHTb HENOCPEA-
CTBEHHO cOcTaBAsiA cKo6km [¢, ¢;], HCnOAD3OBAB B3aMKHYTOCTb CH-
creMbl H NpoaudPePEeHINPOBAB NOAYYEHHDIE PaBEHCTBA MO Z. Hanree

OHO AaeT
U=Uge"

rae V ¢Qyuxuus, xoropas obpamaercs B HYyAb, KOTia
©
x ——x(lo), xg—x(") ey X, = xin)
u anpdepennnar xoropoit pasen (51). Beaeacteme sroro

s (0) (0 (0) 0 (0)
Uy=dz"—p )+18x P(,.)ax,,

¥, 3MaYMT, paBHO HyAI0, Tak kak (47) mHTerpaa. 3uaunr U=0, 3o

H TpeGoBarOCh AOKA3aTh-
Ha pokasanHoro BHITEKAeT, YTO, ECAH HaXOXAEHHE [aPaMETPOB
Uy, g« - +» U, BOSMOKHO, OCHOBAHHE (46) nmeer m3mepense n; z QyHi-

LBA OT Xyy ++ -y Xz M P1y « - -y Py €€ NPOH3BOZHLIE.

§ 120. Mpumepn : . 991

Ho u3 pokasammoro Takme BBITEKaeT, YTO MBl HMe NOAYSHM Ompe-
AeAenHOrO pemeHns 3azaun KoM TOABKO B TOM Cayuae, KOTAA IHCAO
NapaMeTPOB, BKAIOYAS M X;, Xgy - - -y Xy OT KOTOPBIX 3aBHCAT NepBble
n—m paeercte (46), menee n.

B sroM cayuae Mbl MOAYYHM HHTErpaA M() rae n—m<s<n;
H3MepeHHe HHTerpara He Moxer GHITb MeHee n—m, TaK Kak ero
OCHOBAMHE AOABHO COAEpMaTh MHOrOoGpasHe MIMEPEHHss n—m.

Tak kak meAb 3TOro naparpada COCTOSAA AHMDb B YKasaHHH Ha
10, uro Merofa Komm menocpeactsenno o6o6maercs Ha cAyuail cH-
crembl, Mbi He G6yAeM OCTaHaBAMBATbLCA Ha pasGope HCKAIOMEHHBIX
CAyuaes, NpPEACTABASIOWIEMCH AOBOABHO KpomoTAuBniM. Mer orpamu-
YHMC yKasaxmeM, YTO CKal3aHHOroO B rAasé Ce.leOﬁ B CBA3H-C METO-
zoit, ykasannoit B § 107, aocraroano, uro6er pasobparbcs B A0GoM
cAyuae; komeuno, npumenenne meroant § 107 Tpe6yer npeasapurern-
HOrO NPUBEJEHHS OCHOBAHWA K BHAY:

x, =0, x,=0, ...,
YTO AOCTHIAETCH M3MEHECHHEM HE3aBHCHMBIX II€DEMEHHbIX.

Koraa msBectHo cobpamne wumrerparos cucremn: (43), nymmoe
npeoGpasoBanne MEPEeMEHHbIX MOXHO BBITOAHATbL B YKasaHHOM coGpa-
unn. Co6panue murerparoe cucrembi (43) msBecTHO, Kak TOAbkO Haii-
AeM NOAHLIA uuTerpar cucremsi (2).

120. Npumepst: 1) Paccmorpum npamep § 109, aas emy sua

adlel) Yo% . (52)

— A% 9 _
P L)

YpaBueuns, aaoomme xapakTepucTHYeckoe wMuoroobpasme C, cu-
cremnt (52):

dxy = "3 = dx,, dx,= -—'E’r‘ dx,, dz = 0% gy x, -+ = 2ox g dx,
Ps P Ps 4 (53)

“—2’" dXQ.
Py

x,=0, z=1 (xm-i-l’ Coer Xk

dp;= S dx,, dp,=
P3

Hurerpupys cucremy (53), 6e3 Tpyaa nmoayuaem:
L0 I 0
-1
Xy = "——‘Vxlﬂ..l_pg)) -—-x(lo) y Xg == 757 P(o V

2 2
X2 I p(0) _— x(zo)

0% __ (07 oF _(©F -\
— Vx12 RN Vx22 {—p” X0 (54
0 2 (0 02 (0) 0)2_(o
Xl xg) X., xi) ) X(l s () ()
z=—g— g T2 © (0>
Ps Py Ps Py

Ipeanromum cebe HafiTn pemenue, B KOTOPOM NpH
x =0, X;=1:z=1x-Fx
M?
OTbickuBas WHTErpaA , noaaraem
©__ ©) __ © __ )
x, =0, xz)—l, x; =u, x; =0,

O =y Ly

19
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2udu-dv= pg’) du - pflo’d*v,

OTKYZAA . ) )
p§)=2u, P(An)=1' P(1 =1, sz =uv.

Tloacramass uafizenunvie smauenns B (54), maxozum
1. ——— 1 ,
X3 =‘ -Q_Vxlg + 4113, X4 =UVXg, Z= 72—x12 T X22‘0 .+' u2;
OTKyAa .
1
=7 x,2 b xg? - xpx,

2) Mpearoxum cebe nafitn pemenne cucrembl (52), saxawouaiomee

MHoroobpasue
X; == X5, Xp == 17 z= -"32 —l" Xy

Ornicknas muterpaa M®, noaaraem
x(lo) =u, xg» =1, =u, x(:” =9, =u’}o
ypaBHeHHﬂ
2 du - dv = p{du + p{’ du+p{dv, p'ps’ =", ) P = v
AaloT
W1, 0o o= 20 B0 = o = a0

Mbt umeem AEAO C XapaXTECPHCTHYECCKHM CAYYaeM, Tak Kak axobuan

Pg)), 0, P(IO)J 0
0, £, 0, pp
0, 0, 0,1
1, 0, 1,0

ynomsuyTthifi navu B § 116, me Gyayun paBHEIM HyAI0 TOKECTBEHHO,
obpamaetcs B HyAb Ha HaiaenHom mmrerpare. MuorooGpasue M?
OJAHAKO He ECTh TeOMETPHYECKOE MEeCTO XapaKTepHCTHYECKHX MHOro-
o6pasuii. [Tosepra pacT HemezreHHO, 4TO BTOpOe M3 ypamHenuit (53)
He YAOBAETBOPEHO.

3amenss B (54) nauarbHbIe 3HAUEHHA DACMEHTAMH HHTErpaia M®
NOAYyYHM ‘

Xg== Xy, X, =X 0, Z=x"+ X220, p3=1X,, p;=xa.

Mbi me nOAYurAH pelIeHns, HO TOADKO HHTErPaA M®; ocuosanme storo
HHTErpaAa TeOMeTpHIECKOE MECTO XapaKTepHCTHYECKKX MHOroo6pasmil,
Cpasy scHO, 9TO YCAOBHAM 3aja4d YAOBACTBOPAIOT, MEXJY NPOYHM,
hyHKUKHK

1
z ==—2-(x1'3~|—-x52)—f— Xp Xy ZTEX X3 Xy

§ 121. O6o6ienne nepsoii MeToAR Sxo6n 293

JTOT npuMep NOKAIBIBAET, YTO B CAY4ae CHCTEMbl HCKAIOUEHHBIH CAy-
9afl Momer OGHapyXMBATBCA M TOTAR, KOrga JAHHOE OCHOBAaHHE He
€CTb FeOMeTPHIECKOE MECTO XaPaKTePHCTHYECKHX Muoroo6pasuil, Uro6n
HafiTH Bce pelleHMA 3aZauH, MOXHO 6biro, paGoras B ayxe § 107,
CBECTH 3aJavy K HaXOMAEHHIO PEWIEHHA YPaBHEHHUN

pips—x1x=0,
YAOBACTBOPAIGUIETO YCAOBHAM:

ECAH X; = X5, TO z= Xz |- X, x,.

K pemenuio sToit 3azaum npumeHMMO Bce cKasanmoe B § 97.

121. 06o6menne nepnoit meroam: fxo6m Ha cayuall cHcTemm.
[Moao6uo Tomy, kak B § 119 namu pacmpocrpaneHa Ha CAydall cHcrTeMb
(2) Meroaa raapbi cezbMOft, MOXHO PacIPOCTPAHHTh HA CAydall CHCTEMBb
H Merogy raasbi mecroii. [Toromum, 94TO ypaBHenns cHcrembl (2) me
3aBHCAT ABHO OT HeuspecTHOH QYHKUHH Z.

Takoe npezmoromenne 6bBIAO cAeAaHO B raabe mecrof o Tex
ypaBHEHHAX, K KOTOPHIM TaM OPHAArarach MeToja.

Ecau ypamuenua cucremnl (2) uMmeloT BHJ

‘?1=P1—f1=0, LP'Z=P2_f2=0)'""Tomzpm_fm=o’ (2/)

rae Qyuxuun f,, fp..»f, OT z He 3aBHCAT, TO H YpaBHemus (24)
uMeior 6oaee npocroii sux. Mimenno, 0ano u3 NOCTOAHHBIX @, 4 ..., 4, @
BXOAHT B BhipaXcHHE z azauTHBHO. Beaezcrmue aroro ypasuenns (24)
MOXHO 3aMEHHTb 4Yepes

z Vi(xy xpeees Xy Quygperer@y)—@

14 = OV (24)
i = Gg 1 P T O

n

B cucreme ypapmenwil (37) u (37') nepebie m nocaeauHe n-—m
ypaBHeHu#, KaK [OAy4YEHHbiE peElIEHHEM YpaBHeHHH (24') Bropoii
cTpoxu u ypapuennft (5), me 3aBHCAT OT z; OT Z 3aBHCIT TOABKO
cpeanee ypasreume, pemennoe otnocuteabHO a. Cucremz (37) u (37')
HMeEeT BHA:

D,y (Xgy Xgpe e e 37y Pm+1""an)=“m-1 |
(Dn(xl, Kogsye o0y Xy sy pm+l,...,p")—__—a”

(Dn-l-m-l-l (x5 xgeenrx,,, Pm+v"-!Pn)=bm+l (37,)
D, (X, X000y %,, Pat1r- P =5

(Dn+1 (x5 Xpy-or Xy % Pm_H;'-'rPn):(l J
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B aroft cucreme kamzas us nepsmx 2(n—m) OQyuxyuii O yaosae-
TBOPAET CHCTEME ypaBHEHMi
k=n

(@0 ‘D)=~g~ff+ 99 00 0D 9% _0,;—1,2,.... m (42))
i

Mocaeguss (;I)n 1 yp,on‘;‘e'rnopﬂe'r cHCTEeME ypaBHEHHH
o ob dg, {0 o0 00 9y
il S (2= —)-- g ]
0x,+f‘ oz ' {0pk ((?x,f TP (92) } 0

k=m+1

k—n

(42,)

i=1,2,...,m.

JAf HAXOEAEHHS z W OCTaAbBHBIX apryMEHTOB Mbl HMEEeM CHCTeMy
B IOAHBIX zuddepeHunarax

i=m k=—n ()
9, ’
dz=2[ﬁ+ 2 o ) (43)
121 k=m+1
i=m 0
— 0%
dx, = - O'pkd ,
= s
de
dp. = — —td
P axk Xy

3auxuyrocts cueremnt (42,") 6bina ycrauoBrena B § 118; samrmy-
TOCcTb cucTemnl (42,) BoiTexaeT HeNOCPEACTBEHHO H3I TOTrO, 4TO OHA
umeeT 2(n—m) arre6panyeck¥ HE3aBHCHMBIX pemEHmi.

Cucrema ypasmennit (43,") momer 6biTb UPOHHTErpHpPOBAHA HE3aBi-
cumo or ypasueuns (43'). [loromuM, wro umrerpupoBanHeM ece Haii-
AcHbl HHTErPaAbl

! —

Y1 (xl’ Xoyevon Xy X100 000 X Pm+1""’pn)—
1 W ©) ()]

= Q10X Xy 'y eeny Xy s b7n+1""’bn’ am+1,...,a"),

(55)

J
Y2 (n— m) (2 Xgreeunxy,, Hoppgpeers X Pm+1r"'rPn)
¢ (0) ()

“Y2{n—m)(xl s Xgge ooy X' bm+1)-“9b§; s am+1" . wa”) }
KOTOpHE HaMH CPpasy HamMcaHbi B BHAE, YAOGHOM zAs npeo6pasoBaHHA
B marerpaioi Komw, npuwem Gykeamu b, ,,...,b, namm o6osHauenwi
HaYaAbHbBIE 3HAYEHHS APTYMEHTOB X,, s --)X,, 8 GYKBaMH @, 4 ,)-.., Q,
Ha4YaAbHDbIE 3HaA4YEHHA APrYMEHTOB P‘m+1" vy Py

Bssie npu mmrerpuposaMmi cucremb us ypaeuemnmit (437) m (43,")
33 HOBble HEH3BECTHBIE OYHKUHH @, 4,3y b, ..., b, AeBbie

E2

§ 121. O6obmenne nepsoii meroan Sxobs 295

wacta murerparos Kommn cucremwt (43,"), Mn o6parnm cucremy (43,)
B CHCTEMY
dak:Oo dbk:ol k=m+1)""n;

B ypasuenun (43') npaBas wacThb OGpaTHTCA B QYMKUHIO OT @, by
H X,...,X,, KOTOpas, BCACACTBHE HHTEPUPYEMOCTH CHCTEMbl H3 ypas-
seunit (43,") n (43") 6yaer noaunm aAudepeHuHarOM NPH TOCTOAH-
HYX a; B b,

HMwen To pemenne npeo6pasosannoro ypasuenus (43’), B xoropom npn

) _. 0, . !
X =X ey Xy =Xyt 2=a, b, ... tab,—a

Tak Kak npaBasi 4acCTb ypaBHEHHS HeE 3aBHCHT OT z, Mbl HafigeM 31O
pemenHe NPOCTHIMA KBajpaTypamu H GyaeMm uMeTb

&1 k=n 0 w.z k=n d
— (A= Gar )t [(Am > L etk
““10’ ki1 “;;0’ kSmtl A
[ k=-n
! [ afm .
Tf (fm— gp_ Py dxm+¢m+l bm-i—1+‘ . .—+~ﬂ" b’ll_a; (56)
20 = )

sgech smaxom (f), o6osmauen peayAbrar saMmeHsi B OQyHkuum [ oT
Xyye s, X,y @ W b apryMestoB Xi,...,X, AX HaYaAbHDIMH 3HAYCHHAMH.

Boipamas B noAysensoM by, ;,...,h, 4€Pe3 Xy Xy, @, e @, TPH
nomomy’ ypaprenut (55), Mbl HOAyuMM pemeHHe CHCTEMbl (2), saBucs-
wee oT n—m-+1 NPON3BOABHBIX MOCTOAHHBIX.

Haitacunan QyHxuus z AefiCTBATEADHO pemeHue CHCTEMbl; OHO — TO,
KOTOpOe nOAyuaerca u3 mnocaeznero ypasmerus (37;) nogoSatousum
BbI6OpOM NPaBOR YACTH, HCKAIOYEHHEM NapaMeTpos b u aprymentos
Pmg1r+ - +» Py TPH TOMOMIH NEPHBIX 7—m ypasuenuit (37,), ecan cuu-
TaTb HX NMOAy4eHHbIMH u3 (53) pelCHHeM OTHOCHTEAbHO @, H by

D10 pemienne MOCAE 3aMEHBI Xj,...» X, X HAYAADHBIMH 3HAYEHHAMH

ob6pamaeTcs B
am+lxm+1+ R +anxn—;—a’

. e. maBepHOe MOAHbIAA wmTerpaa cucremni (2), kak nokasaro B § 111.
[lpn m =1, ypasuennn (43,") o6pawaiorcs B

dx,_ 9¢ dpe __ O¢
dx, Op,' dx; ox,’
a ypaeuenne (56) B ypasnenne
xy k-—m .
of
z=—a,b,4...4a, b, —a-t f (f—-z ;;;kpk>dx,.
. ' ;(0) k=2
1
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Sameuan, uTO B 9TOM CAyyae YpaBHEHHE, MOJAEXAIEE MHTErPAPOBA-
HHIO, HMeeT BHJA
p—f=0,

y6eﬂiﬂaeMCﬁ, 9TO NOAYYEHHOE HaMH NpaBUAO TOXECTBECHHO € npaBH-
AoM raasn mecrofi npu H=—f

122. O6obigeanan reopema HAxobm. [Toromum, umo cucmema

ja=p—h=0,.., 0,=pp,—f,=0 @)
SAMKHYMaQ u YUMo YPASHEHUR
= V(xly-.-, Xn,ra,mj.-l,..., a,, a) l
ov owv__ av ., |, oV (24)
—&;-bm+,+m—0,...,7tz- b"+-(§;z_;_o }

onpegeisiom ee xapaxkmepucmuyecxoe mnowobpasue C,,.
Hpucoegunsem x ypasnenusm (24) ypasnenus

aV ,
Pm+l—m)"" Pu=Gr— 5N
Pewas nepeoe ypasuenue (24) u yposnenue (5'), naxoaum
D1 (¥ Xype o0 Xy Zy Pt -1 Py) =81
..... 37
(I’n(xl’ Xgpe ooy Xy 5y Pm—i-l""’pn =a, ( )
© . (x, x50 x,, 2, Pyt p.)=a.

Obosnavas suaxom (f) pesyromam ucirrouenus us gymruun f
om ag ,-..,8,, @ smux apwymenmos npu nomowu ¢popuyar (37),
noaaaem

O = avy (dV
nti = "\ Bq; )\ Oa (57)
u npucoegunsiex x ypasnenusm (37) ypasnenus
)

nimpt (Kpp Xgoe ooy Xy 2 Prmgrs s p")zb%*_1
.............. .. (37)
Q,, (x5 x5 .1y X1 Zy Pggse s Pp)=b,.
Crnpasexzausor momecmsa
@, (I)j]EO' [Pny1r @1=0, [P, (I’n-H]EO, G+,

1
[®;, (I’n+¢ I=—=in

ovy’
Oa
(I)n—}-’i

(@, ‘I’n+i]E_—o’[T’ @, : ¢,4,]=0
()
(i=m-+1,...,n j=m+1,..., n). J

(58)

bl
£

§ 122. O6o6mennas Teapema Skobm 297

anCTynaﬂ K JOKA3aTEABCTBY TeOpPeMbl, HANIOMHHM npexsjze Bcero,

uto papencrsa (37) n (37°) ob6pazyloT HHTErpaAH CHCTEMEI
i=m
1

dz= 2(ﬂ+ "‘2" g—f,‘h_pk)dxl

i= k=m--1
i=m
a".
dx,== Eiidxk Y (43)
iel '
1=m d,?
dp,=— "I\j:dx,‘

t=1

JlAs moxasaTeAbcTBa NepBHIX aByX rpynn romects (58) sameuaem,
uTO 'z, AaHHOE NepBbiM paBedcTeoM (24), yaomaeTBOPAET KamaoMy H3
ypaprern#l (5), a 3HaUMT, H KaxAOMYy M3 ypaBHeHHH (“37).

BuaunT Z YAOBAETBOPSET H KamAOMY H3 ypaBHEHHH
[@,, ©,1=0, [®, 1> (Dj]=0,i=m+l,. conj=m-+1L...,n (59
Ho AeBble wacTH 3THX ypaBHEHHH He 3ABHCAT ABHO OT @, 13- - +> Ay ‘a
OT Pys - s Py OHH TAKKE HE 3ABHCAT; M3 Py, ;, ---» Py Z OTH Mapa-
MeTpbi mckatouenn: 6bito me moryr. CaezoBareabno, kamaoe w3 pa-
sencTs (59) MpocToe TOXECTRO.

Tlepexoas kK OCTaAbHBIM TOMECTBaM, 0603HAUMM BPEMEHHO OTHOLIEHHE

ov dV

~9a,’ 0a

uepes @, , ,, 3amensn PEBEHCTBO (57) uepes

0, = (Quyy)

Sauumaemcs caeayomumu Tpems toxecrsamu (58). Mimeem na ocnosa-
unu (59)

7T, . 3T,
[®,, q)nﬂ.];(oa = ) [, (I’m+,]+'-~+("3“f:’—> (@, 14

m—+1 ¢

0 N
+ ( g:j ) [(Dh ’ (IJ”_l_ Jt ([(Dh» (D”_H.]) = ([‘I’m (Dﬂ+j D (60)

3Bnaunr _

[@,, ©,,,1= 9 (%)4_”__*_0@);(0‘1)"4.1):

apm+1 axm-{-l dpn d‘xﬂ
1 (/OV\[ 0%, @V 06, OV
=——-——{ ——V><-————*A~————+ .'._‘}_* —5——0—)——
(d V)2 0a ) \Opy,10a;0x,, dp, Oe;0x,
da ,

4 (0(13,. v 0, 2V ,
\E{) Oppy1 020,y 7 T o, aaaxn>}- (60



298 Ta. IX. O moamom muTerpare Aarpamza B cAyyae CHCTEMAI
O603nauas BpEMeHHO Hepes ?peaynb'ra'r samennt B QyuKunu [ or
apryMEeHTOB D, 1, - -, P> Z BTHX APTYMEHTOB X 3HAUEHHAMH (5Yu V,
HMeeM
ce, 90, OV Laﬁh‘ ) A T )
Oa, - 0P, 11 0ajd;m+l " op, de;0x,, +az Oa; ’
Beaeactue ‘sroro us (60) noayunm
'(OV)Q o :D - {dV da, OV da,
oa ) n Puri)= 7105 da, T Ta; G 1)
¥ TaK Kak ’
day, ),
da;’ Oa
OT @, --+y0G,, @ HE BABHCAT, H3 (61) maxoaum, cHOBa HCXAOHaA
Gy gse - > Gy, @ UTO
_— - 1 .{(3V) Oa, (0V Oa,, | 62
[JM n+j]=_ ()_Vz Oa 5;1_]_'_ ?);;_ '0_(;} (62)
Oa
Tloaoxmue h==1i, j7# i, us (62) noaysaem
[@il q)n.*_j] EO; (58J)
nonomus h=1i, j=1i, us (62) noayvaem
1
(%, ®11+i]5—'_0_?>; (58.)
da

nmoromue h=n 11, us (62) noryuaem, 3ameHss @, Uepes @ ¥ MOAb~

3yscp (57):

[¢’n+1’ Qn-i-j]E——(_s'ﬁ_ . (585)

On
QOcraerca nocaezuss rpynna tomects (58). Mmeenm na ocnomanun yme
yCTaHOBAEHHBIX

05%4—1‘ .
[(D‘"-i-i’ q)ﬂ-%-f]: Va;*‘;l— [‘Dn-l-c" (Dn-i-l 1+ T

e o, ~
(5w, o, <b,,1+(aa )[%,,‘ D, (0,0 B, )=

n

TP W (ZE)*)(aIV)wL(iq%f—)((zﬁ 9
da

da

s
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Jaree, na ocuosannu (62) u (60),

ob . _
nts ) ([,’{)mﬁhl{ q)n-{-j])_{—f . ‘_{_

dam +1

(@ T D=

a"f)n i T 065" ¢ D
-+ (E;;i‘)([q)"’ (Dn-i-j]) d“_ (da + >([(D"+“ (D”'.HD ah

oD, .,
”*')[@mW ®, 1+t

—l—.([(l)n-{-i’ (I)"-H]) = (dam—i-l

daﬂ i 3 d@ +£)
+ (c—h_z:—j;) [(I)n, CDm.Hj]——E—(a&—L [ch+v (Dn+j]=

__(i’_‘—fﬁgr_i),lﬁ _(06"“)_?&1_
o da; oV da (ﬂ) .
da

3uauuT OKOHYATEADHO

0(131144‘ aaﬂ—i-j a$n+i
[(D’li<i—5’ (D'L‘*‘J]:{—-(d(l.’ ‘>+ (da" )_®"+] aa )+
oD . Jd
L 1 T
+ (Dn 41 (\(Ja )} * (d:) * (64)
Ho

(OPass ) ((Pa)) _(BV_0V oV VRV OV
va, 1 \Ya, 0a'.0aj da Oda daj(?a daidaJ da

oV &V oV 9_/ QZ oV _{_59.!_/_ 02V\). 0_3’ 2

23 a;“a;;) ’ (E) =\ ~"3a; Ga,0¢ " da; Jada,)’ aa)

9D, , 05,,+,->_(0V RV IV, VoV
= ‘I’nw(—‘——aa >+‘l’n+i (aa =\oa, (“——oa,.aa da T a;aae}—
OV{ »rV eV, avazv‘):%v_\is:
1’1/

a; |~ 9a,0a da | da 0a3

Oa,

oV RV 07 @V (Vs
2(—_—511—] daOa -]—0ai aaj(?a "\ 0a |/~

BeaeacrBue aToro
[(Dn-i—i ’ (Dn—H ] =0,

Y70 H OCTABANOCD JAO0Ka3aTb.



TAABA JECATAAL.
BTOPAAl METOJA SIKOBH.

123. Cacremmx B mmBOAronEE. [lorommM, 4YTO Jama »aMKnyTas
cucremMa ypasHeHHH

Fi(xy, xo oo X pra- ooy pp)=0
SRR ST @
Foxyy Xgp ooy Xy Pryevs P)=0

HurerpupoBanneM Tako#i cHCTembl MoxeT GbiTb BaMEHEHO, KaK yKa-
sano B § 110, unTerpHpoBanne BCAKOH 3aMKHYTOH CHCTeMbl NyTeM
MPHYBCAEHHS HeH3BeCTHOH (YHKUIMH K YHCAY HEIaBHCHMbIX NepeMeH-
HbIX. YCAOBMMCA C caMOro HadaAa CYKTaTb, 4TO AkoCmau ’

DF,,...,F))
e @
(Plv A pm)
Heé PAaBEH HYAIO Ha OCHOBAaHHH ypaanenuﬁ (1) H 4TO, CAEeAOBATEADbHO,

ns ypasHennl (1) MoxHO HAliTH Py, Po, .- - ; Pm
Vi3 AauHOH 3aMKHYTOCTH CHCTeMbt (1) BmiTekaeT, uTo ypapHeHHs

(E’ E.) = (_)

CAEACTBHA YpaBHEHHH CHCTEMbl.
Mx;x nmoasunnM Hamy cHcTeMy (1) 6oaee CTPOroMy OrpaHHYeHHIO:
MBI OACZKHM, YTO Kaxjas ckobka (F, F,) paBHa HYAI0 TOXECTBEHHO,

T. €., 4TO
(F, F)=0. (i, h=1,2,..., m) (3)
Ecan cobaoaenst ycaoBus (3), Mbt GyaeM rosopHTb, 4TO (YHKUHHA
Fiy, Fy ..., F, %)

HaXOZAMCS 8 UHBOAIOIUU, A Takxe, uro cucmema (1) 8 ursoaouuu.
Breaennbifi TepMAH Mbl pacnpOCTpaHHM Ha (PYHKIHH, 3aBHCSIIHE SBHO
OT HEHSBECTHO# 2z, TOBOPA, 4TO zBe OyukuwH F; u F, maxoasarcs
B HHBOAIOUHH, €CAM TOMECTBCHHO

[F, Fl1=0. 3)

Beskas szamxuyras cucTema M3 m ypaBHEHH:, HE 3aBHCAWMX SBHO OT
HeusBecTHOl QyHkyaH, MOxeT OmMTb MepeieraHa B CHCTEMY, HaxoxA-
Lylocs B HHBOAICIHH. JAas aTOoro ZoCTAaTOMHO peinHTL €€ OTHOCH-
TEABHO /M OPOHIBOAHBIX H 3aMEHHTb HOPMAaAbHON H DKBHBaAEGHTHOMH
el cucTemodn:

o =p;, —f1 (x5, X3pee 0, Xpy Ppigsesos p,)=0

"pn);;o.

dro yTeepmaenue 6bIAO yCTaHOBAeHO B § 26 Ars cayuas AmmefHBIX

®

P R . . .

Pm :pm—fm WXy Xape e os Xy Pygs -
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CHCTEM, HO OHO, OYEBHAHO, OCTAETCHA CHPABEAAMBBIM H AAS paccMaTpr®
BaeMoro cayyas. JlOKasaTeAbeTBO OCHOBAHO Ha vTOM, UTO CkOOka

k=9 " .
ds, 09, d¢,0%, 02, 0o
©,, ©,)== = — - - b £ Rk B R s 3
@0 9 =G — gt + 2 ( g2 apk)
k=m+-1
He 3ABHCHT OT Py, Pa ---: P B TOTOMY JAOAXHAa GHITH TOXECTBEHHO
paBHA HYAIO, €CAH ypaBHEHHE
(06 92) =0

ecTb caejcTBHe ypasuenaf (5).

124. Bropas meroaa flxo6m. Bosmpamaemcs x cmcreme (1), maxo-
aawmefica B uaBOAouMH. [locMOTpHM, HeAb3s Ax Kk cHCTEME (1) npn-
COeAMHHTBH HOBOE ypPaBHEHHE

1=y (©)

Tak, yTo6bl MOBasa cmcTeMa u3 m-}-1 ypasHenumi ocTarach 3aMKHYTOH.
Mocaeanee Gyaer HaBepHOE HMETH MeCTO, eCAH Qymxuna F, ., Haxo-
ZHTCA B MNBOAOUMH ¢ QyHxkpasamu (4), T. e, ecam Qymkuua F .,
OAHO H3 pemeHnHR chCTeMbl ypaBHEHHH

k=n

B ap,o@__af,g)_ N
o 0= (G G0~ ) =0 G2 om0

k=1
JetictBureabHo, ecAn Bce CKOGKH

(Fiy Fpppi)s (i=1,2,...,m)

TOMECTBEHHO paBHbI HYAIO, TO PABHBI TOXKECTBEHHO HYAI0 TaKkxe
u CcKoOku
(fvi’ Fnl+l_am-+l)

n, 3HAYHMT, cucTeMa n3 ypasneil (1) u (6) 3amxmyTas.
[oroxmum, uro, usyuas cucremy (7), Ham yaarocp HafiTu n—m ee
pemeHuit
F FL+2""7F11,' (8)

m4-12" n

KOTOPDbIE HAXOAATCHA MexZy co06ol0 B HHBOAIOLHH. Toraa n Qynkunn

Fm—{—l—aznz+1’ M4 Fn_an

6yayT HaxoAuTbCA Mexzy coGoi0 B HHBOAIOUMM, H Kaxaas H3 HHX
HaxozHTCA B MuBoAronnn ¢ Qynkuuami (4). Beaeacrsue avoro cacrema
ypaBHEHuH

F,=0,..., F,=0,F, ,=a,.,..., F,=a, o)

6yaer samxuyTofi (W Zame B HHBOAIOHH).
EcAn nmpu 3TOM OKameTcs, 9TO M3 CHCTEMEI (9) MoxmnO maiiTh BCE
NPOH3IBOJHLIE
Py P vy P (10)
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TO NP DOMOWH KBajApaTyp, Kak BHITEKaeT M3 ckasaumoro B § 103, um
wafipgem QYHKUMIO Z, yAOBAeTBOpsiowyio cucreme (1); sta Qynxums z,
KpOMe MOCTOAHHMBIX @, . ..., @, GyZeT 3aBUCeTH emle OT OAHOH aazu-
TUBHOA nOCTOAHHOH a ¥ OyAeT, CAeAOBATEABHO, MOAHBIM HHTETPAAOM
cuctennt (1).
B cxa3annoMm 3akalodaercsi onucanme BTOPOH Metoam Hxobu.
CrazaHuoe MOMHO pPE3IOMHPOBATD B BHAE cAeayiowmell Teopemn
Teopegma. Ecau mer naiigzem xpome yricuuit

F, Fy.. F, (4)

oﬂpasyrol_y,.ux 0UECBUIHOE peUleHUe CUCMEMbBL §PaBHeHUI
(Fy, ®)=0, ... (F,, ®)=0 (7)
U HAXOZAUWUXCS 6 UHBOAIOUUU ewe N— m pPEUleHnk 3moii - cucmemvl
F1n+1’Fm+z""’ Fu (8)

maxxe HAXOAAWUXCA B UHBOMOUUU MemxAY coGolo, npuuem maxu:,
umo ynxuyuu (4) u (8) aiebpauvecxu Hesasucumbvl omHocUmMerbHO
aprymenmos

Pi P2y » v+ Pr> (10)

Mo Mbl CMOFEM Haimu noiwviii unmerpar cucrmemvt (1) npu nomown
xesagpamyp.

[ocaegnroro TeopeMy MOMHO uaspaTh 0606weHHoli meopemoil
Auysurrs.

125. Haxomxaenae COCTONIJHX B HEROAIOHE HNTErpaA0B CHCTCMEI
XAPAKTEPHCTAYECKAX MHBoOrooGpasmit. Uro6pt nokasath, uro cobpanue
ynxygii (8), yaosaerBopsiiominx cucreMe (7) ¥ HAXOAALUMXCA B HHBO-
AcUHE MexAy co6010, Bcerga moxer GbTb HallgeHO, OTMETHM mpexae
Bcero, uto cHcrema (7) saMkuyTas. ,

JIAf 9acCTHOrO CAydYas CHCTEMBl BHAR2 (5) 3TO yTBepxjaeHHe GBIAO
ycranoBAero B § 118. Jazum Tenepn nenocpeacTBennoe AokaszaTeAb-
cTpo Teopenn aas cucreMul (1) Goaee ofmero BHza, cuHTas, OAHAKO,
cucremy (1) B MHBOAIOLHH.

Toroxue
k=n
oF, 0@ oF, o
X (D)= (F, ®)= or, 0% or, 0%
(0= (F @) Z ( Opy 0x, 0xy Opy ) ’
=1
HaxO0Z¥uM

X, (X (D) — X, (X, (D)= (F, (F;, P)—(F;, (F, ®)=
S(E) (ftp @))»F (ﬁvp ((I), Fl))‘
Ho Ha ocnoBaumu Tomectna fxobm mm nMeem
(Fn (Fj9 @))+(E’, (q)r Fl))+ ((I)’ (Rs E;))EO:
OTKYZa, Tak Kak /7, F; B MHBOAIOUHMH, 3aKAIOYAEM, UTO

(Fyy (Fp PY--(F; (P, F)=0.
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Hrax -

X, (X_,‘(.(I))) i X}(Xi (@))=0,

OTKyja BHITEKAET 3aMKHYTOCTb chcTemnt (7).

Oynxgan Fy, Fy, ..., F,, ouesnano pemenus cucremnt (7). Ho
ciucrema (7), kax 3amruyras, HMeeT 2n— m aireGpauuecku HesaBHCH-
MBIX pemenunii, IHaymwT, 2n —2m pemennfl, axre6panyeckn HesaBACH-
MbiX C yKasasHbIMA QyHKIuAMA. [Toroxum, o 1 04HO HB 9THR pemenmii.

[Mpucoeannns k cucreme (7) ypabHenme .

(Fm+1’ @) =0, (7.
Mbl TOAYYHM CHOBA 3aMKHYTylo cdcTeMy W3 m -1 ypaBHenmmit. dra -
cuctema GyaeT mMeTb pemenne F . ., He cocrosmee Cpanee Haliaen-
HbIMH B aAre6pauuecKkoil 3aBHCHMOCTH, Halasi KOTOPOE Mbl DPHCOEAH-
HuM k cacTeme H3 ypasuenndt (7) n (7,) eme oamo ypapHeuue

(0 ®)=0.

Hosas cucrema 6yaer cuopa samkuyToH, Tak wak F,  , naxoaurcs
» wmsontouns ¢ o, ,, n F, ..., F, kak pemeHne CHCTEMHl H3 ypas-
nenndt (7) u (7,);!2naunt HoBan cucrema 6yaerbp MMeTb pemenue F, . o

e -
® T 3.

MMocTynas tax Aanee, mbi HaligeM mocAe n—m maros co6panue
oyuxunii (8), xaxaas us xotopmx yaosaersopsier cucreme (7) u xoro-
pble BCE HAXOAATCA B WHBOAIOLAHM Mexzy co6oio H asreGpanmdeckn
HE3aBHCHMbI.

Ecan okamercs, uro dyuxyus (4) u (8) aare6pamyeckn He3aBHCHMb!
ornocuTeabHO aprymentos (10), 3azauy mmTerpuposamna cucremp (1)
MOMHO CHYHTATb OKOHYEeHHOH.

Mol mokaxeMm, KaKk NOCTynmaTh, KOraa mocAeauee OGCTOATEAbCTBO
He MMeeT MecTa. Mbl yBHAHM, 4TO H B 9TOM CAydae COCTaBACHHE MOA-
HOro uuTerpaaa cucremnl (1) cBOAHMTCA K arreGpamdecknm AefcTBHAM
B KBajpaTypaMm.

126. Aemuma. [Toromum, umo cucmema JpasHeHUil, BO3MOMHO 3a-
sucawas om z,

F't (xlrx‘.’""’xm Z, P1» P2 ""Pn)=0’ (i=1: 2-"" m) (l-y)
3amMkHyMma u MOAOXUM, UIMO OHQ rlpeo6pa.90811Ha 8 cucmemy
t?1=pl——f1=0’ "'1?rm=pm__—fn:0) (5’)
npuuem sxobuaH
D(F, ..., F,) ;
RS @
D(Pl; sy Pm) }

He pasen HYAI0 Ha OCHOB@Huu YpasHeHuii cucmemot. [loromum zaree,
ymo ¢pynxuUU cobpanus

F F

m--12 " m-p20t T

F, @)
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YX0BAEMBOPSIOM YCAOLHAM
i= 1, 2, ...,m
([F» FD=0, (IF» F])=0, j=m+1, ---.l (1D
h=m+1,.
2qe¢ sHax (f) obosmawaem pesyivmam 3aMeHbl & cpynxyuu f or
Pls «- o3 Pm BIMUX QPUMEHTO8 UX SHaueHusimu u3 pasencms (5').

B maxo.u)c.nyuae —1 9
—_ 1=1, 24, ...;Mm
@ L0, (), E=0 (72 T ) @

BameTum, uto npm BHIGPaHHOM 0603HAYEHHH, YCAOBHE 3aMKHYTOCTH
cucremp (1) nepesoaHTCs paBeHCTBAMH

({F, FeD=0 (i, g=1, 2, ...,m).

Hpumeuanue. Ecau ¢yuxgna (1) He 3aBucar or z m HaXo-
ZsTCA B MHBOAIOUHH, TO papencrBa (12) umelor Buz

[lpucTynas k ZOKasaTeAbCTBY, OTMEYaeM, 4TO HMeeM
F)=F,(xp X - nx,, 2, fy5 -+ ap,)

H TOXKECTBEHHO
(F)=0 (i=1,2 ...,m) (13)

Judpepenynpys 'romec'rno (13)Y mo x;, z m p., noAydaem

A (13)

o) _(9E) + (25) .- (95)- N oo _
gx; dx, dp,‘ dx, dx, op,] 0x;
k=1
k=m
OF) _ (?F 9_5 of _(9F, OF,\ 0%,
= *‘2 ont) 0= (5) = 2503 =0 o
k= k=1

9(F) _ +2 01: af,_ aF. 2 aF, gg_z o
Op; ()Pz de p, UPI p,
nocaeauce ns Toxects (14) smseaeno B nPeANOAOKEHAH, YTO [ >my
OHO OCTaeTCA CHPABEAAHBBIM H [IpH << m; B aTOM CAyhae, MMEHHO,
dy,

¢
(F})) oT p, He 3aBHCHT B N3 DPOH3BOAHbIX T"- TOADBKO 5 * paBna eju-
o2

P
HHlIE, TOr3a KaK OCTaAbHbIE — HYAH.

Yuuoxas BTOpoe TOmecTBO Ha
fo ecan I<m, p;, ecau [ >m
¥ CKAajbiBas C MEPBLIM, MOAYYAEM TOXKECTBO

()= 2 G (@)=

k=1

(14"

&

|
|
!
i
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Yuuoxas tperpe TomecTBo (14) Ha (%), a Tomectso (14)'wa
I h

oF,
(—a—’ , BbIUMTAsA M3 NEPBOrO NPOHMBBEACHHR® BTOPOE, JaBasd l sHaue-
Pi -
mue of 1 Z0 n H, CkAaZbIBast, MOAYYHM

k=

(F» FD— 2("” 2 (9w F=0.

k=1

3

TaK Kaxk nepBOE cAaraeMoe B HOAYYEHHOM paBeHCTBe HYAR Ha OCHO™
BAaHHM 3aJaHHsl, AMEEM
k=m

2 (%%) (" Fj])so.

(15)

Jasas B (15) i 3uavenns 1, 2, ..., m, Mbl NMOAyYHM CHCTEMy AWHEH-
1
HbIX YpaBHEHHH ¢ HEHIBECTHBHIMH

([Q?D F;])’ ([?2’ F}]) ([Am) Fj]);

ofpezeAHTEAb KOTOPOA paBeH AKOGHaHY (2) u Be uyab. 3saqur

(lers F)=0. =12-.,L k=12 ...,m) (16
CuntaeM Tenepb, 4T0 j GoAbme m mg,eu NpOU3BOAHBIE OT (ll'" ) no
x; u p. Vueem, nocrynas xax npu BrBoZe ToxecTs (14) m (145
40— (4) -~ (5% (32)
dx; dx; Opx/ \dx;

k=1 (17)
B(F) (aF,) E(OF) acp,‘
aPz dp; 0p;, / Op;

09, dg,
YuHoxas nepBoe TOXECTBO Ha b?’ BTOpOE Ha | 7"}, BHIYHTASA
(] 1

W3 [epBOro NPOM3BEAEHHs BTOPOE, AaBas { apavenna 1, 2, ..., n
H CKAajgblBas, MOAyYaeM :

(Tow FYD) = Tom FD— 2 (9?) (m 2,

k‘:‘.
LY ' ocuosanun (16):
oTKyaa, Tak kak cmcrema (5') samkHyTas, uUMeem Ha :

(few (F;)]) =0 (j=m+1,.. »n) (18)

oF,
Ymuomas Tenepb mepeoe ns toxects (17) ma ) BTOpOE Ha

20 1. I'osrep.
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( af;,

K) , rae h>m, BhiuHTas 3 mnepPBOro NPOH3BeJeHHS BTOPOe,
1

aaBas [ 3navenns 1, 2, ... ,n H ckraagbiBasi, DOAywaeM
k=m

q&mmﬂmm—ZWWMmm

, k=1
OTKyAa, Ha bcuosannn (11) u (16), 3axarouaewm:

‘ ([I:h’ (f;)]) =0. ‘(h, j= m _!"y 1, cany n) (19)

Ymuoxaem, nakonell, nepsoe u3 toxects (17) ma av(g@ BTOpOE
P

. (45 |

Tr ), Bh[MHTAEM H3 MNEPBOr0 NPOH3BEJEHHA BTOPOe, xaem [
1

sHauenns 1, 2, ..., n B cKaapbviBaeM.
Haxozmm "
k=m

(E, ED=QF, E)— > (55)a, «D,

orkyaa Ha ocHopanud (18) u (19) okonuaTeabHO moAyuaem

d(F), (F=0. (20),

B romecrsax (18) u (20) sakrtouaioTCs yTBEPXACHHS AeMMbL
Kak mepsoe c.he,uc'rnne AEMMBl HMEEeM: CHCTEME ypaBHeHu#

& o m D) 9D 4
ax +f‘ dz ac: ax +Pkdz } . —&= , (21)

‘)Pk dx,
k=m+1

coorsetcTByiomieli cucteme (5°), yaoBAETBOPAIOT QYHKUHM
Fm+1): (Fm.;.z)" sy (1?1) (8')

JlefiCTBHTEADHO, AeBasi 4acTb (21) e 9TO MHOe, Kak ([cp,, (®)))-

Ilpu sTOM, Tak kak Qymxumu (8,") He 3aBUCAT OT P1, Pay?+«Ppy UMEEM.

(I(F) ( ;)]) = [(F Wy (Fpl=0, (22)

T. . OHH HAXOAATCS B MHBOAIOLHM.

B npumenennun x pymxnusm, paccMmorpennniM B § 124, zakarouaen,
4TO B CAyvae HaxomaeHns QyHKumK (8), Haxoasmmxca C HHMM ¥ Mexay
coGoI0 B MHBOAIOLRH, TOCAE NpeoGpasosanus cucremsl (1) B cucremy (5)
onepaunii BO3OGHOBAATD He NPUXOZHTCA; PYHKUHAH

(Frpids B oo (F), (23)

HAXOAATCA B KHBOAIOLHMHM C AEBDIMH 4acTaMH ypabHeuu#t (5) n Mempy
coboro,
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. 127. TipeoGpasosanne Aexanapa. Hamenuu HesaBHCHMbIE Tiepe-

MeHHbIE H Henanecnlyro (QYHKIIHIO, HE MEHAN He3aBHCHMbIX nepeMeH-
HBIX Xg;... , HO MOAOXHB

yﬂ+1=Pu+17"" In=Pu } 24)
—x,p,

Z=z—X 4 1Ppy1—

- Audpepeniupys BTOpOe pasenctso (24), NOAydaeM, MOAb3yscb mep-

BbIMH paBeHcTBaMu (24

dZ:pldxl—l_ "'+pp.dxl;kl——pp.+ldxp.+l+"' +pndxn_

—X, AP, ——-xndpn——pp_,_ldxﬁ_l-—— cer—p,dx, =
=pdx;+ ... —-{—ppdxp—-—xp+1dyl‘+1— coo—x,dy,.
Orciosa 3akniouaeM, 4TO npowssogkbie or Z mo xi,..., X, COOTBeT-
CTBEHHO PaBHbI P, Py, - -5 P, ; €CAH MBI YCAOBHMCS 0GO3HauaTh Gyxsamm

9y .y 15+ -1, TNPOHIBOAHBIE NO Y, . ;.- )Y, TO MOAYUHM
Vg1 =" X p e G X,
H, 3HAYHT,
z2=Z—Y, 1 Qo1 T Yn I
BBoas noBbie mepemeHHble B (QYHKIHIO
F(xl,x‘zly coey X W X PRI R Xy Zy Prye oo Pp, Pu+p Sy Pn)
u o6osHauas NpeoGpa3oBAHAYI0 (YHKIHIO F snaxom F, vmeen
F r(‘xl’x27"' 7x|;."—qp_+1 — Gy Z yp.-{—iqp.-l-i—‘ _

TYH.90 Pv---» Pp’ Yoqp---> yn)
Orcioga saxarouaem
OF oOF o0F oOF O0F OF OF .
r —x Z 0z oy o 0z % (=L2...0)
dF _dF dFF oF '

Io "y dy " op U=et+1.., m)
OF _OF OF__OF _OF-__aF
op.  Op,' Oq, 0x; 0z PIT T dx”

BeaegcTbue atoro '
=y

= = oF, dF;, _ dF; OF,
[Fp Fﬂl—z(apt dxt dx, aPi +

i=1

j=n d=p C
SEgrn-SEn-rm
4 dg; dy,  Og; dy, m Op, dx, dx, dp;

dF, oF, , dF, OF,
+2( T ) _rr

i=p+1 x ap_, 1 dpj

20*
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HUrax umeem:

[Fn }_‘:2]= [Fn Fa]- (25)

Ecan ynkyuu Fj, F, 6mAd B HHBOAIOUMM, TO ¢yHKums F), F, rakze
B MHBOAIOIMH. L

128. Jonoanenne BTOpOi iKoOEeBORk MeTOALL. [ToromENM, B OTAMUHE
or § 124, uTo paccMaTpHBAETCH CHCTeMa ypaBHeHHil, HEIABHCHMEBIX OT z:

i ?1=P1—f]=0!"'7 ‘?m=Pm"‘fm=0: (5)
KOTOpaﬂ B H.HBOAIOEHH;

(9 9)=0. @G j=1,2,...,m) (26)
CocraBasieM cucreMy AHHeflHBIX ypaBHeHHH, e COOTBETCTByHOUIyIO

od

(¢ ©)= o,

m .
Oy, oo dg, 0D . .

+kz+l(apk axk '_"a—x';' dpk)_os . (l'—l-s 2)"',m) (27)

H CHCTEMY B MOAHMIX AMQ(QEPEHHAAAX, OUNPEAEAAIOILYI0O XapaKTEPH=
cTuueckne mHoroobpasus C,, cucremn (5):

fi=m

i=1 (k-_—_—.m——-}—-l,...,n) (28)

[Toroxum, uto umeroTcs n— m uaTerparoB cHcremb (28):
i1

m+1=am+1" ey (I)p-=all-’ (DF+1=al"+1’ . "(Dn:a”’ (29)

Haxonﬂlgﬂxcu B HHBOAIOUHH, T. €, TaKHX, 4YTO
((I)hr q)j)Eo' (h' j=m—}—-1,..\.,n) (30)

Chayuait, xoraa us ypasnennii (29) MoxHO HaiiTH npousBoaHbIE

Pumy1r ey Py (31)

paccmorper nmamu B § 124 u TaM nmokasaHo, Kak B 3TOM CAy4ae coCTa-
BHTb TOAHDLI HETerpaA cuctemsl (5).

TMoromum Tenepb, uro us ypasHenuii (29) Heabas mafiTh apry-
uenToB (31). Tlonoxum, uTo Ms mepBmX |-—m ypasHenHii:

Qi =y s ¢, =a, (29,

MOryT 6bITb HaHAEHBl aPTYMEHTHI P,, . sy -+ P,; HOAOXHM, YTO pemas
11X, Mbl HalzeM ypaBHeHHS

Prmt1 =Pm+1—-fm+1 =0,..., ?p.zpp,—flA.ZO
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M 9YTO, MCKAIOWas HafiZeHHble NPOMSBOAHbIE M3 OCTAALHBIX ypaBHe-
unft (29), Mn npeo6pasyem MX B -

@, )=a, 40 @)=a, (32)

Joxaxem npemae Bcero, 4TO H3 ypaBHeHn# (32), saBmcaIIMX TOABKO
OT Xj,..., X, MOrYyT ObiTb HaflgeHbl APryMeHTHI X, . 4. .-, X,

Jeficreareavno, ecan (9), i=1, 2,...,m oGosnauaer pesyAbTar
HMCKAIOUGHMS H3 QYHKUHM @, APTYMEHTOB P, ,-.-; P, TO QYHKUNH
(®), j=p-1,..., n yAOBACTBOPSIOT HA OCHOBAHHA AEMMN CHCTEME
yoaprnenui :

((2) @)=0, (¢s () =0, (h=m~11,...,p,i=1, 2,...,m). (33)
Ypasuenns (5') remMnl EMeloT NO HamuM OGO3HAUCHHAM BHA:
(¢)=0, (i=1,2,...,m), ¢,=0, (h=m+1,...,1).
Tax xax ypasnenns (33) pelieHbl OTHOCHTEABHO
2@ - @)
Ox; 77777 Ox,
CHCTeMa B NMOAHBMX Zuddepenuuwarax amanoruunas (28), Ho coorser-

creyromas cucreme (33), umeer 2(n— ) WHTErparoB, paspeIIHMBIX
OTHOCHTEAbHO

Xy g0 Xppere 35Xy Pugprec s Py

Ha ocnomarun Aemmpt § 126 ypasHenus (32) o6pasyiorT cucremy
HE3ABHCHMBIX HHTETPaAOB JAs BTOH CHCTEMH B NOAHBIX anddepen-
UMaAaX U TaK Kak OHH HE 3aBHCHT OT P, | y;- - +»Pp TO OHH Pa3pemuMbl
OTHOCHTEADHO X,, | 5, - +y Xpye

Veranosus 5T0, BO3BpamaeMcs K cHcreme (5) i BbIOAnsieM B HeH
noactanobky JAemanapa, NOAOXHB

Z=z2—X, 1 Pyy1— T X P Yot T Pupr ) Ja =Py

H He MeHsfA NEepPEeMEeHHbIX

X1y X350+ 0y XP.

Mn npeo6pasyeM, mOAbSysch 0603HAYEHMsAMM NPOWIAOrO maparpada,
cucremy (5) B cHcremy
— — !
CPI=0:"', ?m=0, (5)

UpAYeM B CHCTeMe ypapHeHHH

— 3

)

mt1T Cmprr - os (I)P:al" @u+1=ap+1" o ®,=a, (29

¢pyuxgEn P HaxOZATCA B MHBOAIOLHH Mexay coGO H € QYHKUMAMEA ©.
Tax kax nps BeinoAHEHHOM NPeo(pPa3OBAHMH X, . . -, X, SAMEHEHH! 4epes

—q, 11 G, YPABHEHHS (29’) paspemuMbl OTHOCHTEABHO

Punit Pmyo--s P Jugve-n
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Mm HAXOZUMCH, CACAOBATEALHO, B YCAOBHAX § 124. Haiigs us ypasne-
wmft (§') u (29°) npomssogmme p,... Py 9ypp-++19, B HHTErpHPYS
woAHBHE AudPepeRIHAA

dZ=pldx1 + e —{_pp.dxp,—l—qp,-l-ldgp,-}—l—*_ b +qndyn’

ub HafifeM nOAHMIE MHTerpan cucrem (5}): )
Z=; W (xy, x,,. . X Yy s Gpipe -y 0,)—a. (34)

Ilo camomy cocraBaenuio gynxuan (34), ypasuenns
P +1=S_W_,.“’p=ﬂ q =0_W_ q=0W
m X1 ® dxp > e dyp_*_l I oy,

paBHOCHAbHBI ypaBHenmuaM (29') u nocAe pemerus OTHOCHTEABHO
4yt p0- - -2 @, OOpamaroTcs B

(I)m+1=am+v"" ¢, =a, q)u+1=au+l""’ 0, =a, (29)

(33)

CocraBasiem zaree no murerpany (34) ypapnenus, onpeaeasionlue
XapakTepHCTHYeckoe MHOroo6pasue C,, cacremm (5'):
b = ow W _ oW _ W

m+1_d—d"::""’b"'— aav. ’ bp+1—aap.+1,..., bn-—-—d'a:. (36)

Hcxatouas us nocaeannx ypaprenuft @y, 1 1)-++» 0, TPH NOMOIIHA ypaBHe-
mnit (29'), Mni, noabayach oBossavenusnn § 122, npeo6pasyem ypabhe~

enn (36) B
1)\ 4 _{oW
beis= (o) 5= ()

(oW ow
o T

ITo teopeme § 122 umeem

(5 (2o s 1o (22), (4]0
th j=m1,...,n).

Kpome roro

(;,, <%—Z»Eo, Uér;+1,...,n) (i=1,2,...,m) (38)

Tak kak pasenctTsa (37) 06pa3yioT HHTErpaAbl ypaBHeHHR B NOAHBIX

Axd@epenyuarax, ONpeAeARIOWAX XapaKTEPHCTHYECKHE MHOroo6pa-
sus C, cucremnr (5)

aK Kak M3 nepBoix b — m ypasuenni (29), MoxHO nafiTu PpissersP,,

- [t

a M3 MOCAGJHHX n—p MOXHO HAHTH X, ,...,X,, TO H3 NepBHX
— " 4 v e

#—in ypasuenmit (29°) mMox:r> mailtu p,, 4Dt £ @ HS HOCAECJHEX

H
:
4
5
1
i
H
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n—p Mommo Ha#iTH ¢, ,...,9,. OgeHoBuBasch Ha 5TOM, MH MomeM

 3aKAIOWHTb, YTO H3 TNOCAEAHUX n — W ypasHenuR (37) momuo, mocae

HCKAIOUEHHS M3 BUX P, ..., Py, HAATH §, 4.0 U,
JeHfcTBUTEADHO, €CAH HAXOMACHHE P, . 5.+, P, U3 MEPBHX 4 —m
ypasnennit (29) npeoGpasyer ux » ‘

‘Pm+1=01-"’ E}. =0, .
ecAM MCKAIOUEHHe BTHX apryMenToB H3 ypasuenui (57) npeoGpasyer nux
({D—l) =0,.. "('.;m)=0’

a MCKAIOYEeHHE MX M3 AeBhix uacTell mocAeanux n— i ypasueuudi (29')
n (37) npupoaMT K QYHKIHAM ‘ 2

ol () () e

70 Ha ocmopaHmH Aemmm § 126 ¢yukgun (39) o6pasyior moamoe
cobpanue pentenuil cHCTeMbl

«;9-4)’ $) =0, (‘;j’ $=0,i=1,2,...,m, j=m+1,..., 8

(Mynkyus Takoro MOAHOrO COGPaHHA AAreGpaHYecKH HE3aBUCHMbI OTHO-
cateabHo 2 (n— 1) apryMeHTOB

v

Yottt Tut2 29w YpgvrUm

a Tak kak nocAezHme ypaprenna (29') paspemEMBl OTHOCHTEABHO
G, yp-+1Gy Ha JOAO TOCACJHHX n —i ypasuenuft (37) ocraercs
0KA3aThCSl PASPENIMMBIMH OTHOCHTEADHO Y, i 1yeess Yy )

BosppamaeMcs Temepb K CTaphiM NEPEMEHHBIM. Ypapuenus (5')
o6pamaiorca B (5), nepsvie p—m ypabuennft (29°) o6pamaiorcs B

(I)m+1=am+l" ttr q)p.= ap.’ (40)
a mocaeaune n—p ypasuenuit (39) ofpaaiorcs, ckaxem, B
ow d W) _ ”
(m)*bpﬁ""’(a‘,n =&, (40)
Dyuxyan
ow ow
- 1
q)m+v (I)m+2---- (I)Py(aap—‘_l)?"-:(aan) (4 )
daxoasaTcs, no ckasamaomy B § 127, B mHBOAIOgMH MexAy coGoio H
B MHBOAIOUMH C QYHKUHAMH Pyy. ..y Ppe

Mpu srom, cucrema ypasuenu#i (40) u (40") paspemrma oTHOCH-

TEADHO
Pur Pmy1 »< s Pp pp,+p---ﬂpna (42)

TaK KaK P O6PATHOM NEPEX0Ae U, 1 yp++++ Yy, OGPAWBIOTCA BP 1 1y «++5 Py
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Hafian co6panne 'ypasuennfi (40) u (40'), Mm, smaunt, HaxozuMcs

B yéaortax § 124 u momem, naiigs ws mux ¢ynruan (42), cocrasurs, -

HHTErpupys, NOAHMA gHPPepeHgHan
v dz=pdx,} ...+ p,dx,,

noaunit uETerpan cucremm (5).
129. Npameprs. 1) Hafitu norunift murerpar cmeremu

Fi=xlp,—2p? =0, Fy=x,py—2x*— psx3=0. “43)
Cucrema samxuyras, Tak Kak
(Fy, Fo) =4pg® —2x°py = —2F .
Caezorateabro, cncrema

2P‘-} __0

2 — P8 T (49)

1
B HHBOAIOIHH. O'rmcxmaau xaxoe-nnGyab peleHne CHCTeMBbI
0D 4p;, 0O = 0D x3 00 ps 0D

()xﬂ —_—xx_2 0x; =0 Ox; _;1— Oxg 71 Opg

po—

=0,

AErKko HaxOZHM, 4TO €if y.llOBAeTBOpHeT prHKgHﬁ

O=275
. Xy
[lpucoeaunss x ypasuennam (44) ypasuenue
o Ps
xl as

4 pemas HNOAYYeHHble YpaBHEHHA, HAXOAHM:
Pi=2xi+asxs, pa=2a py=ax;,
OTKYAa 3aKAIOYaeM, YTO MOAHbIH HHTerpaa cucrembt (43)
z=x2}azx, %3+ 2a,2x, — @
2) Hafitn noanpii marterpan ypasrenns

F=(p;+ p)? 4 (x, — x,)* — x5p3 = 0. (45)

CocraBassa ypasrenne

o0
(F;(D)=2(P1+P2)d +2 (P1‘|‘P2) —2(x;— xe) op, +
aP oD
+2(x1_x2) ap X3 Oxs +P3 Ops =0,
6e3 Tpyna y6expaemcs, uTO QPYHKUAH
Dy = x3p;, D 2 = X1 Xp (46)

emy yaosaetBopaioT. Dynkymu @, u O, ouesnzHO HaxoazATCA B WHBO-
atopnn.  Bomoanns noacramosky Memanapa, noaaras

Z=z— X2P2: Pe=Yg 2= Xa
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M He MeHaA X, H X3, bl npeoSpasyem ypasuenue (45) B ypaBuerne

(P +32)*+ (21 1+ 92)* —xepy =0 (457)

H MMeeM BO3MOXHOCTb, mpeobpasys (46), npmcoeamauTh K HEMy ellie

ABa JAPYrUX B MHBOAIOIHH C HHM H B HHBOAIOLHMH MexJy cobolo:

Xgps =g, X Gp=ay. (46°)
Oruickupas us ypasuenn#t (45') u (46") p,, p,, 9, HaxoamM
as
FPs== "y 2=

.’ _xls P1=—y2+L '——02
3

H NOAywuaeM MOAHbIH mHTerpan ypasmenus (45'):
Z=—yox; 1 V a3—a? - xy -asyp 1 a3 log xg—a.
OrpanrunBasch TOABKO HEOGXOAMMBIMH BBIKAAZKAMH, MHINEM:
b=y, — O B
Vaa —ay?
HCKAIOU6HRE a, H. Qg NpH ToMowu ypasuenufd (46") gaer
(%1190 x4
"V xpg— (3 + 72)9

BoaBparusmuCh K CTapmiM fepeMeHHSIM, BHAHM, YTO K YpaBHe-
auio (45) MOXHO THPHCOCZHHHTD ABA YPaBHEHUA: ‘

Cimn @n
V x5ps— (2, — xoF '
pemas ypasnenus (45) u (47), Haxo,zum

:_{13 —b — X)Xy
pS x3’ 2+ V 03_(x1_-x1)2 ’

+V az— (X, —x5)* »

by=p,—

XgPg=dg ' Pa~—

bg'— (xl——x2)'xl

Vv ag— (x;— xp)?

Pr=

OTKyA& BbITEKaeT, 4TO

z=—by;+x,V ay— (x;, — %)+ byxy - az log x;—a
noAnwiit HuTerpaa ypapnenus (45).

130. Cacremnr ypasnenuii, SABACAINMX OT NeHSBECTHOR QYHAKRUHM.
Teopus, passutas B § 124, 125, 126 u 128, momer 6miTo pacmpocTpa-
HeHa W Ha CHCTEMBl ypaBHeHHH, 38BUCAIIAX OT HemasecTHOH (YHKLHH.

[Moroxum, aana cucrema ypapHeEHZ

y Xgy 29 Prs- - oy pn)_ ]|
e e e v i (48)
oy Xy 25 Prye - ,p,,)-—O ]

B MHBOAIOLEH, T. €. Takad, B KOTOPOH Kazjzas ckoGxa

[Fo F]] (49

Fi(xg, xg - ..

Fo (x1, x9, -
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TomecTeeHHO paBHa myAtlo. CocTamm cucTemy ypaBrenuit

k=n .
CNQ[OF, (00, D\ o dF,
F'i: D] = 5= p, = — —_r ) = g
[ ] }Z [ p, (axk T Pk Oz ) ap, dx,,] ={. (50)

Cucrema ypaBuennii (50) samknyras. JesicTButernno, mo CKa3aHHOMY
B § 31 M umeem

[F [F4 O +[F, [@: FIl +[D, [F, F]l = %i-;— [F @]+
A+ A R
CAez0BaTeAbHO, €CAH TOAOKHTD

[Fy O]=X, (@),

TO Ha OCHOBAaHWH 3ajayuit 0 cucreme (48) mmeem:

aF.
X, (X, (0) — X, (X, (@) = S22 ¥, @0) — 2t x (o)

OTKYAAa BBITEKACT BaMKHYTOCTb cHcTemb (50).
Ecan nam ygacrca maittn n-}1—m pemesnit cucremu (50)

Fm+l’ Fm+2,. - F, Foiv {31)
HaxXOZAWAXCS B HHBOAIOUHH MEXAY CO60I0, T. €. TaKHX, 4TO

[F:y" F,]=0, Gh=m-|1,..., n+1),

TO CHCTEMAa ypaBHeHHH
F,=0,..., F,=0, Fm+l_=am+1,. .y Fo=a,, Fo i =a (52)

ﬁyge'r B muportognd. Ecam, xpome storo, uz cmeremm (52) mommo
HAHTH

Pis Pase sy Py 2,

T0, no ckasaunomy B § 105, maiigennoe z 6yaer pemennem cucreme (52)
H, B YACTHOCTH, pemeHnueM cucTemnl (48), zammcammum or n—m--1
MPOU3BOADHBIX MOCTOSHHBIX, NPHYEM HCKAIOYEHHE BTHX NMPOH3BOADHBIX
NOCTOSIHHLIX M3 YpapBHEHHH '

__ 0z Jz
PL= G, 2 P Ox,,
NPAUBOAUT TOALKO K TaKHM YpPaBHEHHSAM, KOTOPhiE PABHOCHAbHBI
cucreme (48). 3naunr, z Gyaer nornbm MHTErpaAOM CHCTEMbI.

B ckasannoM saxarouaetcsas o6o6uenue Teopemm § 124,

131. Pacnpocrpanenme Bropoii mMeroam Hxo6m ma BaAMKHYTHIE
CHCTEMMLI, BaBACHIUME OT HemsBecTHoi dysuxmma. /[as npuaromenns
yKa3aHHOH MeTOAsl K AI0GOH 3aMkHyTO# cHCTeMe Hazo ymeTb npeobpa-
BOBBIBATD €€ B CHCTEMY B HHBOAIOLHH, 4€r0 Temepb, pelileHNeM OTHOCH-
TEABHO Py; Pyy- - +5 Py NPEANOAAras, uTO OHa OTHOCHTEABHO STHX apry-
MCHTOB pa3pelmiuMa, JOCTHIHYTb YKe HeAbas. JlAg AoCTumenHs LeAH
fIpUXOZNTCR BHIGHDATh ADIyMEHTH!, OTAHUNBIE OT YKA3aHHDIX. N

%

A
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Jas nposeaenus paccyxpeHHil Mbl Hyxzaemcs B Goaee obwmeit
TeopeMe O CKOGKax, 4eM Te, KOTOPHIMH Mbl NMOAB30OBAAMCH A0 CHX mop.
Teopema. Ecau zana cucmema

Fo(3y, Xare-orXpy 23 Prse - P)=0,  (i=12,...,m) (48)
paspewwuaﬂ OMHOCU'NEALHO HEKOMOPbLX U3 apiymenimnos
X1y Xgyeeor Xys Zy Provcvs Py l (53)

(=1,2,...,m) (48)

eil BRBUBAAEHMHAS, M. €. Maxas, XOMOPoil YZ08AeTNBOPSAIOM Me xe
snavenus apymenmos (53), u ecau cucmema (48) samxnymas, m. e.
ecau cxobku

[E) F j]

obpawaiomes 8 Hyav sHauenusmu (53), Haligennomu us ypaswue-
nuii (48), mo cucmema (48') mome samxnymas.

Ipu goxaszaTeAbcTBe TeOpeMbl MbI 6yAeM Npe ANOARTATD, Y4TO, BIPOYEM,
He OroBapHBas, Mbl AeAaeM Bceraa, uro ¢ynxumu F;, @, roromopdum
BOGAH3N HEKOTOPHIX HAYAAbHBLIX IHAUEHHHA HX aprymeHTOB.

Paccmorpnm cucremy ypapHeruil

F,(xyy Xye vy Xy 2y Prse-osPu) =F, (i=1,2,...,m)
A PENIMM ee OTHOCHTEABHO TeX apryMentos (53), xoTopbie Mbl HAXOAUM

u3 cuctemnt (48). Mni noAyudm ux B BHAe QYBKUHHE OT OCTaAbHHIX
aprymenros (53) u aprymenTtos

) Fl’ F2J'v"va;
TIpH TOM BTH QYHKIAH TFOAOMOP(QHH NpH

F,=0, F,=0,..., F,=0.

m

U cucmema
D, (X, Xas- e o9 Xy Z, Prse o os p.) =0,

IToactaBans mHaiiaenble 3HAYEHHS B (QYHKIHH (481'), MEl ZagHM MM BHA
D (xy, Xgye o os Xy 2, Prye - ~:Pn).= b (u, Fyye- oy Fm)l (549)

rae 6yxBamu u 0o603HAYEHB! He MCKAIOUEHHDbIC apryMeHThI (53) mrae ¥,
PasAOAHMB B PAAB MO BO3DACTAIOWIHM cTeneHsM [y,..., F,; npH aToM
pasenctBa (54) o6paigalorcs B TOmecTBa mNOCAe 3aMeHbl F; uX 3na-
YEHHAMH.
Bce ¢ynxpuun D, obpamaiorcs B HyAb OT NOACTRHOBKH B HHX
aprymentos (53), maiigennmx u3 ypapuenuft (47); smaumr,
4, (y, 0,...,0)=0,
T. €. yKkasaHHble BbILE PAAbI HE HMEIOT CBOGOAHBIX YAEHOB.
BcaeacTeue 8TOro, BLIHOCS W3 YAEHOB PSAOB, 3aBHCAWEX OT Fy, F)
8a CKOGKH; BBIHOCA M8 OCTABIIMXCS YAEHOB, KOTOpble 3aBUCAT OT Fjy, Fj
3a CKOGKH H MOCTYmas Tak jaAee, Mbl MomeM pasencrBam (54) aarp
BHA
— A@ ) r
D, (x1, X900y Xy, 2, pl""lpn)—Al)Fl"'}" e +Am Foun (3%)

rae A;—@ynxgnx or aprymentos (53}
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Hz nocaezunx pasencTs Ha ocHoBammm cpoficTe cko6ok Sfxo6m
BBITEKAaEeT PaBEHCTBO ‘

[@, ©]= [imA('? s, li" AP Fz] —

k=1 =1

l=m k=m k=1n -

= Y XAF, A7) R+ X AF, B AP} =
I=1" k=1 k=1
sl=mk=m .
s 3 NAY, AMF, FIF, A AV FA-
I=1%k=1

+[4Y, F) A? F,+[F, F1AD AP,

H3 KOTOPOTO CAeAyeT CHpaBeJAHBOCTb TEOPEMEL.
Teopqua § 102 ammb wacTuuil cAyuai gokazanHOH TeopeMbl, TaKkae
Bce BoikAagku § 105 mokpmBalorcs ®To# Teopemoi.
CHOBBIBAfiChb HA AOKa3aHHOR TeopeMe, AEIKO YCTaHOBHTb, 4TO,
pewas 3aMkHyTylo cuctemy (48) oTHOcuTeAbHO M U3 aprymeHTOB

X1y XQy ove gy Xppyaooy Xy

Mbi npeo6pa3oBbiBaeM e€ B CHCTeMy B HHBOAOLAH. JleACTBHTEADHO,
€CAH CHCTEMa

»=x—f=0,..., 9,=x,—f,=0 (55)

PaBHOCHAbHA 3amKHYTOH cHcTeme (48), To oma samxuyta. Ho cxo6xu
[‘w,-, cPj]

He 3aBHCAT OT Xy,...,X,, TaK Kak q)ynngm P1re+ 13 Pon AMHEHHBI OTHOCH-

TEAbLHO BTHX apryMeHTOB, H NOTOMY, 6yAy4n 06PaIalOIUMHCH B HYADb
Ha OCHOBaHWu ypapHenuit (55), OHM paBHDI HYAIO TOXECTBEHHO.

Takxe wmbi npeo6pasyem cucremy (48) B cHCTeMy B HHBOAIOLHH,
PEMIHB €€ OTHOCHTEABHO z M m — 1 H3 apryMeHTOB Pyy.. .y Py« <3 Ppy
HallpuMep, Nepenncas B BHAE

z—f=0, Pl—fxzoﬁ" o5 Pu—s—fy=0
M 3aMeHHB CHCTeMoil
=z _f_xl (py '_fl) e _xm_1(Pm_1 _fm—1)= 0

1
|
(Plzpl—fl: e e s (P’m——1=pm—1_fm__1=0- }} (55,)

Uro6u y6eauTnes B 3TOM, AOCTATOYHO MPOBEPHTH, YTO CKOGKH
[2, @i, (1=1,2,...,m—1) (56)

TOXECTBEHHO PaBHBI HYAIO; cHCTeMa (55,), HMEHHO, 3aMKHyTa M MOCAEZ-
HHe ee m—1 ypapHeHHs, KaK He 3aBHCAIIMe OT Z H pemeHHble OTHO-

§ 131, Pacnpocrpanenue Bropofi MeTozM Sxobu 31:[,:
CHTEABHO Py, - ) Py HAXOZATCA B HHBOAIOLHH. CocraBasa xe
ckobky (56), umeem
k=n
[‘P’(PJ]-_: Tpk Fg—‘('—;ax‘ +x1_a}:'+-.. +
k=1 4 ken a 0
afm—l cPi ¢ )
T Xn—t Ox, +fi)— 2 opy (0xk+pk’ ’
k=m-1

BhUMMCAHHbIE e UYAGHbI B NMOCAGAHEM QaBeHCTBE HE 3aBHCAT OT
Pir- - +s Pm—y» % ¥ TOTOMY MOCAEARSAS CKOGKa paBHA HYAI0 TORECTBEHHO-

OrMeTHM, 0ZRAKO, YTO 33jaHHE O TOM, YTO CHCTEMa (48) B xmgg—
AIOUIMH, HaM HYAHO TOABKO AASl TOTO, 4TOGH yCTAHOBHTD, TO cuctema (50)
3aMKHYTas. '

Ecam aas samxHyTo#i cucTembl (48) mb mafizen n-+1—m ¢Qynx-
guit (51), HaxOAAIMXCS B MHBOAIOUUA C ACBbIME HacCTAMH ypaBHeRH#
cuctemvt (48) u Mexay coGolo, TO CHCTEMa (52) monpemnemy 6Gyaer
3aMKHYTOH, M 3aKAIOUEHHE MPOINIAOTO Mmaparpada OCTAHETCA CNpPaseld-
AHBDBIM,

[MocAeanee 3aKAIOUEHHE NO3BOASET BHJOM3MEHHTb METOZYy Tak
4ro6bl HCMOAB30BATh ckasamnoe B § 118,

[lepeaeras zanHyio SaMKHYTYIO CHCTEMy (48) B cuctemy

oy =py—Fi (X1, Xg1e vy Xy 2 Pm+1""’p”)=0‘

(57)
Oy == Py —fo (X1 2y - 9 Xy Zs Proy 13-+ 2 Pn =(
npegnoAaras, KOHEWHO, 4TO AKOGHaH .
’ : D(Fy,..., F,) (58)
D(Pl"":Pm) ’

ne ofpaaercs B HyAb Ha OCHOBAHWH YpaBHEHMH (48), Mnt Moxem
~HcTemy (50) 3amenuTb cucTeMod

0D
(few DD =37 +1 G+

k=n
o, (0D oD _i‘gi‘?‘_)=o i—1,2,..,m) (59
+ > (e (Gt~ ) OO )

k=m+1
Cucrema (59) samknyTa H Tak Kak OHa HOPMAAbHas, TO H B HHBO®
AJOLAH.

Ecau Mbl Hafiaem n-1-—m HesaBHCHMBIX pemenu#i cucremer (59)
Dpypry Prugzre - D, D, 10 (60)

HaXOAAIIMXCA B HHBOAIOUHM Mexay co6oio, TO CHCTEMA ypaBHenui
¢, =000, $,=0, P\ =1+ D, =a, @,.,=a (61)
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6yaeT 3aMKHYTOH. " JeficTBHTEADHO, MBI UMEEM
([0 D, —a )= P))=0,i=1,2,...,m
Oy —ap ©,—a]=[D, O,]=0. h=m-+1,...,n+1.
CaepoBaTeApbno, ecA¥ u3 ypapHEHRR (61) momuo wafttu :
Pt: Pas- -y Pps 25 (62)
TO Mbl CMOXeM HaHTH noAunli# muTerpar cucremsl (57) u agaxe Ges
HOBBIX MHTErpupoBaHuii.

Mocaeanee o6CTOATEADCTBO HMeeT Mecto He Beerpa. Ho moxuo
BHECTH B TEOPHIO HEKOTOpble A06aBAeHHA, aHAAOrHYHble A0GaBACHHAM
§ 128, u caeraTp ee NpHBOAAILEH K LIeAHM BO BCEX CAyYdsX.

OrmeruM, 410 ecAr cHcrema (48) 6bina B MHBOAIOUMH H 6BIAR
padizennt @yHxyuH (51), HaxoAAWHECH B HHBOAIOUMH C AEBBIMN YACTAMH
ypapuenuil (48) u mexay coGolo, To nocae npeobpazosanus cucremn (48)
B cacremy (57) ¢yuxymu (60) moryTt 6miTe Hamucalni cpasy: OHH MOAY-
valorca u3 QyHKyuf (51) HPOCTBIM HCKAIOUEHHEM aPTYMEHTOB Pi,- - «, Py
npu nomowu ypapHenut (57).

J70 HENOCPeACTBEHHO BbITeKaeT 43 AeMmbl § 126 u moxer oka-
BaThCA MOAE3HBIM B CAydae, Korza cHcrema (52) me paspemuma oTHO-
cureAbHO aprymentop (62).

132. Jomoamenne x pacnpocrpamennoi meroxe fAxo6m. [Toromum
tenepb, uro cucrema (61) He MomeT 6HiTb pemena OTHOCHTEABHO,
aprymentos (62). [Torosum, aTo Kpome aprymentos py,po,.. ., Pm) A2H-
HbIX meppbIMH m ypasremuamH (61), us caeayromux p— m ypasuennf:

‘q,m-{-l:am-}-l""’@p:'ap. (63)
MoryT GHTb HAUACHEI Py, 3 - - P, B YTO HCKAIOYEHWE HX M3 OCTAaAb-

HBIX ypanﬁennﬁ (61) npuBOAMT K ypaBHEHHAM, He 3aBUCAIMM 6OAee
OT apryMeHTOB p, . ;. -, P, JJOKAZKEM, UTO B STOM CAyuae M3 OCTaB- .
muxcsi ypaBueHHH MOryT OHITh HAMAGHB! APIyMEHTH X, | j,-.-X, 2.
Jeficrpureabno, Hafiaem us ypasuennhi (63) p,, 4197+ +3 P, B HCKAIOUHM
ux u3 nepshix m ypasuennit (61). Mu npeo6pasyem aTu ypapuenns u
ypasuenns (63) B cucremy

{o)=p— {fl} =0,-.., {on) = Py —{f) =0’?m+l=

=Pugr— fyr=0s. ., 9, =p, —f, =0. (64)
8T0ﬁ CHCTEME OTBevaer cncaqlxa
00 00 | (0o, { 0P oD
T TGt 2 o (G G )~
k=pJ.1
@ d o,
— G ) =0 a=12.m)
) P e - (65)
99 (00 dg, (0B | 0D
ox, T 1o +2( ap,,(axk +”'=79?)_
k:[l--l—l
00 dy;\ __ .
~ o ”3;;)—0» (j=m+t1,...,p)

§ 132. Jonoauenne x pacmpocrpamennmoii Metoze flkobin 31
Mo ckasaunomy B § 126 Qynkyun
{(I),J.+1}" .o (9.}, '{QJ”_H} (66}

ofipasyioT HesaBHCHMbIEe pemenns cucTemul {65).
JeficTBETEABHO, MBI HMCEM [0 3a3aHHIO

' ‘ i=12..,m
([(.Da‘: q)J‘I])EO) [(I)’" (I)j]EO: [Qj’ (I)jllEO Si=p+1,.. .0 n+1 }
' ) k=m-1,..., p ;
CaezopateabHo
{len @21} =0, {{®, 0]} =0 {[®;D4]} =0,
ecan 3Hak {] OGOsHawaeT pesyAbTAaT HCKAIOYEHHS P, . ...., p, mpw
nomomu ypasuenuit (63). ‘
Ho rorza no aemme § 126:
i=12,...,m

{[on ®]) =0, {[®u®]} =0 {[2,2,]}=0 | j=m-1,...,p
h=p-+1,..,n1 /.

INocaeaune TomecTBa cooTBeTcTBYlOT ypaBHeHmsaMm (65).

Cuctema (65) umeer 2{(n —p)-+ 1 pemenufi, He3aBUCHMBIX OTHOCH-
TEABHO

Xypr Xyqze 2 X ZsPy 192 Prs

TaKk Kak Mo OpeanoromenHio Qyuxuun (66) He sapucaT or Putiroes Pur
ypaBHEeHUA

{(I)p-]_l}::au_}_p"" {Qn}=am {(I)n—]-]}:a (67)

ZOAXHBI GbITL pa3spelIHMbl OTHOCHTEADHO apryMeHTOB Xy ppe ey Xpy 2
Boimoaunm Tenepb noacranobky JNexamapa, nmoromus
Put1= Fpvrr0Pn =Y L2 Py Xy 1 e PuXs }(68)
X1 =Gy iy In="GuZ=L G, Y, 1 — - —Gul, :
Mut npeo6pasyem cucremy (57) B cmcremy
@=p—f=0,...,9=p,—f,=0, - (57)

B KOTOpOH
i=hCy xp e X = s 9 £ G, L F g e QY

pl;--o,Pw yP+.1" . -,y,,)

u xoropas Takxe 3aMkHyta. MDyukuun (60) npeoGpasyioTca B GyHKIHK
5m+1" c s 61»' (Dn-{-l’ (60')
B KOTOPHIX

D= D,(x;, x2,. . Xy =Gy e I £ — G, 14 Hprr— —Gnnr
Pptyser s P yg'{—l""'yn)' ,
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Ilpn aToM, Taxk Kax
[en (I’j] = [;u 6;‘], {q)j; Q,] = [&’p 6}1]
7
00, _ . __ _ob 3%, 0%
(D ‘I’j]) = [, (Dj] — @ oz (I¢s ‘I’j]) = [¢, ‘I’j] — P 97 0z =9z
uMeeM { B
) (e, 2,) = ({2,,2:]).

Bnaunt ¢yexuun (607) 06pazy0T pemeHus CHCTEMH

([—‘c?u —(i)]) =0 (i=1,2,. ) m) (59’)

M HAXOAATCS B MHBOAIOUHMH Mexay co6oio.
Ypasuenus

0=0., 8 =0,8, =, s L= Dy =0, (61)

OAHAKO, PaszpeIInMbl OTHOCHTEADHO apryMeHTOB

Pis Por-+ s Pmo Perrs > Pur Quvre <09 I Z. (62)
[Mocaeanne n--1-—p ypasHenuit (61) moryT GbiTb, NpH MOMOMM Nep-.

Bbix {., npeoGpasoBannl K BHAY

x, 1= 41 O E RS N TRRY x, =¥, (x1, ...,xp),z.-—_—q»(xl,...,xu),‘

OTKyAA SICHO, TO MOCAejHHE n--1-—u ypasnennit (61") moryT 6niTh,
NpH NOMOILH OCTaABHHIX, iepeseAansl B

pmal R ) RN (g5 Xgo- '!x,;)" e P M COTRR f’xp,)l Z— Q1T 1™

A AT T T

‘Urak, Mn HaXOAMMCH NOCAe Mpeo6pa3oBaHus B YCAOBHAX, OTMEHEH™

pmx B § 131, u Z, naligeHHoe nocae pewenns ypasHemuit (61'):

Z=W(xy Xn. -« xp Yoy 13w Cppp- -8 a) (69)

GyA€T MOAHDBIM HHTErPAAOM CHCTEMbI (57').

Orciona BbITEKaeT, 4TO, peillas OTHOCHTEADHO @, y,---) &n &
bprrre b, ypasuenne (69) u ypaBHEHHs
W oW oW, _aw
Punyr ™ Txp 1 1o P Ox, Fpi1™ dyv+1’” 390 EIR

0w, oW 7

da bm+1+ d“m+1

e B .

ow ow
-—0,..., E;“—bn—l——g'a:-——o

Mbl TOAYYHM TNOAHYIO CHCTeMy HE3aBHCHMbIX pelleHHE CHCTEMBI (59).
Ecanm, caeays cxasansomy B § 118, Mot 0603HaunM Hepes ¢ co 3Ha4-
Kamd MeHbHIMME n -2 pelleHHA CHCTEMb! H3 ypPaBHEHHSA (69) » ypas-

i s
v

§ 132. Jlonosncunme x pacnpoeTpanemnoli meroxe Axobu 71

uennit (70) B nepeo#t cTpoke, TO MBI NOAyuHM, YTO 'y
(70) aaun paseHcTBaMA yamt PEMICHAA cRCTeMu

J — 5 = U —— 1
‘l’m-{-l a’"l+1,"" l'l)l‘_ al‘-’ t‘IJI_,__*_I——“lp_l_"..., Yn:aﬂ)'tpn*l:
4

| o

U  aamen
t1’”-]—’”!-{‘-1 - bm+1) sy ¢2n = b" ’
rac BooGue :

L, —d .
Y—Y(xnxm---’ Xy Yyppe Y Z,p],...,py, ql*+”_“,q”).

OrMeTuM npu 3TOM, 9TO H ' '
s a ocHOBaHMH TeopeMnl § 122 cnpa
33aBHCHMOCTH . papeAMBL

["fp “KJ] = Ov(i'i= m+1,.. -,n+1);[‘%’n+h: '?n-} g] = 0,(/1,g=m+ 1,.. .,n)

[ 4oy ;] =0 Gi=m+1,...in i £ ) [, psl =1

(&)

1
APER]

Busy o tnpad=— (_W
Oa )

Ha roro, aro Z noammit mmterpaa cucremm (57°) u Hs cnocofa
€ro COCTABAEHHS PEIICHHE (61
p M CHCTEMDI ) sicro, 9TO ypaBsmenme (69)

¢ nepeoiMn n—m ypasuennamu (70), paBHOcMAbHME ypasmenusm (71
neppofft CTPOKH, PABHOCHADHBI HOCAEAHEM n - 1-— )
(61"); amaunT, Mbl HMeeM + ™ YpanHeHmAM

q) = d _-——-l @ — A . e
m-1 Ym‘l‘l""’ QP—YP’ (I)l‘-"l‘l_ '}“+v..., ®"=¢’ﬂr (I)n+l= T

M3 aroro scmo, 9ro nepebie p— m ypasuennit (71) paspemnmbt oTHO-
CHTEADHO P, i+ . -3 P,; OCHOBHBAACh HA 3TOM, MOKHO YCTRHOBHTD, 4TO
nociezune n—it ypasrenui (71) paspeinMbl OTHOCHTEABHO ¥, | 1. - -, Y.
AelicTRuTeAbHO, €CAM HAXOmAEHHE P, ., -..,p, H3 nep::x p—;z
ypasuennii (71) npeo6pasyer ux B :

‘?m-{—l:———o" oy (?E‘,':O!

€CAM HCKAIOYEHHE BT
conr e BTHX aprymenToB K3 ypassenn#t (57'), npeoGpasyior

(9)=0,... (#,) =0,

2 HCKAIOWeHHME HX KD AeBbiX 4wacreil ypasuenufi (71), co amaurawmm,
GOADIIMMH 1 ¥ n |-\, OPHBOZHT K QYHKUUAM

(“fl;_|.1):' i (q‘n)r (‘{’n_l_l)’ (“l’n.;.,. +1)n- . -:(".’m)’

TO 3TH (YHKUHH, HA OCHOBaHMH Aemmnt § 126, O6pasyloT nesaBuch-
Mbie pelleRMst CHCTEMbl

([(;z)’ M=0,(=12,..., m), ([‘F:p D=0, (].—-—'— m-}1,.. .2 (72)

21 R I'marep.
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Jef#ticTBuTeAbHO, Ha OcHOBaHME Teopemul § 122, ¢ynxunn ¢ ¢ ykasam-
HbIMH BHAaYKaMH YAOBAETBOPAIOT He ToAbKO cHcTeMe (59°), HO ¥ cucTeme

[-E)"r "‘H]=O) (i=m—}—1,...,p)

KOTOpas PaBHOCHAbLHA NOCAEAHHM i— m ypaBHerusM (72).
Ha ypasnenmit :

("'l’p..*.l) =y gy (“l’n) =a, ((%’n+1) =a, (¢”+P+1) =
i =by.+l!' . ')((Pm):bn’ (73)
MOXHO HafTH apryMeHTH )
Fot1 Fpgo-c s T z, Yogv-- 8y (74)

Tak Kak A€Bble YaCTH MX 06pasyioT moaHOe coGpaHHe AmHe#tHO Hesa-
sucumbix pemennsi cacteMyt (72). Ho us nepshix n—p -1 ypasnenntt
(73) Momno HaiiTh TOABKO mepBbie n—p—+ 1 apryxenrtn (74). Smaunr
W3 NOCAeHHX, NOCAE MCKAIOUEHHS M3 HHX 3THX apryMEHTOB, MOXHO
HalTH Y, 1 4y - 1Y,

Ha ckasanHOrO sCHO, 4TO QyHKUHH

Dt D os Py By e s o 75)

rae sHaK ¢ o603Havaer pesyAbTaT OGpATHOrO npeoGpazosanus Ne-
xmangpa, obpasylor cobpanme pemennst cucrembr (59), aareGpanueckn
HE3aBHCHMBIX OTHOCKTEABHO Py, . - - -, P,; @ynkuuu (75) npu arom na-

X0aAATCS B MHBOAIOUHH TAaK KaK, Kak yKasaHo,
{9 '?n-}-j] =0 (+)) [®;, 4, -H] =% 'ibn+j]EO- (76)

Ocrraercs nafiTh eyte oauo pemenme cucremnr (59), Haxoaameecs
B HHBOAIOIHMH C (75), K3 KOTOPOro MOAHO ObiACG 6pbl maittu z.
Benounnw, 4yro, kpome (76), mm umeem

’ L 1
H’n+1v ‘{’n_*.;]:'—"—'g;ﬁ?}“, H’;v l?”'l'i]:_V*dTVﬁ’ (77)
Oa ( da )
OcHoBbiBasich Ha BTOM, AEIKO y6eauTbcs, 4TO QOyHKLHA )
“fn+1_‘¥p+1 l!’n+;m+1_"‘—d|)nq)2n=d{0 (78)
HAXOJAHTCS B HHBOAIOIIHH C q)yHKgKﬁMK
q)m_{ 12 ‘Pm+.2,- LR "f,‘, dﬁn.H;_l_p ey %n- (79)‘

OrHocuTeAbHO nepebix t:—m Qyrkuu#t (79) aTo oueBmano, Tak kKax
Kamjas M3 HAX B HHBOAIOJHH CO BCEMH QYHKIHMSAMYE, BXOASIIMMHK
8 cocras (78). Jance xe

ken k=n
[’bn_‘-“"{”_‘-l— 2 q)"’\!1”4-"]:-['J“n+i' “l’n+l]_ E q’k[‘?n-l—i’q’n—{-k]“{‘
L k=p41
k=n 1
+ 24’”""‘[:?""‘” W=7 Bap— b d=0.
k=zpt1 (da )

§ 133. Haxomaenne xapaxrepmermieckux MEorooGpasmii 323

Hrax _ .
[Ys $e]=0. F=m+1,...0, m+up41,..., n)
Kpome Toro, rak kak $, ymkyas oT peumenmit cuctemnr (60'):

([s %1)=0.
Bosppamasch Kk CTaphiM NEPEMEHHHNM, H3 CKA3aHHOTO 3aKAIOYAEM, 4TO
QYHKIHA

ao——_@n-}-l—(pp-l-l ‘i’:z+p+1“ =0, ‘!7211

pemenne cuctems! (59) u uro

[o,, v]=0, [l;”_*_j, Yol =0, j=p-11,...,n. ((=m-11,...,p).
Bo306H0BAReM Tenmepb aBamzbl BHINOAHEHHBIE PACCYXZCHHS.

Pemas cucremy '

¢=0,..8,=0, @, =0,..,0,=01%. . . ,=0...,%,=0,
OTHOCHTEABHO py,- - -3 P,, COCTABASIEM CHCTEMY
' (¢)=p:—()=0,..., CPm)=Pm'_(fm)=0:
Pm-+1 =pm+1_fm+1=0" cos O=pp—f,=0

K COOTBETCTBYIOWYW efl .
{(2), @) =0, ([¢, P) =0, j=m—+1....,n

Wcknatouenne py,ps---, p, B8 $p AaeT pemenne dTOR CHCTeMbl; NpH
STOM PesyAbTaT JTOI'O HCKAIOYEHHS HE NOCTOSHHASs; HHAYE Nepexoz
K HOBbIM NEPEMEHHBIM NOKa3aA 6ol 9T0 QYHKUME ¥; He aare6Gpaumuecku
nesasucuMbl. Caegosareapuo (Y;) saBucur OT 2.

Ha Bcero crazamporo BbiTekaer, 4TO QYHKUMA

D, .,—P

€CTb KaK pa3 TO pPelIEHHE CHCTEeMBb (59), KOTOPOT'O HaM He ZOCTABaAO.
CarezosaTeAbHO, ECAK MBI, HCKAIOYHB P, ERTERRYY HafiaeM z us ypap-
Henu#

i=12,...,m

p+1‘;'n+p+1_ ce —q)n%n

(Dm+1=a1n+1" vy (D}‘:ap, (P”‘H“l‘l: b}L+1,_ . ,’\‘{2”= b“
‘ch-{-l_,_ch-l-l b»+1-— R (1 1 bn::c,
TO MbI MOAydHM NOAHm#A mHrerpaa cucremn (57).
133. Haxoxaense cOCTORIGAX B HHBOAIOIHM HHTErPaAOB CHCTEMbI
xapaKTepacTHuRecHHX MuorooGpasmit. OcraeTca nokasaTbh, KaKk MOAHO

HafiTh cobpanue QyHxuuh
(I)M_H, (I’m+2,. . lI)n+l, (60)
HaxOZsIUIMXCH B HHBOAIOIIMU H YZOBAETBOPSIOUIKX CHCTEME

([z,, O] =0. (i=1,2,...,m) (59

Haxoxjsenne HX MOxHO BBIIOARATD IIAr 3a IIATOM, OCHOBBIBAACH
Ha caezyomed AeMmme.

21%
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Aemma. Ecau cucmema ,
?1=p1~f1=o)'"r(?m:pm_/;!:o (57)
3aMKHymMast u
(I)m_H, (Dm+z" -o®d, (80)

pewernus cucmenst (59), wHaxoastwuecst 8 urnsoMouuUu, Mo cucmema
ypasHenuii

(e PN, (i=1,2,...,m), [®, P]=0, (j=m L1,...,]) (81)

samxHymas,
[lo zazaumio, Mm HMeem

([‘Pu q)j]) EO, [ij’ q)h] = 0! (}l =m + 1)' )y l) (82)
X (D) =(I3» DD, Y;(P)=[D;, ] (83)

JAs A0KasaTeAbCTBA 3AMKHYTOCTH CHCTEMbI HAZO YCTAaHOBHTB, YTO

X (X (P) — X, (X, (D)), Y (Yi (D) — Y, (Y (D), X(Y;(P))—
—Y(X (D)

pasHbl AHHeHHWM KOoMOuHALMAM AeBbix YacTed ypasHeHuft cucTemor (81).
Jrs xoMGumayult nepBOi TPyNNBl ITO BHITEKAET W3 YCTAHOBAEHHOH
3aMKHYTOCTH cucTembl (59); ars kom6unaguit BTOpO# rpynnel aTO ecTb
CAEACTBHEC 3ajaHKA, N0 KoTopoMy (ynkpum (80) B mHBOAIOLMH K ycTa-
uoBrennt B § 130.
Ocraercs paccMoTperb KOM6HHALME NOCAeaHEH rpymmbi.
[lpucrynas x AokazaTeAbCTBY, mpuMeM BO BHHMAHHE Y10KECTBA

Moroxum

fln) o
(['Pb q)j])E[‘?ﬂ (I,j] % _a;“j" ([""c D)) =3, D] — 9, 0z’ (9)=0 (84)
u BOcnOAb3yemca TomecTBoM § 37. Hmeewm
09 0D,
{20 [(Dj) P+ [q)j»[q):?t]] -+ [(D’['Puq)j]] = —d—zi [(Dj’ (D]+ —dz—{' [P,9]4

P
+ —07 [‘?n (Dj]°

IMoabzysice (84) » Toxectsamn (82), nocAegzoBaTeAbHO mnumem:
(o0 19 | [9,, (o0 DI+ (D, (5 2,0 — [ @, 7 52 | +
oP d9; oD, od
=+ [‘I’» P sz] =55 (PPl 5~ [0 P14+ - 2. D)l

oo [0 @11 — [, (0 DD =, | ©p 52| — T2 5, 0] —

oh, 0w, Jdo a0, ,
— % [(D, TZ{] +"’_az—, ["Pli(b]-l—_d';i [q)y (D]_‘_a‘;!“ [(?u ®]+

oD oD D, s
o Tl —e 0,5 | = w0, 52 |+ e 0,01

§ 134. Harerpax M(™ 32

Uexawouas py,.. ., p,, Haxoaum

(@ 125 PID—[D, ([ OV = - 72 ) [0, 01

Carezosateapno

XY, @) — Y, (X, @)= (52 ) v,@)

4TO K TPe6OBAAOCH ZOKA3ATH-
OcroBbiBasch Ha JOKa3aHHO# AeMMe, MOXHO cAeAylomuM o6pasom
secTH naxoxaenue Qymkyui (60). Haktas oawo pewenne @, , cn-

cremst (59), MOXBO NPHCOEAHHHTbL K CUCTeME ypaBHEHUE
| [©, 1 P1=0

u uckatp pemense P, ., woso# cucremm. [locae ero mazomaenns
IPUCOEAUBHTD K CHCTEME YyPAaBHEHHE

[(Dm+2’ ¢]=0

u mckaTp pemenne D, . . HOBOA CHCTEMH u MPOAOAXATbH TaK zaree
noka He 6yayT Haiipenst Bce @ysxuun (60).

TAABA OJMHHAZLIATASL
O NOAHOM HHTETPAAE C. AH.

134. Harerparn M™. Tloaomum, uTo aama cucTema ypasHemmit
Fi(Xy Xose s X0 2, D1y P2y - -5 Pa) =0, (=12,...,m) 1)
3aMKHyTan MAHM HET.

[Ipeanoaroxum CHauaAa, YTO OMA PaspelIEMAa OTHOCHTEABHO HeKO-
TOPHIX K3 NPOU3BOAHBIX K MOMeT GHWTb 3aMeHeHa, HaNpUMep, CHCTEMOH
@4 =P¢'—f; (x1, X2, - X012y Py pga- op,)=0. ({=1,2,.. .y m) )

n,
Coraacuo c onpeaeAcHmeM, AansbiM B § 116, muterpanom M™ cu-
crempr (1) BasbiBaeTCA COBOKYNHOCTb 3HaueHRH
X1y Xgye o o3 Xp32y PisP2se -+ Pus (3)
ecan OHH 06pasyl0T MHOrOO6pa3He n H3MepeHHH, yAOBAETBOPSIOT
ypasrenusim (1) u, cBepX TOro, CBA3aHbI 3aBHCUMOCTBIO )

dz:pldxl+P2dx2+"'+Pndxn' (4)

Yrobm saaate mrterpan M™, mago uam sagato aprymentsi (3) B Pynk-
LHH OT n NapaMeTPoB, HAM CBA3aTb 3TH aPryMEHThb, YHCAO KOTOPBIX
2n-41, n+1 aareGpanyeckn He3aBHCHMBIME ypaBHeHHSMH, OCTaBAAA
BO3MOXHOCTb BHIGHPaTh 3a MapaMeTpBl HEKOTOpHie n M3 aprymenTos (3).

Bménpax nocaeaudii cnocoG 3ajaHusA, HOAOMHM, UTO HHTErpan M(”)
3ajaH ypaBHCHHAMH

wl(xleE»"'1sz|php.!)-":Pn)=0, (i=1,2,...,n,n+1) (3
¥ CZeAaeM HECKOAbKO 3aMeuanuit o Xapakrepe ypasHenuH (5).
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1) Hckarouas u3 ypasuenuit (5) aprymentst p,, ..., p,, Mbi MOmeM
NOAYSHTb OAHY HAK HECKOABKO 3aBHCHMOCTEH, CBSSHBAIOWMX apry-

MEHTHl Z, Xy,...,X,. Cpean sTHX 3amucumoctefl no kpafueit Mepe ojaHa -

coaepxuT z. B nporuBHOM cayuae, B uHCAO MpOM3BOABHBIX mapameT-
pOB, ONPEAEAAIOIIHX M™, Buecre c HEKOTOPLIMK M3 Py, Par- -+, P, MBL
AOMNKHBI OBIAM 6bI BKAIOYHTb M z M M3 ypaBHewus (4), npupaBHHBaA
APYr APYry KO3((PUUHEHTb NPH AUPPEpPEeHINAAaX HPOM3BOABHBIX NHa-
paMeTPOB, M HOAY4IHAH Obl, Tak KaK, IpH CACAAHHOM IPEANOAOKEHUH

dxl, dXQ,. .y dx"
dz=0,

T. €., 9TO 2 MNOCTOAHHOE, YTO NPOTHBOPEYHT CAEAAHHOMY [PEATIOAO-
MEHHI0 O HesaBucmMOCTH 2. Hrak, ogmo us ypassenn#t (5) Bcerza
WOXeT GbITb 3aMEHEHO ypaBHEHMEM BHAA

z=8(x;, xg...,x,). {6)

oT dz He 3aBHMCAT, 4TO

2) Ecan cpean ypasuenufi (5) Toapko oaso (6) He saBMCHT OT
Pis-« s Pny TO BeaeacTeue (4)

_» o
P O, "")Pn"‘a_x:
u (6) zaer pemenme cucrempr (1).
3) Ecau nckniouenne u3 ypasuennit (5) aprymentoB py, ps. - -» P

NPMBOAMT K HECKOADKHM ypaBHEHHAM, He 3aBHCAUIMM OT BTHX apry-
MEHTOB, H €CAH OHH MOryT 6nITh peilleHbl OTHOCHUTEAbHO

Zy Xys Xy _ppe- oy Xy g v
Gyayun 3aMeHeHBl ypaBHeHHAMH

z="9(x, x,,.. 5 X,)

|
xu+1=ﬂp+1(x,,x2...,xp) l} o
|

e ¢+ e s s e s+ e e .

xn=an(x1: x‘!!- . '1XP)’ J

TO OCTaAbHbie ypaBHeHHs (5) MOryr 6biTb pewleBbl OTHOCHTEABHO
Pus P - -p,. JeficTuTerpHO, MOAD3Yysch (4) B cpasumBas KoapPHUA-
estol npu dx, i=1,..., u, noAyuaem

od ab o

‘a_x;':pi +_?$.pM+1+'.'+—a%p”. (i=112y---15"‘) (8)

n
3a napamerpbl, onpeaeasiomue uurerpar M™, Barom CAyuae MOMHO
B3ATDb
Xy Xgye o oy ny p!"_{_l, ey Py
Tax kak sa ocnosannmu ypasuenutt (2) py, py,. - -, p,, ONPEACAEHBI, KOTAA

3ajaHbl APYI'HE aPryMeHTDb!, BCETAa MOXKHO PACHOPAAUTbLCA TaK, 4TOGDI
Pus-++» Py BE OBIAM B 4HCAE APaMETPOB, ONPEAECASIONINX M,

§ 135. IMoauntit muTerpar M 327

4) Ecan, pemas yparuerna (5) OTHOCHATEABHO Py, Py« - «) Pyy MBI MO-
meM HafiTH TOABKO Py, Py« - » P,, COCTABUB yPaBHEHHA

pr="{%1, pa="%s.. -,P,L=".JP, ,
TO ypaBHenus, NOAyuHMBLINECS U3 () MCKAIOUEHUEM P, Pys- - -» P,» MOTYT
6niTh pelleBbi, KPOME Z, OTHOCHTEABHO X, ). .. X,
JefictruTeanno, ypasuenne (4) npHeumaeT BHA

Jgb a%
s dnt g da =t dn b+
+P,;+1 dxl‘_*_l—}—...—{—p,,dx”, “)

npu4yeM p, | 4y- -5 Py OCTAIOTCA HPOUIBOABHLIMH. Z[Hq)q)epeﬂg,npyx no
Py 19+ +»Pm TMOAYUAEM TORECTBA BHAA

de,+ AP dx,+ ... AV dx, =0. (j=v-+1,...,n)
Ecan a3 yxasanunix ypasuenuii HeAbas paiith X, To dxy,.. .,dx,, Hah
AeHHBIE NpH NOMOIIM HHX, OT dx; He 32BHCAT H H3 HANHCaHHOrO
TO®ecTBa BhiTekaeT, uTo dx;=0, T. e. uTo x;=const, Toraa Kak
OHa a0A%HA 6biAa 6b! 6BITH MPOM3BOABHBIM NAapPAMETPOM.

135. Moametilt marerpar M™. [Toromum, uto kpome aprymentos (3)
ypasuenns (5) 3aBucaT or n—m -1 napameTpon

Qg Cpgreeor @ )
uMes BuUj

m{(xnxe’ ey XpsZ3P1s e o 9Py am—}-l’ TN L Cl) = 0)(i = 1’ 2! ey _l_ 1) (5,)

H 9TO HCKAIOYenuwe u3 ypasnenmit (5) mapamerpoB (9) aaer cuctemy
ypapHenuil, ceaspiBaiomux aprymentot (3)  paBHOCHAbHYIO cHcTeMe (1).
Toraa murerparn M'’ Mbl HasOBEM NOAHBIM MHTErPaAOM M™ wrn noa-
o unmerparon C. Au, -

Caeraem o noasom muterpare M'~ HeckoAbKO 3ameuaHuii.

1) Cuuras cucremy (1) npeo6pasosanHoii B cucremy (2), Mbr mo-
meM u3 ypasHenuil (5') OTKMHYTb Te, KOTOPble MOAYHAIOTCA HCKAKOYE-
anem napameTpor (9), npucoegunss ypasuenus (2) K ypaBHeHuswM,

n
onpeaeAsiomMM TOAHBIR HHTerpar ; Torga OCT2AbHbIM ypaBHe-
HUAM MOXHO AaTb BHJ
Q, (x1. -5 X, 2, | TRTRRRYY Y SRTRRRTY a)=0.
i=m|1,...,n,n-}+1) (10)
VYpasnernns {10) aorxubt 6biTh arreGpaHYECKH He3aBHCHMBI OTHOCH-
TeAbHO napaMeTpoB (9). Pemas HX OTHOCHTEABHO 3THX NAPAMETPOB,
JAaZUM UM BHA:
«{Jm_’_l (X150 00y %, 2, Ppppr “sP,) =@,

l
'} (11)

¢n+1(x1,...,xn,z, Pagpse - +» Pp) = @ J
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2) Hckaouas usa n—m--1 ypasteuuit (10), n—m apryvmenton
Pm41s - - +3Pyy Mbl MOAYYHM OAHO HAH HECKOAbKO COOTHOWICHMH, He 3a-
BUCAWHX OT P, 11, - +; p,y MPHYEM HA OCHOBAHHM 3aMedanua (1) mpo-

maoro naparpaya, OAHO K3 3THX COOTHOMEHUH DPA3PENIMMO OTHOCH-
TeAbHO z. Ecan Takmx cooTHOmennft TOABKO OJHO, H

z =%(x1) Xy - c3 Xy a,n+1y' sy @y a)l (12)
!

TO z NOAHbIA wuTerpan Aarpanma cmcremm (1). JeiicTeuTernno, Tax
Kak CyIe¢TBYET TOAbKO OAHO COOTHONIEHHE, HE 3aKAIOAIOLIEE Py, - - - P,
BCE 3TH APryMEHTH! MOryT GurTp Hafigenwt m ypasHenms (11) paspe-
IKMbl OTHOCHTEADHO P, . - - -, P,- Jaree, NO CKA3aHHOMy B MPOMIAOM
nNaparpage, z JasHOC paBeHCTBOM (12) pemeHme CHcTeMb; (POPMyAB
(8) mpomnroro naparpada mMeioT BHA

ab . ’
,—a:r_‘_zp,; (l=1,2,~--7n) (8)

HaKOHel, z 3aBUCHT OT Bcex napamertpos (9), mnaue ypaprenms (12)

’ (1)
u (8') samenmomue (11) u o6pasyomue Buecte ¢ (2) muterpan M
3aBHCEAH Gbl OT MEHDbUIErO 4uCAa napaMeTpo u muterpar M™ ge
6biA ObI MOAHBIM.

Koraa mpt mmeem aeao ¢ paccmarpmBaembim cayyaeM, cuctema (1)
samkHyras. Ecan 6b1 ona me 6nina 3aMKHYTOH, TO, cOcTaBAAf cKOOKH
fkobu, Mbi Hamam 6b1 eme oany saBHCHMOCTb, He 3aKAIOYaOMyIo
napameTpos (9), HO KOTOPOH yaOBAeTBOpsAa 6B z ¥ KOTopas, He 6y-
Ay1H CAeACTBHEM ypasHeHmit (2), 6uina 651 creacTsuem ypasnenni (11),
uero GbiTb HE MOMET, Tak KaK HCKAlueHHe napamerpos (9) ms (11)
HEBO3MOXHO.

3) Jaree n3 ckazamsOro B mpowAoM naparpage sAcHO, YTO MOA-

nomy muterpary M™ mommo, eminmcniBas ypaBserus (2) u Haxoasn

CKOADKO MOMHO IPOH3BOAHDIX Py,..., p,, A3Tb BO BCEX CAyYasiX BHA:
pr=fi- P.m=fm ]
”m+1:fm+v'“"’u=fw l} 1
X =¥ x, =19 ( 3)
pt1 p 0ty = ]

n
z=1, J
rae npashie 4YacTH B NOCAEAHHX ABYX CTPOKAX 3aBHCAT TOABKO OT
Xy Xay. o .,x!‘ .
Brinoaurm Tenepp noactanosky Aemanapa, noromus

Pet 1T Hugv o Pa=Yp X, (1 =G, yeeey X, =—gq,

(14)
Z———z-r—x‘u_*_l Poiy—-—x, pn,z=Z—yu_|_1 Gy =Y, Gy
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Mm npeoGpasyem ypasnenus (13) B ypaBHeHHA
Pr=Fo s Pu=Fu | }
Pt =.7:m,+1" o Py =7u ' } (13)
q}l-‘,—‘-:—ﬂp,—}-!""’qn:_{)n I
Z=—y, b —- . —y, b 0= V. )

Co6panne aprymeHToB 7 @
P12 Py Pmgvr pPp Qg G Xue e s X Yyrpe- Y
cHOBa OGpasyeT NOAHBLIEA HHTerpaA CHCTEMbl H3 ypaBHEeHHH nepsoit
cTpokn. Ho Temepb Mbl HaxXOAMMCA B YCAOBHAX CAy4Yas BTOPOro H,
SHATAT, 9Ta CHCTEMA, a8 C HElo BMecTe u cHcTeMa (1), 3aMKHyTHI.
Ckazansoe B nyukrtax (2) m (3) npHBOAMT K 3aKAIOYEHHIO: ecan
B cooTBeTcTBHe cucTeMe (1) MOMHO NPHBECTH HEKOTOPLIA NOAHBIE
rurerpan M™, 1o cucrema (1) aamxmyTa. )
Myuxuwua Z, sannas nocreaunm ypasuenuem (13°), saBucHT OT Beex
napameTpos (9); unaue, Tak Kak
1% oV ,
p‘=%}1{i,’ -=m—!—l,...,}1‘), qj=—®-;, (]:p.——l—l,...,n)
aaemenTh unterpara (13') ne saBHceam 6bI OT HEKOTOPbIX U3 HHX.
4. Pemunm ypasHesus (13) mocAeaHHX Tpex CTPOK OTHOCHTEALHO:
aprymenTos (9) M AazuM HM BHS

dl’m-]-l:am-{-l" ‘o ':Jn: n? '!.‘;l+1=cy (11)
rae

Y= (1, Xgy o o o3 Xy X, 4 g0- v 09 X Prugerre » 03 Pyr Py gppe - os Pps 2)-

/
[locre pemenusa orHocureapso aprymentos (9) ypasuennit (13") no-
CAeAHMX TPEX CTPOK Mbl, OYEBHAHO, NOAYIHM CHCTEMY

- - ,.
Yot =y 15- w3 Y =y Py = @ ar';

m

Benomnnu tenepn teopemy § 122. Cocrasus ypasmeuns

% iV W, AV _,
—d;'bm+l+ dam_‘-l—'O)"" aa bn }_ aan ]
rae
v _ o Bopr 0
da, ~ da. — Ye+17gg, "I e,
pemas UX OTHOCHTEABHO b, ... .., b, # HCKAIOWAs W3 MOAYuEHHBIX ypas-
HEeHHH @, ..., @,,a NpR NOMOWHK YpaBHEHHH (11), mm npeobpasyem

HX B ypaBHEHHSA

; T, —b 11,)

'— f—
LfrH—m-{-l Dm-—;—l" tcy V2n n
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Mynkgun (11°) 1 (11,) cBA3aHb COOTHOmMEHHAMY:

o $1=0, W,py» =0, 195§, 1=0,  (F)) (15)

R P TR
da Oa

/ v
B KOTOPHIX BHaK (W) 0603HaYaET Pe3yAbTAT HCKAIOYEHHS NapaMeT-
poB (9) npu' nomomu ypasuennit (11°). ~
Kpome Toro, cxo6ku
[Fo %) [Fy q‘;-;-d]
06pamaloTcs B HyAb Ha OCHOBAHMK ypaBHeHHI f(13}ﬂ)' nepsofl CTPOKwH;

mocAezHee BuiTekaeT ua Popmya § 126 Bcaeacrsue Tomects ([0, $])==0.
Boaspayasch x CTapniM NMepeMeHHbM H 0003nayas uepea P, +i

$yHKIuA, NOAydaembie u3 ¢, 4j» BAKAIOWAEM, YTO CNPABEAAMBbI TOME~

cTBa
H’o‘i ‘!’/] =0, [";‘n+1' ‘!’J] =0, [q‘;: ‘!‘n_*.j] =0, @ i])
‘ 1 Iy
('fiv ‘!’n+¢] =— oV’ ['!J,H_v q‘n+¢'] =— —%il}L ’ H‘n.;.zp q’n-}-j] =0 (15)
() (%)
u cKO6GKn

[1?5, (%’i}) [F;’ q’n-l-j]
obpamaoTca B HyAb Ha OCHOBaHMM ypasuenmnit (13) nepso#t crpoxm.

3aeco
oY 0b L1 0,

—_——— e — _rr —_—p
Oa da ~ PetiTgq T P,
u QYHKUHHE Q. , NOAyYaiOTCS U3 ypaBHeHU#d
0" 0% 9%
+1 n
(oa TPy e “Pn?)‘a‘)bf+
99 9% dh
A et T
+(aa,. Pe+1"5g, P @a,.>"‘°

PelleHHeM UX OTHOCUTEABHO b, . - « -, b, HHCKAIOYCHUEM MapaMeTpoB (9)
apn nomoign ypaskenuit (11).
ak xak ypasmesus (11,) paspemmumbl OTHOCHTEABHO

Xm0 Xmpore o9 Xy Yy pve o3 Um

peumas ypaBHEHUs

_— 1 —
q‘n+m+1 — bm-l-l" < Han = bn’
Mb
! NPHCOSAHHAEM APIYMEHTDBI X, | y5+ - +3 X,y P, 4+« -1 Py K aPryMEHTaM,
AaHHbIM ypaBHeHHAMH (13), BHIPa3HUB BCEX HX UYEPEB Xqy Xay. ooy Xp-
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136. Ycaomue, wto zammoe M ) poAmbI mErerpaA. Ms crkasannoro
B npomaoM neparpade BbiTeKaeT, YTo ecan ypasrenus (11) no npucoean-
geunu Kk cucteme (1) ofpasyioT ce NMOAHBIH HHTErpaa M™, 10 1) cn-
crema (1) samknyTa, 2) ypasresus (11) arreGpawueckd He3aBHCHMEI H
3) cnpameaAuBH! COOTHONIEHHSA ¢

[ 9]=0, G,j=m-+41,...,n,n+1)

-
u 4) ckobku [F, ¢;] o6pamaloTcs B HyAb Ha OCHOBAaHHH yPAaBHeHHI CH-
cremnr (1). ’
He Tpyano y6eanThcsi, 4TO ykasaHHHIE UeTbipe HEOGXOAMMbIE YCAO-
pHsi Takme u gocratousn. Ha ycaosus (4) BbiTexaeT HA OCHOBaHHH
remmer § 126, ato QysrumH ¢, 06pasyIOT pemeHus CHCTEMBI

k=n
0D, oD [ oo (0D |, 0D
([‘Puq)])———d-;'!—}’rg; + l"gp—k (_0}: +ps —dz_)_
k=n-+41
_92 iﬁ] -
Op, dxi 17

OYHKLHH ¢, HMEHHO, OT Dy, Py - - Pm HE BABHCHAT.

Tak kak cucrema (1) samxuyra, ypassenus (11) aare6pamuecku He-
2aBHCHMBI B MHBOAIOLHMH, TO MBI HaxoamMcsi B ycaosHax § 132. [lpe-
o6pasoBas cHcremy n3 ypassenui (1) u (11) B (13), a 3aTem, npm
nomomu nozcranoBku (14), B ypasHeHHs (13’), M cocTaBEM HOAHBIH
neTerpan Aarpanza npeo6pa3oBaHHOR CHCTEMBI; TOKECTBO

dZ=p,dx,+ ... +dexp+qu+1dyp+1 ‘:" .- tTg.dy,
nocae oﬁpa'rnoro npeobpasoBanus 06pamlaeTca B '
dz:pldx1+ vee +ppdxp.+pp.+1 dxp--i—l+ cec ”JFPnde

OTKyAa BBITEKAET, YTO ypaBHEHHS (1) u (11) geficTBuTEABHO oOmNpeze-
astor noanmit muterpan M™ cuctemn (1).

Mb: yxe uMeAn AeAO C NOAHBIM HHTETDaAOM M™ s § 132, pac-
CMaTPHBasA KCKAIQURTeAbHmH cAyuyail BTOpOH MeTOAB SAxobu.

Ocuosusasch Ha Teopeme §132 m Ha TOADKO YTO ZOKABAHHOM, MbI
MOKEM yTBEPAZATb: €CAH

z=V(xy, Xg- . s Xpp @y p- -1 Q@) (16)
noasbii mHTerpar Aarpamxa cucTembl (2) H ecAnm ypaBHEHH:

b =a,

(I)m+1=am+1""’ n n n+1=a
noAyuesnl pemennem ypasHenns (16) u ypaenenmi

ov _ov

Puss =G P =G

> (16")
41 7
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OTHOCHTEABHO @, 4, 8,, 4 5 - +5 Ay @ & PYHKUHA

D D

n4m4-12° " T2n)
HCKAIOUYEHHEM am+1' am 4290 a, a B OTHOmEHHH
v wv oV oV
da, ., 0a’"""  Oa,  Oa’
/

TO Mbl NMOAYYHM MOAHBIK MHTErpaa M™ cucremm 1), Ba3sB 32 QyHK-
uuu ¢ B (11) Hekoropnie v (ymKyuil nepBoil cTpoxm TaGAMUBI

2, N I -
llcb +lid> | o a7

n+m+1 n+tm-4-2 " A I q)Zn l’

n—m—Y QyEKkUHil BTOpO# CTPOKH, He HAXOAAIUXCS NOZ BsATHIMI
H3 nepBoil, H (QyHKUHIO

‘Dn+1 - E(Dq:(bw P2l (171) _

B KOTOPO#l CyMMHpOBaHMe PacnpoCTpaHeHO MO (QYHKIUSM, BIATHIM H3
propoft cTpoku Ta6amum (17).

Koneuno, e BCcakmft Takoff nmoAmmtit HHTErpaa M®™ 6yaer mHTE-
rparom C. Au; zaxe, Boo6me rosops, ou Gyaer uurerpaiom Aa-
rparxa. [Ipumenssn crasannoe k noanomy umterpary Aarpamma, Bbinn-
caBHOMY B nocaezneft crpoke (137), Mbl moAyyuM pasAwunble HOAHDIC
ruTerparnt M mpeo6pasosannol cucremm (2). Bozepamascs Kk cra-
poiv aprymenTam (3), Mbi TakuM 06pazoM BOCCTAHOBHM JaHHMA Ham
unrerpar C. Ay, HO cocTasum m apyrme noambie marterpaam M.

137. Haxoxaenne mnoAmoro mmrerpara Aarpam:a mo moAHOMY
HHTErpary M™_ Cxazannoe B § 132 nosBoasieT HAXOZKTb MO MOAHOMY
unterpaany M™ unrerpaa Aarpanxa.

[Moromun, uto aan norusii muTerpaa (5') samxuyTo#t cucremb!

‘?1=P1_f1=0» teey "?mzpm_fm:()' (2)

Hcxnouan uz (5) aprymentsi py, py,. .., p,, # pellas MOAyHEHHbIE ypa- -

BHEHUS OTHOCHTEAbHO NapameTpos (9), b noayunm aanenii M™ s Busc
cobpanus ypaBHeBHi (2) ¥ NPUCOEAMHEHHHIX K HMM ypaBHEHHH
~ ! — 0 — —
Ym—i—l_am-}-l""’ :Jn—a-n,’ ‘?n-}-l-—a’n-}-l' (11)

Coxpanas o6osnauenun § 135, noroxuwm, uto uz ypasuesmii (11) moryr
ObITh HAWACHDI P, oy, Ppy i s - -+ Py TPHUEM JAA BTOrO AOCTATOYHO
HCHOAb30BaTb ypaBHEHHA

q"m-}-l:am-}-l""’dfy:a;r (18)
[loromum, uro pemas ypasuenus (18), Mbl noryusm ypasaenus
c?1ll+1=p1n+1—f;n+1=0""’ "D!.L:P"J.—f” =0, (19)

o6pasylollue BTOPY0 CTPOKY ypasHemmi (13).

§ 137. Hexoxaenue noamoro muterpara Aarpamsa 8

Hs ocrarbubix ypasuenni (11) moryT 6mtb Hafiaensl X, o ,X, 1o ...,
X,y Z B COCTaBAGHD YpPaBHEHAS

Xy 1 =Yy =0, z=0 (20)

o6pasylomue nociejHHe zBe CTPOKM ypasaenu# (13).
pucoeaunsem k ypasuennsm (18) ypasHenns

dfn-[-p.-*-l:by.-f—l"' ' Yan == by (21)
B KOTOPMX ¥, . , MOAyYeHbl K3
08‘ d{}l"‘l‘l 6““)
L -
(o e )
T day Pt Oa; vt T Pa da;

pemeHHeM OTHOCHTEAbHO b; ® HCKAloueHweM napametpoB (9) mpm
nomomu ypasnenuit (11). [lo popmyaram § 135

["'{u q’tl] =0, ["'.J,-’ ‘{',, +jl =0, (i’ i1 =m + 1,.. -)P')

[ s p oy s ) =0, (=p+10 ) } (22)

Kpome Toro,
[Cph’ q’g], [’?hv "‘l’n+j] (h—": 1: 29- co,m, g=m +1" <y n) (22,)

06pamaloTcs B HyAb Ha OCHOBaHMHM yparHeHudl (2) u

[("{g’ q‘gl] EO'
Paccmarpusaem cucremy u3 ypasrenuit (2) u (19), uckriouns u3 ypa-
suenkit cuctémsl (2) p,, 1. - -1 P, AAHBBIE ypaBHeHHAMH cHCTeMbl (19).

IMoabayscb Aemmofi § 126, saknouaeM na ocHoRasHE (QopmyA (22)
g tkazamsoro o (22'), yTo moayuennas cucrema zamkHyta. O603Hauas
anaxoM (), (f) pesyabTar HCKAIOYEHHS aPIYMEHTOB P, .-« P, 43

‘(pynkum@l ¢ ¥ f, HA OCHOBAHMH TOR e AeMMBl K IHOAB3YACb TeM xe,

3axKAOYaeM, 4YTO

[("?h)r ("'fg)]v [(?h)v ("'fn_l_g)]r (b = 1: 2,..., bt} g:p—{' 1,' sy n)

- o6payjaioTcs B HyAb HA OCHOBaBMH ypasHemuil cucremnl (2) u (19),

T. €., 49TO ‘
O RPN % S N N RPN SO O (23)

06pasyloT PEeHHs CHCTEMbl H3 {. ypaBHEHHi

((2n)) D=0, (h=1,2,...,) (29

rae, kak B8 § 132 5
(Ko =55+ () 55+

k=n
() (00 o0 0P  d(es)
+ > ) )

k=}a.+.1 ’
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Mynxumn (23) 06pasyioT HE3aBHCHMbIC peiICHHS YKasaHHOH CcHCTeMb
H, 3HAYHT, PA3PEIINMbI OTHOCHUTEABHO

Xypp Xupzr X 2 Pyypo Py
Ho ypaBuenns

(‘].’1‘+1)=a1‘+1,- - "(q"n+1)= a,

6yAyuH paBHOCHAbHH y pasresusM (20), or Pyt 1Py 420 - -2 Py, HE BABHCAT.
3nauur, ypa{me}mx (21) paspemmnMbl OTHOCHTEALHO PutvPugo- Py
B BmecTe ¢ ypasHenusmu (2) u (18) aator Bce aprymenTsi p.
Tlpumensis Tenepb He MCHNOAb3OBaHHble (QopMyAn (22,) m paccys-
aenns § 132, ocnoBaHHbie Ha STHX (OpPMyAax, Mbl MOxeM yGeAHTbCH,
4970 QYHKIHS
‘!’n+1"q’u+1‘%’n+u+1"'“"‘q‘n\"zn
TaKze pelneHue cucTembl (24) M HAXOAHTCA B MHBOAIOUMH C AEBBIMH
vactamn ypasuennit (18) m (21). Orcioza suiTexaer, uto HckoMbift

vnrerpan AaHrpamasa NOAYYBeTCS HCKAIOUEHHEM P, . . ..,P, OPH
nomowr ypasrennit (18) u (21) us ypasuenus :
‘{'n+1—b»+ld‘)u+1_ b=

Mpumep. Jana cucrema
2x; (1 — prxs) — paxs® =0, 2xy (1 — paxy) —px2=0 (25)
u mssecTen ee TOAHbi# umrerpan MY,

i
z=agxs +aux,}+b. ! (26)

1
X =" asxs?, py=a(l— P1X3)

1
Xg ='7“4x¢2s pPL=q (1— p,;x,)

TpaxTys CHCTeMy Kak PEIICHHYI0 OTHOCHTEADHO Pg K p,;, JaeM [OA-
HOMy HHTErpaAy Bua ypaBueHHuR (25), coeaMHEHMBMX C ypaBHEHHAMH
%=a3, —2;—3=a¢, z——zi-——zﬁ=b. (27)
Boimoasus nogcranosky Aexanapa
Z=z—py—poxes 2=L—q1—qYs Pr=¥, Pa=1Ya»
Xy =-"q;,, Xa= "y

Mbl pagun ypasaeruam (27) suz

_2_01_ . 29, _ 2q, 29,
T X =as x,? =a, Z qu1_92y2+’g‘+z—b .(28)

H HCKAIOYas H3 nocaeAHero ypasuedus (28) ¢, ¥ ¢, malizem monmmilt
HHTErpai npeoSpasOBaHHOIO ypPABHEHAA

1 1
L=— ) azxs?y; — ) a2y 1 aytax, + b

PRt

e U e

Rk T

§ 138. Hexoropnie 0606menns 335

Cocrasnss ypaBHeHHS XapakTepHcTHYeCKOro muoroobpasms C,, npm-
coeanusiem x (28) ypaBmemua

1
173-'-—-—9-1’32!]1—-’63, b4=7 X ga — X4

BOSBpallasich HasaA K CTAapbiM NEPEMEHHLIM, Mbl AOAKHBI K ypasHe-
HusM (27) NpHCOEAHHATD YPaBHEHUA

1 1
—‘,z—xagpl'—il's:ba, 'E_ x¢2P2—.x¢=b4

U ypaBHEHHC
2x1 b 2x?
4

g— LT p P
3 xsg

=b.

x,3

TMocreanee ypaBHeHHe, TAK KaK M3 HEro HE NPHXOAHTCH HCKAIOYATH
p1 B Ppg, AaeT NOAHLIE HETerpaAr cucremn (25).

138. Hexoroprie o6o6menna. OTkuHEM Tenepb yCAOBME, IO KOTO-
poMy H3 ypaBHcHHuH

Fixi,Xoy « oy Xns 2y Ppsev s Pn)zo, (i=1, 2,...,m)(1)

moryT GbITh HafifeHbl apryMeHTH py,. - -, Py-

[Ipucoeaunum x ypasuenuam (1) n—m-1 ypasuennit arreGpau-
YeCKH He3aBHCHMbBIX Mexzy coboio # ¢ ypaBHeHuamu (1) oTHOCHTeAbHO
apryMesToB ,
Xyy Xoye < 09 Xpy Z3 Prs Pas- - +s P 3)

HO 3aBHCALIHX OT NapaMeTPoB
G g0+ T @ ()

[Moroxnm, uro:
U (XpXa - - s X 2, P1s- - s Pa) =@ (J=m—-1,...,n,n--1) (29)

T ypasHEHHA.

Ilpu atom 6yzem cunTaTh, 4TO MHOroo6pasme n Hamepeuwit, onpe-
aenennoe ypapsenusmu (1) u (29), o6pasyer mmterpax M®, r. e,

4TO apryMeHTHl (3) yACBAETBOPSIOT 3aBHCHMOCTH
dz=p,dx,+ ... Tp.dx,. (4)

B sTom caysac mbi Hasose Mmoroo6pasue M poasnim murerpa-
rom cucrempr (1). Bamewanns (1), (3) u (4) § 134 cnpaBearusm
AAS B3ATOro MHCroo6Gpasmsa; npm uX BbHBOAE O6BIAO HCIOAB3OBAHO
Toabko ycaoske (4). Mbi me mcKAlowaeM CAyyas, B KOTOPOM ypaBHe-
mua (1) u (29) ot py, poy- - ., p,, He 3aBuCAT. [loroxnM, yTO OTbICKHBas
us (1) aprymenTsl p,...,p,, Mbl MOXEM HafiTH Y H TOABKO ¥ H3 HHX
Pi> Pase+ -5 P,y HE MCKAlOuan caydas koraa v=0. [locre Bbizerenun
ypaBHCHUH, AAIOLWHX 3TH aPryMEHTbHI, B HCKAIOYEHHS 3THX apryMeHTOB
u3 ocTarbubix ypasuenut (1) ocramyres m—v ypaBHeHHH, CBS3bIBAIO-
IIAX TOABKO
Xyy Xgge o o3 Xyy 2. (3,)
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O6patumca nocae atoro Kk ypassemuam (29) m Haliaem u3 HHEX
CTOADBKO 2PIyMEHTOB Py, Pas- « - Ppy CKOADKO MOMHO; NOAOHMM, YTO Mbl
Halizem TAKHM 06pa3oM p,, \ Py 1 50+ 5 P, (w1 gokaxem,yton | 1-—m
ApryMEHTOB P M3 HHX HAfiTH HeADb3S) H, HCKAIOYHB HMX H3 OCTAAbHbIX
ypaBHeHH#l, NOAyuMM CHOBA ypaBHEHHs, 3aBHCALIHE TOALKO OT apry-
mentoB (3'); Mbl cuutaem {t =m, ecrm ypasHenmnsa (29) He 3aBHCAT
OT p; MO cKasawHOMYy B 3aMeuannu (4), W3 OCTaBmIMXCs ypaBHGHHi
{1) u (29) Moxnso HaliTh n-+ m—u-—v-{-1 aprymentor

. X, Xy pare e Xy Xy 4y ey Xy Z0

O6paiaemcs k ocrapmuMca ypasuenusim (1). Moicanum ama cayvas:
WAH 9TH YpaBHEHHS HE 3aBHCSAT OT Zz W M3 HAX MOKHO HafiTh m-—v
H3 aPLyMEHTOB X, 13 X, 4 g - -1 Xpy CKAWEM X, oy X, 4 g ., X, HAM U3
OAHOTO H3 BUX MOAHO HaflTH 2z, HaXOAA M3 APYTHX X, 4 4, X, ps--+»
X, 4 Mbl paccMOTpHM NOPO3HL 3TH ABA CAydas.

139. Ilepmutit caywak oGoGmenmoii cmeremsl. B sToM cayuae
cucreme (1) momno gaTb BHA:

e@=p—fi=0,..,9,=p,—f,=0,

+ (30)
tn)-l-}-l='xv-|-1._—'{}v—i-l=0"'"?mz’rm_—.{}m=0’ J
TAC .
f=f(x1’x'2)' sy Xy x,n,+1" ° "xn! P, 4100 <y Py pm+1) L -;pnr Z)
=9 (xy, %002, X, 0 e o X,);
a ypasnenus (29) saMeHHTb ypaBHEHHAMU
’
dl’m-}-l-:am—l—l""’c{n:an’ q’n-}-l:a' (29)
B KOTOPBIX
b=t (x,X5,...,x, L SUPRTRRRTE A0 NIPTEERTY Moy SUrPIIRRry z).

BoimoasuM Tenepp noacraHosky Aemanapa, HOAOKHB

pv+lzyv+1"‘ t? pm=ym’ xv—Q—l:_Qv-i-l”"'xm:—qm

Z=2—X, 1 Poy1— " XPm 2=Z Y, 19 1 o " YuTme

Mb1 samennm cucremy (30) cncremodt
S=n—fi=0...5=p—F=0 |
- ¢ - : ¢ (301)
cPv-}-lz'_—q»-i-l—_-'}v-{—-lz':o"'""?m='_'qm—_‘)77L="()!

B KOTOPOR 4AeHbI, 3ABHCAIGHE OT G, ., - - -, §,, BHUIKCAHHI ABHO, M NOMA-
aem B ycaoBua § 135, [Toaoxuwm, uro ypasuenus (29°) o6pamaiorca B

¢, (29,)

y = "—::_: ! _=
(‘Jm+1 am+1""’ i an' ‘ljn-]-L a

97

§ 139. Tlepsoiit caynaii 0606mensnoil cacTeMb
H 9TO U8 HHX MOTYT OWITb HallaeHM P, \ |, pyio-- -1 P, B TOADKO 3TH
apryMeHTHl p; YTO PelleHHe OCTaBIMXCA ypasuenufl (29;) zaer
Hpt1 =‘%-p-+1" sk, = '(Ev Zf_%'
rie vp+v' . .,3:‘, % saBHCAT TOABKO OT XyseoosXpy Yyppyee s Ym

L RERTIE FTTRRTE
YKOBOACTBysicb ckasanuniM B § 135, cocraBum ypasenms

df'n-l—m_]_l:bm-l-l”"’az’n:bn’ (1)
B KOTOPBIX ypaBHEHHE T’f” =Y n0quae;cx u3
% a9 a5
#+1 n
(7o =Pt - "‘PnTa—) b+

ad od v
——— —etl — n)—
—]— ( 0aj pl"+1 daj T P” aaj ) (.)

pelieMHMeM OTHOCHTEABHO b; H HCKAloueHHeM mnapameTpos (9) npm
nomows ypasnenuit (29,).
AyT CIPaBEXAHBBI TOKECTBA:

[ $1=0, [¥, ., ¢1=0, [§, ¥, =0, (i)

_ TRty gt (32)
[q’p q’n_l_(]:_—:f’r [q’n+1r q’n+¢]=9df,,+p [q'”+p dfn.}._g]EO’
rae p HeKOTOpas (GYHKLHA, M CKOGKH
[.f—';s q’_@]; [T:v.p ({Jn—f—j] (321)

6yayt o6pamaTthCa B HyAb Ba OcBOBaBmM ypasHenus (307).

Bosspawenue k cTapniM nepemMeHHbIM NPHBOZAT K TOMECTBAM, HCAY-
uyaempim u3 (32) oOTKmAbIBaHHEM uepTH HaBepxy; QyHKUHMA ¥, +i
MOAy4aeTCsl H3

a9 o © o8
»1 n
(oa TPet1Tgg TP g )bfl
09 29 9 )
e el — LN
+ ( da, " Pu+1"dq, TP g,

HaXOXAcBHEM b; H ucKAloYeHwem mnapamerpos (9). Mynkuwmm 3,

% ,» ¥, 5.0 8, nOryvatorcs mus ypasuemnit (29) mckaouenmem u3

HHX apryMEHTOB p UM pelleHUeM OCTaBUIKXCS ypaBHeHWH OTHOCHTEAbHO
'4

X, 11, X, 49+ Xy 2. Tak Kak ns ypasnenuit (30) u (29') moryT 6brTH

HABACHBL Py, Poy- -3 Pyr Xy f13e s Xy Pyp-- 1Py Xy pgoe- 1 ¥y, 2 U3
ypaBHEHuH

!

q’n+m+1=bm+1""’ Yon = b, (31)

MOr'yT 6mTb Hai zeHDI Xyt 19 Xmgore+ 21Xy Puyqoe+ s Py B BCE BRIDAMEHD

HEPEB Xy Xgye w3 Xy P, 1y e s Ppe

22 n. T'wrTep.
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O6patHo, ocHoBmBasAch Ha ckasanmoM B § 136, Moxno ycranosuts,
ato 1) ecan cuctema (1) 3amKkHyTa m mpeobpa3ayeTcs B CHCTEMy (30),
2) ecan ypaenenua cmctemni (29') aareGpauueckn HesaBucHMEI, 3) ecan
COGAIOZEHDI TOXECTBA

¥, ¢1=0, G, j=m--1,...,n, n-1)
u 4) ecAn CKOGKH

I [F 9,

06pamaloT¢H B HyAb Ha OCHOBaHHW ypasuenul (1), To ypasuenus (1)
u (29') onpeaeasiior moambifi unterpan cucremnp: (1). JeitcteurernHo,
npeo6pasoBarne Aexanapa, npeoGpaayrouiee CHCTeMy @0)__3 (30),
npeobpasyer cxobkn [4 41, [F 4] B cxobrm [%, 41, [F 41

Orcioaa BoiTexkaeT no ckasansomy B § 136, uto “ypasnenma (30°)
BMecTe ¢ ypaBHeHmaAM# (29,) 06pasylOT MOAHDbIHl HHTErpaA CHCTEeMDI.
(30"), T. e. 9TO CHPaBEJAMBO TOMECTBO

dZ:pldxl+ e +pvdxv+ qv+1dxv+1+ te +qmdxm+
+ Py 1dxn+1 + ...+ padx,,
OTKyJAa BbITEKAET, YTO TOKECTBO

dz=pdx, ...+ p.dx,

TaKme CHPaBeZAUBO. .
140. Bropoii caywali oboGmemmoii cucremnr. B arom cayuae
cucremy (1) MomsO 3ameHHTh cucTeMmol

9’1=P1—f1=0"">%= pv—_fv=o)

C?v+1="‘v-{~1'—'%»-}-1"_"’()r-w‘Pm__,=.7c‘m__1—%)m_1=0 33)
gp=z—8=0,
B KoTopoit
B =8 xy Xy r Xy X Xpppgpee s Xy)
B, =0 (xp x5 5x, X, xm+v'--»xn)

f=f(xv Xoyeoos Xy Xy Xpu L p3e 3 Xps Pyjve s Py o P+ -+ Pp)-

Buimoanvs moacTarosky Aemanjpa

Pop1=Ystv 9 Ppn—1=Im—p 1T T htr It T T I
Z=Z—xv+1pv+1— e T Xy 1Py
z:Z——yv+lqv+1— SR PAE R

Ml 3aMmeHuM cucremy (33) cucremoit
9,=p—h=0..., o,=p,—f,=0,
6v+1=—qv+1_89+1=0""’Em—lz_qm—l—{}m—lzo (33")
Z=y, qv+1+'---+ym_1‘7m_1+ﬁ

B KOTOPOiH f, U He 3aBHCAT OT G, . 45+« Gy 1

th=1,2...,m)

§ 140. Bropo#t cayuail oﬁo6l;;eﬁnoﬁ cueTeMB

I'locAeAHemy YpaBHEHHIO CHCTEMbI MOMXHO JaTb BHJ

Z=_%»+1.‘1v+1— =Y YR =9
HAK : : (34)
9=2Z— % =0.
Ypasnenus, zapucsmmue or aprymentos (9):
d')m—f—I:am-i—'l""’q’n: n? ¢n+1=a’ (35)
B KOTOPLIX Temepb
(P:q)(xl’ Xoye ooy Xy Xy xm—i-l" sy Xy pv—i—l" e Pp—1p P - "pn)’
ofpaTarcs B ypaBHeHHA
. (“{m.}.],:am_f.p -")df'n:an’ "!‘n+1=a: (35,)
KOTOpbe TAKAE OT ¢, ,, G, 4 g-- > Jpy 1 HE BABHCAT.
He momxer cayumtbesa, urto6er m3 ypaBueruii (35) moxmo 6mao
HaliTH BCE NMPOU3BOABBIE pu, Py, 1 g5+ - - Pus TOTAR Xpy X1 go o, X, GbIAK

6n NPOM3BOAbHLIME M BcAeacTBue ycaoBua (4) mce npomseoambic
Puw Ppys-+ P HE BaBHCEAM Obl OT MApaMeTpOB (9), 6yayun pasunt
npouspoaubiM ot (34). [loroxum, ato u3 ypasuennit (35') moryr 6mrp
HalZeHb P, Py 19+ + s Pur Xu g1 Xujoge« o» X CIHTAR, UTO v+1=m,
ecAn ypassenus (35') He 3aBHCAT OT P,y - -5 Py

Ypasnenua (35) MOMHO 3aMEHHTb ypaBHEHHAMH

;;;=Pm"‘?;n=0,.. .y ("F"=pl‘~_~ y.zo:
y (36)

— s J— - 4
cpp+1—xu+1—1}“+1 =0,...09,=x,—8 =0,

rae

f=f_‘(x,, Koo s Xy By Lgree 1 Yy Xm0 X pp_l_l,...,pﬂ)
= {}_(xl, Xyy ooos X Yygpr o3 Ymo 1 Xy ...,xpL).

Ecan Mpl Tenmepb cBepxX panee BHINOAHEHHOH IOJCTaHOBKH NOAOKHM:
Pot1=Huqr o Pa=Tw 1™ T v 0% T T
ZZZ*xH-l Ppja ™ o T XuPw Z=Z—yg+1‘/u+1_‘ o Y, Gn,

To Mbl npeoGpasyem ypaenenus (33) u (36) B ypasmenns
w=p—f=0,...0,=p,— [, =0,

?y+1 =—qv+l—;év+1=0’ s @n_1_=_—qm___1——{}m_l=0 37)

Z=yp.+lqy.+l+ v —l_ynqu'}‘go uAR E'\;),:O-

2
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O =P Iy =0s--21 9, =p,— [,=0
. mn m 1n— ’ [} @ _ s @ ,8- (371)
(?p.+1=_qp.+1_{}p.+1=0""’ = "I Y T

npuuen moAHmM mHTerparoM Marpamma émctemnt (37) Gyaer:
! 7=_y|‘.+lﬂp+l—"'_yn8ﬂ—{-—&' (33)

Cucrema (37) 6yser 3amenyTOi.
[Toab3ysch HafiACHHBIM MOAHBIM HHTETPAaAOM Aarpanmxa, cocTasasnem

ypaBHEeHHA
0% J9 %
w1 n .
(_d?—yv-HTa——““'_y" da )bl+
9% oy aa‘) ,
S S — n)_
+<daj Tt da; v T Yn Oa; 0,

KOTOpPhle mpeobpasyeM, pemas OTHOCHTEALHO b, TR ., b, HuCKAlOHan
napamerpet (9), B ypapHeHUA

bm+1" o $o =0,

Brasampascp B ypasuenue (37), Mbl BugnM, 9TO M3 HHX MOTyT 6bITh
HaBACHBL Py, Por- - -1 Py Gy 4107 * 2 G —1» G} CAEAOBATEADHO H3 ypaBHeHUH
(37) m H3 BHOBb NPHCOEAMHEHHHX K HHM MOTYT GbiTo HalzeHHI
Pw pmyv- - Pp9rr-- 3 Gn_1> Xpgre e s X Yy 1490+ 2 Yy B BBHIPA-
HEHBI UePEB X1y Xope e s Xy Yy 10°* 113 Ynr

Boappamgasch K CTaphiM NMEPEMEHHLIM, Mbl MOAYYHM CHCTEMYy ypan-
BeHuf

— R g —
q‘m+1—am+1"“’ n ay, vn+1 an+1’

! - —

yn+m+1—bm+1,. ey by, =b,,
B KOTOPOﬁ (pyHKgHH q’ CBA3aHbl COOTHOULIEHHUAMH, COOTBECTCTBYIOIIHMH
TOABKO 4YTO BbIINHCaHHDbIM (32) H H3 KOTOPbIX MOryT 6pITH Haﬁﬂ,eﬂb‘
pm,-o-,pp_: xp—l—l""’xn’ xm)"'sxp.’ pp+1)"°’ pn.—i " Bblpa?l{eﬁbl qye-

Pe3 X1y .0y Xp Pyyper 1Py Pr
O6patno, Tak xe, kak 1 B § 139, Mol MoxeM yTBEpHAATD: 1) ecam

cucrema (1), npeobpasyemasn B cuctemy (33), samkmyTa, 2) ecam ypa-

Buenns (35) arreGpanuecku HesaBHCHMbI, 3) ecAH COGAlOAcHbI TOmE-

CTBa
['pi, d(j]EO! (i,j=m+1,...,n, n—{'—l)

w 4) ecAn ckob6KH 0] et 2,...m)

o6paigaloTcs B HyAb Ha OCHOBaHEK ypaBenu# (33), To ypaemeHms (1)
u (35) onpegeasior moAHbit murerpan cucremst (1).

§ 141. Haxoxgenne noamoro umrerpara eucreMbl M

[peo6pasosanne Aemanapa, umenso, samenser cucremy (33) cm-
cremodl, noaxozsaueii nox ycaosus § 135 u 136, npuuem

(45 q)j] H [Fm q’j]

npeo6pasyioTca B COOTBETCTBEHHHIe CKOOKH, CBA3niBaromme Ipeobpa-
30BaHHble QyEKUEA Y, u F.

141. Haxo:xpaeRde NOAHOro HETErpaAa gammod cucremsl Hpeara-
pETeALunle samedamus. M3 ckasanmroro B npomasix naparpagax AcCHO,
uro noanmit mmrerpan M™ moryt aonyckatb TOABKO 3amkHyTHE
CHCTEMBL,

TMoaoxnm, ato cucrema (1) samrnyTa, ¥ npegrommm cebe Halitu ee
noasnfi materpan M™. [oabsysch npeanonoxenEeM, 4TO y CHCTEMBI
(1) ectp noamm#t maTerpai M, MuI NpEmAE K 3AKAIOUERHIO: ECAH
u3 ypasHenufi (1) Moryr 6miTp HaBAeHBI APLYMEHTHl Py, Pp.--»P,; TAE
v<m, ¥ NOCAE HX HMCKAIOYeHHS H3 OCTaAbHHX YpaBHEHWH mNOAy4Ya-
IOTCAA yPABHEHUS, He 3ABMCAIUNE OT P, iy, P,y g+ 1Py TO HAH BTH
YPABHEHHs He 3aBHCAT OT z H U3 HUX MOXHOHaflTH m —v H3 apryMEeHTOB

Xy 419 Xy fgre sy X

HAM H3 BHX MOXHO BRafiTu z B m—v-—1 ua aTex aprymenros.
Flocaeanee 3akarouemme ecrb TaKkxke CACACTBHE 3aMKHYTOCTH CH-
cremur (1). Uto6u y6eantnes B aToM, noroxum, 9To H3 cucrems (1)
MOXHO HafiTH py,...,pP,, P; AAB 9aCTH YPABHEHHH CHCTEMBl BHA:

‘¥‘=P1~f1=0v--, (?1=Py_fv=0' - (39

ﬂpeano.\omeﬂrxe, 4YTO CASARHHOC 3AKAIOYECHHE HECIPABEAAHBO, pPABHO-
CHALHO HPEANOAOXKCHHIO, UTO YPAaBHECHHC BHARX

(e ey £,) =0 (40)

ecTb caegcrsue ypaemenuii cHcTemst (1). Pemas ypasunenne (40) otro-
CHTEAbHO OJHOTO M3 €ro AapryMeHTOB, CKameM X;, Mbl 33KAloYaeM,
4TO M ypaBHEHHE

e=1x,— ¥ (x, x4..., %) (40"
ecTb caegersue cucrembr (1); HO Toraa
[‘?l’ p]=1

u ckoOka [, ¢] me obpamaeTca B HyAb Ha OCHOBaHWH ypaBHEHHH
CHCTEMDI. )

Ocrasasin B CTOpoHe pasobpamHmifi cayuait, koraa cmcrema (1)
paspemuMa OTHOCHTEALHO M U3 APTYMEHTOB P, Py - - -5 Ppy COCPEAOTO-
uyHBaeM cpoe BHHMaHHe Ha CAydae, KOTJ& 3TOro HeT.

Mn 6yaem cumraTp, uTO wactb ypaeHemmil (1) sameHeHa cucTeMo#
{(39) m uto v < m, npuueM ¥ HanGOABIIEE YACAO APTYMEBTOB Py, Py - +y Py
Haxogumbix u3 cucremsl (1), He mCkAlouas mpezmoroxenus, uto v=70.

142. Ilepnwiit cayuait o6o6igennoii cucremul. [lorommm cHauaaa,
NTO MBI MMeEeM AeAO0 co caydaem § 139.
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Cucrema (1) samenuma cucremoil
o=p—f=0,..., 9,=p,—f,=0, )

) (30)
(?V+1=xv+1—{)v+l=0"‘""?m=xm—"{}m=0. ]
rae OyHKuuE f He BABHCAT OT X, .- X, & Ppyuxnun 9, kpome
TOTrO, HE BABHCAT OT P, 1y« -+ Py B 2.
Buinoanu® noacranosky Aemanapa
pv+l=yv+1""’ P = Ym> xv+1=—qv+l""' X ™= " 9m
=2 X, 1 Pig1™ T XuPus z2=2Z—Y, 1 19,41 —YmIm

[ ]
upr 3aMenum cucremy (30) cucremoft
p—f=0,..., p,—f,=0,9, ;4% ,=0,...,q,19,=0 (30)

B cmomeM HaBiTH ee noAnm# muTerpar Aarpanma o6biuHbIM o6pazoM.

Boaepalerue K CTapbiM NEPEMeHHbIM AACT MOAHBIR HHTErpaA M™.
Hurerpuporanue cacremot (30') B paccMaTpuBaeMOM CAyuae ZOBOADHO
npocro. [loroxum, uro v 0. Ecan

=
=f-(¥1v X3 s Xp Xpptgse - s Xp Yygtoe 1 Yo Praferoe -+ 2 Pros Z—Yy1Gp1— s Ym Pm)
¥=10"(x, x5.. 5%, Xy - 1 X,)s
10 npEMeReHue Metoam § 106 HemocpeacTeenHO JaeT: ecAn
Zy=V(xy Xy . ;X Xyt 5o e os %y Gy oo v 0y @)
MOAHMI MHTErpaA CHCTEMEI

Pi—f Cep Xgpe e r Xy Xy e s Xy 0yee o304 By iy o Py Z))=0,
(i=1, 2,...,v),

To noAumi mETerpan cucremn (30°)
Z=—8v+1 yv+1_“"—8mym+
FV(xp Xgpe e os X Xy pppe -2 Xy Gy 1= 2 By a).

BosBpaianch K CTAPHIM [EPEMEHHbIM, ACCKO MOAYYACM AAS CHCTEMBI
M™ cucremy ypapHenn®

z= V(xp Xgye v o9 Xyp Xyy g gro- o3 Xpy Gy 30+ o> @y a)
k=n
2: 0% av .
b= -a_Jc'f—'Pk+—a’;:v (=12 ...,y m+1, )
k=m+1 .
szﬂj’ (]=V+1,...,m)

Ecau v=0, To noamm#k nnarerpar Aarpamma cucremm (30°) agaerca
paBEHCTBOM

Z=—9%y — ...—8mym+am+1 xm+l+ voita,x,+a

§ 143. Bropoit cayuait o606 ennoii cacTeMN 343

TNoanuift uarerpar mM® npeo6pa3oBaHHOH CHCTEMEI MOAYHaeTCs Npu-
coejuUMeHHeM K HEMY PaBeHCTB :

2: 0% .
‘l1=—81»- L] qm=_7&m7 pj=— Ti.;k?‘yk—i_aj’(.’:m_'l_lv' "»n)-
£

Boappamenue k CTaphiM NEpeMeHHBIM MPHUBOAMT K PABEeHCTBAM!

2=y Xy oo T A, Ta
k=m as

dx: mta, G=m+1,...,n).
k=1

x1=8l,.,., xm=8ml pl-_—_-——

143. Bropoii cAysak o6oGmenmoi cucremut. [lepexozum k cayuaio
§ 140. B sTom cayuae cucrema (1) samenmma cucremok

?1=Pl—f1=0:"'s (P\.=Pv_f:,=0, ]
¢ (33)
%=X 41— e W 1 =1 R =2—3=0]
rae
F=F(xp x50 X X Xy g1 e s X Pyppre 1P Pos <3 Py)
/ {}={}(x‘,x2,.‘..,xv, X, xm_i_l,...,x”).
Beimoanse moactanoeky Aemanapa

Pyi1 =% gv ' Pt = Fm -0

X 1 =" v X 1= " It
Z=Z—yv+l qv+1_ s _ym—-l Im — 1
Z—_=z-—-xv+1p“+l— e =Xy 4 Py

Mt npeoGpasyem cuctemy (33) B cucremy

p—hH=0--- p,—f,=0

91 +841=0..0 I 18,1 =0 )
Z:ﬁ——y»_*_1 3v+1— - _ym—lam—l=0
Moaaraem crmawaaa, ¥TO viO. Buinoansem nozcranoBky
J8 .
P= 5 s, (i=1, 2,...,y, my m+|1,...,n)
k;m—l
99 as, 0%
=— D "o T
Ox; Xy Xy (42)
k=v+1
an .
qj=_aa+sj=—3j+sjs (=v+1,...,m—1)
Z=0-}u.
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Mur samenum cucremy (41) cuctemoit

s;=F,; (x5 x2,...,x Kpe+ 2 X, ,yv_*_l,...,ym__l, Spe o Sp) ](43)
s
(i=1 V)Sv_l_i—'o _ __.0, u=0 ]

CucreMa ocTaercsi 3aMKHyTOH, TaKk Kak NpH BHINOAHEHHOM npeob6pa-
30BaHMM BCFKai cKoGKa [¢» 9] mnpeo6pasyerca B crobry [9. 95l

raze ¢ peayAabTaT npeobGpazoBanus Baj Qyskuuedt 9.
Yro6br y6esutbca B 9TOM, MOAOKHM, ynpomas 0603HavYeHHS,
=19 (xlv Xgy» o 1 Pw z)

a6
-———07‘-—*—5,, .z=6—|—u.

s Xas P1y P2,-

Mot 6yaem mmetp

— 0
Pr=; (X1 Xg « 2+, Xpy 51+ 0 sat—— dx . ,3n+ ox, b+ u)
u
. I=n
Op_ 09, 02 0o, J9_ 0o, 05 0% 09, 60)
ds,  Op,’ Ou 0z’ 0x, ,0x, A Op, 0x,0x, ' 0z Ox,
BuaunT
‘—
do,(d(pj a(p_,.)__ 09, (am, 2 Jp, 0% — d(g)
dx,,_l_ *ou ) Op, axk_l_ dp, Ox,0x; o 0z
TaK Kak
- aq; a8 ) dg; _ 38 0z
¥ 0z <a—x,,—+sk dx Oz o2 s dz

lpu cocrasaennn ckobru [P, ¢;] cymmni

k=n I=n k=n =n

do, g, 0% doy dp, 0%

Op, dp, Ox; Ox,, ’ Op, Opi Oxi0xy
k= = k=1 =1

COKpaIaloTCA.
B cmcreme (43):

a6 09 ah
Fi=f(xpxp-0x 'xmr'--’xmyv-{-v'-"ym_pdx_'_l'sm "’E.—'—s”)_g;;'
' n

M3 samknyroctr cucremm (43) npemae scero saxarouaem, 9TO (yHK-
wan Fy,...F, oT y, 4+ >, _ o He 3aBHCAT, JeficTBATEABHO, cKOGKa

oF
[Sj, S;— t]_——

GyJ (j=V—l—-1,

ce,m—1 i=1,2..)

S R

.
}
:
A

§ 143. Bropoit eayuafi o6o6iennoii cucremb

HE 3aBHCA OT Sy Sy.. .,
HUH ypaBHEHHi CHCTEMbI, KOrjaa

oF

=0,
Oy,
Coacrapaas satem ckobku [s,— F,, u], moaysaem, 4ro
tk=n
F= oF, s
1= He Sk
- ask
k=m

Sy Sypp- - *» Sp_1» TOADKO TOrza HyADb Ha OCHOBA~

OTKyAa scHO, uTo QyHkumn Fy, F,,...,F, oauopojnbie QyHKUAH Nep-

¥

BOrO M3MEPEHUA OT Spy Sy, g« +» Spe
[Moabaysco aTUM, noAOCHMM:
Sy S, sm+1 n
=2, ,rn=——, =2 L, =—— (44
1 S ’ y Ty S ] m+1 S, ’ ' On » )
M BBEASM B PACCMOTPEHHE CHCTEMY
To=—F (X Xy o+ s Xy Xy Xy ys - o0 X 1, — m+1,...,—7rn),]
1(43)
(i=1, 2,...,v), )

3anucuiBas ABHO, UTO QyHKUME F; OT ¥, . 1, ¥, ( 2o+ ¥, 1 HE BABHCAT.

Cucrena (45) 3aMKHyTan, ecan B Hell cumTaTh X,,

QyHKude, a T,.. .M, T, ..., T, NPOUIBOAHBIMH OT Xy,

TEABHO, oﬁosnaqax uepes F, 9 oaHOPOAHBIE QYHKUHH OT Sy, Sy -
u uepes {F} u |¢} pesyabraTm noacraHokn (44), umeem:

{(Fy 9} = 2 { as,‘} {oiq:} {axk} { gs(f} +
ol ~fo (=t o0t
+ 18 ) om — (02 e

9F ———2 i s,—{—F, % . ———-2 97 44

[Toromum, cumras v >0, uro

TaK Kak

A= V(s Xay o vy Xyg Xy ggs ooy Xy Gy gy o3 Gy @)
moABbi#t mHTEerpaA cucTemu (43).
Ecan
oV . — oV __ oV r v
2 S 2

HeuspecTHOU
. Jdeticten-

9 Sq
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)
<

%
3

MbI HMCEM

dx, == dx, ...+ dxv—‘—ﬂm‘_l_ldxm_{_l—i— eooFm,dx,.

CAeaoBaTeAbEO, MOAOKHB

X = VX1 X ooy Xy Xy Ly oo o1 Xy @y 1y =+ 05 By a)
__v v
LT O, S ST T ax, “6)
Lo v
m1 axm+13m’ veey S = dxn Sn J

Mol OyaeM HMETb
sydx,+ ... s, de, +s, dx, +-s, dx, .oots, dx, =0,
a Takme yaosreTopuM ypasuennam (43) nmepmoft cTpOkmH.
INpucoeauuus, nostomy, k ypasHenuan (46) ypaeremus
=0, u=0, (46")
MBIl TIOAYYMM NOAHWH HHTErpaA M® cucremn (43).
BosBpamancs K CTapuiM apryMeHTaM, MBI NOAYYHM IOAHBIA HHTe-

sv+1=0,..., S

rpax M™ cuctemm (1) B Buze
k=m—1 k=m—1
_ M, , 0  av M, 09
Ps zpk Oz, + ox, - ox, (2 Px ?x—m"‘ dx,,,. +Pm )
ke=v4-1 k=v41
(i=1,2...,v, m+1,..., n)
X =V (X X0 oo vy Xy Xpp 15 -0 01 Xpp Qo .,.a”, a)

x; =9, z="%,

(G=v+1,...,m—1).
Ipu v=0 noanomy mmTerpaly MoOxHO ZaTb BHA
k=m—1 k=;7v—1

o 09, 0% 0% 2%
py= Zpk—ax—‘—kd—m—at(kzlpka—:—g;;‘l—pm).
(i=m-1,...,n) ‘i
xmzam+1xm+l—{—...+anxn—|—a :
(Gi=12...,m—1)

Mpuwmepn: 1) [lpumensan ckasagnoe K yparHEHHIO:

z='f(xh Xgy oo xn)’
foAyuaeM NMOAHBIH HHTErpaia B BHAC
n=xea-}+...4|x,a,+a

z=f(x1: Koy ooy Xp)

9 of  ._ ..
Pi=a (0—5;—-1)1)4-7%, i=23,..., n

x,= 8}, z={},

§ 144. Meroaa Kopruua

Mpumenus k ypasueruio mpeoGpasoaHue Aemanapa

Pi=Yp s Pn=Ym L=z—X\py— -~ XnPm
M npeoGpasoparn Gbl ero B ypaBHEHHE )
Z=qu1+ v +9»yn+f(—‘71: ek’ S UCERT) _qn)n

OOAHBIE HETErpar KOTOPOro
=a1yl+ oo +anyn+,f(—a1’_aﬂv vy — @)

. " o
DToMy NOAHMOMY HHTETPAAy -OTBEHACT HHTErpaA M™, MOAyYaEMbIit
H3 HEro IpHCOEAMHEHHEM ypaBHeHuH

G, =0y -y Gn=Cye

Bosspamenne K CTapniM NepeMEHHLIM MPUBEAO 6b1 K MHTErPaAy M®
B BHAE i

z=f(—a,—ay .-
2) Mpumersaa ckasauHOE K CHCTEME

pr=1 p:=ps z=xp

.y —a,,), X == @y, Xg ==y « v oy Xy =" Qye

noAy4aem
pi=1, ps=psy XstxXa=a, z=x.
144. Meroaa Kopxuua. [lpuromenme BceMy CKa3zaHHOMY MBI naii-
aem, pas6upas meroay A. H. Kopkuna. [Moaoxum, uTO AaHa CHCTEMA
W3 m ypaBHeHn#l B HHBOAIOUMH

Fl (xl’ Xos oevy Xpy Pis + o5 Pm z)""o )
F'l (xlx Xy vy Xpy Prs oo Pns Z)‘—“‘-O (47)
FB+1(xl, Xgy wes Xpy Py vovs P z)=0
F,,, (xp Xgy o-ey Xpy P15+ =5 Pn Z)=0 J
pASpEIUMBIX OTHOCHTEABHO M M3 NPOH3BOZHDIX Py, Py - - -y Py HPHISH

U3 MEPBHIX S ypaBHEHHRA MOryT GWTh HABACHDI Py, Py - - -» Pa
[MoAoMUM, UTO H3BECTEH MOABBIA HHTErpaa M™ cucremm us mep-

‘Buix s ypasuenmii (47):

q’s+1=aa+v"" q‘n—_—an’ q'n-{-l=a’ (48)

rae QyHKL@y §, 3aBUCAT OT APTYMEHTOB Do tgi Pg9re + +3 Py X1y Xg0+ = o9 Xp 2
K ypaeneunsm (48) no ckasannowy B § 135 mbt MoxeM DpHCOEAH-
HUTb YpaBHEHMs '

q'n.+8+l:_:bs-|-l’ M q’2n=b1p (49)

kotopbie Bmecte ¢ ypapuenuamu (48) ¥ (47) obpasylor cucremy 'ypas-
nennfl, AATE6paNNECKE HE3ABHCUMBIX OTHOCATEADHO 3pTYMEHTOB

P1s Py - -3 Pp Pgypp *°? Puo Xgpp =r o5 X 20 (50)
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Pemas sT ypasreHus, MBI NOAyunM aprymenTn (50) B puge QyHK-
un# OT Xj, X3, ..., X, H HAPAMETPOB
aa, - 4y bB_H,..., b,. (51)

TpakryeMble kak QyHKIME OT Xy, X,
apryMenTnl (51) CBjAZaHB 3aBHCHMOCTAME

[ah; ah‘] = 0: [bg) b-qx] = 0’ [am by] = 0: [ah) a,,]Eo(hig)»

..., x, n aprymenros (50),

a, 4;] =0, [a), b] =—7—==, [a, bl =— 7=, -
[ i 5] [a ) <0V> [a, b (av) (2)
da -H
3%
rae (73;—) — HEKOTOPas QYHKIHUA OT APFYMEHTOB Xy, Xy, - - -, X, B (50).

Kpome Toro, co6aiogenn sapucumocTtn
(Fy a)=0, ([F, b)]=0, (i=1,2...,9 (53

rae sHak (f) o6osHadaeT pesyAbTaT MCKAlOdenms M3 Qymkuuik f apry-
TYMEHTOB P1, Py, -+ ., P, MPH NOMOIIM NEPBHIX s ypasHeHu# (47).

Hanpumep, ecam uaBecten noammii maTerpan Aarpamma cuctemsi
U3 nepsoix s ypasuennit (47):

ey Xy X gy ey Xy @ gy -y a,), (48")

T0 ypasHeHus (48) u (49) noayyaloTcs pemenneM OTHOCHTEABHO apry-
menTOoB (31) ypaBrenuii:

z=V(x, x,

oV oV
ax8+1—l’s+v-~°’ Ox,, — P

oV oV ov av

Oa b‘+1+ da8+l =0, ..., da b”_]L._ da, =0.

[Toacrapans wmaitpennnie smavenust aprymentoe (50) B mocaegnue
m—s ypaeHenuii (47), M1 06parum ux coGpanue B

(I)8+1(x1, Xop wvvy Xgp @y @y 15+ -+, Gy ba+v .oy b)=0

.........................

coy Xy @ @y ey Gy bs+1’ ey B)=0.

Joxaxem npemae Bcero, uto ypasuenus (54) He saBMCAT OT
X1y X9y v ooy Xge

[locaeanee aerxo puitexaer uz pasencte (53). O6oznavasn ueproft
HaBepXy pPEByAbTAT HCKAOueHHA aprymenros (51) mpm momomm pa-
BeucTs (48) u (49) ns TomecTma

FJE‘ITJ, J=s-}1,..., m,
HMeeM
. 00, 00, .
[Py F1=0=(F 1+ > 300 [Fy el D [F) 5]
dak 317,

§ 144, Merosa Kopruua Q”% ’

Orcioaa, scaeacreue (53), sakaouaem:
k=28 i ’

oF,\ { 0%, . .
([F”(I)j]):Z (.ﬁ-) ( ax: )_=_0, (i=12..,sj=s+1...,m).

Jasas i ssavenns 1, 2,..., s 4 BCIOMHHadA, 9YTO U3 NEPBLIX S ypam-
mernd (47) momuo mafitw py, p3, ..., Py 3aKAIOUAEM, YTO MPH BCEX j
uk=1,2 ..., s uMeem

35\ ’
(ﬁj—) @ (ot (@) (@ - @) (g o550 =0.

Myuxuun (51) arrebpanuecky He3aBHCHMB OTHOCHTEABHO 2PryMEHTOB
’ 4
Xopu Xoppooor Fw B Payp oo Do (50)
tax Kak o6pasyloT coGpaHWe peuleHHH CHCTEMBI
([E’ ©]) =0. (i=1,2,...,5)
BcaeacTBue 2TOTO M3 NOCAEAHHMX TOMECTB 3aKAOYaeM, 4YTO BbickasaH-
HOe YTBEpXAEHAE CNPaBEeAAHMBO. :
Hrak, ypasnenus (54) mmeior sua

cen @y by by

]
{
..... e e e e e e e s e } (55)

----- - . « e - . . . . e '
ey @y by ey 5,)=0. ]

JoxameM Tenepb, uTO €CAH Mbl 6yAeM CUHTATb Qg 4, Uy s -+, A
HEe3aBHCHMbIMH T€pEMEHMEIME, a b, v b, PR b, upomaBoaEBIME

0 HAM OT @, TO CHACTeMa ypamHeHHH (55 6yaer B HHBOAIOUHWH.
Mbt onAaTh uMeeM

F}EE, (G=s+1,...,m
Moabsyscn (52), Haxozum .
I 7
ol —lad+ D, oy al -+ g o+
l=s+1
N 7 9% 1
+ D G Brel = 3
15571 (—d—d—> 6
L NQ 5 9
[Fjv a]=[f;-, al+ 2 —a%[az»a]+'“£‘[a;a]+
I=8-H
+2‘557[bz:a]= 271{51(——‘0—7) )
=541 l=3-}1 —-d—a—
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NI 7,
o b= 51t D) ol b+ -l b1+
=81 :
s=n ___ — _ (56
+ E-af—’[b b= — (o) )'
0b, VR Oa, da "t (ovV
}:s-{-l ———d—l-z—>
Janee, ecas h Takme oauo u3 umceA s—1, ..., m, umeem
k=n
F.Fl1=0=IF fa F ofy F
[1: nl= [j)fh]“" oa [fak]+ oa [j)a]+
=S
k=n —_— ——
6fh __ 1 df’l df;
+ '%;[Fj;bn]*ia—'—v){ Da. b,
k=s+1 ’“da_ k=841
RN T, NV (%, T
h i ) 1 i
+ % 2 a5, b 2 b (aa,, T I’*) }
f ayrarad| kZst1

OTKyaa, NMOHMMAs Tenepb CKOGKY COOTBETCTBEHHO MPEANOAOKCHHAM
06 a n b, sakarouaem
[f; H f h] = 0;

BCAEACTBHE YKasaHHofl yxe aareGpamueckoll He3aBHCHMOCTH GQYHK-
uuik (51) kak Oymkuu$i or aprymentos (50°), H3 nocAegHuX paBeHCTB

BbIBOAHM
[fj’ fh] = 0)

yro ¥ TpeGOBaAOCH AOKAs3arhb.

Ecan cucrema (55) paspeimuMa OTHOCHTEADHO M-~ S H3 apTyMEHTOB
by 1o bgpm o b,, To MOXHO HCKaTb ee MOAHbIF MHTerpaan Aarpanxa.
Ho mocAeasee 06CTOATEABCTBO MOMET M HE MMETb MECTa: ypaBHe-
Hus (55) MOryT He 6bITb aAreGpaHuYeCKM HE3aBHCHMBIMH OTHOCHTEADHO

aprymenToB b, ;, b . 5, ..., b; B ®TOM nOCAeaHEM CAywae MOmET 6HITh
peun TOAbKO O noamom uarerpare M" ™ cuctemn (55), koropmi
1 moxzeT 6biTh Hafizen mo npasuaam § 142 umam 143.

[Toro®MM, MO®TOMY, YTO HAM HM3BECTEH NOAHBH HHTErpai Mo
cucremst (55), noayuaeMbii npucoejHHeHHeM K ypaBHeHHaM (55) Hexo-
TOPBIX ypaBHEHHIE

Am+l=cm+l¥"‘)A ]

n n?

A, =0 (57)

B_KOTOPHIX (QyHKUHH (57) aare6panueckn HE3ABHCHMbI OTHOCHTEAbHO
aBrymem'os (51). Pysxuun (57) HaxoasTCA B HHBOAIOUAK

[Ai’ AJ‘]EO: (i>j:m+1: ceey I, n+'1) (58)

1]

§ 14 Mo Kepems -

u ckoOxu

[fh:At]’ (h=s+1,..., m) (59)

06palialoTCs B MyAb Ha OCHOBAHHH yPaBHEHHH (55).

Ecan mm B Qyskruax A; 3aMeHHM aprymeHTHl (51) mx 3maye-
wuamu (48) u (49), To MBI 06paTHM ypaBHEHUs (57) » ypasHerns
Qm+1=cm+1,..., 2 =c, Qn+1=c’ (60)
B KoTOpmXx 8, QYHKUHH OT Xy, ..., X; B APTyMEHTOB (50).

Jokamem, 4TO ypaBHEHHsH (47) smecre c ypasnenuamu (60) o6pa-
3y10T NOAHLIE MHTErPaA M™ cucremst (47).

[Tpexae BCEro MOMHO YCTaHOBHTD, WTO yPaBHEHHA (60) aare6pan:
Geckyu He3aBHCHMDbI OTHOCHTeAbHO Wx aprymenrtoB. [locaeamee owe-
BHAHO: €CAH 6bl BTH apryMeHTHl MOMHO GBIAO HCKAIOWHTD, TO 06mapy-
AuAach Gbl 3aBHCHMOCTb MERZY Cp, 1y ---» Cp C; HO TaKOH zammcn-
MoCTH Her, Tak Kak ypapHenus (57) aareGpamveckn He3aBECHMBI
OTHOCHTEABHO HX APryMEHTOB.

A AOKa3aTeAbCTBA HAIErO YTBEPAACHHA HAM OCTACTCA AOKa-
3aTh, COOTBETCTBEHHO CO CKa3aHHbIM B § 136, uro cnpapeaAuEH

TOXKECTBA o
/ [2,2,1=0, (;j=m-+1,...,n) (61)

H 4TO CKOGKH

[Fh’ gt]’ (h: 1’ 29 ooy m) (62)

o6paimaioTcsi B HYAb HA OCHOBAaHHH ypAaBHEHHH é4D.

TMocreanse yTBEPRAECHHE ASTKO BHITEKAET M3 PABEHCTB (53), {55),
(58) n ckaszannoro o ckobkax (59).

Mb! BEMeeM, HMEHHO, TOXECTBA

Q,=4,.
B CHAY BTHX TOXKECTB, 3aMEHsAA BPEMECHHO a Ha an+l’
E=ni41 k=n
04,
[Qu 9‘1‘] = 7);: [Qu ak] +

k=841 k=s+1

Ho, B cBow ouepean,

l=nf1l _ l=n
dA 0A Py
(2, a]= 2 E;‘[ah ak]+ 2 “d—b;“ (28 ak]
I=k-41 1=s8-+1 ;
I=n+4+1 l=n . '
04 dA ‘ :
[94’ bk] = 2 ’aaj" [az: bk] 'l“ 2 TTI;,L [bz» b,‘]-,
l=k+1 I=s-f1 ‘ I

CaeaoBaTeAbHO, ToxecTBO (63) nmeer BuA
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R—=n _ e le=n
A, 94, 94, 3 94,
Lag= | D G2 g AN g
k-:s-i—l l=g+1 L
k=n _ k=nmn L (63’)

04; 04, 04, 0A4; 1 S 1
—_ _t 1 e, B S
E 0b, Oa, Oa 21 0b, k} o\ 4,4, P17

S ]

u 3nawaT, TomecTBa (61) cobAlogenni Ha OCHOBaHWH TomecT (58).
JAanee ‘

E=n<1 S k=n —_—
dA,. 0A
[F,,,Q,]:: 2 'a;:[Fh, ar] -+ 2 ‘a‘b;:— [F;,,b,‘].
k=541 k=8+1
Ecam h=1,2,..., s paBenctso

(£ 2D)=0

caezyeT u3 paseHncrea (53).
B cayuwae, koraa h=s-1,..., m pasencrea (56) aator

k=n l=n
_ JA, o, , 94, o,
(£, ) = { 2 Ja, 05, T da rako
k=g41 =841
k=n
94, (?f‘ 9, >} 1 1
— ~ b — = —_—
kzs.l_l dbk aak + aa L3 (EK) [fh» A;] (»ZZ .
Ja Oa

Tax wax ckobka [f;, A] o6pamaercs B myap nocae nozcramoskwm
B HEe Ha MECTO HEKOTOPHIX U3 apryMmeHToB (51) ux snavenwud, Hafi-

Aenmpix w3 ypapHenn®t (55), dymkuua [f,, 4] or ¥ buy; OBpa- -
HETCA B HYAb MOCA€ 3aMEEH B HeHl COOTBETCTBEHHBIX apryMeHToB .

ACHHLIX U3 ypaBHEeHHH

F‘=fi('1}"+1, ¥s AR UEREED) P dfn+s+17 LR q’m) =0,

T. €. 06pailaeTci B HyAb HA OCHOBaHHM MOCAEAHHX ypaBHeHui (47). -

Chaeaosareavio npucoegunenne k (47) ypaenennmit (60) aaer aeficrpu-
TeAbHO moAunit muTerpaa M™ cucremm (47), no. xoropomy wmomer
6uiTo Halizen ee moaHbif mHTerpan -Aarpamxa no npasmaam § 137,

Coorrercreenno crasannoMy B nynkTe BropoM § 135 MEr NOAYYHM
moAubi# mHTerpan Aarpasma Henocpegcrmerno u3 ypasmennit (47)
w (60) Toraa u TOAbKO TOrza, KOTA2 M3 ypaBHeHui (47) n (60) moryT
6uiTp HafizeHB Bce NPOMBBOAHDBIE py, Py, . .., Pne

§ 144 Meroza Kopkuna 353

[Tpumep. Paccmorpum cucremy 7
Z:‘%“(P1x1+l’2xz)+—;~(l +V(Tam"+mx4
Vpintpx x+xu=0
Vpirtpsxs xa—(1+VIFpsxg x=0
p+-PL =,

Xg

(64)

Cucrema (64) samknyTa; ecAn Mbl AajuM et BHZ

—z +%(P1xl +P-zxz)+% (1+Vpsx3+1)2 +pyx=0

V;I—xltpg Xa Xy +1=0
4

Vpix,+poxg Xg— 1+V1+P3xs x

Xy X,
- Py | Py <le +P2 Xo X +1)+
VP1X1+P2x2 l VPl-'f1+P2x2 Xy !
P2 ( Vpl X+ po Xy Xy _(1+V1+Ps x!)xg_()

VPl Xy - o Xg Xy X¢

=0 (65)

P4

TO MBI NOAYYHM CHCTEMY B HHBOAIOLHH.
[Toaumit unTerpar nepporo ypaphenus

z= —;‘ (a; <1+ ag x5)* -+ —;‘“ (asx3 +-2)*+ax,.

Pemasn ypapHenuA

pi=(a, x,}-a; x,) ay, Ps=(a; x-}-a; x5) a,, ps=(asxs 2) as py—a \
xgby 4 (a, ¥+ ay x) x; =0, x, by + (a; X1 T a3 %) =10, }(65,)
%y by - (ag 2+ 2) x; =0, J

MozeM Ha#Tn

x:'bl/___ﬁ___ x_—_bl/__’“______
1= a b +agdby’ T2 a, b +tab;’
——1-}—V1———a363x¢

ag

p=aV —x(a;bFarb), ps=aV — x4 (@, by —+agby),
ps=ay(1-}- Vl-——a35374), py=a.

x3=

23 H. T'omTep.
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[Moacraeasas p,, ps, ps, p. B NOCAEAHHE TpH ypaBHeHHs cucremui (65),
NOAy4YaeM, HCHOAb30BaB ypaBsHenus (65):
b—1=0
by—bg=0 (66)
a—a;—a; (b, —1)—a,(by— bg)=0.
Moaam# garerpar M® nocaeamedt cucremn
. b=1, bg=bs ag=c—a, a=a, (67)

naiigen B § 143 merozamu Toro me maparpada.
Yaosarersopan yeAOBHAM

x4 da+(a; x; - a3 X5) (3 day + xp dag) -+ (ag X+ 2) xgday =0
BHAYEHUAME d, @), dy, d3, YAOSAETBOPFIOUIUMY YPABHEHHAM
ay-tag=c, a=a

HaxoZuM: Xy Xy Xo -
a x Xog=——=, agx3-}2=—">"%
1%+ ag %' B st *; %3
9
X X4 X X3 Xy
a=———%— 4227——c—————-2——-—-
Xy X3~ Xy X X, Xg

Xg Xy —2 Xg Xy
- .
2 x,2 2 xylx? Xy X5 Xg

145. 3amewamna o wmeroze Kopxmma B ee unepsomaTarbumoR
pesaxgmn. B ee nepsomauarvno#t pegakuun metoaa Kopmmma Tpe6o-
paAa HaXOMACHHS IIOAHOrO HATerpaAa J\arpaHixa CHCTEMBI H3 MEPBBLIX S
ypasuenmit (47), uro, KOHe4HO, BCErja BHUIOAHHMO.

Janree, Tpe60BarOCH HAXOXJEHHe NOAHOro HHrerpara Aarpanma
cuctemu (55), koTOpas, B CBOIO Ouepefb, MOTAa OniTb TPAKTyEeMa Kak
cuecrema (47) ¥ moAunit HHTEerpaA ee MOr G6bITb OTHICKHBAGMbIM IpH-
meneHEeM TOH me meroani Kopruna. Ilocaesnee aeficteme me Bceraa
BHIIOAHHMO; MBI BHAEAH Ha IpHMEpe MPOMACrO naparpaga, 9T0 ypas-
Henua (35) MoOryr okasarhCa Hepas’pemIEMBIME OTHOCHTEADHO apry-
mentoB b, i, b1, ..., b, BCAeACTBHE uero HE MOXET OWTL ¥ pein
0 HAXOXACHHH €€ NOAHOTO MHTerpaia Aarpanma.

TMoroxuM Tenmepn, uro cucreMa (55) paspemsma OTHOCHTEADHO
m—s us aprymenros b, ,, b, 4, ---, b,

Haitaem noaunift uuterpaa cucremst (55):

a=o(a o). (68)

Chaeaya nepBoHauaAbHOR pejaKkuuE METOAbH, HYXHO K ypaBHe-

mnio (68) mpucoezuHuTL ypaBHEHHS

ov oo oV 14 oo OV
0a8_+1+0as+1 Oa =0, - dan+ da, Oa

C

8+1’as+2’ TR Cm-{-l’ e w

=0, (69)

H
!
b

§ 145, 3ameuanun o merose Kopxmua 255
HCNOAD30BaB NOAHDbIHE HHTErpaA .
z = V(XI,X2..,,”XS, xs_H, ceey X, Q, a8+1,‘..., a"), (48’)

u us ypasueruii (68), (69) nckatv @, a ., ..
NOACTaBHTb HafigeHHme 3Hagemua B (48').
BoamoxHocTb Takoro pemenus ypasHenui (68), (69) ormocwTeanmo
pTYMEHTOB ) @y, -+, @, AOAKHA 6BITD, OABAKO, YCTAHOBACHA.
Jonycrus, uro apryMeHTs @, @, .y, --+> @, MOFYT GHITb Mafennl u
sameHuB uxX B (48') nafizeHHDIMHM UX 3HAYCHHAMH, Mbi HOAYYAEM IOA-
Hbil urTerpan cuctembl (47), JeficreureanHo, u3a ypasHenui (68), (69)
SCHO, 4TO HAfIAGHHBIC 3HAYEHHS @, G,y ---) G, YAOBAETBOPSIOT

YCAOBHIO

s @, C TeM, 4TO6H

oV
da

n

ov oV N
.d_a_—da—-}—ga;:-; da8+1—{'—...+ dan=0. (M/

CACAOBaTeJ\bHO Z B NOCAEC NOJACTAHOBKH Ha MECTO a4, a8+1, seey &, HX

3WAYEHHB OCTAETCA PEUIEBHEM CHCTEMbl H3 NepBnix s ypapHeruft (47).
Ho To pemenme cucTeMbl M3 mepBbiX s ypaBHEHHit, KOTOPOe Mbl TaKHM
o6pasoM Ha#iaem, BcAeacTBHe coGaloaeHusn ypasHeruft (55) m ypas-

HeHuR
o, v

3o bt G0

oV v ‘
=0,..., —5— b, +—=—=0, (70)
a, Oa ™' Oa,
HCIOAB3OBAHMLIX NpH cocTapacHuE ypapHeHu# (55) u B KoTOpHIK
Tenepn
b __ Oo b — do
1= PR st
s+ Oa, . , " Oa,’
YAOBAETBOPSIET OCTAABHBIM YPABHEHHAM CHCTEMEI.
CTaeTcA NPOBEPHTb, YTO z, 3aBHCsAllee Temepb or n—m-|-1
napameTpos

Cr Cp1s =+ o1 O | (71)

AeHCTBHTEADHO NOAMBIA uHHTerpan cuctemn (47), T. e. uro H3
ypaBHenu#

z== I7(x1, Xy <oy Xpp Cpyppo s Cpo c)
iV ov
Prts =g 0 Pa = e

Moryr 6wmrp HadaeHbl napamerpn (71). Ilocaeanee scmo u3 TOro, uTO
3TH NapaMeTphi MOryT GhITb HaBzennl us ypasuenuft (68) m (69), ecan
IpHAATh NMOCAEAHEM BHJ :

o OV Vv do
811 aas-H )

tax Kax (68) nmoaHbii muTerpaA cucremni (65). 3amensaa B moaydenunix

da’ " da.  da,’ Oa’

da

23+
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ars (71) poipamenusx a, 41 @ g -+ G, @ HX IHAYCHUAMH, NOAY~
4YHM, YTO OHH MOTYT 6bITh HalizeHsl

B 3akalouenue sameTnmM, uto B CAy4ae, KOTAa HEKOTOpHIE U3 ypaB- -

mernit (35) He zaBucar or aprymenTos by v by --.) b, MoXHO

NPOACAKUTD BHIKAAAKH, NMPUMEHAR METOAY B €€ NepBOHAYAADHOM BHAE.
loromum, uro nepebie s ypasuenuit (55) umeror Bug

3 f8+1(a’ aa-]-p sey an)=0 ]

i f;+c(d. [ PIPTE an)‘=0_ ]} (72)

Ha#tas s atoM cayuae uz ypasuenui (72) s us aprymenros q, Gy -,
¥ NOACTaBUB MX B NOAHBE muTerpan (48'), Mbi noAyumm noAnmi#t maTe-
rpaa cucTeMBl U3 NEPBLIX S -0 ypaBHeHHH.

JeiicTeuTeAbBO, 0603HaYNM 3HAKAME

4 ’ '
asay e, a, (73)
TE APryMEHTH @, A, 4 4, - - -5 @, I€PE3 KOTOPDIE BHIPAKAIOTCH OCTAABHDIE.

Ycaoeue (M) ocraercs cobAozeHHBIM, TaK Kak IPH NOCTOSTHCTBE

@158 1,410+ » Gy BCE PTYMEHTH a, @, ,, - .., @, NocTOAHHBL. Che-
AOBATEADHO (PYHRUUA

z= V(xl, Xy .- (74)

’ v
9 Ky @y Aoy oy ey a;l)

OCTAaeTCA PENICHHEM CHCTEMbI H3 NEpBHIX s ypaBHeHu# (47).
Ypapnenna cucremv: (55) HaM# IOAYYEHBI HCKAIOYECHHEM apryme=Tos

(50)

H3 nocaejHEX ypasreruft (47). BumecTo Toro, 4To6m BecTH 3TO HeKAIO-
UeHHE TaK, KaK OHO 6niA0 BbiMoOAHeHo B § 144, 1. e. 0ZHOBPEMEKHO,
MOZKHO 6HIAO B PACCMATPHBAEMOM CAy4Yae, KOTAA HMEETCs unterpana (48°),
BECTH €r0 HOCASAOBATEAbHO: HCKAIQUHTb CHAYaA@ Py, Ps - .., p,, MOAb=
3yAcCb (popMyAraMHu

Pp P vvos Pop Xyiqy onor Xpy 2

av av
py= dxl s ey Py ax” (75)
H 3aTeM U3 NOAYICHHBIX QYHKUMHE OT Xj, ..., Xy X, 4 gy - - ., X, HCKAIO-
9ATD Xg i Xs4p - - -5 X, NPA noMowtn ypasuenmii (70). Ho ¢ynk-
wau b, g, b 4o ..., b, O Xg 410 Xo 42 -+ X, aArebpanueckd He-

33BHCHMDL. 3HAYHT, B PESyABTATe HCKAIOUEHHS MOZET MOAYYHTBCH
yHKUUSA, He 3aKAlOHAOMmAs apryMeHToB b, 40 bois .-ty b, TOABKO
TOraa, Koraa nocie uckAwuenus (75) o6mapymmpaercs (YHKIHA, He
3ABHCAWAA OT X, 1) X, o TaK KaK Pe3yAbTAT HE B3aBHCHT
OT X, Xp ..., X, 3 DTOr0 3AKAIOYAEM, 4TO MOCAe Hckawovenus (75)
ypasrenus (47) c nymepaun s-1, ..., s+ o o6pamatorca cpasy B nep-
Bbie S ypasHeHu#t (55) u, caegomareano, YAOBAETBOPAIOTCA, €CAH B

ceey X3

’

¥
e
%

§ 146. Meroza Kopruua B cayuae camoit o6meit cueremn 857

(75) ece aprymentn (9) BnipameHH uepes a, Qi op1s oo @y APY-
' FUMHM CAOBaMH, €CAH YpaBHEHuA (75) saMeHEHBl ypaBHSHHAME
_ oV _ oV
Pl—-jiz, ceey Pp= %, "

(75,)

Ha sToro scro, uro (74) yaoBaeTBOpseT mepenM s-1-O ypaBHeHmsM
(47). Ocraeres npopeputb, uto (74) AefCTBUTEADHO NOAHLIR HHTErpaa,
T. e. 4ro u3 ypasmemnd (75,) wmoryr ObTp wmadaeHm apry-
mentnt (73). Ho aTm apryMenT HaxoaATCA cpegM aprymMeRTOB
a, @, - -y @y, BHIPAKCHHA KOTOPBHIX HUEPE3 X;, X, -.., X, H apry-
menTtn (50) yxe nasecTHbi. .

146. Meroaa Kopkuna B cayuae camoii obmes cueremnt. Bcee
cka3anHoe B § 144 ocraercs B cHAe H TOrja, KOTAA MbI OTKHHEM
ycaoBHe, No koropomy cucrema (47) paspemmuma OTHOCHTEABHO m u3
IPOMBBOAHBIX Py, Pas - - «s Ppe B STOM CAydae, KOHEYHO, HE MOXET GHITH
H_peus 0 BaXOXASHHH NOAHOrO MHTerpaia Aarpamxa cucTeMmb.

JonycruM, uTO M3 NepBHIX s ypapHeHHH CHCTEMbI HE MOTYT 6blT7!:
HallA€HBl S M3 NPOM3BOAHMIX Py, Py, . - ., P, U UTO NOAHHI Harerpar M™
CHCTEMDI H3 S 3THX ypaBHelmﬁ HaM H3BECTER.

Mbi ameem cioBa n—s -1 ypaBrenuit

(‘{8+1:a8+1’ 4 dfn=an’ 'n+1=a’ (48)
K KOTOPBIM Mbl MOKEM NPUCOCAHHMTL YPABHCHHSA
4‘n+e+1= bs+ v Y= b,. (49

Pemas neperie s ypapnenuit (47) cosmecTno ¢ ypaenennamu (48) n (49),
MBI MOMEM HalTH, COOTBeTCTBeHHO ckaszammoMy B § 139, aprymenmrsi

(76)

Py 19 Psg2s o+ s Py X190y X, 2

H S M3 apryMeHTOB
Xpy oo ey Xp

PuPar - o5 Py (761)

[Ipu aToM, ecan OKkaxyTCsa HARACHHBIME Dy, Py, - - .5 P, TO TaKkme 6yayT

HaliAeHBl X, ., X, L5 ---, X5 HAM COOTBETCTBEHHO CKA43AHHOMY B
§ 140 aprymentst )
Pso Pspirooos Puygr Xgp Xg g vees X (76")
u s—1 us aprymenTon
’ Pu Po s Pa_p Xp--s Xg_y (76")
C aPryMEenTOM z; IPHIEM €CAM OKaXyTCA HAHASHHDLIME Py, Py - .., D,, TO ‘
Takme GyAyT HaBAGHBI X, L4, X, 40 <00y X, _ -
Tpaxryemble Kax QYHKUHH OT apTYMEHTOB X;, p;, Z 8pCyMEHTDI
@ gy oo @y by, by (51)
noNpexHeMy CBA3AHBI 3aBHCHMOCTAMH:
[a), @,]=0, [b,, 5,1=0, [a,, b]=0, (hig),} 52)
la, a;}= 0, [ah’ bh] =—y, [a bh] =—p b;r ’
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Kpome roro crobku
[Fm ak]’ [Fh’ blc]’ (h == 1, 2, ceey S) (53)

o6paialoTea B HYAb Ha OCHOBAHMH NePBHIX s ypaeHermi (47).
Iepe6upas cogepxanne § 144, mbl BuauM, 9TO TaM GBHIAO ZOKA3AHO:
1) uro mocae wuckalouemus ussecTunix aprymentos (76) u (76,) us
OCTAAbHBIX YPaBHEMHi CHCTEMBI, M3 9THX YpPaBHEHMHl HCUE3AIOT H Te
aprymentnt {76,), KOTOpPHIE OCTAaBAAMCH NPOH3BOABHBIMH, 2) 4TO mO-
caeanue m—s ypasrenuft (47) 06pamaloTCa B ypaBHEHHs, CBs3bIBAIO-
mue aprymentnl (51), n maxozsusHecn B HHBOAIOUMH, 3) uTO 3aMeHa

aprymenroe (51) ux smavenusmu obpamaeT noAHmf mmrerpaxn M" ~?:

Am+1=cm+v"" An=cn’ An+1="3 (57)

CHCTeMbl, NOAYYEHHOM H3 YKa3aHHBIX INOCACAHMX M-—s ypaBueHuf,
B moAnbift MHTerpaA cuctemn (47), T. e. uro ecam

9m+1=cm+1,..., Q,=c, 2, ,,=c (60)
PEBYABTAT TAKOTO HCKAIOYEHHSA, CIPABEAAHBBI TOXKECTBA:

2, 2,]=0, (i j=m+-1,...,n) (61)
H cro6xu

[F. 9] (h=1,2,..., m) (62)

06palaloTCA B HYAb Ha OCHOBAaHHH ypaBHeruit (47).

B paccMaTpuzaemoM Goaee oOmIeM cAydae MBI TaKXie JOAXKHDI yCTa-
moeutb nynktbl (1) u (2); no agokasammomy B xommax § 139 um 140
ycrasoeAeHne nynkra (3) Aocratouso Aas Toro, 4ro6m ypapHeuusn (47)
u (60) o6pasoBuiBarn NOAEb uBTerpar cucremm (47). -

Ho aokasareabcrso nynkroe (2) u (3) OCHOBAHO HCKAIOYHTEABHO
na Toxecreax (52) m ckasamEOM o0 cxob6kax (53) u, caezosareabmo,
ocraercs B cuAe. B npocMorpe Hyzaaercs Toabko myskr (1).

O6o3navas Kak B é’ 144 yepes ® ¢yaxuun, noAydmBmMEcH M3 TO-
CAAHMX YypaBHEHHH MOCAe BBeJeMHA B HEUX apryMeHTor (31), orme-
yaeM, UTO TEMEpb Mbi HMEeM

f‘}=TI’j(xb Xy orus Xyr Pufloeees P @ Qg gy Oy by gy uee, B) =10 (77).

HAH

szaj(xiyxzn'nxw Pofrec s Ps—1Pp® a8+ {3000 Oy bs+1, ceuy b,n) =0. (77,) .

Sleno, uto mompemmemy

FoF1=0 =81+ > S [Fyal+ > o 1 bl

QTKyAB
(F o) =0,

<

" § 146. Méroga Kopruma B caysae camoi oﬁgeim

f1e cro6km nonpexHeMy 0603MavaiOT PESYALTAT ncmmem apry«
MenTOB, HARACHHBIX M3 TNEPBHIX S ypaBHeHHR (47_);' Ho' reaepr

K=~ N =8 e e
@m= 2 (50 5)- D () ) @
k=1 {=vy+1

HAM
k=>

. ¥ 'EN
(F, 3= 2 (—g;F" (”3‘9 N 2
| dF,

)+

1
I

oF, ‘ ap,) (?)TI)_,
—5;1-—{—?:-5; ap;

k=1
oF, : --——6@’> 78
, +(0x,.+p"-55_)(0p.. ) ( ).
 Ompegerutern
D(F,...,F) D(Fy...,F)
COOTB.

DpyPu s P trprr o %) D{(pypy -« 2Py Xopws w2 Xan?)

‘nonpemﬂeuy HE paBHbl HyAl0 HA OCHOBAWHH ypapHeHUH CHCTEMEBL .

Apryuelﬂ'u Pypp Py - Po COOTB. P, 13 Pyy20 ° ") Pg. 19 an

. BXoaAmme B Kod(hOHUMEHTH ypaBHeHHH (78) m (78’), mpumagrexar

K 4YHCAY OCTAalOIQHXCHA NPOM3BOADHDIMH, Orciona BHITEKAeT, YTO
() (e
Oz, op,

j=s+1,..,m k=12, ...,y
=v-}+1,..., s wuAx [=v+1,...,s—1,n

Tze

M CAGAYeT PaBEHCTBO HYAIO COOTBETCTBEHHBIX NPOH3BOZHBIX OT QYHK~
watt D, uTo ® TpeGoBarOCD YCTAHOBATB. .

Jokazannoe pacmEpsieT HAIM BO3MOXHOCTH INpPH MPHAOKCHHH
meroan Kopxuma.. Hafigna moAnbi} uHTErpaA HEKOTOPHIX S ypaBHEs .
Huit (47), npeanoaarasm jaxe, 4ro cUcreMa (47) yaosaersopser ycAo+:
Busam § 144, MBI MOKEM COCTAaBAATb NOAHBIA WHTErpaA CHCTEMbl U3 .
NpeoGPASOBAHHKIX OCTABIMHXCA /Mm-——$§ YPaBHeHHH, CHOBA UPHMEHIR
meroay Kopkuma; mpum sTOM MBI MOKEM BHIXBATHTD H3 aTofk cHCTeMEL .
Alo6pie O ypaBHEHuft, He 3a60TsCh O TOM, MOAXOAAT AH OHM IIOZ YCAO™
Bus § 135 mam mog ycaosus § 139 mam 140. .

S
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