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B oredecTBeHHOil 1 3apy0esKHOI IUTEpaType MMeeTcsI MHOTO KHWT,
HOCBANMIEHHHX UCCAE0BAHNIO IMCKPETHHX CHCcTeM ynpaBieHnsa. OQHAKO
BCe DTM KHATW HOCAT NPUKIamHO# xapaxrep. Hacroamasa momorpadus
npexcTaBageT co0oii mepBoe B MHPOBOIl JHTEpAType HCCIEOBAHUE
MaTeMATHUeCKOTO XapaKTepa, IOCBsAIeHHOe KaueCTBeHHOW Teopun
cucTeM PasHOCTHHIX ¥ AnddepeHNnanbHEX YPaBHEHAi, ONNCHBAOIMUX
CUCTEeMH HMIOYIbCHOrO THIA. (A TaKMX CHCTeM pPacCMaTPHBAIOTCH
BONPOCH YCTOMYMBOCTH, OIPAHMYEHHOCTH, WePHOAWYHOCTM M MOYTH-
IePUONYHOCTA PeLIeHNIl; Pa3BUBAETCA TEOPUA YCTOMIMBOCTI IMCKPET-
HBIX CHCTEM CO CJIYUYAWHBIMA IapaMeTpaMM; MCCIefyoTCs yPaBHeHHA
¢ 3ama3JbBBAIONIMM apryMeHTOM.

3HaYUTEIbHAA YACTh PEe3yIbTATOB MPUHANIEKUT aBTOPaM, N3BECT-
HBIM PYMBIHCKAM MaTeMaTMKaM. MHOTHe pDe3yJabTaThl NYyOIMKYIOTCA
BIIePBHIE.

Jlnsa yao06cTBa UMTaTesT aBTOPH CHAONMIN KHUTY NPUJIOKEHNSIMA,
B KOTOPHIX M3JIaraeTcsl TeOPHUsA NePHONNIECKUX M NOUTH-TIePHOANIeCKIX
0006IeHABIX QYHKIMI, a TaK:Ke TEOPHA MOYTH-TIePHOAMYECKUX TOCJTIe-
NOBaTeJILHOCTEN.

Kuura mpepcraBiser WHTepeC He TOJBKO JJs CIENHAJIMCTOB Itu
Teopun auddepeHINATHHNX yPaBHEHNA, HO U JJI HAyYHBIX COTPYAHMU-
KOB W WHKeHePOB, BCTPedYAlOMUXCs B cBoeil pafore ¢ mpobiremamu
ycTOHUmMBO cTH, Teopueill KojeGaHMii, Teopueil yIpaBleHUA W T. I. O=na
NOCTYIHA CTYAeHTaM CTapIINX KYpCOB U ACHUPAHTAM.

Pedakyus aumepamypbl no mamemamuueCcKuUM HaAyKam

Nnp. 2-2-3
*17-71



[IPEIVICJIOBUE
K PYCCKOMY U3IAHUIO

OCHOBHBE H[eH, KOTOPHMH M DPYKOBOACTBOBAJIMCH IPH HAMMCAHIH
KHUTY, TMOAPOOHO MBJIOKEHB BO BBEICHUM. [losToMy HaM XO0TeJI0Ch Gbl
0CTAHOBHTHCA 37€CH JINMIIL HA HEKOTOPHIX JMYHEIX MOMEHTAX, CBA3AHHBIX
¢ TOABIEHWEM PYCCKOTO mepeBofa. ¥ HAc 060MX 5TO BHI3HIBAeT 0COOBIe
qyBCTBA, OOBACHAIOMUECH HE TOJDKO TeM, YT0 BHUMAHNE COBETCKUX
CIeMaINCTOB K Hameil KHUre OYeHb JECTHO, HO U TeM, UTO HET 6oJee
yIoOHOTO cirydas, YTOOB MOYTHTH MAMATE OBIBIINX HAMHUX PYKOBOAU-
reneit B. B. Hemsimroro u E. A. Bapbamuaa # BCIIOMHATB BCE TO, geM
MBI UM 00s3aHH.

MEr He MOKeM TaK;ke He OTMETHTH TOTO 00CTOATeNbCTBA, YT0 I OHO"
ro W3 HAC CTUMYJOM K MCCJIEZOBAHMIO NMCKPETHBIX CHCTEM TOCIY KO
3HaKkoMCTBO (BO Bpemsa MesIyHapOTHOrO CHMIO3HMyMa IO HeJIMHeHHBIM
xomeGanusam B Kuese B 1961 r.) ¢ pa6oramu fI. 3. Llpinkmaa mo AMIyJIbC-
HEM CHCTeMaM, a MJfA Apyroro (mMOMUMO 3aJavw, HoCTABIEHHOI TPOd.
. PakoBsHy U JeTajlbHO PacCMOTPEHHOHE BO BBeeHNH) MCTOYHIKOM
pasMBIMIIeHNA HaT Teopueil cucreM ¢ 00O0OIEHHBIMT $yHKRIOEAMHA B Ipa-
Boit wacTm Oburo mayuerme paGor A. JI. Mpimkmca m B. JI. MursmaHa
oo cUcTeMaM € TOJIKaMH.

B sroit kmEWre, HamMCaHHOI B (OJbIIEil CBOeH 4aCTH B 1966 1.,
MBI XOTEeJIHW TIaBHLIM 00pa30oM NIOAHITOKUTH IMHUKJI HaNIIX mcce0BaHNA
B 061acTy KadeCTBEHHON TeopwMu WMIYJIbCHBIX CHCTEM, BOT HOTeMYy
B Heil He HamIeJ OTpasKeHHs UL pAX pabor MO CMEKHBIM BOTPOCAM,
B YaCTHOCTH COBETCKHX aBTOPOB.

B saxiiouenywe MBI BHIpajkaeM MCKPEHHIOI0 IPU3HATEIbHOCTH upod.
B. II. PyGanuky u ero cOTpyJHAKaM 3a HHTEpPEC, IIPOABJEHHBI K HaIIem
KHUTE, W 34 TPYJ, KOTOPHIl OHM B3AJIH HA Ce0s B CBASH C €€ HEePeBOoM.

A. Xaaanaii

JI. Bexrcaep






[IPETCJIOBUE

B macrosmeit moHorpadumu mojx HaszBaHumeM «HauecTBemmas teopus
AMIYABCHBIX CHCTEM» IIPEJCTaBJIeHb HEKOTOPHIE MOCJIE[HHE pPe3yIbTaThl
II0 TEOPUY YCTOWYMBOCTH M IO TEOPHH IePUOAMYECKUX WM MOUYTH-IePHO-
[UUECKUX peNIeHHil [JIf [UCKpeTHHX (KOHeYHOPA3HOCTHBIX) CHCTEM
1 nudPepeHnuaaIbHHX CHCTeM ¢ 0000mMEHHHIMH BO3MYIIEHUAMM. CBa3snp
MEKIY JABYMA 9TMMK Ha IEPBHI B3IJIA] COBEPIIEHHO Pa3HBIMM TeMaMH
0GHAPY/RUBAETCA [PU M3YyUYeHNH HMIYJbCHBIX CHCTEM, IPeiCTaBIAN-
mux coGoif YacTHBIA Ccaydail cucTeM ¢ O0OOMEHHBIMH BO3MYIIeHUAMU
I B To Ke BpeMs HEMe[JIeHHO CBOJAIMMXCA K CHCTeMaM B KOHEYHHIX
Pa3HOCTAX.

M5 He HaMepeBaJuch NUCATh YUeOHNUK, U MOTOMY B KHUIe HET yIpasK-
HeHUH ¥ 3amad. AKIEHT [ejlaeTcsa Ha WeAX W Ha METO/aX, Ha BHISCHEHUH
xapakTepa pesyJbTaToB, KOTOpHe MOKHO moayumrs. Haneemcs, dTo
yTeHNe KHUATH OKAKeTCHA IIOJE3HBIM M A HeMaTeMaTHKOB, CTaJIKHUBAIO-
IIXCsL B CBOEI MeATeIbHOCTH ¢ MOJO0GHEIMA MOmedAMu. MaTepran KHUTH
PACIIOIOKEH B MOPAJKE BO3DACTAHMA TPYAHOCTH. [ UTeHUs OCHOBHOM
YaCcTH TMEePBHIX [BYX TIJIaB OCTATOYHO 3JIeMEHTAaPHBIX CBEJeHHU M3 Mare-
MATHYECKOTO aHajJm3a ¥ JuHeiHo# anreOpsl. ['maBa, mocBsAneHHAA
IMITYAbCHEIM CHCTEMaM, XOTA B Hell W MCIOJb3YIOTCA 3JIEMEHTHl TeOPUH
0606meEENX (YHKNUA (pacmpeeleHUii), camMa mo cebe CpaBHHUTEJIHHO
mpocra. B mocaenmeit riaase mpepmosiaraiorcsa Gosee o0mMUpPHBIE 3HAHUA
o (QYHKIMOHAJBHOMY aHAJIM3Y M IO CHeNUaJbHBIM BOIPOCAM TEOPUH
0600men X QYHKIAA; cefiiac MOABUIOCH JAOCTATOYHO MHOTO MOHOTDA-
¢uii, B KOTOPHIX UNTATENbh MOKET HAaWTH HEOOXOJMMBIe CBe/[eHHA.

Pesyapratst u3 Teopum 0000IIEHHBIX (QYHKUIWI, HE COJep:Kamuecd
B WCIOJb3YEeMOM 37ieCh BHE B HM3BECTHHIX MOHOTpaQUAX HIH HOBHIE,
IPHBOJATCA B [OBOJBHO OONMIMPHOM NOPWIOMKEHHM K HOCHE[He#l riaBe,
B npunoskenuu K mepBoil riaBe, HamumcaEHOM 1. MoposaHOM, H3JI07KEHEL
OCHOBHBIe HOHATHA W3 TEOPHMM YCTOMYMBOCTH CHUCTEM CO CIIyYadHBIMU
napamerpamu. OTMeTHM B 3TO#i €BA3M, 4T0 0000meHue W3I0KEeHHbIX



8 Ipenucaosune

B KHUTe Pe3yJIbTaTOB HA CHCTEMHL,CO CIyJaHHHIMU mapaMeTpaMu IIpef-
cTaBisger co0oil akTyalbHYIO 3aauy. B npunoskennu k raase I co6panst
MCIO0JIb3yeMble B DTOIl TiiaBe CBEJeHUS O MOUTH-TEePUONTIECKUX M aCUMII-
TOTHYECKN MMOYTH-IePUOAUICCKUX MOCaenoBareabHOCTAX. OTMeTHM TOT
daKT, 9TO MPU WBYUEHUUW TUCKPETHHIX CHCTEM IOYTH-IePUOHIHOCTH
MOABJIAETCA Ha CIeHE CaMBIM eCTeCTBEHHHIM o0pasom, MO0 IpHM JHUCKpe-
TH3AaIMM HEMPEePHBHOTO MEPUOAWYECKOr0 MPOmecca MOJTydaeTcs Iocye-
I0BATEIbHOCTHh, B0OOOIEe TOBOpSA, He MmepuoguyecKas, a BCeTo JWINb
MOYTH-TIePUOTUIECKA.

Boapmas 4gacTh W3I0KEHHBIX Pe3yJIbTaTOB MPUHAJIEKHUT aBTOpaM.
[TlepBoie aBe raaBel Hammcamel A. XajdaHaeM, OCTalbHbIE TJIaBHL M IpH-
noxkenume o0 o6o0mennbx ¢Gyarmuax — [[. Bexcaepowm.

CoaBTOPCTBO MpW HANWCAHUN DTOM KHWUITHU ABJIAETCA €CTeCTBEHHHIM
HOPOJOJ;KeHNeM MHOTOJeTHET0 COTPYAHUYEeCTBA B paMKax ceMHHapa
I0 KadecTBeHHOW Teopuu mudpdepeHIUAaTbHHX ypaBHeHHUII B MHcTuryTe
matematukun Axanemuu Commanauctumueckonn Pecnyoamkm Pymbiamm.

Aemopul



BBEJIEHUE

1. YpaBHeHNMS B KOHEUHHX PA3HOCTAX B HMX DPa3IMYHHX (opMax
JABHO HBYYaOTCA BO MHOTUX pasfelax MaTeMaTWku. HT0 Kacaercs
KAUECTBEHHON TEOPUHI TAKUX CHCTeM, yIOMsHeM pesynbrarsl llyamkape
u IleppoHa, moayueHHNE B KOHIIE IMPOILIOT0 ¥ Hadaje 3TOr0 CTONETHA.
CrcreMaTHUIeCKOe W3JI0/KEeHNe HEeKOTOPHX IpoGieM TeopuH ypaBHEHW
B KOHEUHHIX Pa3HOCTAX C TOUKH 3DEHHs, OJMBKON K MPUHATOU B HACTOA-
meit Momorpadum, mamo B Kuure A. O. Ieapponna [24] m B HemaBHO
peimenmeii xkmamre JI. Bpampma [8].

HoBere muTepecHbie HpoGJieMB B 3TOH 00JaCTH BOSHUKIM B CBA3M
¢ HOBHIMY 3aIpOCaMé TEXHWYECKHX HAYK. YPaBHEHNA B KOHCUHBIX
PasHOCTAX OKA3aJHCH BeChbMa yHOOHOM MOJEJIbIo /(A OMHCAHUA NHCKPET-
HHIX [MHAMMUYECKUX CHUCTeM, a TaKKe [JIA MaTeMaTHdecKOro MOMeJit-
pPOBAHMA WMITYJBCHBIX CHCTeM. JTO XOpPOWmO IIOKa3aHo, HAaIpUMep,
B kuure E. I1. IlomoBa [60] mo guHaMuKe cuCTeM aBTOMAaTHYECKOTO pery-
IMpOBaHUA, a Takske B maBecTHoil Momorpadmm fI. 3. Ilmmkuna [82]
0 UMIIYJILCHLIM cucTeMam. VI310)KeHni0 HEKOTOPHIX TeXHUYeCKHUX aCIeK-
TOB TeopHHm mocBaAmeH o63op [62], rme mpuBopsTCA MHOTOYMCIEHHLIE
oubamorpaguueckue yrasaHuA. Teopuio yCTONYMBOCTH [UCKPETHBIX
cucTeM BIepBHe cHcTeMaTHuecKH uaydan Boabgraur Xas; M3I0:KeHHe
>TOH TeopHH H OuGimOrpaduuecKme yKasaHHA MokHO Hafitm B [27].
HTepec K MUCKPETHHIM CHCTEMaM HOBBICHJICA ¥ B CBA3M C MCIOJb30Ba-
HEeM IIQPOBEIX BHYMCIUTENBHEIX MamuH. O4eBUIHO TaK:Ke, 4TO 3alaIl
CXOIMMOCTH UTEPANHOHHX IPOTECCOB — 9TO PaKTHIECKH 3a/[a4d yCTOH-
UMBOCTH JUCKPETHBIX CHUCTEM.

Ilpyroit moxXof K KAa4eCTBEHHON TeOPMH JUCKPETHHIX CHCTEM CBA3AH
¢ METOTIOM TOUEUHBIX 0TOGpasKeHNil, HCIoIb3yeMEM B paborax A. A. AHp-
POHOBA ¥ €ro MIKOJH 1O Teopuu Koxebammii. B ¢BsA3U ¢ 9THM BOIPOCOM,
KpoMe H3BeCTHON KHuru AH{poHOBa, Bmrra u XaikuHa [3] mo Teopum
KoJIeGaHmi, MONe3Ho 03HAKOMHTHCA ¢ o063opHEM fowiagom 0. M. Heii-
mapka [54] ma MesKTyHADOIHOM CHMIO3MyMe IO TEODHE KoIeOaHmi
1961 r. B Kumese; B 3TOM qoKIaje mpuBefieHa ¥ BechMa Oorarad Oubamo-
rpadusd.

2. Uro6w JoKasaTh, KakmM o00pa3oM MaTeMaTHiecKoe ONUCAHUE
IMITyJLCHBIX CHCTEM MPUBOAWT K YPAaBHEHWSIM B KOHEUYHBIX DasHOCTAX,
pPaccMOTPEM HOAPOOHO OFHY 13 MHOTOUMCIEHHBIX MOJeNeid Teopur



10 Beenenue

DIEKTPUUYCCKUX KosebaHuil. ITy mopmenpb mpemuaoxua H. Paxosany [63];
OHA [IETAJBHO WM3yYeHa MaTeMaTudecKum B [81].
Bosbmem nmHEHHBIH OCHUINATODP, ONMHMCHBAaEeMLIl ypaBHEHHEM

y" + vy’ + vy =0, (1)
XapaKTepUCTUIECKOe YPaBHEHHE KOTOPOTO MMEeT KOMILIEKCHBIE KOPHH!
ry =a -+ if, ro = o — if, p > 0.
O0mee pemieHVe ypaBHEHHSA HMEET B

y=ce* sin B (t — 7).

IIycte ma oCHHMIIATODP BOBAEHCTBYIOT HMIYJIbCH, HOpPHUYEM JeiACTBYIOT
OHI B Té MOMEHTHI, KOIJla pemeHHe y obpamiaeTcsa B HYJb, W BeJIWIMHA
nx o0paTHO NPOMNOPIUOHAIBHA HPOUBBOJHON (YHKIMH Y B COOTBET-
crByomui momenT. MopmanabHOE MaTeMaTHIECKOE OMKCAHHUE HTOTO HMPO-
mecca MOKHO IOINYUHTH ciaepgylomum obpasom. Ilycrs & = (21t/B) 1, rme
! — marypajJbpHOe umcCIO0, i, — AefCTBHUTENBHOE 4YHUCIO, I, — i, -+ nh,
n=1,2,3,.... lag BcaKoil HenpepsBHO# Ha mMOXympsAMOR [f;, ©0)
un guppepeHnupyemMoil Ha MHTepBane (i,, tn41) QyERUEE z ¢ 2z (t,) = 0,

z (tpe1 — 0) == 0 monoskum

[e o]

1
A (2) = , o ,
() E 2(lpr1—0) "7

rge O;,,, — «bpynrmusa [upara», mpepcraBidomas co0oll eWHMYHBLI
UMIyJIbC B MOMEHT {,.(; BeJMUYNHA HAIOEr0 WMIYJbCca 00PaTHO MPOIIOP-
[MOHAJIbHA 3HAUEHUI0 NPOU3BOAHON. B sTHX 0003HAUYCHUAX MMIYJILCHBI
OCIMJIIATOP ONHUCHIBAETCHA YpPaBHEHHEM

y' + vy vy = 4 (y). (2)

JT0 ypaBHeHWe ciIefyeT NOHMMATh TaK: peleHne ypaBHEHWA — 3TO
HellpepHBHAsA Ha [f;, oo) m muddepenmupyemas mHa (t,, I,.1) PYHKIEA

cy(ty,) =0my(t,y — 0) 50, nia Koropoit 0606MmeHHaA TPOU3BOJ-
Had (IpOM3BOJHAA B CMBICIE TEOPHUH PACIPEeICHU) YI0BIETBOPSICT
3aMMCAHHOMY YpPaBHEHMHIO.
OdeBHHO, CYymECTBOBAaHWE TAaKHMX PEIIEHWA HAM0 [OKA3HLIBATH.
Ilpeganosmenne. Jua awbozo zy~0 cywecmseyem pewernue
ypasuernus y (1; to, 2z0), ydosremeopsawujee Ycaosusm

y (to; to, 20) =0, ¥y (to + 0; o, 20) = Zo.

Imo pewenue eOurHcmeenno U onpedeasemcs Popmyaol

o (1—s _[t=to
y(t; Lo, ZO):%ane (t . [ h ]h)Sinﬁ(l—tO)a tn<t<tn+17 (3)
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2de nocaedosameavHocmbs a, Y0084€meopsem YpasHeHUulw 6 KOHEUHBL pas3-
HOCMAX

Ap+1 = ka, + i , k= e, (4)

IlokaszareaspcTBo. YpaBHeHWe (2) Ha KayKIOM HMHTepBaJe
(¢, t,41) COBImAZaeT ¢ OXHOPOMHBIM ypaBHeHmeM (1), ciemoBaTelbHO,
B KasKOM M3 THX WHTEPBAJOB pPEHIeHWE, €CAW OHO CYMEeCTBYyeT, 3aIu-
CHIBA€TCA B BHJE

y (& ty, 20) = cpe®t sin P (2 — 1), t, <1<ty
B cuny mpumHATHIX DOUyMEHWH pemeHMe MOKHO 0o0pamaTrhcsd B HYJIb

mit
B TOYKe t,, BHAYHT i, — T, = —E—; oTCIOfia CJemyeT, 4TO

mat 2nm ma m’ 7
Tnztn ——-:to—l———‘—l-————:toﬂ——-
p p p p
¥, 3HAYUT,
sinfp (f —7,)=-sinf (t — 1y — %) = (—1)™ sinf (¢ — t,),
OTKY/a

Y (t; Loy 20) = cne™ sin B (L — to), tn <& Tlnas.
ITy ¢GopMydy MOMKHO 3ammcarb eme B Bume Yy (f; Ly, z0) =
1 .
= Fane—omh e (1=t0) sin B (¢ — to), Ip <<t << tpypq. Hpum ty+ nh <t <

<to+(m+1)h wnvmeem n<(t—t)h<<n-+1, 3sHauur n =
=[(t —t,)/h], U, ciemoBaTeIbHO, PEIICHHE, €CIU OHO CYIecTBYeT, 00sd-
saTeabHO WmeeT BHA (3).

Oynxnua, ompepensemada dopmyrnoir (3), mempepsiBHa Ha [f;, o)
u puddepennupyema mpu ! == 1,; ee oboOmenHas MpOM3BOLHASA paBHA

t—to
y = '%ane“ (=to=U5210) 10, inB (1 — 1) 4+ BeosB (£ — 1]
tn< << tn+17
y(tn _l_ O; ’507 ZO) = Qp, i/(tn-H _ O; th ZO) = aneah — kanv

TaK 4TO y (tne1 — 0; 2o, 20)%0, ecan a, = 0. Bropas o6o6mennas mpo-
M3BOJHAS MMEET BUJ

y” = :Z/.+ Z,O {.{/ (tn+i+0; t07 ZO) '—Z} (tn+1_0; tO’nZO)} 6’n+1 =

= Z/+ Eo (@ns1— kan) 8, , 4
n=
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CiegoBaTeabHO,

Y vy Fvey=19+vy+ v+ Z.O (@n+1 —kay) by, -

[MosTomy ecam a,.4 — ka, = 1/ka,, T0 ¢ yuerom paBeHCTBa i/.—{— yiy. -+
-+ vy = 0 momyuaem

oo

” ra 1. 1
Y ol = EI——(S = :;' : 8t =4 ),
U +vY + vy & ka, tn4t 7 (tres — 0, 10, 20) tn+1 (y)

n=0

T. e. ¢opmyraa (3) B camoMm feje ompefeliseT pemieHwe ypaBHeHHUsS (2).

3amerum, uro y (¢y + 0; 2o, 29) = ao ¥, 3HAUUT, ay = Z¢. I3 moKa-
BaHHOTO TPEIJOReHUS CJeNyeT, 4YTo H3yYeHWe MOBENeHUs penieHuii
AMIYJALCHON CHCTEMBI CBOIWUTCA K WM3YYEHWI0O YPABHEHHS B KOHEIHHIX

pasHoCcTAX (4).
Uz (4) Bmirexaer, uro mas maboro a, > (0 mMe mMmeem a, > 2 mpu

n=1, 2, ... (ubo mMmuEEMyM cymmH ka, k% paBeH 2).
n
KHpome Toro,
An+1 an 1
kn = kn—l _l_ kn+1an ’
OTKYy/a
n
— 1
@y = k" ay + "1 }1 —,
+1 0 _l_ ___J ]{,’]aj
Jj=0
I ¢ y4eToM HepaBeHCTBA a; > 2 MOJydaeM
0 n—1
k" 1 1 — k"
A1 << k"a —=k"ay 4+ ——— upun k #1
n+1Xx 1+ 2 . % 1+2k(1—k) p

J=0

n
Un+1X W —I—E upn  k=1.

Ilycrs £ > 1 (u, caemoBaremsno, a > 0). Torma a, << a,41, lim a,=

Nn~»00
= oo u lim a,/k™ = b= 0. B camom gene, Tak Kak MMOCIeJ0BATENb-
Nn—>00
HOCTH b, = a,/k™ ymoBJeTBOpseT ypaBHEHHUIO
. 1
bn-H - bn -+ )

kz(n+1)b
n
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TO IOCJIEeNoBaTeIbHOCTH b, Bo3pacTapiiasg, a MOCKOJIBbRY
1— k"
b
2k T2 (1 — k)

to npu k > 1 mociegoBaTeIbHOCTH b, OrpaHHMYeHa CBEpXy M, 3HAYUT,

nMeeT HpeI_[BJI b s~ 0.
Hpu k = 1 (@ = 0) umeem a, < api1, lima, = oo 1

n

1 n
a1+22 X <an+1<ai‘|"2—-
1

bn+1<< by +

20 4+j—1

Paccmorpum Temeph ciaydait k<< 1 (z<<0). B stom caydae KopHH
anre6pamdecKoro ypaBHCHWUSA

j=

1

¢cyTh 0COGble TOUKH yPaBHEHHA B KOHEUHHIX DasHOCTAX (LOCTOAHHEIE
pemenus); 0603HAYNM Yepes a IOJOKUTENbHOE peleHue:

_
Vi —k)
OueBunHo, a == 2. Hame ypaBHeHHe MOKHO IepemucaTh B BHJe

k 1
an-{-i—"a:_(an_a)(an'—%)s

an

a —

(9)

1
Ap+4 — An =— '_2'_(0' -+ a'n) (a - an)'
ka“a,

Ionaras d, = a, — a, moiayiaeM AiA d, ypaBHeHUe

dn+1:kdn (1 -_ 9 1 ).
Pa(a -+ d)

VeToitamBocTh 0060 TOYKY MOKHO Telepb AOKAa3aTh IPU IIOMOIIA Teo-
peMs! 06 yeToiumBocTH 1o NepBoMy npubamxenuo (ra. I, § 3, Teopema 1).
M=, ogHAKO, MANWM 37eCh IPSAMOe JOKa3aTelbCTBO, HAlOllee yCTOWTH-
BOCTH B OOJBIOIOM H OIEHKY CKOPOCTH cXommmocTH. lmeem

an—l-z—ka + +k22

&+ 1
OTKYJia
B kz(k—[—1)(k—1)( 1 ) B
An+t2 an = a, (/t + 1) + k(k + ) (an + a) (an a)'
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Ecan a, = a n a, = 1/k%a, 10 a < apyy < a,. Eean a < a, < 1/k2a,
TO Qpu << @; ecan 1/k%a < a, < a, 10 a, < app < a; eciam a,<a
n a, <1/k*a, 10 ay.1> a. HakoHen, ecaum a, >> a, 10 ap49a,, O oGpar-
Ho. VI3 HepaBeHCTBA

1 — k"
2k (1 — k)

clegyeT BO BCAKOM cCJjydae, UTO IOCJEIOBATEIBHOCTHh ¢, OrPAaHUYCHA.

Ilycrs & > 1/2, rorma k* > 1/4, k?a > 1/2, 1/k*a << 2 u, 3Hauwur,
a, = 1/k*a; cnemoBaTesbHO, TOCIETOBATEIBHOCTh @, BO3pacTaeT, €CJA
ay << a, u yOBIBaeT, eCiId a; == a, T. €. OHAa B JIOO0OM ciydae CXOIUTCA.
U3 cooTHomeHUs (D) BHTEKaeT, 9TO ee Ipemes] PaBeH d.

Ilycrs Temeps k << 1/2; B 9TOM cayuae us ay << a caemyer a, << 1/k%a,
noo k2a® = k/(1 — k), 1/k%® = (1/k) — 1 > 1, a smauur, 1/k%* >a.
U3 ay << a n ag << 1/k%a cnenyer a; > a; ecau a, > 1/k%a upu Bcex n,
TO Halla II0CJEe0BATEJIbHOCTh YOBIBAET W CXOIMUTCA K mpeeay, HMpeBbi-
maromemy 1/k%a > a, uro mesosmoxkno. Ecam a; > 1/k%a, To cyme-
cTByeT Taroit mumexkc N, 910 ay << 1/k%a m a4 > 1/k?a. CuepmoBa-
TeJBHO, IOCIEeOBATEIBHOCTD {dy 421 fn>0 YOBIBAET, a IOCJIEIOBATEb-
HOCTD {dy+2n+1}n>0 BO3pPACTaeT, TAK 9TO HTHU [Be IIOCJIELOBATEIbHOCTU
cxomarcsa. Ilomarasgs anie, = Q,, HOIydaeMm

an+1 << kay 4

L% |

Qpn+1 — Op=0QaN4on+2 — An+2n =—
ﬁm+4ﬂh_n[2 k , }
— oy + ———(a a) (O, —a) |,
Pty | T e G TG
W TaK KaK II0CJIeJ0BaTeIbHOCTH O, CXOTHUTCHA, To lim o, = a; ogeBHIHO

n—>o0o
raryke, aro lim ay.4y.,+41 = a u, ciemoBaTeiabHo, lim a, = a. Tarkum
n—>00 n—»o0o

o0pa3oM, yCTOMYMBOCTH B OOJBIIOM AOKa3aHa.
Ilsis Toro 9T00H OMEHUTH CKOPOCTH CXOMUMOCTH, TOJOKAM d, — @ =
= k*e,. Jl1a e, mosxydaeM ypaBHEHHE
n n .

t (, 1
€n_H p—— kT:I .I. — kzaan en.

pu k& = 1/2 umeem lim e, = 0 guaa mwboro A >0, a upm k 5= 1/2

nMeeMm o
lime,=0 pmgaa A<< Inf1 —2k]
Ink
"
lim|e,j=o00 pmaa A> Injft—2k] .
Ink

ecanu e, 5= 0.



Brenenme 15

JlocTaToYHO 3aMETHTH, 9TO €CIH CYMECTBYIT Tarkoe & > (0 m Takoe
HaTypajxbHOE [N, 4TO

1 1
1 e <1l—e gaa n>N,
to lime, =0, m ecanm
n—>0o
1 1 |
= —kzaa >1-4¢ pma n>N u e, 40,
1o lim | e, | = oo, YumreiBag, 910 u3 kN> |1 — 2k | caepyer
Nn—>00
1 1 1
Pl RS
m dro lim a, = a, 3akia09aem, 9TO s
n—-o00
In|1 — 2k]
In &
nMeeM
1 1
lim — |1 — < 1.
oy Kaa,

IIpoBenenHoe wmccieqoBaHMEe pPa3HOCTHOTO ypaBHeHUsS (4) ITOKa3HI-
BaeT, 94To B caydae o << 0 ypaBHeHme (2) mormyckKaer JaBa IMepHOAMYECKHX
ACHMIITOTHYECKH YCTOHYIMBEIX pPeITeHUs

+ o (t—to—[%ﬁ]h)

y- (t)=—4_—l31ae sin P (¢ — %), L, < E<<th+q,

nepBoe ¢ ob6xaacTeio mnpmTsyReEmA 0 << 25 << co, BTOpoe ¢ 06JaCTHIO
OpUTS;ReHENA —oo < 2o << 0. laa ao6oro pemeHWs mMeeMm

lim [y= () — y (¢, by, 20)] e "7 =0

t—>o00

25lo

Bln| 1—2e7p
2nlo

gpu aw6om A > 0, ecam a:%ln—g— , 1 mpu A << , eCan

oc;éz%l ln%. B oToM pasemcrBe Oeperca  3HAK - mam — B
COOTBETCTBHM ¢ TeM, 2o > 0 mum z, << 0.

3. pyroii Bupm cucTeM, W3yueHHEe KOTOPHIX CBOSUTCSA K UCCIEO-
BAaHUIO ypaBHEHU!l B KOHEUYHBIX pAa3HOCTAX,— 9TO yJapHBE CHCTEMEL.
Onunrem ofHY MPOCTYI0 PUBUIECKYIO CHCTEMY, NMPUBOAAIMIYIO K IOL00HOIM
3amaue. PaccmMoTpuM JIMHEWHBIH OCOWIIATOP, IOJBEP;KeHHHIN Bo3mei-
CTBMIO yJapOB MHTEHCUBHOCTH S, B JJTaHHEIE MOMEHTHI BpeMmeHH f;. B sTom
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ciydae B KayKIOM W3 HWHTEPBAIOB (fy, fn+1) ABWKeHHe OyneT OMMCHI-
patbes ypasmenumem (1), a adgexT ypmapa BHpaskaercA B YCIOBHAX
mepexoia OT OHOTO PENIeHHs K NPYTOMY CIeAyImuM oGpaso:

Y (ta+-0)=y(th—0),  7(tn+0)—y(ta—0)=ss.

Takwe CHCTEMH BCTPEYAIOTCSH, HAUPUMED, B TEODHM 19acoB (CM. [3]).
Bojee obmuit cirydaii pacemorpen B pa6orax Mmibpmama m Meimkuca

[51], [52]. PaccmaTpumBaroTca cmcTeMa % = f (¢, y), cTporo Bo3pacra-

mas I0CJeq0BaTeIbHOCTDh I, lim ¢, = oo, ® 1OCJIETOBATEIBHOCTD

h—oo

BEKTODOB S;, IPEJICTABIAIEX NHTEHCHBHOCTH ynapos. Pemenwne y ynap-
HOIl cHCTeMH YMOBIETBOPAET HAaHHOHW CHCTeMe B KayK[IOM HWHTepBaJe
(tp, th+1) ¥, KpoMe TOTO, VY/OBJETBOPsAET YCIOBHUIM y (&, + 0) —
— y (t, — 0) = 8. 3amerum, 4TO dTa 3ajaYa ABIAETCA JACTHHIM CIY-
gaeM TaK Ha3bBaeMOH 3aJad4y € «MEKIOBEDXHOCTHHIMHU YCJIOBHAMMY,
paccmarpuBaBmeiics CrasirapaoM [73], [74], a rtamke Camcome [66],
Y. Oxemewm [56] u gpyrumm. YkasaHHEE yfapHBE CHCTeMbl B JIMHEXHOM
ciyuae OJKBUBAJEHTHH HMIyJbCHBIM CHCTeMaM BHJa

d
Ef_zA (1) z + Zshét%. (6)

Pemennus mofo6HBEIX CHCTEM SBJIAIOTCA paclpeneieHnAMHA THIA KyCOYHO
HeIpepHBHEX (QYHKIMA; paccMarpuBasg ypaBHEHHE (6) HA KaKIOM
nurepBaie (i, p+1), MBI IIOJydaeM COOTBETCTBYIONYI0 OXHOPOAHYIO
CHCTeMY; CJIef0BaTeNbHO, Cy;KeHHe 00600IeHHOr0 pelneHus Ha TaHHBIA
WHTEPBAJ [AeT pelmeHne OGHYHON CHCTEMB NuPQepeHIualbHBIX yPaB-
HeHOI W, CJIefOBATeJbHO, COBIAfaeT ¢ OOBIYHBIM peHIeHmeM.
Ncmonsayst mpaBumia 06o0meHHOT0 nupPepeHIUPOBAHAA KYCOTHO
peryisApHHX (YyHROWi, Jerko IPOBepHTH, YTO KYCOYHO HENpephIBHAS
QYHKIVA SABIAETCA PeIleHrneM CHCTEeMEI (6) Torga m TOJBKO TOrAa, KOTza

BBIIIOJTHACTCA yCIOBHE
z(tp +0) —z(tp — 0) = s,

T. e. cucreMa (6) cBogUTCA K yHapHO! cHCTeMe DPacCMOTPEHHOIO BHIIE

THTIA.
Pemenns cucteMsl (6) mpencTaBUMBL B BHJe

x=X(t, ty) ¢ mpE I ST <] Tptt,

rne X (¢, t;) — QyHIaMeHTAIPHAsA MaTPHUIA peleHuii OJHOPOJHOIM
cHCTeMBI, a Cj VMOBIETBOPSIOT IHUCKPETHOH cHCTeMe

chtt = X (Bn+1s Bn) Cn T Sptte (M)

B roukax ¢, pemeHHS HMEIOT CKadOK Sp.
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Taxum ofpasom, uW3ydeHHWe IIOBefleHHWs pemeHmii cmcreMsl (6) cBo-
IUTCA K HU3YYCHWIO pemeHUH JUCKpeTHOH cucTeMsl (7).

B 1o s;xe Bpemsa cucrema (6) HaBOAUT Ha MEICJIb PaccMOTpeTh olbmue
cucTeMbl ¢ 0000MEHHBIMY BO3MYMIEHNAME BHUIA

9L Aatf. 8)

dt
Takue cucTeMBl, a TaKyKe aHAJOTMYHBIEe 0000MEHNs CHCTeM C 3amas-
ABBAIOMMUM apryMEHTOM WJIH CUCTeM HeHTpaJbHOT'0 THNA OBJIN BIEpPBHE
paccmorpensr B [88], [89], [91], [92], [94], [95]. B kmure «HexoTopsie
npmio;ReHus Teopuu pacupeneirenuiny Hpmerecky m Mapuuecky [16]
rMeeTCd CHemuajibHas TJaBa, B KOTOPOW TeopHs CHUCTEeM JWHEHHBIX
nudPepeHnuaTbHAIX ypPaBHeHHH H3jIaraeTcd ¢ TOYKH 3PeHHA TEOpHH
pacnpenesnenuii. I1310KeHre HA OCHOBe TEOPHH pacHpefejeHNNl NMPHHATO
u B monorpaguu Jouesxana [19], a Takske B Kypce TeopeTndecKo# aBTO-
matuku Ilammio ge 1a Bapwsepa [57]. Touka 3penus Teopum pacupepede-
HUI He TOJABKO Jaja o0mMuil W efWHHIN MOAXO0 K BOIPOCY, HO W MPOJUAIA
cBeT Ha COOTHOINCHWE ME;KIy OCHOBHON W IpHUCOeWHEHHOW CUCTeMaMH,
4T0 0Ka3aJ0Ch 0COOEHHO IJIOMOTBOPHHIM B TEOPHUH TEPUOTMIECKUX peIne-
auii. Jlayke B caygae mpocTeix cuctem Bupaa (6) ycioBus, HajlaraeMmble
Ha II0CJIEeTOBATEeIBHOCTH {; W Sy JJIA TOTO, 9TO0H 6BIII0 06GecmedeHO Cyie-
CTBOBaHUE ICPUOAUIECKUX WJIU IMOUTU-TEPUOIUICCKUX pelneHUii, mpu-
oOperatoT HauboJee eCTECTBEHHBIN BHJ B TOM CJIydae, KOTJa OHM BHIpa-

JKeHBl KaK yCIOBHA HA pacIiipefeleHme ) s30t,; MPEICTABICHHEIE B TAKOM
BHUJE Pe3yJbTaThl, BOOOIMEe roBOps, aHAJOTHYHE H3BECTHHIM pe3yJjbTaTaMm
3 TEOpHUHU KoJIeOaHW! OOBIYHEIX CHCTEM.

Teopus 00600meHHNIX (QYHKIUA OKa3BIBaeTcs OCOOEHHO IOJIE3HOMH
LA OOYTH-TIepUoAmYecKux cuctem. B camom pgesie, B Hamem cJjydae
pemrenus cucTeMsl (6) He MOTyT OBITH HOYTU-TIEPHOAUYECKIMHE B CMEICIE
bopa, n6o onu He ABIATCA HempepPHBHHIMU QyHEDuUsaMu. CilemoBaTesn-
HO, MOYTH-TIePUOAUIECKNe PeImeHus cJleyeT MCKaTh B 0ojiee IHPOKOM

rkiaacce. Kcam BosmymeHwme Zshéth ABJIIAETCA IOYTH-TIePHOJUIECKUAM

B CMEBICJIe TEOPHUH pacupegeleHU#, TO €CTeCTBeHHO WMCKaTh pelIeHusd
cpefu TAKUX jKe MOUYTH-TIePUOMIeCKUX B 0000MEeHHOM CMEICIe (YHKIMMA.

CrouT OTMETHTH TOT (PaKT, YTO TOUKA BPEHUS TEOPHUU pacImpeesieHUit
cyllieCTBeHHA W B o0Mmell Teopuu I'paHWYHBIX 3ajmad. PaccmoTpum awHen-
HYIO 3agagy

dx

Mz (a) + Nz (b) + ? [dF (D)]x () = I.

B kadecTBe NpHCOCNMHEHHOM 3amadyM eCTECTBEHHO B3ATH 3amady
y' = —yA () — vF', z(a) = — vM, z(b) = vN,

2 A. Xanamaii, II. Bexciep
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rne F' — o6o0menHad nmpoussonHas pyHrmum F. Onun JaCTHHINA CJaydall
Moo Hajitm B padore Koyaa [11]. Ormerum eme u Tor GarT, 9TO rpa-
HOYHBE 33/[a9¥ [AJA ypaBHeHUN B KOHEYHHIX PasHOCTAX CBA3AHLL M C T€O-
pHueii MOMEHTOB M OPTOTOHAJIBHBIX MHOI'OWIEHOB. CM. mo pTOMYy HTOBOMY

kuurd Axuesepa [1] u Arkmucona [5].

4. I3 cka3aHHOTO BEIIIE BUIHO, 9YTO MCTOYHUKU WM MOTUBUPOBKU H3Y-
gaeMBIX MPo0JieM CBA3aHBEL ¢ MaTeMaTHIECKUM MOJeJIUPOBaAHNEM ABJICHU,
BCTpedaeMbIX B TeXHHKEe W B JPyIrux obmactax. OmHako, ABHO BHIJEJIUB
OpejcTaBaAoIINe NHTepec HOBHIE MOJeNIH, MaTeMaTUIecKyio Teopuio
pasBuUBaOT B AajdbHelimeM y;Ke He3aBUCHMO OT HUX, PYKOBOJCTBYACH
B IIepPBYI0 ouYepeah AHAJOTUAMEU C HN3BECTHBIMU darkTaMu U3 APYrux
paHee WCCJIeOBAHHEIX MOJeJeil, TJIaBHEIM 06pazoM m3 Teopuu OOBIKHO-
BeHHBIX Au(QepeHINaJbHEX ypaBHeHHI. Takas TouKa 3peHHA NPHUHATA
U B DTOM KHUTe.
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YCTONYNUBOCTHh UCHPETHBIX CHCTEM

§ 1. JIuneiinpie JUCKpPETHBIE CHCTEMbI C HOCTOAHHBIMHI
KO3 punmesTamun

1. Ilyctp A — mocTosTHHAA MaTpuIa ¢ KOMIUIEKCHBIME dJieMEeHTaMH.
Paccmorpum cucreMy BHga I,4+1 = Ax,, Thoe &, — BeKTop-cToJbel.
OugeBunHO, IPH (QUKCHPOBAHHGM £, OOINee pelleHWe TaKOoi CHCTeMBbl
ecth z, = A"x,. CiaegoBarelpHo, [JiA HNOJYyUYeHUA MHYOpMAIUU O pemie-
HUM HaJo HM3y4YNTh HoBeneHue cremneHeir manHodl matpuiel. Coseprnns
B paccMaTpHBaeMoOil cHmcTeMe 3aMeHy IepeMeHHHX Y, = (Cz,, MOJyIuM
Ypi1 = Cxppqy = CAx, = CAC™'y,, 1. e. cucreMa IpUMeT BU[I Yp+1 =
= By,, B = CAC™'. Kax musBectHo, cymecrByer Taxkasg Heocobad
matpuna C, gro marpuma CAC™' mMeeT KaHOHHYECKYIO KOPIAHOBY
dopmy. Umeem

J 0
B = Jz, ,
0 T,
3HAYUT,
Jy 0
B" — J?. ,
0 Jo
M1
Jp= =ME 4 1,,
o1
0 A
01 0
Ip= . ’ llp;:o
1
0 0

2%
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CiegoBaTeJbHO,

JQ:4ME+J@n:mma+nw*vp+E@519m’%5+.~

o repnn—1) . (=P +2)
+ R (p_ 1)' P

3HAYMAT,

AR ... chThpTrH

0 Ay
Orciofa caemyer, 4to mpeoGpasoBaHHAsA CHCTeMa HONyCKaeT JIHMHEHHO
He3aBHCUMbBIE peIIeHNs

1 1 0
0 0 1
}b? : ’ I’L?\.?_i —l— 7\.? g o v e

0 0 0

70 /0

1 0 0

Q . .

L, CRTAPTRORE AT A O
0 A
\o) \o

B A

n o - ne=—= O n O
Ml cﬁzfxz pat E R A
) , ,




§1 21

O\
: 0
Ps—ian—ps+1 0 n
.., CRsTIT 4 A
1 0
0
JIJIH HCXOJIHOﬁ cucTeMbl IIOJAYYaIOTCHA He3aBUCHUMbIe peEHICHUA BHUOA
n n—1 ¢ AN pi—1rn—p,+1 n—1 AT
Tug, nAL  uy My, oo, Cp AL T Uy ...+ 0k up 1+ MUp,;
n pPo—1an—py+1 AN
?\’2 upi"l"i? AR an 7\'2 : up1+1 + ¢ —l_ /\'2 up1+p27

ps—1 4 n—ps1-1 . n
.oy Ch }"s Up,+ .o +Ps_y+1 T - - - ’"I"}\‘sum

p1 + p2 -+ ... + ps = m, m — pasMEpHOCTH BEKTODa Z,). 9ra gop-
Ma peIeHM# [03BOJseT ClleJaTh HEKOTOpbie BHIBOJBI OTHOCHUTEILHO
X moBegeHuda npu n — oo. Vimenno ecam s nioboro k mmeem | Ay | <<
< 1, To Bce peimeHHS CTPEMATCA K HYJIO; €CIAH CYIIECTBYyeT coOCTBEH-
Hoe 3HaueHme A, ¢ |Ap | > 1, To mMenTCA pelleHN:A, CTpeMAIMNECH
kK GeckoHeIHoCTH, eclIm | A, | << 1 mas aioboro k, HO CyLlecTByeT cob-
cTBeHHmoe 3HaueHWEe A, ¢ | A, | = 1, KoTOpOMY COOTBETCTBYeT j;KOpJa-
HOBA KJETKAa pasMepHoCTH, Goibimell 1, To cymmecTByI0T HEOTpaHUICHHBIO
pemenusi. Ecam | A, | << 1 pas noboro k u Bcem COGCTBEHHBIM 3HATE-
BUAM A, ¢ | Ay | = 1 oTBeuaioT KOpPJAHOBHI KJIETKH pasMepHOCTH 1,
To Bce pemeHma orpaHmueHel. Taxum oGpasom, 0as mozo umobw, 6ce
PEULEHUS. CUCTEMbL, CMPEMULUCL K HYAI0, Heobxodumo u docmamouro,
umobw ece cobcmeennvie 3HaueHus mampuywvt A codepicarucy 6HYymMpu
eOUHUYHO020 KpY2a.

2. Baupil gacTHBI cay4Yall — ypaBHEHUs HOPALKA m BUAA
Yn+m = EmYn+m—1 + Am—1Yn+m—2 + ... + A1Yn-

Taxoe YpaBHeHHE MOKHO 3alucarTb B BHUIe CHCTEMBI, €CJIH BBeCTH 000~
3HAaUYeHHUA

1 2 m
Tn="Yny, Tn="Yn+ty -++» Tn =Yn+tm—1-
Nmeem
1 2
Ln+1 = Tn,
2 3
Ini1 = Zn,
m—i1 m
In+1 = Tn,

m 1 —1
Xn+1 = Zn -+ - - Q120 + Qs
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T. €. COOTBETCTBYIOIlasg cuUCTeMa HMeeT BHUJL X141 — A.Z‘n, rjae

0O 1 0 ... 0 0°
O 0 1 ... 0 0
0O 0 0 ... 0 1
Oy Oy Oy .. Oy Olm

Haa marpurm sToro Buaa pnoxasaHo (cm. Ilomor [61], mpuiosxe-
aue I), uTo KaHOHWYecKad s;KopHaHoBa opma obJjagaerT TeM CBOICTBOM,
9T0 pas3Mephl ee KIeTOK COBHANAIOT ¢ KPATHOCTAMU COOCTBeHHHIX 3HA-
yeHuWil, WJIH, JPYTHMU CJOBAMHU, YTO Pa3IWYHBIC KOPJAHOBH KICTKH
0TBEYAlOT Pa3AMIHBIM coOcTBeHHBIM 3HaueHwsM. OTclopa ciegyer, 9To
UIA VpPaBHEHHWS NOPAIKAa M UMeeM He3aBUCUMbIe PeIleHus

n n—1 p,—1an—p,+1 n Po—1a n—p,+1
7\41 y n}hi g v e ey Cnl 7\/1 1 y 7\«2, “ ey an }\42 2

n Ps—ian—ps+1
e AR L ORI

’

rme A, — KOpPHH XapaKTepHCTHYeCKOTO ypaBHeHUA, a pp — HMX Kpar-
HOCTH .

3. JImHeiiHble JUCKpeTHBIE CHCTEMbl C TMOCTOSTHHBIMU KO3(DPUITeHTAMHA
AONyCKal0T ¥ [APYTO#d MeTOJ WHCCJIefoBaHUA, NpefAcTaBiAiomuii coboi
JUCKPeTHHI aHajor mpeobpaszoBanua Jlammaca. Ilyers x, — pemeHme

e ]
cuctTeMs U [ (2) = D) x,2"; TaK Kar JJIA JII060TO PENICHNs CIpaBe/IuBa
n=0

oneHka Buaa |z, | << ku", To 3T0T psAn, 0YEeBUAHO, CXONUTCA B KpPYyTe
paguyca 1/k. Ilocmorpum, kak HailTm ¢yHrmuoO [ (2); U3 paBeHCTBa
Zyn+1 = Az, BBITEKaer, 910 x,442" = Azx,z"; 3Ha4dwur,

i1z = A iy L .
n;()x +12 nzox z /(2)

Ho
z 2 xn+1zn = 2 xn+lzn_H - Z xnzn :f(Z) — Zo»
n=0 n=>0 n=1
ciaemoBatenbuo, f(2) — xo = zAf(3), wumam [ (2) — 3Af (2) = x,,

(E — zA4) f (z2) = x9, u, sHaunr, [ (2) = (E — zA)™ z,. Ilo HaiigenHoi
TaKBM 00pa30oM (QYHKIUH [ pelleHue IO0JydaeTcs HEeMeIJeHHO: pasia-
raeM 5Ty QVHEOUIO B pag Toitmopa; KoduUIuUeATH 9TOT0 pas3iosReHUsd
I IpefcTaBJAIOT co00ll pemleHme [UCKPETHON CHCTEMEI.
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§ 2. Ofmue cBoiicTBa JIHMHEITHBIX CHCTEM

1. Paccmorpum Tenepb JHHeHHBIe CHCTeMBI ¢ IepeMEeHHBIMU K03 pHu-
MUeHTaMU X, 41 = AnZn.

Cpasy saMeTHM, YTO JJA TaKUX CHCTeM MHOKECTBO pemenuii obpa-
3yer JUHeHHOe IPOCTPAHCTBO W UTO OMEParTop Xn o R™ — R™, ompe-
NeJseMBIil paBeHCTBOM Xy ny U = T (70 u), ABJAETCA JMHEHBIM OTle-
paTopoM. 3jech 4epes I, (no; u) 00603HAUYeHO pelleHHe, KOTOpoe IpH
n = n, OpuEAMaeT 3HadeHme u. EMy ecTeCTBEHHBIM 00pa3oM COOTBET-
CTByeT MaTpHIa, ABJIAIONAACA PeIIeHUeM CHCTeMbl, COBIAAIONUM IpH
n = N ¢ e[UHUIHOI MaTpuUIeil. ITy MaTpPUILy JIETKO ABHO BHPA3UTh I€pe3
maTpunel A,; B camoMm gene, Xpgii1, ng = Aoy Xngto, no = Ang+14ng
1 B006me Xpny = Ap-1dn_s « . . Any. 18 9TOH OpMYIEI CPAsy IOTY-
qaercs COOTHONIEHIe

Xn,th,l:Xn,l JIRIVZ] n>k>l
HazoBeM NpHCOeAMHEHHON /A JAHHOW CHCTEMBI CHCTEMY
Ypn—1 = ynAn— 19

rne Yy, — BEKTOP-CTPOKa.

O6o3Ha4nM Yepe3 Y,,; pemeHHe DTOU CHCTEMEI, KOTOpOe [Jd 1 = l
coBTIAfaeT ¢ ENWHUIHOUW MaTpuieidl; o4eBHAHO, Y 4, = Ay, Y0, =
— A, 1A, » m Boobme Y, ;= A, 44,5 ... A,. llonyienHas ¢dop-
MyJa TOKasbBaeT, 4ro Y, ; = X ;.. Tor ;Ke pesyiabraT MOKHO 051710 OBI
[OJNyYUTH, 3AMETHB, UTO eClH Y, — pelleHHe TIPUCOeJUHEHHOH CHCTEMEL,
a x, — pelleHHe MCXO[HON CHCTEeMEI, OmpejeisaeMoe g OJHOTO H TOro
JKe MHOMKeCTBa WHIEKCOB

by < n < ky, TO Ypxy = UnAdpn—1Zp—1 = Yn—1Zn—1,

T. €. BCIOAy, THe o6a pelmeHus oIpesielleHbl, UX MPOU3BeJeHNe IOCTOIHHO.
O6a pemenus X , B Y, ; ONpPeeNeHbl JlIs HHIEKCOB, 3aK/II0YCeHHBIX

Mexny n u I, a ux npoussepenue Y ;X , HOCTOAHHO; [ K = n 3TO0

npomaBejieHNe coBmagaer ¢ Yy, ;, AIA k = l oHO coBmazaer ¢ Xin.

2. VcramoBuM Temeph (GOpMyly BapHanWW IIOCTOSHHBEIX, [AIONLyIO
moJIe3HOe IIpeJicTaB/ieHIe pelleHUH HeOJHOPOMHBIX CHCTeM BHA Xpit1 =

= Az, + fn+1-
Ecan z,, — Hekoropoe pellleHHe CHCTEeMBI, TO
Ly = an, nn — Yn, n (An—-ixn—l + fn) — }7n—1, nfn—1 —I— Yn, nfn =

= Yn—i, n (An-—zxn—z "I" fn-—i) —l" Yn, nfn - Yn-—z, nfn—2 —I—

+ Yn—l, nfn—l + Yn; nfn = }7710_ nxno —I— 2 Yh, nfk-

k=n0+1
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YuursiBass coorHommenue MeRAY Xp,; U Y, HoldydaeMm

n
h=n0+1
3. Cucremy z,+1 = M,z, HazoBeM KanOHUueckoli, ecam marpurna M,
ABJIACTCA CUMNACKMUUHOL 1), T. e. ecam

# 0 —F
MnJanj, I‘,I[e J=(E O ).

Ecan cucrema raHommYeckas, TO Ji1000€ ee pelleHWe YAOBJIETBOPSAET
COOTHOINGHUIO Zpi1J2,11 = ZnJ2, W QyHIZaMeHTaJbHasg MaTpHUIa pelme-
HN# Z, ABjgerca cHMILIeKTH9HOW. B camoM pere, ¢yHmaMeHTalbHaA
Marpuna Z, sagaercsa ¢ momombio My M, o ... M,, a npoussejenne
CUMILNICKTHYHBIX MATPUI[ €CTh MaTpPUIa CHMILUIEKTHYHas; COOTHOLICHME
2% 1J2p 11 = 25J2z, TOTydaeTcs HENOCPEICTBEHHO, U600 2z511JZ,41 =
= z2¢MEIM 2, = z3Jz,.

Ecam u, m v, — aBa pemieHUsA, T0 U, = ZpUg, Uy = ZpUy U, 3HAYUT,
viJu, = Vi ZxJZ,u, = viJuy, 1. e. vhJu, mOCTOAHHO. ITO CBOWCTBO
HKBHBAJEHTHO TOMY, 4r0 Ouamueitnas ¢gopma (Ju, v) HHBapMaHTHA OTHO-
CUTeJbHO Z,.

BasxHHM 49acTHBEIM clIy9aeM KaHOHMYECKHX CHCTEM ABJIAIOTCA CHCTE-
MBI BHUIA

058
In+1= Anxn + Bnyn-H = ___n_’
ayn+1
# 05
yn=Cnxn+Anyn+i= n’
0z,

1
Hn (-Z'n, Yn+1) = D) (Cnxna Zn) - (Anxm yn+1) + '_2' (Bnyn+h Yn+1)y

rne B,, C, — cuvmMmerpmusbe, a A, — Heoco6ne MaTpHnOi. MosxHO
HaINCcaTh .

Znt1 — BpYnt1= Anzy, Aszn+1= —Crz, + Yn,

E — B xn+1)__ An O)(xn).
0 A*n Yn+1 T ”'Cn E Yn ’

1) B KauecTBe IepBOil MOTHBUPOBKM JTOTO OIpPEfleIeHVA 3aMETHM, 4TO eCan

OTKY/Ia

o X
JUCKpeTHas CHCTeMA II0JIlydYeHa N3 KaHOHWIEeCKOn CYICTEMEL W =JHzx nyreM «JUCHKpe-

THU3aIHAN», COOTBETCTBYIOME PACCMOTPEHNIO HEKOTOPHIX IIOCJe0BaTeIbHEX NMIYJIb-
COB B MOMEHTHI ¢, TO MATPHIA BTON CHCTEMEl UMeeT Buj X (¢, +1, tp,); CIEZOBATEJIBLHO,
dyHmaMenTasbHAS MATPULA PpelieHnii KAHOHWIECKOHW CHUCTeMBl ABJIAETCA CHMILICK-
THUYHOIL.
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In

nogmarad z, — ( ), mojxy4dyaeM

n
E —B,\"'( 4, O
Zn41— O A;!; “—'Cn E Zp.
CHUMILIeKTHYHOCTh MaTPUILBI
E —B,\"'( 4, O
w=(5 ) (e, )

ycTanaB/JInBaeTCsAa NpAMBIM IIOJACYETOM.
BaMeTI/IM, qT0 OJdA cucCTeM paccmarpAaBaeMoro BUA

4, 0
det(_cn E)_detAn L

E —B,\ detd®r
det(o A% )

detM,,.:

clieloBaTeqbHo, eciu Z, — (yHZaMeHTalbHasA MaTpuna pelmeHuii, TO
det Z, = 1.
Prn On

IIyers M, = (Bn S

marpuina S, meocobas. Torpa cymecTBylOT TaKkad Heocobasg marpura A4,
I TaKHe cumMMerpHUHbIe marpuisl B, u C,, 910

u (E _—Bn)—1( A, O)

n— * .

- 0 A* _C, E

B camom JgeJse, ycjaoBHe CHUMIIJEKTAYHOCTH OJA M sanumceliBaeTcAa B BHJeE

R;‘;Pn=PTan, Sﬂern:Q;Sm S;Pn”—'Q:Rn—_—‘E
bepsa

) — MaTpHUIlA KAHOHWIECKOW CHCTeMBl, IPHIeM

A=S8t"  B,=0,5.", Cun=—58,Rn,
cpas3y BHIUM, 9TO B, cummerpudmna. Iagee,
P, =8 4 SITI QR = Ay — B AL 'C
n
R'P, — R:S™™' 4 RESYTIQLR, = PR, =87 'Ry + R00Sy R,
niain
RESY ™ L REB, R, =S3'Ry 4 RBrRy;

3HAYNT,
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Henocpencrsenno mpoBepsieTcs, d9TO

Mn e *—1 *—1 =
_Arte oAt

_(E B ATY\( 4, O E —B,\'( 4, 0
—\0 4 —C, E)—\0 A% —C, E)

Bal\IeTI/II\I HaKOHeIl, 4YTO YpPaBHeEeHHA BTOPOTO HOleIKa BUIA&
Cnyn-l-l — Anyn - Cn—lyn—lv

rge marpunbi A,, C, cuummerpmuubl, npwaeMm marpura C, obparuma,
MOKHO 3aIHCaTh B KaHOHWYECKOM BHje. B camom mese, IOJOMKHUM

Lnt+1 == Cnym

Ynt+1— — C’gixn + CgiAnyn-
0 Cr
Nmeen M, = (—C‘l c-14 ), . e. P, =0, O, =C,, R,=—C3",
n n n
S, = C;*A,; yCIOoBHA CHMILIEKTUIHOCTH MaTpuiibl /M, 3aIuCHBAIOTCS
B Buge S;iQ, = 0iS,, QiR, = —FE, cuaeposarennno, AiChi7'C, =
= CECHA,,, —CECt = —E; oum yposaersopsiorcs, ecaum (g = Cy,
= A,.

B uacruocrmu, eciam marpuna C, TocTOsAHHA, ee, OYeBHUJHO, MOJKIO
TOJO/RUTHh PaBHOU eJNWHWYHOII MaTpure.

§ 3. JueMeHTHI TEOpUH YCTOIYMBOCTH

1. Jlaa obmieil MUCKPETHOH CHCTeMbBI BUNA X, 41 = [n (Z,), fn (0) = 0
eCTeCTBeHHBIM 00Pa3oM BBOJAATCSA OCHOBHBIE TIOHATUA TEOPHH YCTOWYHU-
BOCTH.

Onpepgpeunenmne 1. Pewenue x, = 0 nasweaemcs pasHomepHo
yemotivusum, ecau cywecmeyem makoe O (g), umo us |z, | << 96 (e)
caedyem | x, | << € Oasn awbozo n > n,. Pewenue r, = 0 nasvisaemcs
PABHOMEPHO ACUMNMOMUUECKU YCMOUNUBM, €ecAl CYujecmeyiom makxue
8, >0, 8 (&) > 0 u makoe namypaavroe N (&), umo uz | x,, | << 0 ()
credyem |z, | << & 0as n > ng, a us | x,, | << 0, credyem |z, | < ¢
ona n > ny -+ N (g) ). Pewenue x, = 0 nagvieaemca ycmouuuebim no om-
HOWLeHUIO K NOCMOSAHHO 0eliCmeyiouum B03MYWEHUAM, eCAU CYUecmsym
marue 8, (e) >0, 6, (¢) >0, umo npu awbom g, (x) ¢ | g, (x)| <<
<8,(e) npu |z |<<e us |z, | <8 (&) credyem |z, | <& Odan
n > n,. 3decv x, — pewenue cucmemv Z,iq = fn () -+ gn ().

1) Ecan ykasaHHOE CBOCTBO MMeeT MeCTO HpH HPOM3BOIBHOM 8y, TO ycCToifdi-
BOCTH HA3BIBACTCSA DACGHOMEDHO ACUMRMOMUNECKEOL 8 60AbUOM.
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Opennosmenune 1. Heobrodumvn u 00CTAMOLHLIM YCAOBUEM
PABHOMEPHOL YCMOTMUBOCIMU DEULEHUS Xy, == 0 asasemcs cyuecmeosanue
nocaedosamenviocmu Pyrryuii V, (x), 06aadawweii ciedyouumu c60t-
cmeam:

a) a(lz)<Val@<<b(laz], a(0)=05(0) =0,

20e a, b — HenpepvleHBIE CMPO20 G03pacmalwue PYHKYUU;
6) Vi (2) > Vit (@p41) 0as ai00020 pewreHus Zn.

Noxasareasctso. 1) Jocmamounocmo. Bospmem 0 (g) =
b-lla(e)l @ |z | <O (e). Qaa n>n, B cmay ycaosus 6)
o () < Vi, (@), a B cmry yeaosua a) a(|za ) SV (20),
Va ([xno) < b (| n,l); smammr, a(|z, ) <O (lan, ) <<b O ()=

)

=S

b (b1 (a (¢))] = a (), m, caegosarenso, |z, | < &.
9) Heobzodumocmo. Iyers V, (r) = sup |zp (n, 7). Hak mokaszan
h=n

Maccepa, ¢pyarnmio § (&) MosKHO BHOpaTh HempepHBHOW M CTPOTO BO3-
pacraioieil; ciefoBaTelbHO, CYIIECTBYeT TaKas obparHasg (QYHKIAA
e (6), aro | zy (n, z) | < & (| z |); smaaur, V, () < ¢ (] z]), m memocpes-
CTBEHHO M3 OIpejiesiena BhTeKaer, uto V, (z) > | z |. Hauee, nis nr060-
TO R < N

Vo (2,) = sup | 23 (1, 2n) | = sup | zx (o, Tny) [;
h=n R>=n
3HaA4YUT,
Vit (xn—H) — Sup i Lr (n -+ 1, xn+1) | =
k=n+1
— sup |ap(n, ) [ sup [z, (7, 2n) |= Vi (Tn)
n>=n+1 R=n '

U TeopeMa MoKasaHa.

Mycrs temeps | fn (z) — fo @) | <Ly lz—2| nua |z |<T
lz | <.

Hpepganoxenune 2. Heobrodumsim u 00CMAMOLHBLM  YCA0-
6UeM DABHOMEDHOL ACUMRMOMUUECKOL YCMOUUUBOCMU DEULeHUA Tn == 0

SA6AAeMCs CYUecmeosanue nocaedosamenviocmu GyrHEYUi V., (z), 06aadato-
well caedyruumi C60ICMBEAMU:

a) a(lz )< Ve (@ <b(lz]);

6) Vatr (@nt1) — Vi (20) << —¢ (| Znta 1)

B) | Va@) — Vo (@ |< M|z —z,
20e a, b — nenpepugnvie, a, b, ¢ — cmpoeo eospacmaroujue Ppyrryuu,
a (0) = 6 (0) = ¢ (0) = 0.

Norasareascrtso. 1) Jocmamounocmo. B cuny a) u 6)
BLINOJIHEHHl YCJIOBHA IIPEABIAYINEro IpejiosKeHHusa, CJaefoBare/]bHo,
cyuectBoBagme O (¢) obecrmedeno; mycTh O, = 8 (h), roe h — papmyc
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mapa, B KOTOPOM oOTIpefielleHHl [,, H IyCTh
b (60)
c[6 (e)]

Ilycrs ny, — MPOUBBOIBHOE YHCIHO H | Z,, | << 0y; HOKaskeM, 4TO CyIie-
cTBYeT Takoe n, Ny << n << n, -+ N (g), naa xoroporo |z, | <<¥d (e).
Ecam mna Bcex Takux n 651.710 o1 |z, | >0 (g8), 10 A no < n <<
< N (e) + ny — 1 sBomomxasmzock 65 Hepasencrso c¢ (| xnﬂ ) }
> c[6 (e)l, m, smaumr, V,i1(@,4+1) — Vi (2,) < —c [0 (e)], orryna
VN (&)tno (28 e)tn,) — Vi (Tn,) < — (V () = 1) 0[51(8)] Carero-
BaTeJbHO,

Vier+n, @nering <K Vg (Tn,) — (V (8) — 1) ¢ [0 (8)] <<
< b(|2n,i) — V(&) — 1) c[8(e)] << b(Bo) —(V (e) — De[b(e)] =
_(b(8) : ¢[5 ()] — N (€) 4 1) c[6 ()] <O.

MEr npuuuiE K nporuBopednio. Takum o6pasoM, cymecTByer n' < g +
+4- N (&), past Kotoporo | z,- | << 6 (&) u, 3maunr, |z, | << enpuan > n’
a CielloBaTeJbHO, W IIPU BCAKOM 1 > ny - N (&); paBHOMEpHAsA acmII-
ToTHYecKas yCTOMYMBOCTH HoKasaHa l).
2) Heoéxoau.mocmb HYCTB ¢yurnma G (r) oupenesena mpu r > 0,
G(0)=0, ¢ (0)=0, G (N>0,6"(r)>0, a>1. Ouesunso,
r

G (g) <1G(r).
1+ ak

[yers V, (z) = iqu(Ian (n, z) ) Tk Torpa G (| z |) <
<V, (@) <aG (e (|2 ]). Tan k>N (e), |a | <8y muees | s (1,
x) | << e, suaumr, upm k> N <—(—i— | x l)

Vo= [200] 12

1. .
| s (1, @) | < 2

1—}-od£<O€
14k

G(lxn-i-h(n’x)l) G(Ixn+h(n,x)|)<

<oe(L121) <62 <Va (@)

1y 3amernM, uTO, 3aMeHUB yciosue ) ycuosueM 0') Vi1 (Tnt1) — V,(zp) <
< — ¢ (] zp |), MBI IOTydIHM TO Ke 3aKJIIOUeHWe (6e3 KAKMX-In60 V3MEHEHWHA B OKa-

3aTeJnCTBe.
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TaK 9TO
1 | 1 1 ok
Va@=  swp Gl ln @)D T =Gz, 2))
o<nen (G 1x1) T R
CaemoBaTeabHO,
1ok
Vit @nt1) =G ( Znr14n, (7 1, Zu41) ) 1—:_ak11 =
1 ak
— G (| Tntitn, (1, 22) ) 1": akf _
1o (k1) a—1 ]
ZG n 1 y 4n 1 - <
(Fnean (0 20D 276. 20 (1 4 &) (1 4 (ks -+ 1)
<Vn(xn)[1_ o« —1 ]z
(4 4 Fy) (1 4 o0 4 xky)
V() — 2= D V)
(4 4 Fy) (1 + a (kg -+ 1)
IToaToMy
Vn+1 (xn+1) - Vn (xn) <
(¢« —1)G (|2, ])

<__

(1+N(%lxn+1|))(1+a+ocN(f;lxn+1|))'

Us |fn (xn) "—fn (O) l <L60 Ixn I ciaengyer lxn-l-l l < LGO Ixn I: TaK

910
lxnl>'_1—lxn+ila G(Ixn|)>G(1 lxn-i-il)’

Lﬁo LGO

OTKYIA
Vn+1 (xn-i-i) - Vn (xn) <
1

o R E)

< — = = —c(Znt1))-

(o (G )) (e 2 o (1))
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@Dynxnus ¢ (r) 6yger CTPOTO BO3PACTAIIEH, eclIH ¢ynrruio N (&) B3ATH
yGBIBatoIeit, uro Beerga BoaMoskHo. i MPoBepPKH YCIOBUA B) HOJIOKUM
r

1
_!l . epn=a gqN(? ) gy,
L, )
yers u, = | &, (Ro, ) — Ty (g, ;:) |; mIs Tex MHAEEKCOB 1, IPU KOTO-
peIX pemenusa , (R, ), Tn (Ro, ) He moKmmaoT map |z | <1, HMeeM
u, g << Lyuy,, sHaumr, u, << L™ |z —z|. Bemm |z |<<8(r),

|~x | << 8 (r), To penienus e BHIAAYT U3 mapa | | < r. Hanee, V, (x) =

|

Lok ~
:G(|xn+h1 (n’x)D l 1; ecan | xn+h1 (n, J,')I } | Ln+ky (na .Z')I, TO

1+ ky
1+ ak 1+ak,

Vo ()= G (| Zayn, (7, 2)]) W>G (| Zntr, (7, 2) |) Tk Vi ().

Mpi | 2 tn (7 @) [< | Zuin, (7, @) | nOxygaGH

0<G(|Znsn, (0 2) ) — G (| Znsn, (0, T) ) <

<G (|zpin, (0, 2 ) (| Zpin, (7 @) | — | T, (7, Z))=
1 1
=AqN ('62_6(' xn+kg(n,x)!))Ler (?’xl)lx—fa\ﬂ.

Eenn 6ot BoimoxEanoch HepaBenctBo |z | << 8 (| Zp+s, (7, 2) [), TO MBI
umenn 66 | Zpap, (7, ) | < | Znir, (R, ) |, 970 HEBOZMOKHO, BHAYHT,

|JJ I 2 6(|xn+k1 (n7 x) |)7

N(%ixikN(é—a(mnM,m, x)l))-

Mpt BuguM, 9o g |z | << Oo, | x| <8

1 1

Vo (0) < Val@) 4 g GOm0 (oo dene 02 7 —
3uaunr, V, () < V, () + ad |z — P |

[loMeHsB £ U x poiasAME (IPH yCIOBUM, YTO T M Z OTIHIHEL OT HYIA),

i~

monyanm | Vi, () — Vy (@) | < ad |z —2z | Ecinz = 0, o V, () <
< oA |z |, 1 Hame COOTHOIIeHWE CIPABEJIMBO W B ITOM CIydae.

zl|.

Mpepnoxenne 3. Eciu pewenue x, = 0 pasromepro acumn-
momuyecky Ycmoliuugo, mo OHO YCmOuuueo no OMHOULCHUI K NOCIMOAHKO

delicmeyouum 603MYWeHUAM.

NoxasaTteabcrso. Ilycrs &> 0; sui0epeM O; (&) u &8s (&)
Tak, 4To0bl BHIOMHAJHCH HepaBeHCTBa b (20;) << a (), 05 << 61, 62 <

< 1—‘14— ¢ (8;). Ilycts & HaCTOJIBKO MaJjo, 9TO L.e -+ 8, << 6 (6p), 1 mycTh
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| gn () | << 6y must |z | << e. OOGo3HauuMm depe3 Y, (n,, y) pelneHue
CHCTeMBI  Yn+1 = fy (yn) + gn (yn), cOBHmAjaloOIee ¢ Yy MNpHU R = R,.
Umeem x, 41 (n, y) = o (@ (7, ¥)) = fo (y). Haa |y | < & moxydaem
| 2,11 (n, y) | << Lee. G gpyroii cTOpOHH,

Yn+1 (7 Y) = Fo (Un (7, 1) + &n (¥ (n, W) = Fn (¥) + & (¥),

W, 3HAYHT,
lyn—!-i(n,y)_xni-i(n’y)lz|gn(y)|<62 npu |y|<8

| Yt (1, ¥) | << 8y -+ Lee << 8 (8p) mpu |y |<e.

CuenoBaTeanbHo,

Vi t1 (yn+1 (n” y)) — Va (y) — VYn+t (xn-H (n7 y)) — Vi (y) +
-+ Vn-H (yn-H (I’L, y)) —

— Va1 (@41 (n, y) <
< —c(lzut1(n, 9) |) +
T M [ Ynt1(n, ) — 241 (n, y) | <
< —c([Znt1(n, y) |) + Mby <
< —c (I Znt1 (m, y) ) 4 ¢ (80).
Ilycrs Temeps | §~| < 8;. Pacemorpum pemenue y, (o, y). Ecan mepa-

BEHCTBO | Y, (g, ¥) | << € BoimodHAeTcA He JJIA BCeX N = Ny, TO HaM-

NeTCsl TaKOM HUHEEKC Ry, 910 | Y, (Rg, 7/) 1> e u |y, (no, ¥) | < &
oA ng << n << nyg — 1. CaegoBaTennbHo,

Vi, Un,(0, ) > a () >0(28) > (814 82) 1 V,, (§) <08

JHAYNT, CYLIECTBYET TaKOU HHMIEKC Ny, UTO

Vi, (Yn, (no,,\y,)) b (14 82) 1 Vit (Yn,+1 (R0, y)) b (81 + 85).
Mootomy | Y41 (moy §) | < 81 + 85, m

| ,+1 (2, Yn, (729, ’Z\/J)) | 2> | Yn,+1 (Mo, ?/J)] — | Yn,i, (P25 Yn, (nmry)) —

— Zn,+1 (P2s Yn, (no,f?)) | > 81 + 65 — 82 = 6.
Orcrona

0 < Vng-H (yn2+i (nOaAy/)) — Vn-z (ynz (no’?//)) <
< — c(| 241 (o, Yn, (M0, ) ) + ¢ (81) <O

— MpoTHUBOpedYme, JOoKa3mBalomee Halle NpeAosKeHue.

2. IlpuBemem Temepb HEKOTOpHE MMPeIOKEeHMs, NOKA3HBAIOMMIE, KaK
MOKHO HCIIOJIb30BaTh AJA NOJYYEHHUS BHIBOJOB 00 yCTOHYMBOCTH (PYHK-
muu JIsmynoBa ¢ Goliee caaGRIME CBOMCTBAMM.
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Ipegmosmenune 4. Ecau cywecmsywom makue Henpepbierbie
gynkyuu V,: G < R —Ru W: G — R, umo Vy (2) =, W(z) =0
npu z € G, 20e o — Oeticmeumenvroe (ke 0613amesbHO 1.0.100/C UM EAbHO0€)
wtica0, & Vot (fa (2) — Vo (2) < — W () uats Vs (£ (2)) — Va (2) <
< — W (f. (x)), mo awboe peuwerue cucmemsl, ocmarujeecs 6 G npu
n> ny, cmpemumes k muoxcecmey A*=A ) {oo}, A= {z € G: W (x)=0}
2de G — samwmkanue muoxcecmsa G.

Moxasareuasbcrtso. llycrs z, — pemeHnue, ocTaiomeecs B G
Opu BCeX N = Nn,; NOCIe0BaTeIbHOCTDH V, (z,) mo mpegmosio;KeHnI0
ABJIsierTcA yOHBalOUIel W HOTOMY HMMeeT Hpefel HIpH 71 —- 00 (3HageHUA
V, (£) — orpanuyeH:rl CHU3Y). CiegoBaTelbHO, Vot (Xn41) —
— V, (z;,) >0 mpu n — oo, a, smaunr, W (z,) —0. lmeem

d (25, A*) = min (inf { |z, —y |: y € A}, 1|z, |-

ITycrs & > 0; mokaskeM, 9T0 CyHiecTByeT TaKoe N., DI KOTOpOTO IIpH
n > N, 6ynem umerb d (z,, A¥) <& u, 3HAUHUT, 1]z, | << &, uam
inf { |z, —y|:y€A}<e. [leiicrBuresbso, eCaH 3TO HEBEPHO, TO
cymecTByer Takoe &, >> 0, uT0, KakoBo 6bl HM OBIIO 7, CYINECTBYET
k, > n, paa woroporo d(z,, , A*) > &, u, B3HAUMT, 1] zp, | = €o
u inf { |2, —y|:y€A} =g TaKEM obpasoMm, |z, | << 1/eo,
T. €. MOCTe[0BaTEIbHOCTD L), OTPaHHYEHA M, CIEJOBATEIHHO, CONEPRMIT
IOJIIOCIIeI0BATENFHOCTh, CXOMSALIYIOCA K HEKOTOPOH TOUKe x*, pas
Kotopoit |z* — y | > e, upm awobom y €A, Tak 4UTO z* ¢ A.
C gpyroit cropoHsl, ¢yHKnua W HempepHBHA, TWO0ITOMY W (z*) =
= lim W(:cknj) = lim W (x,) = 0; smauur, z* ¢ A. lloxyuen-
n—>00

J—>0

HO€ TIIpOTHUBOpedIHe JOKa3bIBaeT Halle opeaioReHue.

Bameuaanunsa 1) Eciu G — HeorpaHuIeHHOE MHOKECTBO ¥ €GN
CYIIECTBYeT IOCHeOBATENbHOCTh &n € G, Takas, dIro |z, | — oo,
W (z,) -0, To cumcrema Mo;ieT HMeTh HeOTpaHMICHHLIE PpEINCHAA.
Ecau mHoectBo G orpapmueno wiuw W (r) =2 a >0 maa |z | = R,
TO BCe pellleHHs, ocrailfecs B G, orpaHHYeHH M CTPEMATCA K HEKO-
TOPOMY BaMKHYTOMY MHOKECTBY, CO/lep;KaleMycs B A. Ecmu G —
o170 BCe mpocrpadcrBo . W (z) >0 mia |z |0, W (x) = a upu
| x | = R, 10 Bce pemeHHUs CTPEMATCA K HYJIIO.

2) Eean u (z) < Vo () < v (), G() = {5 u(x) <m}, Gi(n) =
= {z; v(r) <M} ¥ ecaum YCIOBMs TEOPEMH YIOBJIETBOPSIOTCA MPH
gamene G Ha G (1)), TO Bce pemreHus, BEIXogamue u3 G (1)), 0CTAIOTCA
B G (1) u crpemsitcss K A mpu n — oo. B camom fexe, eciu n, € Gy (m),
o Tpu n=>n, mmeeM (7)) < Vo (2n) < Vi, (@) < v () <M,
a, 3HauuT, I, € G (1).

IMlpume . 1°. Hyers 2,41 = 1/25, a G — MHOKECTBO IOJOKH-
TedbHLX Grcen. Bee pemenns, suxofsmue us G, ocratorcs B G; Jake
Te, KOTOpHe BHXOZAT He U3 G, mpuxomaT B G -mocie MepBOro Iuara.
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Oyuarmusa V(z) = 1i3€2 Hoxo;kuTeNbHA B G, T
1
z° x z’ x
vV z)) —V(z)= _ = —_— —
T

—x(1+x—[—x2)(x—1)2<0 —
A+ +ah

Buaunr, 4 = {0, 1}, 4* = {0, 1, oo}. Ecau zo, = 1, 10 2, = 1 nasa
Beex k; ecaum zo << 1, 10 2, — 0 mpu YerHOM k£ M z;, —- 00 IpHU HeUeT-
mHoMm k; eciu zo > 1, 10 r; << 1 wu, smaumr, r, —0 nua HewerHoro k
u z; — oo aus derHoro k. Takum o6pasoM, HedCTBUTENIBHO, BCe peIleHUS
crpemarcs K A*.

2°. Paccmorpum cucremy g1 = My (2y) Tp, THE M, (x) — Hexo-

Topasi Mmarpuma. Bosimem Vi (z) = |z |, W(@) =1 —a(2) |zl
a(z) = | My (z) | mpu |z | <m. Torna
Vgt My (@) 2) — Vi (0) = | Mp()z | — 2| <
< M@ le]—lz|<(a@)—1)|z]=— W(2).

Ecnu a (z) <1 gua |z |<<n, to —W (z) << 0; mmoxecrBo A cojep-
s®uT 109Ky & = 0 M, BO3MOKHO, TOYKM C | Z | = 1), I1e MO;KeT BBIIOJ-
asreea paBeHcTBo a () = 1. Tax wax |z | yOsiBaer, TO pelleHAA
He MOTYT CTPEeMHTBCS K TOUKAM C | Z | = 1), €CJIH OHM BBIXOJAT 13 0bJa-

cru |z | << 7. Crmegosartemnno, ecaum | M, (z) | < a(z) <1, 10 BCE
pelmenns, BHXxofdmue u3 obmacta |z | <M, ocTaioTcA B Hell W CTpe-
MATCSA K HYJIIO.

3°. Paccmorpum cucTeMy

In+1 = Yn,

a*xn, + Pn¥Yn,

|

Yn+1
e .
D<a<<1, 0<o6<p, <1 —d™

Ecan p, = p TOCTOSHHO, TO MaTpHIedl CHCTeMBl X XapaKrepucTude-
0N o,
n A2 — pA — a% = 0;
2 p P ;
_\& P _
p+Vp +i p—Vptiha
I/I .
5 5
Oun HeﬁCTBHTeHBHI)I U MMET IPOTHUBOMOJIOXHBIE 3HAKH, oI IOJOXuU-

cKUM ypaBHeHHeM OyAyT COOTBETCTBEHHO (

coOCTBeHHLIE 3HAaUYeHHs pPaBHE

3 A. Xajanaii, JI. Berciep
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renpHOT0 KOpHA (mpu a? << 1 — p) nmeem

P VP4 _p+ VP +40—p) _ptVei—bpth_
2 2 2

_p+Vo—2_p—p+2_,
2 2 ’

3HAYHUT, DTOT KOpeHb Je/KUT B eHHUIHOM Kpyre. AGCOMIOTHOe 3HAUeHHe
OTPHUIATeIBHOIO KODHA

Vp2+4a2—p<_\/p2—l—4a2<_\/(p—2)2__2——p<1
2 2 2 2 '

O6a cOGCTBeHHHX 3HAYCHUS JeKaT B egmamanoM Kpyre mpu 0 < p <
< 1 — q%; 3HaumT, HyJeBOe pelleHHe ACHMITOTHIECKH yCTOMIMBO.
[locMoTpuM Temepb, 9TO HIPOMCXOAMT B Cilydae I€PeMEHHOIO K03 (-
nmeRTa p,. Paccmorpmm ¢ymrnmio Jlamymosa V (z, y) = a?x? + y2.
Nmeem

V(y, ax + ppy) — V (z, y) = @’ + (a®x |- py)® — (a%2* + ¥°) =
= a2 (a® — 1) 2% + 2a*ppxy +
T+ — 1)y =
= —a?py (x—Yy)*+ @ (pp— (1— a%) 2*+
+(pn + 1) (P —1+0°) ¥ <<
< —a?pn (2 — y)* < —a® (z — p)*

Pemenns, Beixougamume u3 obGmactu a?r® + y*? <1, OCTAOTCA TaM;
clleoBaTeJbHO, BCE peIIeHNMS OTPAHWYEHHI M CTPEeMATCA K MHOMKE-
CTBY « = y, a, 3HAYMT, T, — Y —>=0. Ecaou p, <1 —a®— ¢, 10
V(z, a®x -+ pay) — V (2, y) < —a2 (x — y)* — a’ea® — (1 + 9) ey
¥ pellleHMs CTPeMATCs K Hymio. Ecian cupaBeaqnBo JuIlb HEPaBEHCTBO
pn << 1 — a2, T0 BO3MOKHH pelleHUsI, He CTPeMAIMUecs K Hy/Iio; Halpy-

1—a?
Mep, NI pn = 7 mr MMEEM pemenne z, = 1 + a®, y, = 1 + a™*
-

c z, =1, y, > 1.

B 3akiaioueHme 5TOro HMyHKTa [OKaKeM IpeMIoskeHMe, IPefcTaBIAI0-
mee coGoil mUCKpeTHbI aHasor Teopemsl bapbammHa — Hpacosckoro
IS cucTeMbl Au(depeHnalbHEX ypaBHeHIMA.

Mpennoskenune 9. Ecau cyyecmeyem nenpepvienai Ppynryus
V: G —> R, makas, umo a (| z |) < V () < b (| z |) (¢0e a, b makue sce,
kak e npedaoncenuu 1), b (ko) < a (h1), ho < ht <h (2¢0e h makoso,
umo wap | x| <<h codeprcumcs ¢ G) u V(zgs1) — V(zy) <O Oas
1106020 peuLeHUs A8MOHOMHOTL CUCTNEMbL Tp+1 = f (z,), npunem paserncmeo
LuMeem Mecmo AUwb 6 MouKaxr Hekomopozo muoxcecmea M, ne codepica-



§3 35

ujeeo yeawx noaympaekmopuii, mo peweHue r, = 0 acumnmomuuecku
yemotiuuso u wap |z | << hy Haxodumcs 6 o0b6iacmu RPUMANCEHUS.

MorasarteabcrBo. llpu |[z,|<<h, umeem a(|z, |) <<
KV (2) <V (20) < b (|20 ) << b (ho) < a(hy); smagmr, |z, | < h
U pelIeHusi, MJIsA KOTOPBIX |Zo | << ko, HE MOKHIAIOT G. Te xe Hepa-
BEHCTBA IMOKA3BIBAIOT, 4To | 2o | << 7! (a (&)) Bueuer 3a coboii | z, | << &;
3HAYHUT, pemenne z, = O paBHOMepHO ycToiumpo. Eciau He Bce TpaeK-
Topuu ¢ | 2o | << ho CTpeMATCA K HYIII0, TO CYIECTBYeT Zo ¢ | Zo | << ko,
IS KOTOPOTO TpaexTopus x, (zo,) He crpemurcss K Hydio. Paccmorpum
nocienoBarenbHocth Vi = V (z, (z,)); 2T0 yOBBaoIiasa mociaenoBaTelb-
HOCTH TMOJNOKATeNBHHIX YMCeNd, ClefoBaTelbHO, OHA HMeeT HeKOTODHIi
apered V,. Tak Kar mociegoBaTeabHOCTh %, (o) HE CTPEMUTCA K HYIIO,
TO [ HeKOTOpoTo 1 > () CymecTByer IOAIOCIE0BATENbHOCTD Zyn, (o)

C | Zn, (z¢) | = m; A7 9TOM HOAIIOCTEN0BAaTENbHOCTH MMeeM | T, (xg) | <<
< hy, 3HAUMT, CYIECTBYeT APYyTas MOAIOCIE0BATeIbHOCTH (0003HATNM
ee TMO-TIPe;KHEMY 19epe3 Zn, (o)), KOTOpas HMMeeT Ipeel xzy. 13 Hepa-
BeHCTBA | Zn, (@) | =M caenyer, dTO xz¥ % 0. G gpyroir CTOPOHDI,
Va, = V(zy, (20)) u u3 Zy, (zo) —x, BETEKaer, 9ro V (Zn, (z9)) =
— V (zF), tag aro Vo = V (zf). Paccmorpum momyTpaekTopumo z, (Zg);
TaK KaK 3Ta HOJYTPaeKTOPHA He Je;KuT IeaukoM B M, To mociegoBa-
rexpHOCTh V (2, (z¥)) He mocrosmma, B3HAYMT,. CyHIeCTByeT Takoe n¥,
aro  V (zpx (23)) < V (25) = V,. llockoabry a,, (20) —;, uMeeM

Tn (g (20) > an (&), OT0¥AD V(@ (20, (@0))) > V (205 (&),
3HAYNT, klim V (zpx (2, (20))) < Vo. C  pgpyroi CTOPOHHI,
Tnx (Zn, (Z0)) = Zpx4n, (o) (cmcrema ABTOHOMHA), a IOTOMY

V (nx (@, (20))) = V (xns4n, (Z0)) = Viargn, — Vo. Mo monyuumam
npotusopedne. Ilpennoxenne morasaHo. ‘

3. PaccmMoTpuM HEKOTOpHIE CleIHajJbHBE KOHCTPYKIHMH QYHRIHH
V, (z) B caydae auHENHEIX cHCTeM, HMes B BUAY HOJydYeHMe psia TeopeM
00 yCTOWYMBOCTH II0 IepBOMY NPHOMIGKEHHIO, a TaK)Ke JpyrHe IIpHU-
JIOKEeHUS.

Nrtak, BO3bMeM JIHMHENHYI0 CUCTEMY X, +1 = A,x, 1 IPEIIOTOKAM,
9T0 peHIeHI/IEJBV z, = 0 paBHoMepHO acuMmnToTMYecKm ycToiumBo. IlycTh

Vo () = D) | Zptr (n, 2) |. U3 paBencrsa x, (ny, ) = X, ,, * 1 U3

TOro (pakTa, YTO paBHOMepHas YCTOMYMBOCTH BJedeT 3a co00il orpaHH-
4eHHOCTH BCeX peIleHmil, ciaemyer, 910 |z, (g, ) | < M |z | u, 3Ha-
anr, V, (2) < (N + 1) M |z |. G gpyroit cTopoHBI, HEIOCPeJICTBEHHO
u3 oupejesnenuss V, suguao, 910 V, (2) > | = |. Umeem

N N
Vn (xn) = hzol Ln+kr (na xn) l = hZOI Ln+r (n’O, mno) I

3%
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I JI1000r0 1y < 1, CJexoBaTe]bHO,
N

N
Vati ('xn+i) — V. (xn) = kz | Znt1+1 (n’ -+ 1, 2p4+4) [ — k20| Ln+k (na xn) | =
=0 =
N N
- RZ | Ln+1+k (na 'xn) ‘ - RE I Ln+n (n1 xn) l - | LIN+1+n (n7 xn) | - | Ln |
=0 =0

PaBHOMepHAd aCHMIOTOTHYECKAas yCTOMIUBOCTH BJedeT 3a cobou paBHO-
MepHOe cTpeMmieHue K HyJI0 BCEX peIleHHd, 3HA9IuT, | Xy | < Pn—nhs
r7Te IOCJIe0BATEeIbHOCTDL 1V, HMeeT HYJIeBOM IIpeied. Taxkum olGpasom,
| Zy+14n (7 Z2) | <Vy+1 |20 [, &, ciegoBaTeqbHO,

Vit (@ni1) — Vo (20) < — (1 —Ynt1) | 20 |-

Bri6epem N HacTOIbKO GOIBIUM, ITOGH OBLIO Py +1 << 5 Torga

1 1
Vn Ln —'Vn In g_— Ln g_ Vn Ln)
+1 (Zn+1) (x7) 2! l SNV D) (#n)
a, 3Ha4urT,
Vit (xn+1)<1 . 1 ’
V, () 2M (N + 1)
OTRKYJa
1 n—ng
n'évn Ln <(1— ) Vn n <
1 n—ny
<(V+1 M(l — ) ne -
<V +1) 5M (N + 1) lxol

MNrak, Mbl MOKa3ajd®, 9TO JJIA JIWHEHHEIX CHCTEM pPasHOMEDHASL ACUMNIMO-
muueckas Yycmotiuugocmyv écezda A6ALEMLA 9KCNOHEHYUAABHOU, T. €. eCIH
HyJeBOe pelieHie PaBHOMEDPHO aCHMITOTHIeCKH yCTOWYNBO, TO CYINECT-
pytor Takume L >0, 0 << ¢ << 1, aro | z, | << Lgn—m | 2, | 7IA 7 = Ry
B cayuae dKCHOHEHIHAJbHOM pPaBHOMEPHON AaCHMITOTHYECKOM yCcTOu-
ynsocTu PymEnua V, (z) momyckarmoT Apyrue, 0oliee IPOCTHE KOHCTPYK-
AN,

1
IeiicrBuTenbHO, Bo3bMeM Vp () = sup | Zp+r(n, @) | — . ‘Torma
R=0 q
lz | <Va(@)<L|z| m
1 1
Vot (xn-i-i) = SUp | Zn+1+k (n + 1, xn-H) l — = Sup | Zp+1+n (ns Zn) l T
k=0 q R=0 q

1 1
== sup I Ln+k (n7 xn) I “h— \<\q Sup I Ln+h (na xn) I T—‘:qvn (xn)
Rt q R =0 q
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CnemoBaTelIbHO, IIOCTPOECHHBIE ¢yHKIUM UMeIT TO CBOHMCTBO, dYTO

V x
nit (Inst) p g, Vi @nsd) — Vo (@) < — (1= 0) X
Vo (zn)
X Vi (n) 1)
Qymrnuss V, uHTEpecHa TeM, UTO e€e CBOMCTBA BBIpAyKEHBl JIHAME
gepe3 KoHCTAaHTH L ¥ ¢, XaparTepusyloulHe SKCIOHEHINAIBHYIO yCTOH-

YHBOCTD.

Has KOHCTPYKIMA, TaKyke OCHOBaHHasg Ha HKCIOHEeHI[NaTbHOI
yCTORINBOCTH, NPHUBOJUT K Pyurmuam Vi, (), uMelomMuM BHJ
kpagparuaEsix gopm. Ilycrs W, () — KBajgparminbie ¢opMEI, yHOBIIE-
TBOpsIOIMe HepaBeHCTBAM W |2 [P << W, (x) < M |z |. lloxoxum

oo

Vo, (x) = D 2*X} Wi Xpnx, toe W, — MarTpumsl KBaJpaTAIHBIX
=N
dopm Wy, (x). CxopumocTh pAna obecrieueHa IpeosKeHreM OTHOCH-

TeIBHO HKCIOHEHIMAIBHOK ycroiiuuBoctn. MMeem

[e 0]

V@IS M Xy < MAP 2P > =
- 1 —q
kh=n kR=n
n
| Vo (@) | = 2* Wz = | 2 [
Kpome Toro,
Vn (xn) = hz x;ktXZ nWhXh, ndn =— hz xZkakv
=n =n
a, 3HAYHT,
Vi1 (xn-H) — Vo (zn) < — I Waity < — N | 2n 2.
Bzas
Vn (.Z') = > JC*XZ’ nWhXh, n®y
kh=n+1
IOy 9UM
MA2 2
V, (2) < |zl
1 —gq
1) BasKHO OTMETHTb, YTO [JA JHWHEHHBIX CUCTeM I | Vy, () — Vp (;) | <

LL}=z —;l. B caMowMm pmeJe,

=

~ 1 ~ 1
Va (@) —Va (x)——:gl;% | Znir (s x) ]F“sl\lg | Znsr (7, z) | ’(ﬁ; <

~ 1
<L sup | Zpyn (N, r) —Zpip (1, )| F =
= Sup | ns (2, 2—2) | =Vp (a—8) <L|z—7|.

>
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2.

Vo+1 (x) = x*X%‘H,anHXnH, n = x*A:Wn+1Aan> n | Apx 3

eciu A, obparuMsl, upuueM o6paTHEHE PaBHOMEpPHO OIpPAHUYEHHI, TO
| A7 | <K | x|, a, smaunr, | A 4,2 | < K | A,x |, nan

1 A
2| < K| Az, iAnx12>F1x|2 u Vn+1<x)>E”§|xF-

ITomumo ToTO,
Vid1 (@n41) — Vo (2n) = — 2 0 Wy pazp gy < — W | Zy4q

JTa KOHCTPYKIUS IIPECTaBIsACT HHTEpeC B cllydae CHCTeM C IOCTOSAH-
HEIMH KO3pPumumeHTamu.

Bospmem momoxuTensmo onpesieneHHyi0 Marpuny C W oupemeanM

0
vatpuny B dopmymoir B = > (4*)* CA*. Torma A*BA —
K=0
o0 o0 o0
— Z (A*)kﬂCAkﬂ___ 2 (A*)kCAh: 2 (A*)hCA—C:
r=0 R=1 RS0
= B — C.
Tarum oGpasom, mosmyuaem ciegyomumit alre0panuecKUil pe3ysabTar.
Ecau cobemeennsie snauenus mampuyn A aexcam BHYMPU eOUHUUH020
kpyea (9TO DKBUBAJEHTHO, KaK MH BUETH, DKCIOHEHIMATHHON aCHMI-
TOTHIECKOU yCTOHUMBOCTH), MO0 Oas 41060 NOA0NCUMEALHO onpedesernHoll
mampuyvr C cywecmeyem makas noAONCUMEAHO onpedesennas Mampu-
ya B, umo A*BA — B = — (.
IlpumenuM npuBeseHHBIE BHIIe pesyIbTaTH A OJy9YeHUSI OIHOM
TeopeMEl 00 YCTORYMBOCTM IO MEPBOMY HPHOIMKEHUIO.

Teopewma 1. Paccmompum cucmemy Tnt1 = Apz, + [ (2,),
20e f, (0) =0, [fo(2) | <7y |2 ]| Eciu nyaesoe peuernue AUHElHOT
CUCEMbL NEPE020 NPUOAUNCEHUL X4y = A,x, pasHOMEPHO acumnmomu-
HECKU Yyemotinueo (a sauum, sKCNOHEHYUAILHO Yemolinueo) u ecau y docma-
MOUHO Man0, MO HYaesoe pewenue OAHHOL CUCEMb MAKNCE IKCROHEH-
YUAAbHO Ycmoiiui:e0.

Horxasareancrtsno. Hycrs z, — HEKOTOpO€e pellleHrme CHCTe-
Mel. Pacemorpmy ¢ymknmio V,, mocrpoenmyio mas cmeTenb IepBOTO
npubiau;KeHna 1 00Jafalomyio CIe[YIOM MY CBOMCTBAMI:

VISV <Lyl Viet U — Vo (00) < — (1 — @) Vs, (90)-
Nmeem
Vit (Zp41) — Vo (%) = Vit (Yn41 (n, x,)) — V, (zn) +

T Vatt (Znt1) — Vagt (U1 (0, 25)) <

< - (1 - Q) Vn (xn) + L Ixn-H_ Yn+1 (n7 xn) l
Ho

Zn+1 = Apzy + fa (7)), Un+1 (R, ) = Apx,,
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Tak 49TO
| Zoit — Ynat (7 2a) | = 1o (@) | SV 120 | S YV (20)3
cJeoBaTeJbHo,
Vot (ngs) — Vo (@) < — 1 <1 — g — L) Vi (2n)-
JruM ofecrmedeHa IKCIIOHEHI[MAIbHAA YCTOMIMBOCTH CHCTEMBI, G/

{—q—Ly>0, m.e ecam y<—-
L
Tor sKe pesyiabTaT MOKHO IOJNYIUTH U C MOMOIIBI0 OopMyJIbl BapHa-
IIAH TOCTOSHABIX. 1lycTh Z, — HEKOTOPOe DEeIleHue CHCTEMEI. ITonosxum
fo (22) = gn41. Popmyna BapHalUH IOCTOAHHBIX [I03BOJIAeT HAIMCATH

n

n
Ln = Xn, noxng + 2 Xn, r8r = Xn, no¥ng + Z Xn, nfr—1 (xh—i)'
h=Trg+1 h=Trg+1
3 mpejimosiosKeHuii OTHOCUTENHHO IHHeHOW CHCTEeMBI CJjemyeT, 9TOo
| Xon | << Lg™™", smaumrT,

|2 | < Lg" " @nol 4 SV Lg* My | 2,

=n0+1
3

q—n I Ln I < Lq—no I xnol —I_ . Z L'Vq_hlxk—i l .

=ny+1
Beojs obo3HadeHne u; = ¢~ | 3 |, moxyTaeMm
L N
Un << Lup, v Up—1-
q k=n0+1
[TomoskuM
L Q
Up = Lu’no "l_ '_Y Z Up—1»
q k=n0+1
uMeeM
L L
Un+1 — vn——xun <"l ny
q q
3HAYNT,
Un+1 <( 1 + —l) Un,
q
OTKY/Ia
L\ ot I
Un < (1 + _q;V_) Uno+1y  Uneg+1 = Luno + '_qzu’no =L (1 + ;V—) Unys
q
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3HAYNT,

¥, CIIefoBaTeIbHO,

n—no—1
un<(1+ﬂ) L(1+—V—)unol).
q q
Taxum obGpasom,
n—ngo—i1
i (140) (123 ™ o

X
q
Ly\ ! -
=L(1+%)(1+E¥) g+ Ly)" 70 [z,

I SKCHOHEHNMAJBHAA yCTOMIMBOCTH obecmeumBaercs mis q + Ly < 1,

mm'y<dzq@

4. Onpenenenme 2. Bydem 2060pumv, umo cucmema Tnii =
= Apx, ydosaemeopsem ycaosuio Ileppona, ecau daa 41060l o2panuyer-
HOU nocaedosamervrocmu f, peuenue HeoOHOPOOHOU CUCMEMB ITpyq =
= A%, + fry1 € HYACEUMU HAUANLHVMU YCAOBUAMU A6ASEMCA 02Da-

HUYEHHBIM.

JloxasxeM cienyiomyio TeopeMy, BIepBHe ycTaHoBIeHHYI Ta Jlum
[80] m AaBaATOmyMOCS KACKPETHHEIM aHAIOTOM COOTBETCTBYIOMEH TEOpPeMbl
Ileppona. B mpuBemeHHOM HEUKe MOKA3aTEABCTBE MBI CJIETyeM B OCHOB-
HoM P. Benamany.

Teopema 2. Ecau cucmema z,1 = Apx, ydosisemsopsem ycao-
suto Ileppona, mo nyiesoe pewenue cucmembl DPASHOMEPHO ACUMRMOMIU-
Uecku Ycmouuueo.

Hoxasareascrso. 1) Iycrs X, , — dyEgaMeHTaIBRHAS

MaTpuna peireHuin cucremsl. V13 ycaoBus IleppoHa BeITeKaeT CymecTBo-
n

BaHHe TaKoil marpumsel C, uro », | X, | <<C mis xwoGoro n > 0.
r=0

JleficTBUTENBHO, pellleHHe HeOMHOPOMHON CHCTeMb ¢ HYJeBHIMH HAUalb-
n

HEIME YCJIOBHAME JaeTcsi QopMylolt z, = 2, X, 1fny, B W3 ycaoBusA
]

Ilepporna caenyer, uto mocaemoBatenbHocTh U, (f) orpammueHa mpidA

1) 3ameTnmM, 4T0 (paKTHYECKH [OKa3aHa CJeyIOIas
n

JJemMmma. Ecau un << au, —+b 2 Up_1, mo up <. (10" "™=1 (g 1) U, -
h=ng--1
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awboro f € .2, rme 4 — TPOCTPAHCTBO OTPAHMYEHHBIX IIOCIEJ0BATENdb-
n

mocredt m3 R™ ¢ [[f |l =sup |fxl], a Un() = Z X, wfn. B cmry

teopemst Bamaxa — IHTeﬂHraysa CYIIeCTBYeT TaHOG M = 0,7 gro
| U | M| f]| mua awboro n =1 m awboro f € 2, u, 3HAUHT,.

| Z Xonln , << M sup | fy |. Ilycrs xn r — DJeMeHTH MATPUIsl X, p,.

fh—-SJIeMeHTLI BeKTOpa fp, E,,Z,k———aﬂeMeHTLI npomsseeHus X, nfn;
m

Enn = > xilufh. Tonomus fi = sign z, p, ToaydmM & p =
i=1
m

T moon monom
| Y Xl = D Seial=3 3 N 1< M.
K=1 i=1 K=t i=1K=1j=1
Mur Bummm, dt1o cymiecTByer Takoe C > 0, d9ro 2 | Xon | << C.
R=0

2) Tlockoawry Z | Xnn | <<C, To cymectByer Takoe My, dTO:

| Xn o | << M, ;1.71;1 O < k < n. JleiicTBUTENbHO, B IPOTHBHOM CJydae
cymecTBoBaJ:M OBl mociaemoBatenbHocTd n; u k;, 0 <k, < n, paa

3

nl
KOTOpHX | Xp x| = 1. Ho C > > Xn,w | > | Xnyr, | =1, am0
=0

IJIS JOCTATOYHO OoJbImINX [ sABIAETCA HEBO3MOKHBIM.

3) B cuny meparencrBa | X, ., | << My gaa ao60oro pelleHUs HMeeM
|z, | << M |z |, nDoraseBaiomee, YTO WNMeeT MeCTO paBHOMepHAasd
yeroiiauBocth. Jlamee, coorHomeHue X, , = X,,;X;, cHOpaBemIuBo
maga n>1>k, m tak Kak mociemoBaredapHOCTHh (X ;p); orpaHuYeHa,
To u3 ycaosusa IleppoHa  ciaemyer, dYTo  IIOCIAEHOBATEILHOCTD.

( 2 Xn X l,k)n OorpaHWYeHa, a 3HAYAT, M IOCIEJ0BATEJbHOCThH.

n
( > X,.). orpammueHa, 4UTO MOKHO BAIMCATH TAKAM 0GPaA3OM:
l

M
| (n — k) Xop | SKM,, nam | X, | << ﬁ_z_k’ A aCHUMIITOTHYECKAST

n

ycroitumBocTh  obecmedeHa. I Tomy ke | > X1 X l <
I=R+1
n n

<2 1 Xpa | [ X | < My 2 | Xy, | <M, sHawmmr, M, me

l: =

BaBHCHUT OT kK M aCHMNTOTHYECKAs yCTOUUMBOCTH paBHOMEpHA.
B cayuae nmHeiiHO# cHCTeMBI MMeeT MeCTO Jajke SKCIOHEeHIUAJbHas
YCTOUIUBOCTH.
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§ 4. AOcomoTHaA yCTOHYMBOCTH NMCKPETHBIX
ABTOMATHYECKUX CHCTEM

Hue MBI H3I05KHEM HECKOJBKO Pe3yJabTaToB IO YCTOWYMBOCTH
MACKPeTHHX aBTOMATHYECKUX cucreM; dacToTHHIT Meroxm B. M. IlémoBa
BIepBHEe OblI pacupoctpdHeH Ha Takme cucreMsl SI. 3. IlbImKuHBIM
O MCCIeTOBAJCA BIIOCHEJCTBMN MHOTOYMCICeHHHMHU aBTopamu. O0mas
TeopudA manoxena B monorpadum B. M. Ilénosa [61]. IloaTomy MEI oCTa-
HOBHMCA 3JleCh JHIIb Ha HEKOTOPHX HOBHIX pe3ylbTaTax, KOTOpHIe
MOTYT OBITH WBJIOKEHH HE3aBHCHMO OT O0mMell Teopuu.

1. PaccMoTpum cucTeMy BHUia

Znpr = Az, + b (02),

— ¥
Gn_c xn,

rne A — mocTosHHag Martpuna, b, ¢ — MOCTOAHHEE BEKTODH, & (QyHK-
U ¢ CTPOr0o MOHOTOHHA M Y/{OBIETBOPsSET HepaBeHCTBAM ho0? <
< o9 (0) << ho?, ho >0, hy << h. llpegmonaraerca Taxme, 49710 CO00-
CTBeHHHIe 3HaYeHHA MATpUIBl A pacmoioskeHbl BHYTPH eJUHHIHOTO
Kpyra.

Teopema 1. Ecau cyupecmsyiom komcmanwme o, v, 8, aj, Vi, 0;
0j, v —a=06=>0,a0=>=0,v;>a; >0,08; >0, p; >0, marue, umo

p
Pp—— -im .
Re{y—aei“’—]—Z(Sj Vi %° }c*(e—“"E—A)_ib—%go
7

Vi 4 0; + aze’®

ona o € [—m, wl, mo Hyasesoe peuerHue cucmemv aAcCUMRMOMUYECKU
ycmotuuso 8 604bULOM.

=1

IlorasareaxncTBo. 1) I3 dopmynn Bapmamuum mOCTOAHHBIX
n

BHTEKAeT COOTHOIIeHWe I, = A"xo + X A" ’bg (0j—1) mia n >1,
i=1
3HAYHAT,

n n—1
o, = c*AnxO —I— }] C*An—]bfp (O'j._.l) = c*Ar—-LxO + Z C*z‘ln—]—1 b(P (Gj),
j=1 J=0

n>1.
Iomoxum

L, =c"[A"zy + A" b (00)], kn=c*"A"""0 paz n>1,
k,=0 maia n<CO.
B I9THUX 0603Ha‘IeHI/I}IX COOTHOIIIeHHUE

n—i
Op = gn -+ 2 kn—j(P (Gj)a n >2,

J=1
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crrpaBeqJuBO OJA 1100010 pemeHnuss CHUCTEMBI. 3aMeTEM, 9yTO M3 Ipen-
OOJIOKEeHUA OTHOCHUTE/JIbHO MAaTPUIIbL A BhITEKaeT, YTO

\Cn|<Liqnlx0|7 O<Q<1a lknlngqn'

Iycrs k (o) = D k,ei"®; cxonumocTs 3ToTo psfa o0ecievdeHa B CHIY
n=1

OLeHKHU [iIA mociaefoBareabHocTn k,. Ilycts f(w) = Z A" 1peinos
n=1

oo

mmeem  €CAf (o) = D) A"be™ Do = 2 A" peino a,  3HAUMT,
e9Af (0) = f (0) — bet®. Orcroga (E — et94) f (0) = bel®, wuam
(e7t°FE — A) f (o) = b, a, 3HAYUT, f () = (e7°F — A)‘1 b.
VaursiBag  9To  cooTHomeHme, modydaem K (©) = c¥f (w) =
= ¥ (e70F — A)-1p.
2) Iycrs N — panHoe HatypasibHoe dgucio. llomoskum @ =
= @ (0,) mas 1<n<N; oY =0 pma n>N; wl = o, — {, pas

1< nN+1uvwl = 2 kn—;o (0;) nna n > N 4 1. [lasa xo6oro

= 1 BBIOJIHAETCA COOTHOINGHWE W) = 2 ko ]cp,. IeiicTBUTEIBHO,
¢ y9eToM OIpe/ieIeHUs HOOJIG,HOBaTeJIBHOCTI/I @) 9T0 COOTHOIIGHHE

MOJKHO 3amucaTh B Bujge wh = Z ky _jo7, m mig n>N 1 ero

CIPaBEeIJIMBOCTH CJEeAyeT Cpasy 1/13 ompefeieHusas wh; maa 2 << n <
< N -+ 1 ¢ yuerom Toro, aro k, = 0 mpu n < 0, cooTHOINEHHUE MOH{HO
n—1 —1
sammcars 3 mme wl = X ko) = X ooy (0) = 00 — Loy
=1 i=0
a,u;JIﬂnzlnMeeMwllV——O: o1, — Cy.
[Tomosxum

z wN znco7 Z (PN znm.

n=1

Torna

B @)= 3 k™ S e = 3 S kuqfe ™ =

n=1 j==1

2 (Ekl—]q)] ) zlm Z wN ilo wN (0)),

=2 j=1
tak Kak wN = 0. Ilycts E,-,n oIpejieIeHBl PaBEHCTBOM

/ n

n—l
o S v
Vi T 05 &=d \Vj + 0;
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meem

1
g]', n+i1— g], + — wl,fﬂ.

VJ‘,“pJ Vi T+ Qj

Bsonsa oGosnauenue

(0.9}
D) B ne " =5 (0),

n=1
HoJIydaeM
EN (0) = EJ ®) +——— ®),
Vi + Oj (© Vi ‘,“ Oj (
3HaYUuT
(v5 4 05 — ;6" EY (0) =" (w),
nin
Y (o) =———— " (o).
Vi+0;— OLJ

ITycts Temeps

XN—Zl ocwn_ —‘—(Pn‘l‘Z‘S (wn PJEJ,n)] (Pn7

j=1

Ime MmOJoKeHO w, = (0, YToO COBMECTHMO CO BCEeMH COOTHOINCHHUAMM,
KOTOPHIM JOJKHE YIOBIETBOPATH w, (Lo = 0y).
3aMeTum, 410 eciu 0003HAUMTH VN = wi_4, TO

o0
N (0) = 2 N ine >_| wn—ie 2 wJT\‘Tei(n+1)co=
n=1 n=0
:eim Z wrlyeznw mNN (0))
n=1
Bocmoansyemcsa rtemeph paBeHcTBoM llapcesana
oo J
1
Elocnﬁn - — j Re g (0) 2™ (0) do.
27 :
g s

oo D
5 |
AN = E [Ywﬁr — oWp—y — A Pn + Z 6; (wrjy — p]gvn)] CPJ,;’,
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TO

~ ~xy O~ = ~ Ny
v =— Re{va—ow ——CPN+Z5( ——ijé?r)}((PN) do =
—n

I

;ﬂ Re{vk(w)@ (0) — 2k (0) T (0) — —<P ¥ (o) +

14

p
~ 7 ~N N
+ 28 (k(co)(PN(co)— 0% (©) @ <wi>m)}(cpN(m))* o
x p
1 io ‘Vj—-—ocjei"’ ]~ 6} ~N .
= — | R — 8 |
ui e{[v oe +}ZJSJ"J+‘)’ e k() h 9" (o) I do

YuuTteiBag BBIpA)KeHHE A k(oo) I TnpuBeeHHOe COOTHOINeHHeE,
moJIyuaeM OCHOBHOE HepaBeHCTBO ¥y << 0. P

IlocKOIbKY (YHKIHA ¢ BO3pacralomas, To JIA JIOOHX ,E[eI/ICTBI/I-
TeJIBHHX o U P mMeeM

B
§¢(o)da<cp(ﬁ)(ﬁ—a).

CienoBaTeabHO,
Bn n By n
fo@do= 3§ ¢(0)do< 3 0@) B —Bi—n)=
B1 =281 =2
= z;z ¢ (By) Pr — ZZZCP (B2) Bi—1,
a, 3HATAT,

n n Pn
Z=Z]; ﬁl—-lq) (Bl) < l=22 BZCP (ﬁl) — BS ) (0’) do.

‘OTCIO)I& moJIiy¥aeM HepaBeHCTBA
N N

—OLEGn—i(P(Gn) —O‘EGn(P(Gn)'I"O‘ j (P(G) do —
n=2 oy )
——* 2 pJgj n—19P pJEJ n) =

AN N
o E :
> ——"= png, n@ (pJEJ. n) + j ¢ (0) do
bi = Oi N
13

Pj,5j,1



46 Taasa I

N3 KOTOPBIX BhITEKAaeT HEPaBEHCTBO

o s ¢ (0) do + (y — o — 0) Z 0n® (0,) 4
0 n=32
—|—62(0 _—-cp<on>)cp<on>+
N ) n=2
+ Zz Z 6]’ (Gn — pjg?,r n) ((P (Gn) —-—Q (pjgﬁ'\,r n)) +
NP 01
+ Z 261'(071 — 078 2) 9 (07, Eﬁ-‘,’n)<ocscr>(0)d0+%cpz(m)+

n=2 j==1 0

< [
+ Z [(V + Z aj)gn - agn-—l] @ (Gn)° (1)
Iaumnee, k
Z Z 8;(on — pJEJ n) @ (ps, &7 n) > ZC 8,9 (0585, %) +

n=2 j=1 J'
gN

-+ Z Z 0; ¥ p]%] n®P (pJEJ n) + E j‘ (o) do.

n=2 j=1

YunTeiBag 9T0 HepaBeHCTBO, moaydaem us (1)

N P P& n N
OLS‘(P(G)dO’—I—Z J—:i S\ (P(U)dU-F(Y—OC—@)EUn(P(Un)-I—
=1 7 n—2

N

8, V’ s S (o 1
+ p]%] n® (pJEJ n) + On ) ¢ (04) o (0n) 4

+ Z E 8; (00 — 0585 ) [® (00) — @ (0,85, 2) < j‘cp(o) do -+

n=2 j=1
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T (D) [ P

- Z En Z 859 (95&7, n)» (2)

3aMeTnM, 9TO B CIIY IPE/TION0KEeHUl OTHOCATEIHHO KOHCTAHT U (PYHK-
OUHU (¢ B IePBOM CJAaraeMoM 3TOr0 HePaBEHCTBA WIEHH IOJOKUTEJIbHBHL.
Bgenem o6o03HaUeHUSA

n;g (PZ (Gn) = 52’ 2 (P2 (pjgj, n) - f’?,

il )

Nmeem

u 2

‘Z [(’V"I"Z ) —OCCn—1](P(0'n)
ﬁ Z I 2 - O('Cn—i <
< ﬁ2L§Eq2"1x01<§%@—§ﬂ;—'f,
a, 3HAUYMT, "
N p
l nZZ [(V —’—J—*—Zl 6]’)Cn - agn—-i] % (Gn) I< Lé I Zo I ﬁ'

AHaJXOrn9IHO

N
| 3 @ (0585 0) IS Ls | 201 By

Us HepaBeHcTBa (2) BEITEKaeT Temeph, UTO

(hil__.) Eq) (crn)+2‘S mhi ’)Zcp (0585, n) <

1 5
<O°S(P(O')do"l‘%‘q)z(o'i)‘l“Lélxo‘ﬁ+L5lxolZ 6;B;,
0 j=1
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.2, 3HAYHUT,
P Y
b (B + 3 8BS Lolaol + Lol (B4 3] 0:8:)-

Ecanm Bce 8; paBHBI HYJII0, T0, KAK BIJHO U3 TOT0 HepaBeHCTBa, [} orpa-
Hn1eHo. Ecam 6; > 0, To umMeeT MecTO HepPaBeHCTBO BH[A

(ﬁ+j;1ﬁj)2< L8|x0|2+L9l$0| (ﬁ‘l—]:; ﬁj),

apuBoaANee K HEPaBEHCTBY

p -+ Zﬁz Lyl o],

sHauut, P 1 P; Mamopnpymfrca auHeiiHON ¢QyHKIUeN oT | xy |.

N3 mepaBeHCTBA 2 @2 (0,) << L2 | 2o |? caemyer, ato | @ (0,) | <<

< Lyo | 2o | mas J1106or0 n # uro lim ¢ (0,) = 0. llockoapry

n—>00

n—

zo=A"z, + ZA" b (0j—1)=A"xo+A"""bg (00) + ZA”" b (03),

=1 =t
TO
n—1
) n—j—1__ ¢
|20 | << Loy [ 20| + Lo q ¢ (0;) =
j=1
= Ly | x| + Lig™ ™ E 5 ¢ (0) <<
o q
J=1
n—i n—1
. 1 \/2 , 1/2 ,
<< Ly [ 2o | 4 Liog (Z _2]) ( ¢ (0)) ) < Lisizols
= 1 i=1
n—1
Hamee, lim ¢"~* Zii ¢ (0;) = 0. [leficrBuTensHO, BO3bMEM A, =
. n-—»co = q
| 1 ]
= q—’ ¢ (0;), Wn = et I0CIe[0BATeIBHOCTh [, MOHOTOHHO BO3-

i=1



§ 4 49

pacraer u lim p, = -+ 0o; K TOMYy 3Ke

n—>oo
: (o)
2@ (0n
lim 2ot =hn gy _ 1im 2% o,
n—»oo Mn—H —_— !J,n n—»oo—_— L 1 n—>»oo 1 ——q
qn qn—i
Ipnmersas memmy Illtonpna, momydaem  lim An = 0. CaemoBaTeab-

n—so Wn

HO, s JI060TO peIIeHMs CHCTEMBl HMEEM OKOHTIATeNIBHO |Zp | <<
< Liz |29 | m limz, = 0. Teopema morasaHa.
n-—»0o
2. PaccmMorpuM Temeph «HEABTOHOMHBIE» CHCTEMBI BHIA
— N
Tny1 = Ap%y + D@y (On), On = Caln

W YKayKeM OfIMH IIOIX0j K IpoGieMe, IPUBOAAIIUA TaKke B aBTOHOMHOM
caygae K pesyiabratam Ilomosa. B sroit Gomee ofmeit curyamum yre
HEeJXB35 IOJYYNTH YACTOTHEE YCIOBMs YCTOMYMBOCTH; YCJHOBHS YCTOH-
YMBOCTH BHIPA/KalOTCA B BHfe TpeGoBaHms, 9T00LI ompe/ielleHHLIe OIlepa-
TOPHL GBLIM HOJOKUTENBHBIMA, 9TO IPHBOTHUT K OECKOHETHOH IIOCTeNo-

BaTeJILHOCTH HepPaBeHCTB.

IMoraskeM, OMHAKO, YTO €CJW BHIOJIHAETCA JHUIIb KOHEYHOE YTMCIO
HepaBeHCTB, TO BCe-TAKHW MOYKHO IOJYIHUTH ONpEeNeeHHEIe ONEHKH A
pemennii. B paccMarpmBaeMoM HaMu Clydae BOCIIOJNIB3YeMCA IPe[e
BCero (GopMyJIoil Bapmanué mOCTOAHHHX. VmMeem

n
Ly = Xn, no¥ng _l— . 2 Xn,]'bj—iq)j—l (Gj—1)1 n = ny,

]=n0+1

n

* v % .

0, = cnxn, noxno + - Z Can, jbj_1q)j_1 (Gj—-i)’ n > ny,
I=ng -i-i A

I, KAk 1M paHbIIe,

% * '
0y = chn, ne¥ng "l“ chn, no+1bn0cpn0 (Gno) T
n—i

M X, b0 (o), n>np 42

j=n0+1

ITonaras

. % * -
Qn cn n, noxno _l— chn, no-anO(Pno (Gno 1
* 2 . —
kn,j:chn,j-Hij n>]+11 k]',j_o’

mojydaeM paBeHCTBO (CIpaBejiuBoe [JA JM000T0 pemeHMs paccMma-
TPUBAEMO CUCTEMEI)

Un:Cn‘l" . 2+1kn’j(Pj(0']'), n>/n0—}—1 (3)

J=ny

4 A. Xamanait, JI. Bexcaep
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Ha ¢yHKINE (; HAJIOKUM YCIOBUS
—ho? << ag; (o) < —hoa?, hy <oh,

BHENTHe OTJINYHBE OT MPUHSATHIX paHee; BUAOM3MEHEHWE, MPOAUKTOBAH-
HOe jKeJaHHeM BHIPAa3HTh YCIOBUS MHOJOKNTEIbHOCTH Oojiee mpocCTo,
COCTONT B OCHOBHOM B 3aMeHe b, Ha —b, W B mepeMeHe 3HaKa (QYyHK-

UH_ Qr.
BBGI_[eM TaKkXe OCHOBHO€ YyCJOBHUE HOJOXUTEeJbHOCTN

N n N
A ) 1 o
Fon, 5%+ 2> 0 (P)
n=ny+1 j=ne+1 n=ngy¥1
opu JOHX Ep 41, « « +y &
Beenem o6o3HaueHUSA
0= (0'7104_1, R 0pN); §: (§n0+17 oo oy ZN)a (é: (gno—l-iv o e vy gN)»

7]=K§a rpe 1N, = 2 kn,]'gh (Fg)nchn (En)a

ji=ng+1
= > Em
J=n0+1
B srux o00o03Ha4YeHHAX paBeHCTBO (3) 3amMINeTCA B BHUJIE

6 = ¢ + KFo, | (4)
TAK 4YTO

<Gv FG) - <§’ F0>+ (KFG7 F0>7

M C y4eTOM YCIOBHUI, HAJIOKEeHHBIX Ha QYHKUMH ¢,, IOJydaeM

N
. O , 1 \) 1, .
(0, Fo)= 0;¢; (0)) X — — ¢j (0;)) = — —(Fo, Fo).
hy hy
j=no+1 ]=n0+1
CienoBareabHO,
‘ (¢, Fo) +{KFo, Fo) - —(Fo, Fo)< 0.

| hy
Yaurnsasa ycaosue (Py), Haxoqum
(KFo, Fo) -+ —;L— (Fo, Fo)=
1
h — hy

1

(Fo, Fo) >

— (KFo, Fo) + %(Fo, Fo) +

h'—'hi

1

> (Fo, Fo).
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IToaTomy

h—M ps, Foy< — (¢, FOY< VIC, O VIFo, Fo),

hhi

a, 3HAYUT,
1 hh o [
(Fo, Fo)?<< —(, DV~
h— hy

IIpefnonoKUM Temeph, UTO IUHEHHAs CHCTeMa IePBOrO MpHOIMKe-
HUST DKCHOHeHMmambHO yeroiumsa. Torma | X, j+1 | << Leg" ™, ¢ <1,
=] n-n
m |k | S Lig™, | Gn | << Log® ™% |y, |, tae Ly m L, memocper-
CTBeHHO BEIpayRarorcst aepes Lo, g, ng, Ay, Sup | b, | m sup | ¢, | (mocae-
n n

noBareabHOCTH by, ¢, MPERIONaraloTCcsa OrpaHNICHHBIMI).
CiemoBarelbHO,
{20 1< Lo (g + hol bng L eng D1 #ny | +
Loquzkh1
(1— 7) (h — hy)

OIleHKA CIpaBeliamBa AIfA Ng << i <L N + 1.
3aMeTHM, U9TO MOJIyIeHHbe ONEHKN He 3aBHCAT oT V. Taxuy o6pasoM,
ecau (Py) BEmomHsercsa Aiia aioboro N, To pemenne r, OTPAHHIEHO.

sup | by | [, | = L3 | Zn, [;

(e 0]
Boaee Toro, mpu aToM pAL Z @2 (0,) ABIsETCA CXOAAMMMCS, a, 3HATNT,
lim ¢, (0,) = 0. Ha ocHoBaHuu JIeMMEL IMlToapma orcioga BEITE-
n—~—>00

kaer, yro lim =z, = 0.

M~>00

Urak, ycaosume (Py), ymoBierBopsiomieeca npu awbom N, BBICTY-
maeT Kak MOCTATOYHOE YCIOBHME a(COIIOTHOH yCTONIMBOCTH. ITocyioTpum
mostoMy, kak ycaosme (Py) MokHO BHIpasuth Goxee 9 (e KTUBHO.

sInpo k,,; ObuTO ompegeleHo TOJBKO [ 1 = j; ONPEJeNnM ero s
j > n coornomenuem k,,; = kj,,. loxyaum

N N N N
= > 2 kn, j.‘gjgn —_ kn ]EJETL =
n=ny+1 j=no+1 n=ny+1 j=n+1
N N N n
= Sk 8 — D D) e iGibn=
n=n,+1 j=ny+1 n=ng+1j=n
N N N J
j=n20+1 j=n20+1 R j=n20+1 n=n20+1 T RIEn
N N N n
- E kn, jgjgn — Z 2 kj, ngngj'
n=ny+1 j=ny+1 J=ny+1j=ny+1

4%
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IIpurumasi BO BHUMaHMe TOT PaKT, UTO AAPO fk,,; CAMMETPUIHO, HAXOXNM

N
n, n=— ? kn,iCi€ns
S Sant 3 S w
n=ngy+1j=ngy+1 n=ny+1 j=ng+1

n ycaosue (Py) mosker OBITH 3ammcaHoO B BHJE

N N N
2 2
Z 2 kn,]’%jgn +"E Z En>0

n= n0+1 j=n0—|-1 n=n0+1
Nin
N N
2 2 kn, ]E]En > Oa
n=ngy+1 j=ng+1
rge
K, ;= K =
n,j—#WFfn, j IIA n#]v j,j:'E-

IToryuennoe ycioBue IPeJCTaBIAeT 0060121 YCJIOBUE IIOJIOKUTENb-
HOCTH HEKOTOPOH KBaJpaTWIHOM (OpPMH M MO;KeT OHTH 3aIMCAHO C IIO-
mompbio N — n, HepaBeHCTB, IepPBoe u3 HOTOpLIX OYeBUTHO, BHIITOJ-
HeTCS:

2
Y
2
7,; kno—%—z, no+1
R
kno+2, 7'Lo+1 ——],;
2
7; kno+2, n0+1 oo kN, n0+1
e >0
| 2
kN, n0+1 'kN, n0+2 ¢ v %’

Hamaras RomOMHATeNbHbIE OTPAaHWICHMS HA (QYHKIUM ¢;, MOKHO
noJaydIurh OGonee Tomkme yciaoBma. llpegmomoskmm, gro ¢; (o) = ¢ (@),
rae ¢ — MOHOTOHHO yObBafomasa pyHkIus. Hak u B myHKTe 1, no.nyqaeM
(yuureiBasi, 9TO Temeph QYHKIUWA ¢ YyObIBalomas) HepaBeHCTBO BUIA

n On+1 no+1

D> orp(0p) > Z Ok +19P (Op+1) — S ¢ (o) do. + S ¢ (o) dox.

k=n0+1 h-—Tl-o 0
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IIycts B — omepartop, OIpefelAeMBd COOTHOUICHUAMHU
(BE), = —qEn-t + PEn, P >¢q, n =10 + 2, (BE)ne+1 = 0.
B cuny pasencta (4) Bo = B{ + BKFo n
(Bo, Fo) = (B¢, Fo) + (BKFo, Fo).

Ho
N
<BU, Fo)= 2 (pGn — qon—i) ¢ (Gn) —
n=n0+2
N N
=P 2 On®P (Gn) —4q 2 Op—1¢p (Gn) -
n=ngy+2 n=ny+2
N N—1
=p > 0.9(0n) —POryt1® (Ongt1) —¢ D 0nP(0ntg) <<
n=ng+1 n=nq+1
N N—1
<p E+1 0,® (Gn) _pano-i—lq) (Gn0+1) —(q 2+1 On+19 (Gn—f-l‘) +"
N==71o n=ny
o Tnog+1
ta{o@di—q | pl)du=
N On
=p—q 3 0.9(0,)+q ) ¢(@)da—
n=n0+1 0
0'TLo-f-i
— (P — Q) Cnt1Prort — G § ¢ (cx) do.
CiaemoBaTelbHO,

|
(Bt, Fo) 4+ (BKFo, Fo)y<—~ "h“q (Fo, Fo) —

1

Gn o1

—q j @ (a) doe — (P — ) Ongr1®P (Ongt1)-
0
Yecaosue (Py) 3aMeHseTCA yCIOBHEM

N n—i1 N
—_— )
Z E (Pkn, j — qkn—1, 5) EEn —I—B—h—g Z g >0, (Px)
n=ngq+1 j=neo+1 - n=ng+1

ceomsmumcs  (Py) mpu p = 1, ¢ = 0. Ono Toro xe tnma, dro u (Px),
W TaK;Ke OPHUBOJUTCA K CHCTeMe HEePaBeHCTB NIA AfApa ky,;.
Yeaosue (Py) Biieger 3a co0oif HepaBeHCTBO

(BKFo, FO‘)—I—B%—Q(FO', Fo)> 0,
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OpHUBOLANIEE B CBOJO oUepeab K HepaBEeHCTBAM

h—h,

(p—'Q) <F0’ F0><

1

On o1

< —(BE, Fo) —¢ j‘ ¢ (@) ot — (P — ) Ong+1® (Ong+1)-
0

IMomaras || & || = (&, §)Y/?, momydaeM HepaBeHCTBO BHMA

Bl Fo [P IBE Il Foll + 7.
Ho
(BO)p = — qln—14Dln, IIBLI<(p4 PNEI+a]Cnl;

{ MBI CHOBA TOXyJaeM MaKkopamTy ais || Fo || kax gyHKIuio oT || C1l.
KOoTOpas HCIOJIb3yeTcss TOYHO TaK jKe, KaK W BHIIIE.

B cayuae xorga sapo k,,; 3aBHCHT JHIIb OT Pa3HOCTH apryMeHTOR,
9TO MMEeT MeCTO ISl aBTOHOMHHIX cmcteM, yciosus (Py) u (PN) MosxHO
BLIPA3WTH TACTOTHHM 06pasoM; OHM IPeBPAMIAIOTCS B TaCTHLIE CIydanl
YyaCTOTHHIX yeaoBuil myHKTa 1

Oycrs  ky,; = kh—j, no = 0. Iloxoxum EN =, gma n<N,

: n—1
Y —0 g n>N, n¥ =2 KM_E mmm 1<a<N, o=

j=1
n

AY'
S.z E,_;&; naa n>=N + 1. Torna N =

j=1 J

n>=1. 00 N
Monomum mamee k% = 0 mua n < 0; moayamMm 1), = Mook ;&5 -
=1

N
k% ;& nmna Beex

L)

3magur, B 0003HAUYEHUAX

o9}
~

BR(o)y= > ke,

n==1
~S & .
N (0) = 2171171’6‘”‘”,
n=

V()= D &’

n==1
OymeM HMeThb

T (0) = (0) T ().
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C mpyro# CTOpPOHBI,

o0

E E B, — E ey — 515 S Re® &) do =

n==1 j=—1 n=1

_ 1 s Re ¥ (0) | Y (0) Pdo.
27 J

2 N Nz__iJE N 2
;Z &= Z(En) = Jﬂ |87 (0) " do.

Nrak, ycaosue (Py) 3ammcriBaercsi B BUJe

a
1

2
—J

/

(% + Re &’ (w)) 1T (0) Pdo >0

1 ~
M OKBHBAJEHTHO YACTOTHOMY YCIOBHMIO - + Re k° (0) >0 pasa

—n < 0 < n. Hockoawbry kj = c*A"~'b, 10, KaK M3BECTHO, T (0) =
= c* (e"i0E — A)71b.

[Toayduernoe ycroBHme (QaKTUIECKH IPeCTaBIIsIeT co00il YaCTHHIA
caydaii ycimoBus IyHKTa 1: HamoMHHM, 4TO C y4eTOM YCJIOBUH, HAJO-
JKeHHBIX HA ¢, MBI JOJKHBI 3aMeHuts b mHa (—D).

AmanmoruyesM o6pasom ycaosme (Py) sKBUBAJEHTHO YCIOBHIO

B_‘—Z—_q__!_ Re%' (0) >0, o€[—m,xl,

rae
k. = pky —gkh—y mam n>1.
Ho
Flo)= 3 (oK) —ght-s) €™ = —ge'") K (0),
n=1
tak 9T0 (PJ)) PKBMBAaJeHTHO YCIIOBHIO

~

P Re(p =) B (@) >0,

ABNAOMEMYCST YACTHEIM ciydaeM ycIoBus mymkra 1 (6; = 0).
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IIpuaomenue

YCTONYUBOCTh NUCKPETHBIX CHCTEM
CO CIYYANHBIMU IMAPAMETPAMU

~

§ 1. HekoTopsie NOHATHA TEOpPHH BepOATHOCTEH

IIycrs {Q, K, P} — BepoATHOCTHOE HPOCTPAHCTBO; {2 — 2TO HEKO-
. Topoe MHoO;KecTBo, K — Gopesesckoe Teno (c-anrebpa) IOIMHOKECTB
MHO;KecTBa 2, P — HerkoTopas BeposATHOCTHasA Mepa Ha
Ima cymmupyeMoit caydaiitnoit BenwdumHBI 2 (®) IOJaraeM

Ex= S z (0) P (do).
Q
IIyers £ < K — 6Gopenesckoe moxgresio Tena K m x (o) — cyMMHDYe-
Mas ciaydaiiHas BeawuumHa. HaszoBeM Ycao08HBMN Mamemamuieckum O0x4CU-
daHuem CIyIdaHON BEeJIWIMHBI X OTHOCHUTEIBHO & BCAKYI0O H3MEpUMYIO
OTHOCHUTEIBHO & CIYyYaliHyI0 BeJIWYUHY 3, 00Jagaioliyio CBOMCTBOM

| _gw)’f:_(dm) — {2(0) P(do) pna moboro A€ .F.

I3 rteopemnr Pamona — Ilmkogmma caenyer cymecTBOBaHME U ©IUH-
CTBEHHOCTH z (C TOYHOCTBIO /[0 SKBHUBajeHTHoCTH). BBemem oGozmHadenme
z=FElz | #]. Bem z;(w), i=1,2, ..., n,— caydaiiuble BeJu-
IUHBI, a % o — HauUMeHbIee TeJl0, OTHOCHUTEJIHHO KOTOPOTO BCe OQHH
W3MePUMBI, TO IHIIEM :

Elx | Fol =Elzx |z, 23, - . -, 23l

BocmonbsyeMcsa ciaeqyoIuMyd CBOWCTBAMHM YCJIOBHOTO MaTeMaTH-
decKoro OoKumaHus [26]:

1) EE [z | #] = Ex.

2) Eloax + By | 1 = aE [z | #] + PE ly | #] mouru Bciony B Q
IIA JIO0BIX MeACTBUTENBHEX o, P

3) Ecam cayuallHas BeJWYHMHA Yy H3MepuMa OTHOCHUTeJIbHO %, TO
E lzy | #]1 = yE [z | #] mouru Bciony B Q

4) Ecim z(0) <y (w) mourm sciony B R, 1m0 Elz | F1<
< E ly | #] nouru Beogy B Q.

5) Ecrm Foc Fi < K, 10 ElE [z | Fil | Fal =E x| 7.l
MOYTH BCIOAYy B €2

Cayuaiinbie BelIWIWMHH Z3 (®), A € A, Ha3BIBAIOTCA HE3AEUCUMbIMUL,
ecim JUis JMI060r0 KOHEYHOr0 MHOKECTBA WHIEKCOB Ag, Ag, . . ., An
7 1106070 KOHEYHOTO MHOKECTBA MeHCTBUTEIbHBIX INCEI Oy, Oy, « + ., Oy

mMeeT MeCTO COoTHOIeHnme

P{o; zp; (o) <oy, i=1, 2, ..., n}= ﬁ P{w; 1, (0) <oy}

i=1
5
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JlBa cemeiicTBa CTyIaliHBIX BeJIUIUH X), (0)) AMEA ny, (o), p € M,
Ha3bIBAIOTCA HE3a8UCUMBIML MKy Co00i#, eclIum HUMeeT MeCTO COOTHO-

meHue
n m

(ﬂ N {03, T; (0) <oy, yu (®)<51})"‘

1—41—4

—p (Di {0 23, (0) <o} )P (Jn {0; yu, (0) <Bs})

mag mobex A; € Ay puj € M 7 m100BIX MeHCTBUTeNBHBIX o, Pj, i =
=1,...,n j=1, ... m, rie n, m — IPON3BOJbHbE HATYypaIb-
HbIe YUCJIA. _

OTMeTnM cieqyioilye CBOMCTBA HE3aBUCUMBIX CHYYalHBIX BEJIUIWH
[40], [261, [71]:

1) Ecam caywaiiabie Bexwaussl z), (©), A € A, HezaBuCUMBE U QyHK-
mm f: R' >R, g: R° —-R I/ISMepI/IMBI no bopexio, 10 cnyqaﬁﬂme
seananue [ (73, (), Ta, (©); «« oy 22, (@), 8 (@uy (0), Zyu, (0),
ey Tp (®)) HezaBHCHMH, KaKOBH OBl HIU 651.111/1 A €A, u; €A, ?» #

= W; HU 104 KaKuX i, j.

2) Ecau cnydaiinbie BeIWUYUHB £ M J HE3aBUCUMBI W CYMMHUPYeMHI,
ro Exy = ExzEy.

3) Ecam cayuaiiHas BenMwInHA £ HE 3aBUCHUT OT CHYIalHBIX BeIHINH
z;, i =1, ..., n, 10 E[xlxi,...,xn]—Ex.

HOCJIGI[OB&TGJIBHOCTB CAYYAMHBIX BeJAWINH (Z,)ncy HABBIBACTCA ROAY-
MAPMUH2QA0M, €CIH [Jisg JI000T0 n uMeeT MeCTO COOTHONIeHHE
Elzpy1 ) 21, . ., 2] = 2, mourm Besfe.

ITocnemoBareabuoCTh (%,)ney CHAYYAUHBIX IIEPEMEHHBIX HABHIBAETCSH
CYNepMapmMuHeaioMm, €CIH HOCIeOBATEIBHOCTh (—Zn)pecy HPEACTaB-
aser coboii mosyMapTHHTA.

Ham momamoGsrTcst ciemyiolime TeopeMbl o moidymapruuraiax [20]:

1) Ecau (z,)pe y — HTONYyMapTHHTAJ H sup E |z, | << oo, 10 (Zn)nen

CXOQUTCA TOYTH HaBepHOe K CIydaiiHON BeaTaIHe Zg.
2) Ecan (Zp)ney — TOTYMAapTUHTAJN, TO AIA MOOHX A € R, n > 1
AMeeT MeCTO HepaBeHCTBO
AP {w; min z;(0)<<A} > Exy —E|x,|.

1<j<n

§ 2. Tnobpl yCTOHYMBOCTH JHCKPETHBIX CHCTEM
€O cayyaiiHbBIMH mapaMeTpaMH

IIycrs R' — peiicTBurenbHOEe [-MepHOEe €BKINLOBO IPOCTPAHCTBO,
X — COBOKVIIHOCTH [-MeDHBIX CAYIaWHBIX BeKTOpoB, LP, 1 << p < 00,—
COBOKYIIHOCTH [-MEDHBIX CIyYailHBIX BEKTOPOB C CYMMHDYeMOH p-il cTe-
IIeHBIO,

2]y = (é |z (0)|PP (do))'?,  z€L?,
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[~ — COBOKYIHOCTH [-MEpHHIX CIyYailHBIX CYIIEeCTBEHHO OIDAHMIEHHBIX
BEKTOpPOB H
|zllo= inf  sup [z(0)], €L
AEK, P(A)=0 0 ECA

O6osmaunym gepes S (M) map B L~ paguyca M ¢ meHrpom B Hadale
KoopauHAT, Tak aro ecau z € S (M), o | z (0) | << M mouri BCIOAY B Q.

Iyers fr: R X Q —> R' — mocienoBaTeIbHOCTH (QYHKIMI, Hempe-
PHIBHBIX II0 IIepeMeHHOl Z € R'! gaa mwo6oro o € 2 W M3MEPUMEIX IO

o € Q mus aoboro x € R,
PaccMOTpUM [MCKDETHYI CHCTEMY €O CIydafiHBIME HapaMerpaMmu

Tttt = fn (Tn, ®), =1, o€ (1)

Ecan pyarius z; (0) nusMepuma, To AIA A1000T0 7 BEKTOPH x, (©),
ompenessiembie cucremoii (I), 6yayT cayIadlHBIME BEKTOPaMH. s mro06b1x
no € N m zo € X cucrema (I) momycraer eamHCTBEHHOE (c TOYHOCTHIO
0 DKBMBAJEHTHOCTH) peIleHme, IS KOTOPOTO Zn, = Zo; 0003HATAM
9TO0 pemieHme uepes & (ny, Zo, ®). B mauapueitmem OymeM mpefmojaraTh
fo (0, ® =0 pmag Bcex n =1, o€ Q. Torma mnociego0BaTelbHOCTD
z, (0) =0, n>1, Oymer pemeHHeM CHCTEMEI (D).

[Iycts A4 — HekoTopoe MHOKeCTBO B X.

1) Hymesoe pemenne cuctems! (I) HazbBaeTcs ycmoliuugbly 10 6poam-
HoCIU OmHOCUmeabto A, ecau mas mobex & >0, 1 >0, nEN cyme-
cTeyer Takoe & >0, uto ecan zo € A u P {o; |z (0) | = 8} <8,
o P {o; |z, (no, o; ®) | >n} << & pas awboro n = ny.

2) Hymnesoe pememme cucreMbl (I) HasHBAeTCH CUALHO YCTMOUNUSHLM
RO 6ePOAMMOCIIU OMHOCUMELbHO A, eCTu Iis JNIO00HX & >0, 1 >0,
no € N cymectsyer Taxoe 8 > 0, uro ecin zo € A4 u P {0; |2y (0) | >
=8} <8, 7o P {w; sup |z, (g, o ©)|>n}<e.

nznop

3) Hymesoe pemenme cumcremsr (I) masmiBaercs ycmouuusvim 6 LY,
1 < p < o0, omHocumeavho A, €CAH I ao0eix € >0, ng €N
cymecrByer Ttakoe 8 >0, uro ecam zo € ANL' 1 ||z [lp < d, To
| n (Rg, To, ©) ||p << & AIA R = Ry

4) Hymesoe pemmerne cuctembl (I) HasbiBaeTCsA COOTBETCTBEHHO pas-
HOMEDHO  YCTOUNUBHIM NO 6ePOAMHOCMU, DABHOMEPHO CUABIO ycmoti-
yuELM MO 6ePOAMHOCMU, DPAGHOMEPHO YCMOUUUEHM 6 L?, 1 < p < oo,
ommuocumeavro &, ecaun B ompefenenusx 1), 2), 3) & He saBUCHT OT Ry.

5) .Hymnesoe pemenue cucrembl (I) HaspBaeTcsa npumsazusaroujum
noumu HaeepHoe OMHOCUMeAbHo H, ecam lim  z, (ng, xo; ®) =0

n—>0oo
mouTH BCIOLY B Q mas dwoleix ny € N, 2o € A.
6) Hymesoe pemenue cmcTeMbl (l) HasbiBaeTCca npumszusaoujum
no eepoammocmu ommuocumeavko A, ecam lim p x, (ng, xo; w) =0

- N—>oo

IS T06HX ng € N, xo € A, rie depes limp 00603Ha9eH Ipefiesr IO Be-

n—>00

‘POATHOCTH.
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7) Hynesoe pemenne cmctembl (1) HasbiBaeTcs npumazusaroujum
e L', 1 < p < oo, omnocumeavho A, ecam lim ||z, (ng, xo; ©) ||p =

n—>00
— 0 st 068X ng € N, 29 € A L".

8) Hymesoe pemenne cucrembl (I) Ha3HIBAETCA ACUMRIMOMUNECKU
YCmOUUGHM O 6ePOAMHOCI OMHOCUMENLHO o, eClH OHO yCTOMINBO
¥ TPATATUBA0IE IO BEPOATHOCTH OTHOCUTETHHO A .

9) HyneBoe pemieHne CHCTEMEl HA3BBACTCA (ACUMNIMOMUUECKU ycmoti-
wusen 6 Lr, 1 < p << oo, omiocumenavio A, eciu OHO yCTOMYMBO U IIpU-
raTuBaome B LY oTHocuTeIbHO A .

10) HymeBoe pemeHne HA3HBAGTCS PAGHOMEPHO ACUMRIMOMUNECKU
YCmotiuuebM 6 cpeOHeM KeadpamuLHOM OMHOCUMeAbHO A, ecau 0HO paBHO-
MepHO ycroiiumBo B L? OTHOCHTEIBHO A 7 ecam CyHmeCcTBYIOT TaKoe
8,>0 u Taroe ne, € N, aro mas amoboro e>0 us || 2o [l < 8, caemyer
| Zn (1o, To; @) |l2 << & masa moboro n = ng -+ n (e).

Meskny OIpeneleHHBIMH BEIIIe IOHATHAMYI YCTOHUYMBOCTH MMEIOT
MeCTO cjemyioniye COOTHOIICHUS:

a) W3 cunbHOll yCTOHIMBOCTH IO BEPOATHOCTH OTHOCHTEILHO A cie-
AyeT YCTOMYMBOCTH II0 BEPOATHOCTH OTHOCHUTEIHHO H .

6) Ecam myneBoe pemieHme ABISETCA NPUTATUBAOIMMUM B L* orHO-
CHTeNbHO A, To OHO mpursArmBaiome B L' orHocurenbHo o£. ITOT daKT
HeMeJIeHHO cienyeT m3 HepaBeHCTBA || 2 [[1 << [ 2 |-

B) Eciu HyneBoe pemieHme ABJIAETCA HTPUTATUBAIOMMUM B L?, 1 <
< p << 00, OTHOCHUTEILHO 4, TO OHO HPUTATUBAIINE IO BEPOATHOCTH
OTHOCHUTEJIBHO A . .

r) Ecnm myneBoe penienme ABIAETCS MPUTATHBAIOMUM HOYTH HABOP-
HOe OTHOCHTEIbHO £, TO OHO MPHUTATWBAIINE 10 BepOATHOCTH OTHO-
curenbHO A . P

n) Ecaim o4 — MHOKeCTBO IIOYTH BCIOAY TIOCTOSHHBIX BEKTOPOB,
10 m3 yeroiumsoctu B LP, 1 <{ p << 0o, OTHOCHUTEIBHO A ciaemyert
yCTORYMBOCTE II0 BepOATHOCTH OTHOCUTENbHO 4. (Ilpm porasaTelnbCTBe
MCIOJB3YeTCSA TO, UTO W3 PABEHCTBA o (©®) = Zo IOUTH BCIOAY CIeNyer,
aro || 2o (0) [lw < | 20 | = [ @0 (©) llp = |20 (o) [l < 1170 (0) [l
p>1, m ms mepasemctBa P {o; |z () | > 8} << & camemyer, YTO
| 2o | <.

§ 3. Merony ¢yurmuii JIanynoBa

T OMCKPETHBIX CHCTeM €O CAyJalHBIMI IapaMeTpaMy MeTo[| PyHK-
uuit JIAmyHOBa TecHO CBs3aH C TeOpUeHd CYyIepMapTHHIAJOB. Taxas
CBSI3h CTAHOBUTCS BIOJHE IOHATHON, e€cJu y4YecTh, YTO B [eTepMUHU-
pOBAHHOM CJydae OJHMM U3 CYIeCTBeHHBIX yCJIOBUHI sABIsieTcs Tpedo-
papme, 4TOOH (QyHKuua JlgmyHoBa yOBIBaja BIOND pelieHnit, M 9TO
[eTePMIHUICTCKUM AHAJIOTOM CYNepMapTHHIAJIOB HABJAIOTCA MOHOTOHHO
yOBIBaroImue I0CJIef0BaTeIbHOCT.

N nest ncmonb3oBaHusa CyIepMapTHHTAIOB /LA UCCIeTOBAHUA TUCKPET-
HBIX CHCTEeM €O CIyYaiHBIMKA IlapaMeTpaMu HIpUHAIJIeKHAT Briocu [9]

-
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(cm. rarsxe [53]). B pampmeiimmem a (1), b (1), ¢ (r) — dyHRmum ¢ Temu
ke CBOMCTBAMH, YTO U B TEOPHUH YCTOMUIMBOCTH I JeTePMUHUPOBAHHKIX
cucreM, a V, — HeunpepwBHHE PyHKIuI Ha R’ co sHadeHuAME B [0, oo)

Vv, (0) = 0. ’

Teopema 1. Ecava(|lz )<V, ()< b(|2|), n €N, z € R,
lim a(r) = oo u

E [Vn-H (xn—l-i (n’Ov Lo, (l))) l Vn (xn (n07 Lo, (0)’ ° .0y Vn(; (xO ((,0))] <
< Vi (25 (R0, 203 ©)) — 7 (2, (R0, %o @)

npu n = ngy, xo € A, EV, (29 (0)) << oo, 20e y — nenpeprvishas Pyrk-
yua, v (0)=0, v () > 0 npu z 5= 0, mo nyaesoe pewenue cucmemwv. (I)
ABAAEMCA NPUMALUBAIOUUM NOUMU HABEPHOE OMHOCUMEAbHO .

HoxasateansctrBo. Ilycrs 3z, (0) =V, (z, (ny, To; 0)).
Ilpuseennoe B TeopeMe HEPABEHCTBO MOKA3HBALT, UTO (Z,),>n, ABIACTCA
cyunepmMaprurragom. Tax kak Ez, (o) << EV,, (z (0)) << co upu mobom
n Z= ng, TO IO TeopeMe O CXOAWMOCTH IOJYMapPTUHTAJIOB CYIIECTBYIOT
tTakne z (0) m A € Q, P (4A) = 1, uro z, (0) = z (0) gus a060r0 © € A.
Umeem

Ezn+1 < Ezn - EV (xn (n07 205 03))7 n > ny.

3HAUNUT,

. D (Bzipy —Ez) < — . 2 By (i (no, 267 @)

i=nyg i=n,

CaemoBaTeanbHO,

. 2 EV (xi (n07 Zo5 (’))) <Ezno —Ezn—l-i <Ezno< 0.

=Ny
Taxkum obGpasom,

2 Ev (i (no, Zo; ) << oo

i:no

lim Evy (z, (ny, o ®)) =0,

n—> 0o

OTKY/A

limp y (2, (o, Zo; ©)) = 0.

n—> 00

CormacHo Teopeme Pucca, cymecTByeT Takas IHORIOCAETOBATEIbHOCTH
HATypalbHBIX 4YmceJ n; W Takoe MHOMKectBo B < Q, P (B) = 1, 4ro

lim y (z,, (ry, zo; ®)) =0, o€EB.

i—> 00
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Ipegmonoxum, d9ro cymecrtsyer Takoe w, € A (B, 4ro z (wo) > 0.
N3 mepasencrBa  z,, (©) << b (] Zn, (R0, Zo; ®)[)  BHTEKaer, 9TO

lim |z, (ro, zo; ®) | = b7 (2 (0y)) > 0. CaemoBaTensro, y mociefo-
BaTeJIbHOCTH 7; HAHWIETCs TaKas MOAIOCIeSOBATEIBHOCTh (KOTOPYIO
MBI 0003HATIUM HO-TIPERHEMY gepes n;), s KOTOpOH
lim T, (ro, x93 ©) = x4, z € RY, zy %= 0. Ho Y (x1) >0,
1—>00

n lim (xnl,(no, Zo; ®)) = 0. Mer mpumiu & mporusopeumio. CiemoBa-

i~—>00
TenbHO, z () = 0 mourm Beiopy. Vs mepasemctBa | 1, (ng, Zo; ©) | <
< a™'(z, (0)) caemyer, aro lim z, (n,, zo; ®) = 0 mourm Bcroxy.
71—>00
Teopema 2. Ecauw a(|z|) <V, (x), n€N, zE€ER' u
EVit1 (Zn41 (R0, 205 0)) < EV, (2, (no, 2o; ®))

Oas a0bur n == ny, xo €S (M), mo nyaesoe peuwernue cucmembl Ycmoti-
uu6o no eeposmmuocmu omuocumesvro S (M).

Horasaremnbcrro. Ilycrs z, € S (M). 3 upusenennoro
B TeoOpeMe HepaBeHCTBA CIeAyeT, 9TO B TeX ;Ke 0003HAUeHUAX, UTO U BhHI-
ue, £z, (0) < EV,, (zo (0)) a1 n > ny. Tax Kar QpyHrmus V,, Hempe-
peBHA, V, (0) =0, V, (2) >0 pgua x50, 1o cymecrsyer Takas
HeTpepeBHAs Bospacraomasg QyHKnus b, (r), aro V,, () < by, (| = |)
s awoboro z, smEaumr, Kz, (o) << Eb,, (| 2o (0)]). Hycrs & >0,
N >0 § > 0 TakoBH, 4T0

by, (M) 8 + by, ()
a(n)
Ap = {o; [z, (1o, 205 ©) | >n)}.
Ecau P (4) << §, 1o

Eby (| 2y (o) l)=§ b, (|20 (0) ) P (do) *{-CSA b, (1 2o (0) ) P (do) <

< bng (M) P(A) + by, (6) < by (M) 8 4 by, (6).

<&,  A={o; |z (0)]| >0},

Nmeem

P(A)am) < § 2, (0) P (do) < Ez, (0) < by, (M) 8 + by, (6),

sHauur, P (A4,) << e, u Teopema foKasaHa.
IIpuBeniennoe BhIIe OKA3aTENHCTBO MOKABHBAET, UTO eCIM [[OTIOJ-
HarensHo V, () << b (| z |), To ycroiiumBocTs -paBHOMEpHA.

Teopema 3. Ecav a(|z ) <V, (2), n€N, z€ R, u nocae-
dosamenvrocmo V, (z, (ny, zo; ©)), n = n,, seisemca cynepmapmum-
eanom Oas aw6ozo xy €S (M), mo nyaesoe peuwenue cucmemvi cUALHO
yemotiuuso no eepoammocmu omuocumesvio S (M).
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oxaszarteabcTso. Iyers zo €S (M). B rmex sxe obo3Ha-
venusnx (2, (®))p>n, ABIAETCA CYyIepPMapTUHIATIOM, sHagnT, Ez, (0) <
< EV,, (2o (0)) poma n == no. lax 1 BHIIe, Vo, (2) < by, (1 2 |). Hyers
e >0, n>0ud>0 TaxkoBs, 9TO

bno(M)6+b7lo(6)<f_, A:{(D, ]xo(co)|>6}, ,
a(n) 2 |
B ={o; s;1p | 2, (Mg, Zo5 ®) ] >n}={w; Sl>1P a (| z, (Rg, Zo; ©)]) > a(n)}-

Ecmu P (4) < §, To
EV,, (20 (0) < Eby, (120 (0) 1) (bng (M) 6 4 bn, (9)):
Tak Kag TOCTEI0BATEIBHOCTD (Zp)p>n, — CyNepMapTHHIAT, TO

a() P (S,) < EV, (2(0)) + E |2, (0) |, Sp={0; max z, (0) > am)}-

ITocIeT0BaTeIBHOCTh MHOKECTB O, PACHUPSOMASACH. IIycrs S =

— lim S, = U S,. B cury mocienrero HepaBeHCTBA d (n) P (S) <
N0 n=mn,

2Eb,, (| zo (w)]). Tax rax B < S, m0a(n P (B)<2Ib,, (M)6 +

b,, (0)], a, sHauur, P (B) < &, m TeopeMa [[0Ka3aHA.

113 fokasaTeancTBA CJIegyer, 4ro eCad TOIOJHHUTETIHHO V, (x) <
(] z]), TO yCTOHIMBOCTH SBJIACTCS paBHOMEPHOM. -

b
Teopema 4 Ecau
EV, i1 (2n+1 (R0 To; w) < EV, (2 (R0, Zos ®)) —
- EC( |$n (n07 Zos (’)) I )

das n>=ng, xo€ A, EVy, (o (0)) << 00, MmO HYAEE0€ PEUEHUE
q8a8€MeA NPUMARUBAIOWSUM- O, HASEPHOE OMHOCUMELLHO AN {r € X;

EV,, (z (0)) << ®}.

MoxasaTeabCTBO. W3 mpenmoio;KeHHss TEOpPeMHl CJelyerT,
uyTo B Tex jke 0003HAYEHUAX, YTO U BHIIIE,

n—i n—1

i=n 1=n

3HaUNT, ’ ’
n—1

S Ec (| ; (o, %o; o)) < Ezp, (0) — Ez, (0) < Ez,, (0) << co.

i=no

oo
CaemoBaTeIbHO, PANT M Ec (| z; (no, Zo; ®)|) cxomurca. Ilo gemme
'l::no

dary pax M oe (] z; (roy %o ®)|) cxopmuTcs HOYTH BCIOAY. Cae-
i «

:no
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moBareabno, lim ¢ (] z, (ng, xo; ®) |) = 0 moutTm Bclomy, OTKyna

Nn—>00
lim |z, (ng, zo; ®) | = 0 mourm Bciomy. Teopema HokasaHa.
n—>oo
Teopewma 5. Ecau 6 donoanenue k ycaosusam npedvldyujeii meo-
pemir B |z |P <V, () <<b(|2]), B>1, p>1, mo nyaesoe pewwernue
ABAAEMCA NPUMAUBAIOWUM ROYMU Haseproe u 6 L' omuocumenvro

A N{z€X; Eb(z(0)])<< oo}

Iloxaszarexascrtso. Hav Hago morkasaTh auiub, 4YTO HYJIEBOE
pemenue sBisercsa mputarupaiomum B.L'. Ilo mpexmomosxenuio mocie-
nosarenbHocTh Kz, (©) yObBamoomasn.

W3 BepaBeHCTBA

1
Elz, (n07 Zo; (')) ’p<~EZn ((0)’ n = ny,

clemyer, 4TO

1 .
sup E |z, (ny, zo; ®) lp <_B—Eb (I 2 (o) ) << o0.

nz=ny

Taxk kax p>1 u lim |z, (ry, 2o; ®) | =0, To moutm BcrOAY

T—>»00

lim [z, (o, Zo; @) |ly = 0.

n—> 00

Teopema morazana.

Teopewma 6. Ecau ¢ ycaosusx meopemnt 4 ¢ A = S (M) umeem
donoanumenvro a (| z |) < V, (x), mo Hyaesoe pewenue asasemes acumn-
MOMUuUecKU YCmouuugem no eeposmruocmu,, omuocumesvro S (M).

-

IlokasareabcTBoO.ITO HeMe/ITeHHO cJaemyer u3 Teopem 2 u 4.
Teopema 7.Ecva |z P<V, () <P |z 2 a>0p>0,u
EVini1 (a1 (no, 205 0) < BV, (4 (o, %03 )
npu n z=ny, o € L% |z |ls < H,

mo Hy.aegoe peureHue pasHoMmepHo ycmotiuuso 6 L? ommocumeabro wapa
Nzl << H.

HorxaszareancrTBo. Ilycte ¢ >0, §(e) = V%e,
| zo (@) [|2 << 6% (¢). Torna

|z, (n07 X5 (‘)) ”g < EV, ('fn (n07 ZLo; (’3)) <

1

-

<LlEv, (@) <Pin@iE<l #e=2-
(04 04 o
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Teopema 8. Ecau 6 ycarosuar npedudyyeti meopemsl. JONOAHU~
MeAbHO

EVn-H (xn-l-i (n07 Los (0)) EV (.Z'n (nO’ Lo, (D)) -
— VE |z, (o, 205 ©) B, ¥>0, |l (0) |l <H,

mo nyaeeoe peurenue cucmemvt (1) sasasemca pasromepro acumnmomuries
CKU ycmoliuugim 6 cpednem KeadpamuieckoMm.

NokasaTexhbcTso. Illycrs

2
6 '
n@>L0% a0 <ty 8=V

yoe

Cymec'rByeT Takoe ny << Ny << ng + n (&), 90 || Tn, (ng, zo; ®) |2 <<

V e. OTcioma, Kak W BHIIe, clIexyeT, 4To || Zn (ng, xo; ) || << &

opu n > n4, 3EAYAT, TeM Goiee mpu n == ng + n (&). Ecau gus g1060ro0

o
ne < n << ng+ n(e) M umenu OH || 2, (ng, Zo; ®) |l2 = 5 €, TO
W3 IpUBENeHHOro B TeopeMe HePaBEHCTBA CIeJ0BaJO0 OBI, 9TO

notn(e) no+n(e)

E(Zn—l-i—'zn)é—v Z Elxn(nm Zos (’J)IZ:‘—“

n=ny n=n,

no+ n(s)

a
= —7 | (05 Zo3 w)ll§<—-n(e)YB—8,

OTKY/Za

Ezppinerts < EVM(xo(w))—n(e)v%ez 550—n(8)68<0

qT0 HEBO3MOMHO.

Il puwme pH. a) PaccmoTpuMm CUCTEMY

In+1 = OnZp + Bnyn’

. 11
Yn+1 = Ynon -+ 6nyn’ ( )

T7e Cn, Pn, Vn, 8, — He3aBMCUMbIE CIyYaiHbe BEeJUIUHSL, A KOTODBIX
E (0tpPn—+vndn) = 0. llycrs A — MHOJKECTBO [BYMEpHBIX BEKTOPOB

zy (®
( OE ))) 06IafalomyEX TeM CBOHCTBOM, 9YTO CIyYalHHE BOIUTHHH
Yo (@

zo (0), Yo(©), 0p (®), Pn(©)) Vn (0), 8, (0) HesaBmcmmul. Ilycrs

it
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V(z, y) = 2% + y?. Umeem

E[xiﬂ + y?1+1 | Z15 Y1y oo s Tny Ynl =
inE[“i +’Y31|$1a Yty « =+ Tny Ynl +
+ YR E[BS + 62120 Yo + - s Ty Ynl +
+ 22,y E [0nBr + Y000 2y, -+ oy 20, Yl
Ecnm E (o + Bn) <1, E (fa 4 62) < 1, 1o
E[xiﬂ -+ y?z—l—i [ Z1, Yiy « v 0 Ty Ynl <xi -+ y?n
3BHAYHUT,
E1V (Zpt1s Ynt) [ V(Z, 40)s -5 V(Zn, Yn)l=
= E[E[Zh1 + Yntt| 26 Yo -+ s Zos Yul 1V (@05 90) -0 V@0, y)] <
< E[Zh + ¥l V@, 90, o os V(@ y)1=V (20, ¥n),

1, COTJIAaCHO TeopeMe 3, HyJeBoe pellleHNe CHCTeMBl fABIAETCS CHJIBHO
pAaBHOMEpPHO YCTOWUYMBBHIM II0 BEPOATHOCTH OTHOCUTENBbHO 4 (S (M),
a U3 TEOpeMbl 7 cieyeT paBHOMepHAas yCTOMYMBOCTH B L, OTHOCUTENIHHO
A N L2

0) Paccmorpum cucremy

Ln41=—ApTp + ﬁnyn’

1 — 22
n = YnZn (‘Sn_'_'——E ns
Yn+1 Y + 1—[—xiy

Tae %y, PBns VYn, On, o Te sxe, uro u B a). IIpeanonoxuM momosHUTEIHHO,
uro E (a + y2) << 1/2, E (B + 67) < 1/2, ES), = o >0, Ea,p, = 0,
Ev,6, = 0. BeibpaB V Tak ke, Kak W B IIpuMepe a), IOJIYIUM

E[Vn—H (xn—Hv yn+1) l V(xiv yl)v MRS V(xm yn)] <
xéyz/
<V (2p, yp) — ho —222 = — 25, — i,
(o ) TR 2y ’

ITo Teopeme 1 myleBoe pellieHWe SBIAETCS HPUTATMBAIONUM IIOYTH
HAaBEePHOE OTHOCUTENBHO 4.

BUBJINOTPAONYECKUE 3AMEYAHNA

OO6mue cBefeHNs O MUCKPETHHIX CUCTeMaX, B YaCTHOCTH O JUHEIHLIX CHCTeMax
¢ MOCTOSAHHBIMHE K0d(PuIIeaTaMu, MOKHO HANTH B [24], [25]; u3 auteparypnl Hocies-
HuX Jer yRaskeM [8], {41], [5]. Buepsoie pynKnusa JIanyHoBa B TeOPUHA YyCTOMYMBOCTH
IMCKPeTHRIX cHcTeM OBljIa mcmosib3oBaHa B paborax [27], [42]. Hpemnoxennsa 2 n 3
n3 § 3 moayuens B [32]. Pe3yabraTsl 370l paboThH 6L 0600IMeHE B YTOYHeHBI [] paii-
BepoM [21]. B m3no;xennu Upemsioskenus 4 M3 § 3 ® HpHEMepOB MHI ciemoBaian [39].
OTHOCUTEJIBHO JPYILUX Pe3yJabTaTOB TEOPH! YCTOMUMBOCTH IHUCKPETHLHIX CHCTEM
cm. [10], [70], [58], [44], [72], [86], [87]. OrHocmreabro TpOGIEMb ABCONOTHON
ycroiiumBocTH, Kpome Kuurm B. M. Ilémoma [61], cm. [81], [85], [84], [75], [76],
[77], [78], [34].

S5 A. Xamianaii, JI. Bekciep
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HNEPUOIMYECKUE N IIOYTH-IIEPUOJUYECKUE
PEHIEHNA NUCKPETHBIX CHUCTEM

§ 1. JIuneiinpie cmeTeMbl ¢ NEPHOAMYCCKHME KOI(PHIHEHTAMM

1. Paccmorpum cucrtemy
Tnt1 = AnZy,

re IoclefoBaTeqbHOCTh A, mepmogniHa: A,y = A,, a marpuns 4,
HEoCoOkIe.

OGosuaunm depes X, Marpunmy X, o, ONpeleJeHHYIO B § 2 ra. I,
T. €. MATPUIY peIIeHuil CHCTeMbl, YLOBIETBOPAIONIYI0 yCI0BHIO X, =FE.

Homosxum mamee X y = U. CoGcrBennbie 3Hauennsi marpuipl U
HABOBEM MYAbIMURAUKAMOPAMU CUCTEMbL.

OueBupHO, Xpt+N+1 = Aps yXnyny = AnXpyy, BSHAUHT, Xon+n
ABJIETCA PEIleHeM CICTeMbl, I TAK Kak Ipu n = 0 oT0 pemieHue coBIIa-

maer ¢ U, 10 X, +n = XpU.

[Iycth O — HEKOTOPHIi MYJIBTHINIMKATOP CHCTEMBI, U — COOTBET-
crByomuit coGerpennbii BerTop. Umeem Uv = pv u X,onv = X, Uv =
— X,ov = pX,v; oTciofia Ciepyer, UT0 pelleHrne, KOTopoe Hph n = 0
coBmanaeT ¢ v, 00JafaeT CBOMCTBOM Z, iy = 0. OOparHo, ecam z, —
pellleHye, AJS KOTOPOTO Zn4y = OZp, TO, B HACTHOCTH, Iy = (Zg
u, sHaunT, X yTo = P%o, Wm Uzxy = g, TaK 4TO O — HEROTOPOE co0-

CTBeHHOEe 3HaueHue MaTpPUIbL U. 9tum ompaBJaHO Ha3BaHUE «MYyJAbTH-

OAUKATOPLDY.

[Iycrh p — HEKOTOPHIL MYJIBTHILIHKATOD. Paccmorpum HAOOp BeK-
TOPOB €1, €5, . . ., €; W3 KAHOHMIECKOTO fasmca, COOTBETCTBYIOIIEIO
marpuie U, oTBedalomiuil COOCTBEHHOMY SHAYEHIIO 0.

NUmeem Uey = pey, Uey = pey + €1, « - o, Ue, = pe;, + ep—i. O60-
sHauasi uepes Z, (V) pemenue, KOTOpoe MpH 1 = 0 coBmapmaer ¢ v, 3aMe-
qaeM, 9TO0 Z,+y (€) = PZn (€;) + Zn (ej—1), =2, ..., k. [leiacrBu-

TEJBHO, Iy, 4 y (€j) ABIAAETCA pelieHneM CHCTeMH, B npaBof YacTH paBeH-
cTBA CTOWT JUHEHAs KOMOMHATMA peIleHui, T. e. TaKKe pereHue
cueTeMbl, 1 00a HTU PENICHHs COBHAJAIOT IPU 7 = 0, mbo

zy (€5) = X nej = Uej = pej + €. i

WeenenyeM cTpykTypy pemenuit z, (e;). Mmeem z, (&) = 0Vpn,

Pnt N = Pno ALGHCTBUTENBHO, Dp = 0 Nz, (e)), 3HauwHT,

n+N n 1 _n

—0 N zuy(e)=p N pz (e)=p Nam(e)=Dn

Pn+nN
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_n M
Hanee, nycib g, = p Nz, (ey) ~ Np pn- Torma

n+N n
-— n-+N —— —
Inin=p0 N x,1n(e)— Z—V|_p Pnin=0 No (oz, (&) + x,(e)) —

n 1 — —

——DPpn——DPpn=0 Nz,(e)+—p Nz,(e)—
No o

R
Np n n n:e

N n ‘
a, 3Ha4UT, I, (6y) = p N g, + N—ppn , THe ¢, — HepuoguvecKas Io-

CJIeqJ0BATEJIBbHOCTD.

Ilycrn
e Py s 0 N i () — =Py — T g - =
S T A AR Y TR O LI YO
Torna
n+N 2
- — (n + N) n—[—N n—|—N
sn — N xn e — ———————  Mn — TL n —

n® 4 2nN -+ N? _n+N
2sz2 P oN

=0 Np oz, (e) + 2, (e2) —

n-4+N SNCS 1 n®
+ n=— Nz, (e —— Yn n n
2p2Np 0 (es) + ; q +szp > (Vo )2p
o, A, _n, 1, +
sz n zpz n pN Qn p Qn 2p N n 2 pn
- n> n n
=0 N n(3)_ pn—_9n+——p7lzsn?

2 (Np)* oN 20°N

' OTRYyZa

xn(eB)zp':T[ n’ Pn—l—i(iqn_ip )_!_S:l
2 (Np)? N \p 202" " "1

;me Sp — HIepuoamuecKast IOCJIeT0BaTeJIbHOCTD.

|

5%
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IIpexmomnoxum, 9TO

z, () = o~ [0 4+ 4 0],

rge pk — nepmopmIeCKUe MOCAeq0BATeIHHOCTH, M IOKayKeM, 9ITO

n
- i—1 1 ji— 2 2
zn(e) =p N [0 'qn +7 0+ +qn]
re gl — TakyKe HepHOAUYECKHe IOCTeL0BATCIbHOCTIH, Nmeem

n+V

pan (@)= N (4N gy + (o NYT 22w e Chin]=
— oz, (e)) 4z () = 0o ¥ [ Mg 4+ 170+ o]+
4ooN [ T )

CraenoBaTesbHO,
o[+ C TN A A N ) e +
W 2+c] TN AN
A ngity + Nehdin + Ghenl =
P IR RN N O S 4 A I
OTRYa
o [t s 4 Choit? NGy A+ oo+ N 0y +
Ry - Choa? NGy A e N Gy
.+ nQn+N + NQn+N -+ Qn+N] =
o R T ] O N A S
Bozbmen
o [N, + NP3 4 4 NaiT=pn s
o[ — 1) N7k + (G —2) N 3qn+...+2qn T=rh "

o(j — 1) Ngn = pa-
M3 »TUX COOTHOIIEHWH s, . - ., gi! ompepeisAIOTCA IIAr 3a IIArOM:
1
1 1
dn =— A Dn
o(j—1DN

ITocie Taroro BBI60pa HalcaHHOe BHIIIE paBeHCTBO HpPUBOIUT K COOT-

HOWIEHUIO niN = q%s-
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TakuM 06pa3oM, Ml BHIACHUIHN CTPYRTYPY pemeHnl THHEHHBIX HePuo-
IMUeCKHX cmcreM. Takag cmcreMa JOIyCKaeT CUCTeMy JUHEHO He3aBH-
CHMBIX peleHmii (COOTBETCTBYIONYI0 HaYaJIbHEIM yCIOBIAM, 3a/[aBaeMbIM
BEKTOpaMH KaHOHHYecKoro Oasmca, COOTBETCTBYIOMIETO marpuie U)
BHUJIQ

n

tn— o [l T g T g T

MoskHO TPUHATH K TOMY e 3aKJIIYCHHNIO, IToKa3as, UT0 JuHeHasa CUcTe-
Ma ¢ [epHoAUYecCKIME KodduimeHTaMu, 1A KOTOPOIl MaTpHUIa A,
ABJIgeTCS Heoco0oli, MpUBOJNMAa B CMBICIIE JlamynoBa, T. €. YTO CyIeCT-
ByeT TakKasg IepuojuyecKas geocobasg marpurna Pp, 410 e€CIu Yp =
= P,z,, TO Y, YHAOBIETBOPAIOT CHCTEME ypaBHEHHI € IOCTOAHHBIMU

KOO PPUIHIEHTAME Y +1 = BYn. Tak karx Mmarpums A, Heocobbe, TO
u marpuna U Heocobas; ciegoBaTelbHO, CYMeCTBYET V = v In U, Tar

ato U — ¢"N. Bossmem B = ¢V. Torma U = BN, u wmB mnoxydaeMm
coornomenue X, = Q,B", rae Q, — mepHogmyYecKasg MaTpuna. Il eii-
crBuresbEo, Q, = X,B~" u, 3Ha4wr,

Qn-l-N - Xn+NB_N_n — XnUB_NB_n - XnB_n - Qn'

Honoskum P, = Q7' u y, = Prr,. Umeem Y, = P,X,, ubo uz X, =
= Q,B° cienyer Qo = X, = E, a, 3HauHT, P, = E. CaenoBarejibHo,
Yn+1 = Pn+1Xn+1 = Pn+1Qn+1Bn+1, a II0TOMY Yn-H — B"*l = BB" =
= BY,.

s y, = Ynyo BHIERACT, UTO Ynt1 = Ynt1§o = BYnYo = Byn,
OTKYJZa BHIHO, YTO PacCMOTPEHHOE npeobpa3oBaHme JEMCTBUTETIHHO
IepeBOIAT TAHHYIO CHCTEMY B CHCTEMY € TOCTOAHHLIMI K09 (QPUITUeHTAMH.
Ecyi; I 5TON CHCTEMB PACCMOTPeTh PemeHns, HaualbHbIMI yCJI0BAAME
KOTOPHX MBISOTCA BEKTOPH KaHOHHYECKOIO faszuca, OTBEUYAIOIEro
marpurie B, To COOTBeTCTBYIOIIUe PeIeH s TaHHON cHCTeMBI OyayT UMeTh
yKa3aHHHI BHIIIE BHJ.

13 cTIpYKTYypH PpelIeHWi WM U3 TeOPeMBI IPHBOJUMOCTH BHITEKAIOT
IIPOCTHE YCIOBHA yCTOWIUBOCTH [IJIA JUHEHHHX HePHOANIECKUX CUCTEeM.

Hpenaosmenue 1. Ecau cobcmeennvie sHaienii mampuysr U
aexcam enympu kpyza paduyca 1, mo éce peuLeHusL CUCMEMNb cmpemamcs
K Hya0 npu h —> oo (Hyaesoe. peuierue A6AeMCL pasroMepHo acumnmo-
muueckl Yycmotivuebm); ecau cobcmeenibe sHatenus Mampulybl U awexcam
eHYyMPU eOUHUUH020 KpYyea UAU Ha €20 gpanuye, RputeM co6CMEEHH LM,
SHAUEHUAM, PACNOLONCEHHWLM Ha 2paruye, CO0Mmeemcmeynont npocmaule
sneMeHmapHble Deaument,, mo PeuLeRUs CUCMeMbL 02PaHUICHbL RPU Tt = 0;
ccal umeemes xoms 6v. 00H0 cobcmeenmoe sHauenue 6 eQUHUUHOM KpY2e

1) B cayyae P = 0 COOTHOIIEHNE Zpiy (e;) = Pxn (€) 1= Zn (ej_1) Tepexoaut
B Zniy (6f) = Tn (ej_1). Pemenne xp (e;) 06IaaeT CBOMCTBOM Zn 4y (€1) = 0; BoobOme
zn+jn (65) = 0. CiepoBaTeipHo, peuIeHnsd, COOTBETCTBYIONEe HYJIeBOMY MYJbTH-
mmKaropy, o6pamaiTcs B HYJIL [Ocjie KOHEYHOTO 4HCJa IMaros.
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¢ EPAMHBLMU dAeMEHMAPHBIMU Oeaumersmu uiu xomsa 6v 00Ho cobecmeen-
HOC SHaierue, nexcaujee 6ne eOUHULKO020 EDYaa, MO cyujecmeyiom Heozpa-
HUYeHHble DeueHus.

ITO Ipefiioskenne CHpPaBeiuBo U Ges HNPEIONIOKCHUA HEeBHPOK-,

pennocTy marpurn A,. IleficTBuTe1bHO, U3 COOTHOMEHUS Xn+ny =X, U,
KOTOpOC MMeeT MeCTO B CUJIY OMHON NMePUOLWYHOCTH CHCTeMHl, BEITEKAeT,

910 Xp1jny = X,U’, u, 3maunr, noBejeHne X, ompemenasaercs IoBeje-
aueM U’, oTKyza HememIeHHO CHeYIOT YTBEP;KACHUSA IPEeAJIOsKeHNs.
2. Mcnonpsys wanokeHHBE Bhme o6mme cooOpasKeHus, IOJIYINM

HCROTOPRIC IIPOCTHIE YCIOBUA YCTOMYMBOCTH B CIydYae JUHEHHBIX IIePIHO-
AUYECKUX CUCTEM.

Teopewma. Paccmompum cucmemy z, ., = Apx,, 2de nocaedosa-
meavrocmy mampuy A, nepuoduuna ¢ nepuodom N; ecau cyujecmeyem

makas nocmosrnas mampuya C co cnekmpom, pacnoioxcenHblMm 6Hympu
N—1

eQUHUUH020 KpYaa, 4mo eeiudiia 2 | Ay — C | docmamouno maaa,
R==0

Mo Hy/reeoe peweHue cucmemvt AALEMCS DABHOMEPHO aACUMBMOMUYECK

yemouuusvim.

HorxasareanctBo. Imeem Zny1 = Cx, + (4, — C) x,.
U3 ¢opmynas Bapmamum moCTOAHHBIX ciexyer, 4ro x, = C"xy +
n

2 B .
+ > "M A,y —C)zpy. B CHUIy OrpaHWYeHWH, HaJOKeHHBIX

=1

Ha marpuny C, | C" | << Lg¢™, 0 << g << 1, orryna
oIS Lg" + L 3 q" " [ Ay — Cl .
=1

Honaraa u, = ¢~" | X,, |, momxyuaeM HepaBeHCTBO

u71<L+_§Z|Ah—1 — Cup—y.
h—1
CregoBartennpHoO,
n—1
wr L (14 Zia—cl),
k=0 1
a, 3HAYUT,

—1
anIQLq"n(1+§IAh—CI).

h=0
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Ilamee,
IN—1 N—1 '
L L
w2 [] (14 —q—lAk—CI)=quN{ﬂ (1+ 3|Ah—0|)}.
H h=0 R=0
0 Ll N—1
1 I L 2 lag—cl
l—[(1+-|Ah—C|)<e = :
k=0 g
IToaTomy

q

N—1
=Lexp(1\flng—}——£ EllAk—Cl)l.
q =
h=0
N—1

Ecan —5—2 |4, —C | << N ln —{11— , TO A A0CTaTOYHO OONBIINX [
h=0

N—1
- Ll
lxlN|<Lexp(N1nq+ LT lAh—C|)=
h==0

mieeM | X,y | << 1, m cmexTp MaTpHIBL X,y JI€RUT BHYTPHU €JUHUY-
l
moro kpyra. Ilockomrsky X,y = Xy, TO W CHEKTD MaTPUIbI U=Xyn

HAXOOUTCA BHYTPHW €IWHWYHOTO Kpyra, U TeopeMa TOKa3aHa.
OrpannueHue, HaJo:KeHHoe HA MaTPUILY A,, MOKHO 3anucarh B BUJe

N—1

1 q 1
— A, —C|<<—In—.
N R—EJI h I L

BaMeTmM, UTO, OTKA3aBIINCh OT IEPUOAUYHOCTH, MOGKHO IOJY-
YuTh DKCIOHEHIUAJBHYI0 YCTONUYWBOCTH, €CJH IPEeAIONOKUTH, YTO

o0

M |4, — C | << oo. [leiicTBuTesbHO, B DTOM CJy4ae IpPOU3BEJEHNE

E—0

e L .

H (1 -+ 7 |4, — C |) CXOMUTCA W U3 OIEHKW, HOIYyUYeHHOU s
B=0

| X, |, BHTeRaeT SKCHOHEHIHaJbHasA YCTOHYUBOCTD. YcinoBue mepuo-
JIMYHOCTY IO3BOJIAET CYIECTBEHHO 0Ca1abuTh TPeOOBAaHMWA; MEKIY IIpO-

o0
yyM, ecam MmMaTpuma A, nmepmoawdHa, TO PALX 2 | A, — C  ne moxcem
E=0

cxrodumucs, noo mocienopareabHocTs A, — C MOKeT CTPEeMUTHCA K HYIIO
JUIMHh B TOM CilydYae, Korja BCe €e WIeHH paBHBL HYIIO.

CpopMyaupyeM yCIoBHe DPABHOMEDHOW YCTOWYMBOCTH JJIA KajKA0TO
[eJI0r0 1 NPUMEHHTEeILHO K CIyYyal0o KaHOHHYECKHUX CHCTEM.
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lpegnnoxenune 2. IHyemv B, — nepuoduueckas nocaedosa-
MeLbHOCMb 00pamUMbBLY MAMPUY, Makas, 4mo cobCMEeHHIe 3HAYCHU
mampuybt V=Y y (2de Y, — dyndamenmarvnas MAMPUYQ CUCTEMbL
Yn+1 = Bryn) aexcam e edunuunom kpyze u pasiuuis. ITyemv A, —
nepuoduueckas nocaedosamesvHocmy Mampuy, maras, wmo Mampuya
U= Xy (e0e X, — Pyndamenmarvnas MAMPUYQ  CUCTEMBL Ly 1q =

= Apxn) umeem conpsgcenmoe xaparkmepucmuueckoe ypasuenue. FEcau
N—1

cymma D) | A, — By | docmamouno mara, mo pewenus cucmemu
h=0

Tn41 = Apz, 02panuuenv npu eécex n.

Horaszarexscrtso. Ucnoansyn PopMyIIy Bapualnuy HOCTOSH-
HBIX, HaXOMUM

X, =Y, + k21 Yo n(Ap—y —Bypy) Xp_y.

Ecau matpurnsr B, oGpatumsr, To I Marpuisl Y, 0o0paTuMsl, U B CUIY
pasencTBa Y, =Y, .Y, mveem Y, , = Y,Y3', orkysa

Xn = Yn [E —l—h? Yh_1 (Ah—i *‘Bh~1> Xh—1],
:1
Xn — ) n——"‘h§ ) n) k_l (Ak-—1 _Bh—i) (Xh—i — k—i) -+
':_.1

+ hZ VoY (Ap—y — By—y) Yy,
=1

s orpammuenwmii, HaTOJKeHHHX Ha CHEKTp MaTpume V, cllejflyeT, 4TO
R

Y, u Y}' orpannvensi; pmeiictBurensno, Y, = Q. VN, rme Marpumna @
IepuofuvHa U, 3HAYNT, OTPAHUYEHA, a COGCTBEHHHE 3HAYCHUA MATpPUILHL
1

VN nemar B epumAmuHOM Kpyre u pasawuns. CjegoBaTeibHO,

| Xn —Ynl<M1hz | Ap—y — By 4| +
=

+ Mzhz | Ap—y — By 1| Xpp—y — Yy |,
=
OTKYIa

n n—1
| X — Y, <M, DAy —By| JL“ + Myl Ap—y — By ),
k=1 =

N—11

N
U —-VI|I< M, Z | Ap—y — Br—1]exp (Mzk21 | Ap—y “‘Bh—il)‘
r=1 =
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N
Hocxequee moKassBaer, 4ro ecau cymma 2, | A,_y — B,_4 | pocra-
=1

TOUHO MaJyia, To Marpuisi U m V otamyaioresa Apyr oT Apyra CKOJb yrof-
HO MaJyo. Mcmonp3ys oOBYHBIE pacCysKAeHWs € ydeToM Toro Qakra,
4T0 XapaKTepucTmuecKoe ypaBHeHue Martpuisl U sABIAeTca compAskeH-
HBIM, HOJydYaeMm, 4TO COOCTBeHHHIE 3HaueHWA Marpuiiti U pacnoio;KeHbI
B eWHWYHOM KpPyTe U Pas3juyHbl, 4eM M [[0Ka3aHO Hallle NpeJJosKeHue.

B ravecTBe IPUIOKEHUS BHTOT0 MPEANOKeHUA IIOKAKeM, 4TO 04
YpasHeHUs
Yn+1 = (A + €Pp) Yn — Yn—1,
20e mampuybr A u P, cummempuunwvi, nocaedosamesvrocmdv P, nepuo-
duuna, a cobcmeennvie shauenus mampuyst A aexcam 6 kpyee | A | << 2

U Pa3iUuHbL, 6Ce DeuLeHUs O2paruiends. 0as docmamouno maavlr | € |.
JlelicTBUTETbHO, BalHIleM HTO YpaBHEHHEe B BUJe CHCTEMBI

In+1 = Yny Yn41 = — &p -+ (A + 8Pn) Yn-

Jra cucrema KaHoHmIeckasg. OHa moisrygaercs B pesyJjbraTe MaJoro BO3-
MyieHnA KaHOHWYECKOW CHCTEeMHBI ¢ MOCTOSAHHHIMU KO3PPuiueHTaMu

In+1 = Ynsy Yn+1 — — Ip -+ Ayn'

0 &
Marpumna »roit cucremsr M :( B A) nMeeT XapaKTepUCTHIeCKOe

M E
det(—E A _xE):O’

KOTOpoe MOsKeT OBITH 3aIIUCAHO B Buae

ypaBHEHUE

Y,

det| £ ——,1—E =0,
A
—FE A —)\E
NN
p oy
det 1 =0,
0 A—(?»—}——X)E
NN

dot 4 —(x+—i~)E):o.

CaemoBaTenbHo, eciau A — cobGcTBeHHOoe 3HaweHuwe aasa M, Tto p =

= A -} —717 — cobGerBenHoe sHagenue faus A. llosromy A2 — pd 4+ 1 = 0,
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7 MOCKOJBKY | W | < 2, To cobcrBeHHBIe 3HAUeHHUA A, Marpumnl M pas-
JUYHBL U PACIIOJOKeHH B eIMHMIHOM Kpyre. Tor Qaxr, 9T0 XapakTre-
pHCTHYECKNE YPaBHEHHUA SIBJIAIOTCA COUPSKeHHHME, CJeyeT M3 CBOLCTB
CUMIIIEKTUIHOCTH.

3. PacemorpuM cuereMy BHUAA
In41 — Anx, + fn-Ha (1)

rge mocjaegosareanrHocTa A, u f, mepumogmuHB ¢ mepmogoM N, u mcclie-
JIyeM YCJIOBHMA, TPU KOTOPHIX 3TA CHCTEMa JOIYCKAaeT IepHOoJUIeCKUe
pemenusa ¢ mepmomgom N

Pemenue xz, nepuogquauo ¢ nmepuomoM /V Torga u TOJBKO TOTJA, KOTAa
Ty = x,. Mcmoapsys ¢opmyay Bapuamuud NOCTOAHHHX, I0OJIyJaeM

El

N
Ly = XN, oo + E Xn, rlne

h=1 }J

3Haaur, muA TOro 4roOB penieHue ObLJIO HePUOTUIECKHM, Heo0X0TuMo
X TOCTATOYHO, YTOOHBI BBHINOJHAIOCL YCJIOBIE

(E—U)xy= 2 Xy, wlp (2)

Orciofia HeMeIJeHHO BHITEKAIOT CJEIYIONue YTBep:KIeHUA:

a) Ecau cucmema z,., = A,x, He umeem Opyeuxr nepuoluueckux
pewenuti ¢ nepuodom N, KEpOMe MPUBUALLHO20, MO Oad 40600 nepuodu-
yeckoll nocaedosamenviocmu f, ¢ nepuodom N neodnopodnas cucmema (1)
donyckaem eduncmeennoe nepuoduueckoe peutenue c¢ nepuodom N.

6) Ecau cucmema (1) donyckaem nepuoduueckoe peurerue ¢ hepuodor
N, mo 0as 410601 nepuoduueckoii nociedosamesvrHocmu f, ¢ nepuodom N
coomgememeyuas 00HOPOOHAs cucmema He umeem Opyzux nepuodute-
ckux pewenuli ¢ nepuodom N, Epome HY.1e8020.

Il1a mowasarexbcTBa YTBepsKIeHHA 0) J0CTATOYHO IOKa3aTh, 4YTO
mis moGoro BEKTOpA U MOJKHO BBIOpPATh MOCIEIOBATEIBHOCTL [, Tak,

N

aro6st ) X y. wfn = u. Ho 11 910T0 JTOCTATOGHO TOJIOKUTH [y = U,

fpo=0 mna k=1, 2, ..., N —1.

Tpe6oBauue, 9To0B OTHOpPOAHAS CHCTeMa He mMeja IEPUOANYECKHX
pemrennii ¢ mepmomoMm N, skKBuBasieHTHO yciaoBuio det (£ — U) 5= 0,
KOTOpOe PAaBHOCHIBHO YCJIOBUIO, 9TO Yy CHUCTEMH HeT MYJIbTUIINKATOPOB,
pasunix 1. Ecam 310 TpeGoBaHme BHIIOJHAETCS, TO HAYAJBHOE YCJIOBHE
JUIST TePUOHIeCKOr0 PeIneHus 3a7aeTcd COOTHOLICHUEM

ro=(E —U)" 2 XN hfh— Z (£ —0U) Xy, 1l

T T e et . s e e T ey T gy e

r —————————-

———
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Orciofia ciemyer, 910 mMepPUOAUMYECKOE PEIIEHHWEe MOKET OBITH BalUCAHO
B BHUJE

n N n
Zn :Xn, 0Zo —l—hzi Xn,h hzjfn,OhZJ1 (E' - U)_i XN,kfh +k21 Xn;kfhz

R

n N
Xn,O(E — U)_—i XN, k](h + kZJi Xn,kfk: hzi Gn, hfk7

T

TIe
Gn,h:Xn,O(E—XN,O)_jXN,h+Xn,k nna  k<n,
Gn.h‘—‘Xn,o(E—“XN,o)XN,h maa n< k<M.

U3 oroit popmyst BUIHO, 9TO i1 €AUHCTBEHHOTO TIePHOINIECKOLO Pele-
HUs COpPaBeNIMBHI OMEeHKH Bupa |z, | < Msup |f, | nan |z, |<
n

N
<M E | fo |, tme mocroamasie M u M saBucaT IuIIb OT O/THOPOIHOMI
h—

9aCTU CUCTEMHI.

Ecam ogHopommas cucrema momyckaer mepuoandecKrue perneHnsd
¢ mepuogoM NN, TO HadaJbHBIE YCIOBUA NJA DTHX peNIeHHil YIOBIETBO-
PAIOT cHCTeMe

(E — U) zy = 0.

Ecau ara cucrema pmomyckaer k HesaBUCHMBIX pemieHmil, T0 MATPHUIA
E — U umeer paur m — k, smaaur, cumcrema w (E — U) = 0 Tamxke
AOMycKaeT & He3aBHCUMBIX pPEIICHMIA.

damernm, uro U = Xy o =Y, y, U, CIe0BaTeIbHO, DPABEHCTBO
w (£ — U) = 0 mosxkuo sanmcath B Buge w = wY, . llociaemoBaTenn-
HOCTb Y, = wY,, y IpejxcraBiser cofoil pemleHme COMPAKEHHON cucTe-
MBI, YIOBIETBOPAIOWIECE YCIOBUIO Y, = w. JleficTBuTesbHO,

Yn—1— wyn—l, N = an, NAn—i —_ ynAn—l'

Ecau w ymosnerBopsier yciosuio w = wY, y, TO pelleHUe ¥, yI0BIe-
TBOPAET COOTHOIIEHUI0 Yo = Yy, T. €. ABIACTCA MNePUOFNYCCKHM,
u obpatHo. Taxkum obGpaszowm,

kB) Cucmema z,41 = A,x, U conpajscennas cucmema Y, ; = YnA -y
umerm 00uHaKosoe YUCA0 He3a8UCUMBLL DeuleHuli.

llyets  y, — HeKkoTOopoe mepwogUYeCKOe peNIeHWe COLPSKEHHOM
CUCTeMBl  Yn_1 = YpA,4 W x, — Hexoropoe pemenue cucrems (1).
Torma

Yn+1Tn+1 = Yn+1 (Anxn -+ fn-H) - yn—HAn-xn -+ yn-l-lfn—l-i -
= YpZp + yn—an—Ha
OTKYJIA

Yn+1Tn+1 — YnZn = yn—}—lfn—{—i-
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CyMMupysa 9TH PaBeHCTBA A 1 = 0, ..., N— 1, nmonydaem
N
YNIn — Yoo = hZ Ynlh- (3)
=1

Tak Kak pemeHme Y, IO IPENNOJOKEeHNI0 NMepuoANIno, TO Yy = Yo»
1 ToIyueHHOe COOTHOIIeHWE MOKHO Iepenucars B BHE

N
Yn (tx — Ty) = h21 Yrln-

OTciona HEmOCPEeJCTBEHHO CleayeT TaKoil pesyJsbrar:
r) Ecau cucmema (1) donycraem nepuoduieckue peuLenus, mo

h21 Yrfr=>0 (4)

Oas 4106020 nepuoduueckozo peuwerHus Yn CONPANCEHHOLL  CUCTIEMBL.
[ycrs coorHomeHnue (4) BHITOIHEHO IIA 1106010 IEepUogUYeCcKOro
perieHns conpsyKenHoil cucrems. Torma

N
w[XN, 0L — Lo T hziXN, hfk]z 0

nig aoboro pemenus w cuctemsr w (B — U) = 0. CnemoBartesbHO,
g a1060ro  w, YAOBIETBOPAIOUIETO YCIOBUIO w = wX y, ¢, UMeer
N

MECTO PpPaBeHCTBO W M Xy, wfe =0. 9ro ozHadaer, 4uTO CHCTEMA
K=1

w(E — X y,0) = 0 n cucrema, moayyeHHas U3 Hee nobaBiieHHEM ypaB-
N

menusag w 2y X y,nfp = 0, HWMEOT OAWHAKOBOE KOJTMYECTBO He3aBUCH-
h=1

MBIX pelnenmii, a, sHauur, Marpuna £ — X y, o W Marpuna, mosyvueHHask
N

nobapiaenmeM K Hell cToabia M X n, pfn, UMEIOT OJWH M TOT jKe PaHT.
Rl

CnemoBaTeldbHO, cumcrema (2) momyCKaeT pemeHusA, T. €. CYIeCTBYIOT
nepuoxuueckue pemenus cuerems (1).

Taxkum obpasom,

n) Ecau das 1106020 nepuoduneckoa0 peuleHus CONPANCEHHOTL CUCTLEMDL
ewnoaneno ycaosue (4), mo cucmema (1) umeem nepuoduteckue peuteHuA.

lHpennosxenue 3. Ecau cucmena (1) ne umeem nepuoduuecku
pewenuil ¢ nepuodom N, mo lim |z, (ng, W) | = oo pasHoMepHO OMHO-

n—»00

cumeavho | u | < Y.

IloxasarteabcTso. Ecam cucrema (1) He mMeer mepPUORM-
yeCcKNX pemeHuii ¢ mepumogoMm NNV, TO CYIIecTByeT MepHOANIeCKOe peme-
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HUE Y, ¢ mepuomoM [N CONPAMKEHHOW CHUCTeMBI, TaK0e, HTO

N
k; yufn = n 5=0.

VmeeMm
n+N n+N n
Unin¥niy — Ynn= > Ynfn= 2 Unfo — 2\ Urfn=
h=T+1 = =

n+N

= 2 Ynfn + 2 Ynln — 2 Ypln =
=1 R=p+1 R=1

N n n N
— Z Yrlr + 2 Yn+nIren — Z Urln = 2 Yufn-
R=1 R=1 =1 R=1

Orcrona, YYHTHBasg, 4YT0 Y, — IepUOJUYECKOe pelenne, I0JydaeM

N
Yn (Xn+y — Tp) = hE Yl = o
=1
Ho BMecte ¢ z, pemenuem cucTembl (1) sBasgerca W Zp4jy, Tak 9T0

Yn ($n+(j+1)N—xn+jN)=H’ i=0,1,2, ... p—1
CKJI&I[LIB&H 3TPI cCOoOTHOILIEHUA, 3aKJIIYaeM, qTo
Un Tn+pn — Tp) = Pl
BHAYAT, YpZnipy = Yndn -+ PN, OTKYAA |YnZnipn [Z P14 |— | Ynn |-
Ho | yn®ntpn | << | Un | | Zn4pn |, TAK UTO
| Yn 1 | Znspn | =PIl —1ynzn] > plpl —=1ynl 120l
oTKyga cJegyer, 4To
plul
| yn

Cpenu y, HeT HH OJHOI0 HYJeBOTO BEKTOPA, n6o pTa mocJeoBaTeIb-
HOCTH ABJIAETCH HMePUOANYECKUM pelleHneM OJHOPOJHOI CUCTEeMBl W He

i

| Zntp | 2> — | zn .

pasma TospecrsenHo  Hymo. Ilomommm  p o= inf . Torpma
_ n | Yn \

| Zpapn | = pw — |z, |. Pacemorpum Temeps na1060e n = ng. MomHo

mammears n = pN Fno +k 1<EZN, 3HAYNAT, |z, | =

= l Lno+k+pN I } pp — l Lno+k I Ho Ln,+k — Xn0+k,~noxn07 n ecin

[Zn, | < ¥ 70 | Znyen | < My, mak 9ro |2y | = pp — My. Lcuum

n——r;{)r—N>MYj"L,T. e.ecnnn>1+j”€;_i_My~+L,To
M w
| z, | > L. OtuM ® [f0Ka3aHo, 4To lim |, | = co paBHOMEpHO IO

n—»co

[ Zny | < v
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§ 2. JInneiinpie cncremur
¢ MOYTH-NEPHOANMYECKIMH KO3 PumnesTamMmmn

1. Pacemorpum cucremy
Tnt1 = Apxn + foga, (1)
re mocienoBarenbHocTH A, ® f, ABIANTCA MOYTH-NEPUOTNYSCKUMU,

Jlemma 1. Ecau nyaesoe pewenue 00nopodnoii cucmems Tpt1 =
= Az, feasemcs DPaBHOMEPHO aCUMRMOMUYECKU YCmOolMuUsHM (m. e.
| X0 | < Lg™, 0<<q<<1), mo das arboiz oo >0 u N > 0 cywecm-
6Yem MaKoe &y, o, YMO eCAU P SBALCMCA HEKOMOPYIM €y, o~NOUMU-NEDPUOIOM
Oas Any m0 | Xpip, pap — Xoon | <1 (g + )" npu n > k.

Hloxaszareuanctso. Ilycrs Zy = Xunip, n4p — Xy, . Torna

Zn+1 == Xn+p+1, R+p — Xn—H, R — An+an+p, k+p —
- Aan, R = AnZn + (An+p - An) Xn+p, R+ p-
U3 ¢opmymst Bapuamum moCTOAHHBIX BHITEKAET, 4YTO
n -
Zy = i ZH Xn, J (Aj+p-1 — Aj—y) Xj-l—p—-i,k—l—pa n>k-41.
i=Fk
ITo mpepmomoskernuo | X, ; | < Lg”‘j; HO9TOMY
n
| Zn | <sup|Ajyp — A;] D Lg" g h =
J J=h+1

=L*(n—k)q" " 'sup| A1, — A;).
J

Ecaw p asasercs e, ,-mourn-mepuogom, To
2 n—h—1
Ianggn,ocL (n_k)q
1 BHIOOD &y, , OLpeessieTcss HepaBeHCTBOM
n—*h
n(g+ @)
—_h — 9
LZ (n . k) qn R—1
OcymecrBumocts Takoro BHOGOpa €y, ¢ BBITEKAeT W3 TOT0, YTO IOCJe-
1 n
(9-+2)
nq"
OTPAaHWYEHA CHUBY IOJOKUTEIBHBIM YMCIOM.

€, 0 << n—>k-4 1.

I0BaTEeJIbHOCTH nMeeT OCCKOHEUHDBI mpefes H, cJIle[JoBaTeIbHO,

Teopewma 1. Ecau nyaegoe peusernue 00nopodnoti cucmems Tpp1 =
= Anz, A615emcs pasHOMEPHO acuMRMOMUUECKU ycmovivueuim, mo 0aa
10601 noumu-nepuoduueckoli nociedosamesvrocmus f, cucmema (1) dony-
ckaem eJurcmeennoe noumu-nepuoduyeckoe peuserue. Haa amoeo pewe-
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HUus umeem mecmo oyenka suda |x, | < M sup | fn |, 20e M sasucum

MoAvko om éuda 00HOpoOHOU cucmemul.

Moxasareansbcrso. lyerbz, = D X, pfn. U3 HepaBen-
—— 00

CTBa
]Xn kl Lq _k’ O<Q<17

clefyer, 9To 9TOT PAA abCOIITHO CXOAWTCA, NIPUICM

” a
| 2n | < Z an,kaklgLSliplfhl Z "t =

h=—o00 h=—=—o0

= Lsup|fpl
R

&
i
R
™
n

sup | fz |-

ocaemoBaTenpbHOCTL y;IOBJIeTBop;IeT ypaBHeHI/IIO (1), ubo
n-+1

Tn+1= 2 X, kfk— 2 X, wle = Z A X, wf4Tnsi-

3Haq1/IT, Tpi1 = Az, + fn+1.

ITpoBepum, uUTO MOCIEOBATEIBHOCTH I, SBJISETCS TOUYTU-TIEPUOLUUC-
croit. Ilyete € >0 m p — HEKOTOPHIA T1)-TIOYTH-IEPUO, OOMUE s
A, m f,; snauenme 1, Oy/JeT YTOUYHEHO B TpOIecce TOKA3aTEILCTBA.
Nneem

n+p

LIn+p — &n = 2 Xn+p kfh— 2 Xn wfn =

k_—_——OO

n

— 2 (Xn+p,h+pfk+p_Xn,kfk)v

h=—=—o0

OTKy /A

lxn—l-p _xnl< Z an-i-p,h-i-p—Xn,h] lfk—i—pl"’"

h=—o0

n

+ E | Xl | frrp — fr | <sup | £ I ? @+ a)y" "4+

£d
R=—o0 h=—
J .o ] o~ L
-+ st E R = =P € _l"
! - (g + 06)1(I q

h=—o0
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~ el —(q¢+ o)l
B N = ' ’ 6
03bMEM T)¢ S sup [77] n BHOEpeM 1, TaKkuM 00pas3oM, YTOOHL
YI0BJETBOPSAINCH HEPaBEHCTBA
e(1—q) - Me(g+ )"
RSEE eSnne

CupasepiuBoCTh TpHUBEJEHHON B (QopMyJIHPOBKE TEOpPEMbl OLEGHKH CJie-
ayeT Tenepb u3 JemMMbl 1 W HePaBEHCTBA | Tnip — Zn | << E.

EnuHCTBEHHOCTH peIleHuWs BBHITEKaeT M3 TOro ¢Qaxra, 9Yro IOYTH-
IepUOUIECKAsT IOCIe0BATEIbHOCTD, CTPEMAMIAsACA K HYJII0, TOKIECT-
BEeHHO paBHA HYJII0. TeopeMma JoKaszama.

3aMeTnuM, 9TO M3 HTOM TeopeMBl cjejyeT aCHMITOTHIECKas IIOYTH-
IepUOAUIHOCTh BCAKOrO pemeHns cucreMsl (1), ecau TOIbKO pelIeHue
COOTBETCTBYIOLEH ONHOPOAHON CHCTEMEL ABIAECTCA PABHOMEPHO aCUMIITO-
THYeCKHU yeToiumBmIM. llpuBemeM mpsiMoe J0Ka3aTeILCTBO JTOr0 (aKTa.
TeM caMbpiM MB HOJTYYHM HOBOEe [0Ka3aTeIbCTBO TeopeMbl. [leicTBH-
TeJBHO, €CIH X, — ACHMITOTHYECKH II0YTU-TIePHOJUIeCKOoe penenue
cucteMsl (1), TO Zp,41 = Opt1 + Op41 = Ay (0 + ©p) + fat1; 3HA-
GUT, Qpit |+ Opit = A0y + fot1 -+ ©,, TpHIEM ay+1 T Ao,

+ f,+1 HMOYTU-TIEPHOUIHEI, & ©, U Wp+4 UMEIT CBOWM IIPECJIOM HYJb,
W, CJIeHOBaTeIbHO, O,+1 = Apt, -+ fn+1 ABIgCTCA NOYTU-TIEpUOTHIC-
cKuM pemenuem cmcTeMsl (1).

Pacemorpum cucreMy Y, 41 = Aply, W HPEANOJOKEUM, 4TO HYJEBOEe
pelleHUe SABISETCS PABHOMEPHO ACHMITOTHYECKM YCTOWIMBHIM, a 3HA-
unT, HKCHOHEHINAIBHO yeToitumBeiM. Hak moxkasano B § 3 ra. I, B aTOM
cIydae CyImIeCTBYeT TaKas IIOCIE[0BAaTeIBHOCTH QYHKIUA Vy, 9ro

Vo) =V, @< Llz—2|, |2|<V, (@) <L|zl,
Vn+1 (yn+1) - Vn (yn) <_(1 _Q) Vn (yn)'

CregoBaTelbHO, €cim r, — pemenue cucteMul (1), a Yy, , — pemeHnue
OIHOPOJHOM CHCTEMbI, KOTOpOe Ipu k = n coBHAJaeT ¢ X, TO

Vit Urtt,n) — VaWr, ) < — (1 — @) Vi (Yn, n)-
Jlerko moxrasarth, 9To miA k = n
Vn—H (A nxn) - Vn (xn) < — (1 _ Q) Vn (xn)

Vn+1 (xn-{-i) — Vs, (xn) — Vn—l—i (An'xn -+ fn+1) — Va (.1‘) -
= Va1 (dnzn + faintd) — Vi (Apzn) + Vi (4 nZn) — Vi (2,) <
<Llfn+1l "_ (1 —Q) Vn (xn)

Ilycrs 1z, — HeKoTopoe pemenue cucteMu (1), ymoBiersopsiomiee
yeaosuo | zn, | << K. Torga masa mocraTouno 0oibmux K HEPaBEHCTBO
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V. () << LK OGypmer mMeTh MecTo mpu JaioboMm n = ny. [leiictBuTedabHO,
ecJIu CYIEeCTBYET Ny == g, TaK0e, 9T0 Vy, (2n,) << LK 1 Vpyrt (Xn+1) =
> LK, 10 Vo1 (#n,41) — Vay () > 0. G gpyroit cTropoHH,

Vm-H (xni-i-i) < L l fn1‘+1 l "l_ qvni ('xni) < L sup l fn l + QLK1
a, spmaunt, LK << L sup | f, | + qLK, uwiu K <sup | f, | + ¢K. bBepsa
1
K > -
| Zny | << K, TO V,, (2,) << LK pus ar06oro n 2= ng, a, 3HAUUT, | 2, | <<
<

sup | f, |, morygaem mporuBopeume. (CiemoBaTesbHO, €CIH

< LK pas JIIO6OI‘O n = n,.
Tarkum obpasom, mo6oe pemenue, HadYWHAlomleecss B HIape | Zp, |
1

1—gq

< sup |f, |, momycraer AJsA HIPOM3BOJBHOTO N = Ny OLECHKY

Ixnl< Suplfnl-

—4q

3amMeTuM, UTO B DTOM JIOKA3aTEJIhCTBE COBCEM He WCIO0JIb30BAJUCH CBOM-
crBa Marpurn A,. DB mcmoab3oBaH TOJIBKO TOT (aKT, 4TO HYJIEBOe
peleHne OJHOPOMHONW CHUCTEMH ABJIAETCH PaBHOMEPHO aCHUMITOTHYCCKHU
YCTOMYUBEBIM.

Iycrs u, — mouru-nepuogudeckoe pemenue cucremsl (1). Ilpen-
OJIO3KUM, UTO HYJeBoe peIleHue COOTBETCTBYIOMIEN O/THOPOINHOU CcuUCTe-
MBI ABJIAETCS PaBHOMEpPHO acmMmnrToTmdecku yceroitumeiM. CoriacHo
CKa3aHHOMY BHIIIIe, BCe perieHus orpanmyeHsl. Vmeem

Upn+p+1 — Up+1 == An-l—pun-l-p - Anun “l‘ fn+p—|—1 - fn+1 —
=4, (un—f-p —Up) + (An+p — An) Un+p fn+p+1 — fn+1-
HomosxuM vy, = Up4p — Un — Y, IJI€ Y — pellleHne ONHOPOJHOM CUCTe-
MH, YIOBIETBOPSIOIIEe YCIOBUIO Yo = Up — Ug. Torma vy = 0 m
Un+1=—=—Un+p+1 — Up+1 — Yn+1 = An (un—!-p _ un) _f—
_!_ (An+p - An) Un+p ‘l“ fn+p+1 — fn+1 - Anynv
TaR 4TO

Unt1=A, 0, + (Apsp — A) Upntp — Tnt1+ Tnipra-

VI3 mpuBemeHHHIX BHIIIe paCCYKAEHWMU BBHITEKAaeT OIEHKA

L
Ivnl 1_q(suplunlsuplAn-H"‘Anl"l_sup]fn-l-p—fnl) TZ}O

Eciu p saBisercsa v.-mouru-nepmomom, obmum aisas 4, u f,, o | v, | <<
< &/2 gna n >0, a, BHAUAT, | Uptp — Up — Yn | << &/2.

6 A. Xanamait, . Berciep
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V3 TumoTess O PABHOMEDHON aCHMOTOTHYECKOU YCTOWYMBOCTH CJIC-
nyer, uro lim y, = 0, a 3HaYUT, CymecTByeT B (&), Taroe, 4T0 eciu

n—00
n>=B(c), 10 |y, | <<e&l2. Nas n=8 (e) mmeeM |Upip — Up | <<
< | vy | + | yn | << & OTO mOKABHIBAET, UTO DPEIICHUE U, ACHMITOTH-

gecKM IOYTH-IIEPHOJUYHO.
1

[IpennmosoRUM, 9UTO | Uy, | < 1 sup | fr |- Cormacuo JgorasaH-
3

HOMY paHee, mMmeeM | Up |<1 sup | fr | mas n>=n,. Ho, rax mbl
— g &

BUNIEIH, U, ACUMITOTHIECKYU TNOYTH-NEPHOJUIHO, T. €. Up = Up + o,
rme o, — MOYTH-IIePUOJUIeCKasd HOCIeN0BATEIPHOCTE U (On — 0. Bouee
TOTO, Cl, ABJAETCA pelmeHueM CUCTeMBbI (1). ITycrs & > 0, C (&) TaKoBEI,
yro mag n > C (&) BBINOJHAETCA YyCITOBHC | ®, | << &/2. Torpa

L
o | < Sl;plfhl—f——;—-

ecTh &/2-TouTH-TIePUO] [IA Oy, YAOBJIETBO-

[Iycrs n mpoM3BOJIBHO, & P
—a, | <<&2mn

paromuii yciaosmio p > C (¢) — n. Torga | oy+p

L e
]O‘n+p|<—‘—‘suplfhl+"—-
1—q & 2

3uaunrt, | o, | << 1 qsup |/ | + & gas moboro n. Tar Kak & Npoms-
—q &

BOJIBHO, MBI 3aKJII0YaeM, UTO JJIA HOYTH-TIePUONIECKOr0 PEIeHIsA UMeeT
sup | fx |, KoTopas moJyieHa
R

MeCcTO Ta caMad OIeHKa | o, l<1

HaM# W B II€PBOM JI0Ka3aTeJHCTBE TEOPEMEL.
2. B cayuae Korja OfHODPOJHAs CHCTEMa JOMYyCKaeT MmoUTH-TIePUON-
yecKme pelnenHusi, HeT oOIUX TeopeM OTHOCHUTEIBLHO yCAOBUI, IPU KOTO-
pHX CYIECTBYIOT NOYTH-NIEPHOAMYCCKUe PEICHUs LT HEOHOPOIHOM
cucTeMbl. 1109TOMY IIpe[CTaBJIAeT WHTEpeC HOTyIuTh XOTA OBl YacCTHBIE
pesysIpTaTH B DTOM HAIIPABJICHUH.
Mpenaoskernne. Ecau cucmena (1) donyckaem noumu-nepuo-
N
i 1
duueckoe peuenue, mo lim b0 2 yulp = 0 Oaa awbo2o nowmu-nepuo-
N-soo
=1
Ouueck020 PEUeHUS Yy, CORPAJICCHHOU CUCTEMbL Yn—1 = YpnAn—1.

NMNowrasareabcTBo. B § 1 mb BEBeH dopMyILy YnITn —

N
v

— yoZo = X Yrln, KOTOpas CHpPaBe/IUBA A a10060T0 pemieHus I,
=]

cucteMH (1) m 110000r0 pemeHus Y, compskennoi cucremul. Ecam mocie-
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TOBATEJIBHOCTH Z,, U Y, ABJIAIOTCA MOYTU-IIEPUOJAUYECKIMHU, TO OHU Orpa-
. 1
HUYEHB, CcJegoBaTelbHo, lim —— (ynty — Yoxo) = 0.  Ilpemaosxe-
N-soco N
HHUEe [0Ka3aHo.

Yraskem Temepb OfUH CJydail, KOrja YCIOBHE 3TOr0 IPEJI0KCHN
ABIACTCA W TOCTATOUHHIM. B ciyuae cucreM puddepeHInaJIbHEX ypaB-
HeHull anaigormunas teopema 6pta moraszana M. I'. Maawxumwem. Ilpen-
MOJOKUAM, 9TO IOCJIEeL0BaTeILHOCTH MaTpuiy A, ABIdeTcsa HepuoguYe-

S

o Al
CKOIl ¢ HEKOTOPHIM TepuomoM [, a f, = M 2R Ppn, TAE 2 — PABIUYHBIE
1

KOMILNIEKCHBIC UYHCJa, PACIoJO;KeHHbBle B eIWHUYHOM Kpyre, a (QPrn)n
epHONYHE.

Teopewma 2. Ilycmov sunoanaiomes yrasarnnole viuie npednoaoice-

HUus U ycaosus npedwdyuezo npedaoscernus. Toeda cucmema (1) dony-

’
ckaem noumu-nepuoduieckoe peweHue euda T, = M Zun, 20e (Prn)n
r=1

nepuoduyHl.

NorkasareancTso. Pacemorpum cucreMy 41 = A,x, +
+ zpt'Qp, 41 B HOKAKEM, 9TO TPH CACIAHHBIX HPEJIIONOKCHUAX Y ITOM
CHCTeMBL CYIIECTBYCT pemenue BUmA Znp\Pp,. Llycrts y, = ux"r,. Torna

—n—1 —n—1 n+1
Yn+1=2r  Yn+t1=72 (Anxn -+ 25 Pr, nt1),

1
T. €. Ypit = — Aoyn + Op,n+1. HAasa y, moaydaeM nepuoduueckyio
2R

CHCTEMY. JTa CHCTeMa JOTyCKaeT MepuojudecKoe pelieHne P, Toraa
I

U TOJHBKO TOraga, Korga 2 Uipp, j = 0 mia Bcex mepUMOAMYECKUX pelle-
o . 1

HIM CONPAKEHHOU CHUCTEMBI U, = Up i1 — A,. 3ameTuM, 4TO €CIU U,
Zp

ABJIACTCA NEPUOJUUYCCKUM pelleHueM DTON CHUCTEMBI, TO (YHRIUA U, =

= zx"U, SABIFSETCA NOUYTH-TIEPUOJUYECKUM pelenneM CUCTeMBbl U, =

= vn+1An, COOTBETCTBYKOIIMUM MYJIbTUIJIUKATOPY z;;l. I[eﬁCTBHTeJIBHo,

—n—1 —n—1 —n—1
Un+1==2p Up +1 —l" Un—HAn = Zp un—HAn = Zp 2Rl =

—-n —n—l —n _—I1 —1
=2Zp Up="UVUp MU Un41=2%p Up+1=— 2 2Zp Up =2} Uyp.

Eciu 2z, ©e sBisercs MYyJIbTUILIIKATOPOM [JsA CHCTEMH ;41 =
= A,zx,, TO z;' He ABIAETCS MYJBTHILIMKATOPOM IS COIPSLREHHOM
CHCTEMBI, BHAYUT, CHCTEMA NI U, He HMMeeT NepHOAMIeCKUX peImeHumi
W cucTeMa A Y, WMeeT IepHOJHIecKoe penieHue, ClIefoBaTeIbHO, pac-
cMaTpHBaeMas CHCTEMa WMeeT NepUOJNYeCKOe peIleHue BUAA ZpPpn.

Ecau zi — MyJIBTHIUIZKATOD CHCTeMH Zni1 = An%y, TO 25 — Myib-
THILIMKATODP CUCTEMH [JIS U,, KOTOpas AONYCKaeT peureHus BUAA U, =

6*
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= z;“un, I'Jie mMocJjaeg0BaTeJabHOCTD Uy, nepuoguvYHa; oTU pelleHus:d ABJIAIOT-
¢S MOYTHU-NePUOAUuIeCKUMM, 1 AJIAd HUX

N N S
1- 1 j - l. 1- —j ]'
im — vi[fi — 2%, ;1= lim — 25, 'u; 2Py =
N—oo [N N—oo [V
j_—_ j—_— ==
r¥h
N

Ecanm BBEIIOJHAITCA YCJIOBUA T€OPeMbl, TO

N
: J
lim — vizh@p, =0
N —>00
j=1
1, CJIef0BaTEeJIbHO,
N
1- 1
im — u;@r, j =0.
N —>00

j=1
Ho Tak Kax u; n : IEPUOMUYHEBI C IIEPUOJIOM l, TO
J kR, 1J
N il
1 1
llm _— ujcpk, j= u]'(Ph’ j= 0
N—oo [N
=1 =1
Hoc.ne,r.[Hee COOTHOINIeHI1E YJIOBJIGTBOPHGTCH opu BCeX HepI/IO,T_[I/I‘IeCKI/IX

PENICHUSAX Uj CHCTOMBL U, = Uni1 —— A,. CiemoBaTelbHo, CyHIeCTBYeT
R

HepuouuecKoe pelneHne BUAA Tn = TR Pp, n, DA€ IOCIEeN0BATENHHOCTD
(P, n)n TEPUOAMUTHA. ITO PACCYHACHUE LOAUTCA [IA RAZKRAOLO k, n Teo-
peMa JOKasaHa.

3. B mepsoit wactm sToro maparpada CymEeCTBeHHYIO POJIb UIPAIO
TpeGoBaHUe PAaBHOMEDHOL ACHMIITOTHYECKON YCTOWUMBOCTH JJIA JIMHEH-

HEIX ToUTH-Tepmogmdeckux cucrem. [IpmBesiem Teopemy, Aalomlylo mipo-
cToil KpuTepuil pPaBHOMEPHOH ACUMOTOTUYECKON yCTOMYHUBOCTH.

Teopema 3. Paccmompum cucmemy Un+1 = Un + ed,u,, eoe
nocaedosamenviocms mampuy A, noumu-nepuoduuna. ITycmo

S
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Ecau cobemeennvie snauenus mampuywsl E - €A pacnoaosxcenst 6Hympu
eOUHUUHO020 EpY2a, MO HY.e80€ DeuleHue CUCeMbl AAACMC pAsHOMEPHO

ACUMNIMOMUYECKU YCIMOULUBHLM.

Jlas moxasaTeIbCcTBa OTOU TEOPEMEl HYKeH OUCKPETHBIM aHaJor
onuoii memmuli H. H. Boroamobosa.

JHewmwma. Hyemo f, (x) — nocaedosamesvrocmv Pynryull, onpede-
ACHHBL HO KOMRAKMHOM hnodMHOozcecmee LK nexomopozo memputeckozo
npocmpancmea. Ilpednososcum, wmo 0as ai06020 x € E

n+N
lim ith(x)..—_o
N h=n

PABHOMEPHO omuocumeavro n. IlIpednosoxcum, kpome mozo, HUmo
1o @) | <M, |fo(z) —fu (@) | <o (2 27,

20e p (', ") osmawaem paccmoanue Mmemicdy 2 u x'. IIpu smux nped-
nOAONCEHUSE ykasanHvii npedea Gydem pasHOMEPHIM OMHOCUMELLHO
COBOKYNHOCIMU nepemeHHux (N, ).

ITycmyv

f@= 3 0" M@, 0<n<t

Toz20a _
| fa (x)l<£(”—), ede 1im{(n) =
1 — T n—1
JloxaszaTteabcTBso. lmeem
oo (j+1)N
fn(x Enfn l JZO l_—ZNn]‘n l('r
G+ON
Z VNN faa@n’T
J=10 I=jN
o0 (G+1N .
= S Y {fami (@) F fa (@ 07T = 1)}
J=0 I=jN
[ToaTomy
\_031 (+10)N GH+1D)N
@IS | D) @]+ ME S
=0 I=JjN I=jN
301 G+ON N
S Sl S Sy -

I=JjN j=0

~
|
o
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G+1N

S Sl 2
J=0 I=JjN —n —1
S
< D Ne(v) 4 2 M
. L—nY 1—n
J=0
n-+N
rie & (V) :[z\i D fn (x)l, rak gro lim e (N) = 0. Ilyers & =
k=n N=>oo
1
=1—mn, N =1 4+|—1. T lim N = oo W, 3HAYUT,
N (©) 7] Tomma lim 1 (&) e
. ; N — . -
ginoa e [N (§)] = 0. C pgpyroit cropoHH, 5 E-—E—E[ VE J <
1., = . N—1
<7V§, sHauuT, lim 5 E = 0. llosTOoMy A m0CTaTOYHO MAJHIX
§—~0

1§<1, n3

E, YHOOBIETBOPAIOIINX HEPaBEHCTBY

1 —nY=1—(1 —§>N>Na(1 ——"X—?—ia)

2
BBITCKAET
MN My _ M _MA =9 _
1T —nY 11— §(1__N;—1§) g
M N+1)—(N—-1E
2 N —1 '
1 — —2—§
CienoBaTtelbuo,
M 1
1) < 1 (eN(§>+ WS + ’E)
(1 - Y@= 2
2
Ilonaras
fy e EV®)  MNELDE

 N@®—1 N —1 )
! 2 E 2(1 2 :
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moJydaeM

mt =0 u | <=1,

n->1 1 —n

JlemMma moraszaHa.
Tenepp MBI MOKEM O6paTI/ITBCH K 7moKasaTeabcTBy Teopemul. llycrs

B, = A, —A, By= 2 n"*1B,. Ha ocHOBaHWM JIeMMEL

R=-—o00

Hycrs u, = [E + eBul v,. Torna

[E —|_Bn+1] vn-H—“[E +8B ]Un —l—SAn [E —I"SB ]vn'

Bt = 2 n" kBk“— 2 W "By, + B, =nB} + By,

m gaa = 1 — & moaydaem
B8 = (1 —e)BY ° 4 B,.
3HAUNT,
[£ + 8Bn+1] Vp1 = (£ + eBy, ° +eB, — By, ) Unt1=
— (E + eBY ) v, + &4, (E +eBy ) vn.
YuureBasg, 49TO
(E +eB ¢4 eB, —&’B ) '=E — eBY® —eB, +&B), *4o(e)
(m sameuas, uro |eBn °|<<{(1— ), naxommm
Vi1 =[E —eBY® —eB, +o @] (E +ed,) (E 4 eBy %) v =
=[E +&(4d, —B,) +0(&)]vn,
a, BHAYHT,
Upi1 = (E + ed) v, +o0(e)v

yTBepH\JIeHI/Ie TeopeMbl BI)ITeKaeT Tenepr u3 IpeaInoJoReHNA OTHO-

CWTEeNBbHO cmexTpa Marpuus E - eA u u3 TeopeMsl 00 ,yCTONYHBOCTH
10 mepBoMy NpHUOIUKEHHIO.
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§ 3. JInueiinpie cucTeMbl B MPOCTPAHCTBAX-NPON3BEEHUAX.
YcroitunBple MHBAPUAHTHHIC IOBEPXHOCTH

Mw 6ydem paccmampueambvb 3decb cucmemy euda

Yn+1=— Anyn —I"ann +fn+17
Zp4q1 =8 [Cn (8) Zn —l" Dn (8) Yn "I_ En+1 (8)] (1)

Bydem npednoaazamo, umo nocaedosameavocmu An, By, fn, Cq,
D.,, g, onpedeaenv das 4106020 Yen020 N, 02PAHUUEHBL U NEPUOIUNHbL UL
ROUMU-NepuUodUHIL; Kpome moeo, 6ydem npednoiazamo, umo mampuys Ay
o6pamumbl. U n0cAeJ06AMEAbHOCMb UX 00pAMHBIL 02DAHUUEHA.

Ilna ¢ = 0 cucrema IPUBOAUTCSA K BULY

Yn+1— Anyn _l_ fn—!—h
Zn+1 =0 (2)

W JONyCKaeT WHBapHAHTHYI0 moBepxHocTh 2z = (: xgoboe pemenue,
KOTOpoe B HAYaJbHBII MOMEHT HAXOAWMTCA Ha JTOM MHoroobpasuiu,
ocTaeTcs TaM BCe BpeM:d.

IToxaskeM, 9T0 0ua JOCMaAMOYHO MaAbX € cyujecmeyiom makue 0epa-
Huuenne nocaedosamenvrocmu mampuy L, (€) u éekmopoe 1, (&), coom-

semcmeenno nepuodureckue ual nowmu-nepuoduseckue, ¢ lim L, (&) =
e—0
=0 u linoa I, () = 0, umo z, = Ly, + I, o6pagyem npumasaeuéar-
E— ~
WY UHBAPUAKMHKYI0 NOBEPIHOCIb 6 TOM CMBLCAE, MO ECAU Yn (ng, Yo) —

pewerHue cucmembst

Yn+1t =— (An -+ BnLn) Yn T B, + Tn+1s (3)

mo napa Y, (no, y)s Lnln (Ro, y) + 1y A6asemes peweruem nepeonaiasb-
noii cucmems. Kpome mozo, 0as 4106020 pewenus cucmeme cnpasediugo
coomnowenue lim (z, — Ly, — l,) = 0, nokasvigarwujee, 4mo UHEa-

n—>00

PUAHMHASL TNO0BEPTHOCMb ABAAEMCA Rpumieusalouyel.
Ecau mpusuaavhoe pewerue cucmemvt Yp1 = ApYyn pasromepo
ACUMRIMOMUUECKU YCMOUYU60, mo cucmema

Yn+1 =— (An + BnLn) Yn

06aadaem mem sice ceoiicmeom (B cUIy TeopeMsl 00 yCTOMYMBOCTH IIO IIep-
BoMY IPHOIMKEHII0), mak umo cucmeMma (3) uMmeem ozpanuiennoe na ecell
0CU peulenue, coOMEemCmeeHHo Nepuoduieckoe uay nowmu-nepuoduieckoe,
Komopoe nopodcdaem 02paHUYEHHOE Ha 6Celi 0CU, COOMEEMCMEEHHO NepUo-
duueckoe uau nowmu-nepuoduueckoe pewenue cucmemst (1).

ITepen TeM Kak mepeilTm K J0Ka3aTeJIbCTBY BCEX OTHUX yTBeP;K/IeHUN,
yCTAHOBUM HEKOTODHE CBOIiCTBA pemeHmil cucTembl (2), paccMaTpuBae-
MBX JIIS BCeX IEJHX MN; 3[eCh CYIECTBEHHO HCIOJb3yeTCA IPEJIoIo-
;xeHHe 00 obpaTumoctu mMaTpun A,.
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Pemenne cucrembr (2) sammceiBaeTcs B BUIE Y9, nJo T Mn, ng» THE

%, np — MaTpHUIla pelleHHH OJHOPOMHON CHCTEMBI, YA OBJIETBOPAMONIAL
ycaoBuio Y9, n, = E, a 1%, », — peinerne cucreMsl (2), obpamamomieecs
B HYJIb Ipu n = ny. Ha ocHOBaHWU (opPMYyaH BapHaIlil IIOCTOSHHBIX

nmeeM

n
n?z,n(): N Y(r]z,hfha n = n,
h=n0+nio (4)
n?l,n():— N %,h hs n <<n,.
R=n+41
BaMeTI/IM, 49TO cIpaBeJJHUBO COOTHOIIeHUe
Yo ng=A A5 AL, n<lng. ()

U3z (4) u (5) BHITEKAIOT TaKue OIEHKH:

| Yo, n | SM™7", M=sup|A4,"], n<n,

n, ng
no o
S LM _
Mol E ) VAL ) < e,
j=n+1 j=n+1

n<n,, M>1, L=sup|f,|

ObGosnaunm uepes Z,, (¢) ¢(yHIZaMEeHTAJIbHYI0 MaTpPHUIy pelleHuM
cucreMsl z,+1 = eC, (&) z,. Ecim | Cp, (¢) | < C, 10

| Zo 0 (6)| <& THCm TR,
llonoxum

L:l (8) ==& h—Z— Zn, R (8) Dh—l (8) Yg—i, ns

BE@=e N Znn@[Dant €ty + & O]

Ilis1 mocTaToYHO MaNHIX € B CHJTy IPUBEJEHHHEIX BHIIIE OIEHOK CXOH-
MocTh obecneueHa. lloaydaem

n

,L%L (8) l < e Z an—kcn—hDMn—k—l-l —

R=—00
—¢ 2 DM (eCM)"* = _eDM Lle,
e 1 —eCM
| (e) | <e 2 gnhem TR (D zvfiz MR g) < I's.

h=—o0



90 I'masa 11

Ilycts Lt (e), it (¢) BIOpaHBI TaK, YTO
D7) [ <Ley  |HT@]<
Paccmorpum cucremy
Ynt1=(A, + B L gy + Boll ' 4 Fosre

Ilycrp
Yk = Ay + By LY (Ah+1+Bh+1Lh+1) (A By L= S I
Wit=— D Y+ B,
i=hp-+1
IpHYeM JIIS JOCTATOYHO MAIBIX €
_ - -_ ALM -
| Y7 5| < (2M) i |Mh <m(2M) F

Homoxum

) —e S Zy () Doy (&) YiTh o,

h:—oo

1, (e) = 2 Zy 1 (&) [Dr—1(¢) Nzt n + gr @]

——--OO

U MOKayKeM, 4TO JJIA JOCTaTOYHO MAJIBIX € M MOJXOJAINX L, I st pangs
CXOIATCA W MUMEIOT MeCTO OLECHKH

L) | <Le, L (e)|<le
06ecIeynBaloNine BO3MOKHOCTh IPOJOJIKEHNA IOCTPOEHMIL.

[lociaemosareasroctn L; ® Il cXopsrca OpH j —- 0o DPaBHOMEPHO
M0 7, 4YTO Jerko mpPOBepseTcs HeIoCPeICTBEHHO.
IIycto

L, (e)=lim L (e), L, (e) =1lim 7, (e).

QueBugHO,

~

| Lo (8) | < Le, |1 (e) | < e
Ecaun Y, n, — QyHZaMeHTaIbHAs MaTPHIA PpeIIeHHH CHUCTEMbL

yn-l-i—( +B L )yn7 TO Yn no——'llm Y‘;l ng*

]—)-00

AHaJorn4yHo ecian

= — ._Ehj;ﬂ Yy, i (fi +Bi-1li-),
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TO My, = lim fr]{l, . Otcroma cremyer, uto

J—>o00

L,=c¢ 2 Zn,hDh—i(S) Yh—i,na

== —00

e S Zo n[Daot (&) et + 21 ©)]

R—+o00
Ilycts reneps y, (n, y) — pelieHue CHCTEMBI
Yn+1= (An -+ BnLn) Yn -+ Bnln -+ fn+17

KOTOpOe NP I = N, NPpHHUMAeT 3Ha4eHHUe y. JTO pelleHue OIpe/eeHo
i a1000T0 IEeJoro n, u

~

Yn (n07 y) = Yn, no¥ _l— Nn, ng»
OTKYyJa

~

Lyyn (g, y) + ln =
= 8h=2_oo Zn, n{Dk—4 (€) [Yie—1, n¥n (no, 5) + Mg —1, ] -+ 8 (€)}-

Ho Yy _1,2¥n (o, ¥) + Na—t,n = Yr—1 (R0, y), u6G0 obe gacTu paseH-
CTBA SIBIAIOTCSH PeIIeHUSMHU OJHON W TOH ke CUCTeMbI, COBIATAIMUMU
npu n = k — 1. CaemoBareanHoO,

Lnyn (n(]v 17) + ln — Sh_Z Zn, k [Dh—l (8) Yk—l, nYn (nOa 17) _I— 8r (8>]’

a, sHaumr, L,y, (no, y) - [, ABIseTcA pemieHueM CHCTEMBI
Zpn+1=28 [Cn (8) Zn + D, (8) Yn (nO’AZ//) -+ gn-H]

n napa Y, (o, ¥), Lpyn (no, y) + [, siBusierca pemenuem cuctemsr (1).
Takum ob6pasoM, MBH [OKa3any CYyIeCTBOBaHWE JIUHEHHOT0 WHBA-

puarTHOr0 MHoroobpasus L.y, - .
VceTaHOBUM CBOHMCTBA NEPUOAMYHOCTH (COOTB. IOYTH-IIEPUOAMYHOCTH)

IOCTpOeHHOlI WHBapHaHTHO# moBepxHocTu. B cayuae nepumogmmyeckmx
K09 (PuUmueaToB nNMeeM

0 0
Yn+N, no+N — Yn, ngr Zn—I-N, R+N — Zn, ko

n+N n
0 0 0 0
Nn+N, ng+N = 2 Yn-l-N,hfk: Z Yn,hfh:'rln,nov n = ny,

h=ngTN+1 R=Tg+1

n

0 Tl0+N Ng }
0 0

Nn+nN, ng+N =— — 2 Y(7)L+N,hfk= z Yn+N,k+nfh+N:7]n, ng, <Ny

h=n+nN+1 R=n-+1
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CrenoBaTeabHO,
n+N

1 0
Ln+N — & Z Zn-l-N,th—iYn—-l, n+N —/

h=—o0

n

0 1
=& Z Zn+n, h+NDh+n—1Yh+N—1, ntn = Ln

h=—00
U aHAJOTUYHO lﬁhLN:: l,ﬁ_. [To MEAYKIUN HEMeIJeHHO IoJy4aeM, UTo eCaIn
II0CJIe/[0BATeN BHOCTH L, 1!=! pmepmopwuHE, TO TOCIELOBATEIHHOCTH
L., I}, Taxsce mepHOTUYHEL.
B caydae noYTH-IEPUOJUICCKUX KO?(PUIMEHTOB HMeeM

| Yhip nip — Yi,n| <0 —F) MMM sup| Ajep — 45,
J

| Znsp, htp — Zn,n | gen_hcn_kﬂ (n — k) sup |Cj+p —Cils
J

OTKYa
l L%-Fp - Lil <

<ek, (SljlpiCjer —Cjl 4 sup| Dyyp — Djl 4 sup | Ajip — 451,
J J

a, BHAUAT, IIOCTENOBATENBHOCTH Ly MOUYTH-IEPUOJHUYHA BMECTE c KO3(-
¢unmenTamMu cucreMbl. Jcmompzys ONEHKM  Taroro jke THIA A
| Mty i — ny , |, sarmouaeM, 9TO mocjaegoBaTeabHOCTs ! mourm-
nepumoguuna. Ilocme pTOro mpuMeHseM HHIYKIMIO, Kak 1 B Iepuoju-
YeCKOM CJIydae.

OcTasoch I0Ka3aTh CBOMCTBO yCTOMYMBOCTHU IHBApUAHTHOI IOBepX-
moctn. HelocpemncTBEeHHBIMU BBIYUCICHUAMEI IIOJNYTaEM

| 2 — LnYn — Ly | K (E0)" 7" (120 | 4+ € (Ko 1¥n, ) +

FeK, S &0 gy — Limyim— bl

j=ny+1
Hycrs v, = (eC)™" | 2p — Lnyn — I, |. Torga

n

Un g (SC)_nO (I Zno l + € (KZ _l_ l yno I)) _l_ K!e . 2 Uj—1,

j=ny+1

b < (60) ™™ (12n, | & (Ko 4 Yy ) +
"'— K4l Zpy T Lnoyno — lno [) (1 _'_ K[i)n—no

a, B3HAYWUT,

]Zn'_*Lnyn'_"lnlS;

<[eC (1 + KD 7™ (1 20 | + & (K2 4 1Yn, ) + Kal 20, — Lng¥ine — Ln, 1)y
orkyma lim (z, — Lypyn — 1) = 0.

n—>o0
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§ 4. Ilepmomgnmueckme M MOUTH-TIEPHOTHICCKHE
pelieHnsl HeJIWHEeHHBIX ChucTeM

1. PaccMoTpuM KBa3WIMHEHHYIO CHCTEMY BHJA
Tn+1 — An'xn -+ fn (xn)a (1)

riae mocaenoBareabHocTu A, u f, nepuommuHsl ¢ mepmogom N. Ilpenmo-
JIOKUM, YTO COOTBETCTBYIOMIAs JUHEWHAsA CHCTEMa

Tnt+1 = AnZn
He HMeeT NPYruxX IepHoJUYeCKUX pelleHWi ¢ mepmogom NN, KpoMme TpH-

BUAJTHHOTO.
Ilycrs G, ,, — Marpuna, oupegenernas B § 1. Hanumem ypasuenue

N
Ln = 2 Gn, mfm—1 (xm—l)' (2)
m==1
Kax Borrexaer m3 pesyiabraToB § 1, miofoe mepmogmyeckoe penieHue
cucremsl (1) 6ymer pemenmem ypapHenus (2). O6parHo, BCAKOe penieHue

ypaBHenusa (2) ymoBrerBopsier cucreme (1) u aABIAeTCA MEPUOAUIECKUM.
JleiicTBUTENIBHO, C YY€TOM COOTHOIICHMII, yCTAHOBJEHHLIX B § 1, mMeem

N N
Iy = Xn, 0 hzi (E - XN, 0)—1 XN, hfh—i (xh—i) + hzlxn, hfk—-l (xk—l)a
3HAYNUT,
Lp — Xn, 0Zo + RE Xn, hfh-—i (xlr—i)a
=1
OTKY/Ia
n-+1
R Aan, 0Zo + hgl Aan, hfh—l (xh—i) - Anxn _l_ fn (xn)

Hamee,

N N
Iy = kZ_,i XN, wfn—1 (Xn—1) + XN, o (B — XN, o)#1 hzi XN, nfn—1 (Th—1) =
N
== (XN, o (B — XN, o)_1 + E) hZ1 XN, win—1 (Tr—1) =

N
= (£ — XN, 0)#1 kzi XN, rfn—1 (Xr—1) = 7,

YeM I J0Ka3aHo, 4TO pelIeHHe SBJISeTCA IepHOJUYeCKHUM.
Ecan f, (0) = g,, fn (x) — fn (0) = &F, (z), To cucrema (1) sanm-
CBIBAe€TCS B BUJE

xn+1:Anxn+gn+8Fn (xn)v (1’)
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a ypasHeHme (2) mpuHUMaeT BHJ

N N
Xy = kziGn, nEr—1 1 € RZIGn, wFr—1 (Zp—1)-

N
Momosmum D, = 21 G, w8n—1; O, ABIAETCA EIUHCTBOHHLIM MEPUO-

IUYeCKUM pelleHueM JTWHEeHHOH CUCTeMbI, noxydatomeiica mpu & = 0.
VpasueHue (2) zaunmercs B BUje

N
Ln = D, +e hE Gn, rFr—1 (xh—~1)'
=1

Ilas ororo ypaBHEHHs MOKHO TOJNYWHTDL DPEHICHUE MEeTOJIOM IIOCJIe-
OBATEJILHBIX TPUOIMKEOHNUi, moJaras

N
0 j -1
2y =Dy, x, =D, +8h21Gn,th—1 (xl]c—i)'

ITonygyaem
2 — D, |<|e| ML, L= sup |Fn(@)], M=sup|Gnnl
a—@p I <K
a mis | e| << K/ML nocinenosareJbHbIe npuGAMKeHHA He BBIXOAAT
w3 mapa |z — P, | < K.
Ilamee,

it — 2l | < e | MLysup |k — 23"

h
(eciim F, yHOBIETBOPAIOT yCJIOBUIO Junmuna), 3HAYNT, | xilﬂ
< (| e | MLy sup | D, | W CXOZHMOCTD ooecmegena maa | & | <<

MNrax, mveer MeCTO Cleyloiiee

MMpegroskeHnUe. Eeats cucmema Ty +1 = Anx, He umeem opyeux
nepuoduueckuL pewenull, Kpome Mmpusuarbrozo, mo 048 0JdocmamouHo
maanz | € | cucmema (1) donyckaem edurncmeenioe nepuoduueckoe peule-
nue (u amo pewernue Moxcem Goimb Halideno memodoMm nocaedogamesvHblr
npubausceHuit) 6 npednososcenHuLL, Hmo F, ydosaemeopsaiom Ycio6Ul0

Junwuya.
Ecaum mo;kepTBOBATH €THHCTBEHHOCTHIO U BO3MOKHOCTHIO CTPOMTH

MpUOAMKREHHS,, TO CYIeCTBOBAHUE MEPHOJMYECKUX pemeHuil MOKHO
mokasaTh mpu Goxee caadbiXx OTpaHUICHUIX. Tax, ecan gas cucreMs (1)

| fo () | <P (lx ), THE ¢yHENUA [ MOHOTOHHA, NpHYeM JIA HEKO-
TOPOTO Clg
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TO W3 HepaBeHCTBA |z, | << ap CHAeRyI0T HepaBeHCTBA

N
1 21
[fn (2n) | << B (o) <M—N"O°o u G, 1fn—1 (Tp—1) <MNMNOCO =0y
h—1
TakuMm o6pasoM, omeparop, KOTOPHI BEKTOPHL Lo, Ty, . . -, £y—1 H€pe-
BOMHUT COOTBETCTBEHHO B BEKTOPHI Yo, Y1, - - +» Yn—1, OIPEIEIsIeMEIE
N
paBeHCTBAMHU Y, = 2 Gn pfnt (xp1), n =20, 1, ..., N —1, mepe-
r=1

BOTUT MHO;RECTBO Sup |z, | << oo B cebs. Ecau ¢gyHrunum f, HempepsiB-
n
HBI, TO DTOT OIlepaTop HeIpepsiBeH u Io Teopeme bpayospa y Hero cymecr-

ByeT HeIlOBM;KHAasA TOYKa, OJA KOTOPOU mMeeM
N

Lp = 2 Gn, nfr—1 (xh—i)-
rR=1

CorsacHo cKa3aHHOMY BBIIIe, BTa HEIOJBH/KHAA TOYKA U OIpejesser
nepuopuueckoe pemerne cucremst (1).

2. llna o0muX HeJHWHEHHBIX CHCTEM HMeeT MeCTO CJeyIoImui
pesyIbTar.

Teopema 1. Paccmompum cucmemy
Tn+1 = Jn (xn) + eF, (xn’ S)a (3)

ede nocaedosamenvrocmu f, u F, nepuoduuns. no n ¢ nepuodom N. Ecau
npu & = 0 cucmema Oonyckaem paBHOMEPHO ACUMNMOMUUECKU YCMOU-
uueoe nepuoduieckoe peuerue }n, mo 0aa docmamouno maivlxr | € | ona
umeem nepuoduueckoe peurenue z, (€), komopoe npu & —0 cmpemum-

cA K Xy.
NoxasatTeanctso. Moskao cunrars, 4ro z, = 0, m6o srT0ro0

BCerga MOKHO HOOWTHCS € IIOMOIILI0 3aMeHbHl IePEeMeHHBIX.
W3 paBHOMEpHOI acMMITOTHYECKOU yCTOMYMBOCTYU BHITEKAET CYIECT-

BoBanme Tarux 8y >0, 6 (n) u T (), garo m3 |y, | << 6 (n) cuemyer
lyn | <<m mw m3 |y, | << mw n=T(n) caenyer |y, | <<m; 31ech
Y, — PeIleHue CUCTeMBI Y, 41 = [n (Un)-

ITycrn

6126(%05), O<C<min{60,6(%61)}, T:T[%ﬁ(%@)}

I m — HapmMeHBbIIee HATypaJbHOE 4YHUCI0, s Koroporo miN > T.

O6oznaunm uepes S map | z | << 8. das zy € S nmeem | y, (xo) | <-;—OL.

Ecam | e | mocrarouno majo, 1o gas zo €S, 0 < n<<mN nmeem
| ., (zo, &) | < @, rme x, (zy, & — pemeHme cucTembl (3), KoTOpOE
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npu n = 0 coBmajgaer ¢ z,. Ecaum f, u F, ompepmeneHH JWUIb B OKpPeCT-

goctu z = O (T. e. pemeHud x,), T. €. JUIIb I JOCTATOYHO MaJBIX Q,
T0, MOCKONBKY pelIeHme He BEIXONUT U3 dT0i orpecTHOCTH HpH 0 <
< n << mN, oHO MOKeT OBITH MOCTPOEHO BILIOTH [0 N = mN. Ilycrb
¢ (29, &) = zy (29, &). OTOOpasKeHue @ U €ro UTEpPaAIUU ,ji=2, ...
..., m, oupefenens Ha S. OGosnauum gepes Sq map |z | << { u depes

3 1
S, map |x|<Za(§c)- T |20 <G n >0 mrees | Yy (z0) | <

2 2

lxn(an 8) |<6170<
1

..., m. Husa |x0|<%6 —Z—C), n>0 nmeem |y, (xo) |<;—§, 3Ha-

9uT, eCAM | & | JOCTaTOYHO MAaJo, TO | Zp (g, €) | << T, 0T n < mN,
u, caenoBatenasno, ¢ (So) < S1, 0 < j << m. Ilpu § << 8 nus zy € Sy,

1 1
<<+ 84, mbo £<<T6 61) . JIns mocTaTouHO MANHIX | €| HMEeM I0dTOMY
n

< mN, a, 3HAYHUT, (pj (S)y<=S,j=1,2,...

1 1
n>T umeem |y, (x) |<—2—6 —2—§ . 3HAYMUT, AJA JOCTATOYHO MAaJbIX

3 1
| €| BbOAHSETCA HEPAaBEHCTBO | Zmn (Zo, €) |<Z(3 (—2- C), a, cJje-

nosatennno, praioderue ¢ (S;) < S,y. Ilo Teopeme Lpayspa ¢ mmeer
HENIOMBIKHYIO TOYKY B S). JTa HEIOABUKHAA TOYKA ABJIAETCA HAUAIb-
HEIM 3HaUeHWeM HEKOToporo mnepuopuyeckoro pemenus. Ho rar kak
pagmyc mapa S, MOKHO BEHIOpPaTh CKOJIb YT'OJHO MAJIbiM, PeIleHue CTpe-
murca k myao npu & — 0. Teopema poxasana.

3. B mourm-mepumojgmYecKoM CJIydae MOKHO [OKa3aTh aHAJIOTUIHYIO
TeopeMy B IPEINONOKeHHH, 4TO QYHKNUs [, JIHHEHHA.

Teopewma 2. Ecau mpusuartvroe peuerue noumu-nepuoduieckol
cucmems, Ty 11 = A, A643€mcs PABLOMEPHO ACUMRIMOMUNECKU YCmOoT-
wuewMm, mo 0as docmamouno manx | € | cucmema (1) (ede g, u Fr, nowmu-
nepuoduuHIl) UMeem eJUHCMEEHH0e NoWmu-nepuodutieckoe pewenue U smo
pewenue moxcem 6bimb NOAYHEHO MemodoMm nOCAed08ameNbHBLL npub.au-

JHCEHUTL.

JloxkaszaTeuxbcTBO. JTO HEMEJIEHHO CJEJyeT U3 TEOPEME! 1
§ 2. Ilycrs @, — pemeHue CHCTEMbI, MOJYIAIOIMEHACT MPU & = 0. Bepem
22 = D,. Torma qu ABASETCS eTUHCTBEHHBHIM IOYTU-IIePUOTUYECKUM
pemieHmeM CHCTeMBl Tny1 = AnZy + g, + eF, (xff1). Orcioma caemyer,
uro i — @, ABIsETCHA eJUHCTBEHHBIM IOYTH-NEPUOMIECKIM pereHmeM
CUCTeMB Zp4+1 = Apx, + eFp (xﬁfi). SHa4uT, AJA FOCTAaTOYHO MAaJbIX
| & | mocaegoBaTeabHbe TPUONUKEHNS HE BEIXO/IAT U3 HEKOTOPOil OKpecT-
poctu pemenuss @D,. Ecam F, ynoBrerBopseT yCIOBHIO Jlunmumna, TO
U3 pPaBeHCTBA

x{;& — xfﬁi =A, (x{zﬂ — x{z) + & (Fy (xjn) — Iy (x];l_i))
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cleayer, 4ToO
. . —
|2t — 2l | <|e| MLsup|ah —a |,
Rk

OTKyJa, KaK W B TePUOTMYIECKOM ciydae, BaKII04aeMm, YTo IOC/IeToBa-
TeJbHEE IPUOTMKEHNs CXONATCS PAaBHOMEPHO.

4. PaccMoTpuM Temepb CHCTeMY BH/A
Tn+1 = Prx, + elp (1,, €), (4)

rae mociaegoBareibHOCTH Pp, F, M0YTH-TIEPHOJUTHDI (kak W B IpeBIAy-
meM cirydae, axTmueck:m HeoOXoquMmo, 4TOOLI MOCAeL0BATeIbHOCTD [
6pIa  MOYTH-TIePUOUYECKON PaBHOMEPHO OTHOCHTENBHO IePEeMEHHLIX
z, €). llpeamonoKuM, 4T0 KajKkaas MaTpuia P, mmeer oOpaTHYIO W 9TO
BCe pPENIGHMS JHHEWHOW CHUCTEMBI Tp41 = P,x, nmouTH-IEePUOSUYHBI,
a 3HAYMT, TOYTH-IEPHOTMIHA M IIOCIEf0BATeNBHOCTH X, T/e X, —
pyHZaMeHTaTbHAs Marpuia pemenui. llpomsBoss 3aMeHy IepPeMEHHbLIX
z, = X2, nomydaeM X, 12,41 = PrXnzZp eF, (X,z,, €, U Takr
kak Marpuna X, 4+, o0paruma, TO

Zn41= 2%y + SX;—lHFn (ann’ 8)-
MpI monyuymJiIu cUCTEMY BHIA
Zp+1 = Zn + eZ, (Zna 8)' (5)

3aMeTHM, 4T0 B CIUIY CA@TaHHEIX IPeINOJOsKeHUH II0CJIe[0BaTeNb-
HOCTH Z, IOYTH-IIEPHORMYHA PABHOMEDPHO OTHOCHUTEJIHHO (z, €). llycrp

N—1
~ 1
Z(z,8)= lim — Z, (2, €).
N —>00
n=—0
Teopema 3. Iyemv (°— nekomopoe pewerue YpasHenua

~ 07
7 (z, 0) = 0, makoe, wmo cobcmeenHble SHAUEHUA MAMPUYLL (”fz (2% 0)

umelom ompuyamedviivie eeujecmeennvie wacmu. ITo2da  cucmena (4)
ona docmamouno marsx & > 0 donyckaem noumu-nepuoduieckoe peuenue

z, (g), 0aa Komopozo umeem mecmo coommuowenue lim  x, () = X, C°
e—0

NoxasareuasbcTso. [locrpouM mouTH-TIEPUOAUEECKOE PEIIE-
Hue cucTeMHl (D) ¢ IIOMOIIBIO METOMA IIOCJIeT0BaTeNbHBIX npubIM;He HUA.
Ilycrs

n
A=Cde N (1—" "2, 0).
Rh=—00
ITocKOIBKY IIOCIHELOBATENBHOCTD Zj NOYTU-NEPHOJMYHA H & > 0, To,
Kak Jerko BUIETh, 24 — MOYTH-TEePHOJUYECKAs] TO0CJIeJ0BaTeIbHOCTD,
1 u3 jgeMMH DBoromio0oBa, moKazamHO# B § 2 (CM. MOKa3aTeabCTBO TEO-
pemsr 3 § 2), caexyer, uTO | zn — | <mn(e), e lim nm(e) =0.

e—~>0

7 A. Xanamaii, II. Bexcnep
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3aMeTnM, 4TO
n+1

Zpy 41 = z° + &€ X 2 (1 — S)nﬂ_hzh—i (@0, 0) =

= — 00

Um0 N (=9 % € 0+ el @0
3Hauur,
i — o2, (), 0) + (1 — ) (2 — ),
W, cjegoBaTeIbHO,
B — 2 e (2 (0 — (2 — £

i1
OHpeI_[eJ[I/IM Z?n KaK eJUHCTBEHHOE€ IOYTHU-IIepUOaANICCROE pelienue
cucTeMbl

s 20 20, 0) 2, 4 o2, (e 0) — 2 T2 0 2
z 0z
Mycers A, = aaZZn (g0, 0). Nmeem
v N N
ﬁ:$Lfi-§f-h_ Ahﬂﬂ%h:;%zf“’ 0= .0,

Tak uYTO CcoOCTBeHHBIe 3HAYEHUs MaTpPUIbI A wmMmeoT oTpuIaTeIbHBIe
pemmecTeHHse vacTH. IloaToMy coOCTBeHHbIE SHAYEHIS MATPHILHL e
Je;KaT BHYTPU eIMHUYHOTO KPyTa; HO etA — E - gA -+ O (&?), 3uauur,
IS 0CTaTOuHOo Maakx & > () coOCTBeHHbIe SHAUCHNA MATPUILbL E -+ ¢4
PACIOJNOKeHBI BHYTPY €HHIIHOTO KpyTa. 13 moxazaHHOW B KOHIE § 2
TeopeMsl o ciejyer, UTo TPUBHAILHOE PEIICHUE CHUCTEMBL Uy 41 = U, +

-+ eA,u, paBHOMEPHO ACHMUITOTHYECKU yCTOMYNBO, & TOT/a W3 [OKa-
samHoll B Haudase § 2 Teopempl 1 BrTeKaer, 4To CHCTeMAa UMeeT eMHCTBEH-

HOEe IOYTU-IIePHUoJUIecKoe pelieHue.

Ilazee,
. : YA ;
Pt — = =) e 020 0) (a3 — 23 +- ¢ OZn0 020 —
0z 0z
-0 0 0 j aZn 50 J
""SZn(Qa0)+8(zn”’§)+8zn(zn78)_8 (an)zn:

0z
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[E+ (@ 0)](’“—z%)+

+e [Zn (20, €) — Z, (', 0) — (@ 0) (27, — Zn)] e (zn — ).

Ho

Zn (Z{n 8) _ Zn (C()’ O) aZn

(é 0) (21, — 2n) =

1

. jaz
B 0z

L (E° A (2 — L0, he) dh (2], —T°) +

0z,

—l—ejaz"(z‘urk(zi (L 0) (e —2n) =

0z

— S[ e 4 A (2, ;),xe)—az”(éo, O)Jdk(Zf;—z?l)nL
0z 0z
+§

te f(?;"@ A — 1, he) d,

— '), he) d (z, — L) +

0

TaK 4TO AJSA JOCTATOYHO MAJbhIX & W AJsa marpur] Z, winacca C?l

0z,

| Z, (21, €) — Z,, (L°, 0) — @ 0) (2], — %) 420 — 8’1 <

1 .
Sgppsuplan =zl +m ),
rje lim 1y (&) = 0; mbr yuaum tot daxrt, uaro | z) — C° | << 1 (&), u mpen-
NOJORUIM «II0 MHAYKIum, 4910 2z, — (° —>0 mpu & — 0.
Taxum oOpasowm,

. 1 :
IZ{;Srli—ZglgM(wSUpl%—Zng+ﬂ1(8)),

n

T*
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a, sHaumr, ecam |z — z0 | << 2Mmw, (g), TO TakKoe jKe HEPABEHCTBO
cupaBepjuBo u AaA j + 1 u mpegnoso;kenue zitt — [ — 0 peiicTBU-
TeJIbHO BBHITOJNHIETCS.

Ilaee,
St — sl al e TG 0) (1 — ) o (e )
Z
ez, (7 6) —e 2@, 0) (] — 27
0z
1
7 (@ e) — 7 (77, &) — 22n @, 0) (5, — 2 =
0z
1
az . . . . .
=H v (I A (e — Y, e) — 22, 0) | dh (e — 7).
. 0z 0z
SHAYUUT,

?

|27 2 | < ma(e) sup |2, — 2,
n

1
l
geM ® of0ecmeueHa paBHOMEpHAs CXOAMMOCTEH IOCAeTOBaTEIbHLIX IpH-
oauxennii. Teopema JoKaszaHa.

Hra TeopeMa JIe;KUT B OCHOBE NPUMEHEHUA MeTo/la yCPeAHeHNA R Iuc-
KpPEeTHHIM CHCTeMaM.

Tem sxe cnocoO60M MOKHO IMOJAYYUTH AHAJOTHUYHYIO Teopemy [JIAd
cucTeM B IPOCTPAHCTBAX-IPOUBBENEHUAX.

Teopewma 4 Paccmompum cucmemy

Ln+1== In "I" 8Xvn (xrn Yns 8)7
Yn+1— Anyn "I— fn—H "l" 8ifn (xrn Yn, 8)'

I pednoaosxcum, umo nocaedosamesbrocmu X., Y, noumu-nepuoduimul
(paBHOMEPHO OTHOCHTEIBHO (z, y, &), nocaredogamesvrocmu A, In
NOUMU-NEPUOOUUHBL, @ HYAeg0e peuleHue CUCTREMb Yn i1 = A,Y, pasHo-
MEPHO ACUMNIMOMUUECKU YCMOULUEO. Iycmv @, — eduncmeennoe nOUMU~
nepuoduieckoe peuLeHue CUCmembl Yn41 = Ay, + fost u

N

X (z, &) = lim _]%7- X, (z, @n, €)-

N—>o©

(6)

n=1

Ecau E° — pewenue ypaswenus X (z, 0) = 0, makoe, umo cobcmeen-

0X
Hble SHAUEHUL MAMPUYBL —— (£°, 0) umerom ompuYamMeLbHBLE GEUECNBEH~
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nwe wacmu, mo das docmamouro maanx € > 0 cucmena (6) umeem edur-
cmeennoe noumu-nepuoduueckoe pewenue T, (&), Y, (&), Komopoe yoo-
gaemeopsaem Ycao8UAM

lim z,, (e) = &°, lim v, (8) = @,
£—>0 e—>0
IlokasarteabcTso. llycrs

n

x?L: EO"I"& Z (1 —'g)n_hXh—i (EO, Pr—1, O)a y(r)l__‘q)rw

h=—o00

a zit!, yit! — epuHCTBeHHOe IOYTH-IEPUOLMUCCKOE PEIIeHne CHCTeMEI

OXn (80 o 0z, & X, (2 ¥hy ) — & o (0, @, 0) s
0x ox

Tp+1=%Tpn + €

Ynt+1=— Anyn —I_ fn—H —'_ 8}fn (x]na y.;l)
KHax u B mpegpimylieil TeopemMe, 9T0 pelleHHe yCTPOEHO XOPOIIO.
12— 1<), 1y — @l < Ke,
” . . . . a o .
12— | Ly —y  <q(xh —a M Lyl —yn D g <4,
ueM W ofecmeueHa paBHOMepHas CXOAUMOCTH HPHUONMKEHHUH.

5. JlokaskeM Temeph OHY TeopeMy o0mero xapaxkrepa, OTHOCAIYIOCA
K CHJBHO HeJWHeHHHM cUCTeMaM U CBOIAMYIO mMpoljieMy CYIecTBOBaHUA
MOUTU-TIePUOJUIECKIX peNleHnii K mpobJjeme CYIecTBOBaHUA OT'paHMU-
YeHHEIX peNIeHuil ¢ ompeJe/ieHHBIMI CBOWCTBAMM yCTOHYMBOCTH.

Teopema 5. Paccuwompum cucmemy i1 = [y (x,), ede nocae-
dosameavrocmy f, npednoaazaemcsa nepuoduveckol. Ecau cywecmeyem
02p AHUUCHHO0E DABHOMEPHO YCMOLLUEOe pewerue, Mo smo peuLenue aeaiemn-
CA ACUMPIMOMUYECKU NOYMU-NePUOOUteckuUM U, 3Hawum, cucmema dony-
cKaem nOYmuU-nepuoduueckoe peuLerue.

IlokasareascTso. llyers Z, — OTpaHMYeHHOE DABHOMEDPHO
ycroituuBoe pemenue cucremsl. Haiiercs 6 (&), Taxoe, 910 | Zn, — :;’ﬂo | <<
<< 6 (¢) Bmeuwer 3a coboit |z, — z, | << e anmg n>=ny. Beam N —
IepHUoJ; CUCTEeMEI, TO, B3sB ny — kN, moiayumm, 4910 | Zpy — Ty | <

< 8 (¢) Baeuer B3a €o6OH | Zpipy — Tnt+ny | << & maa n=0. Tax
Kak faHHas CHCTeMa sBifgeTcs NepmopuvecKoil ¢ mepmomom N, TO

Tn+nN = Zn () U, 3HAUAT, |y — ERN | << 8 (¢) Bueuer 3a coboii

| 2, (¥) — Zniny | < & aas n = 0. Pacemorpum oroGpaskenue 'z, =
= zy (%). Umeem z, (Txo) = z, (¥ (%)) = Zntn (To) u, BOOOIE,

Ln (Thxo) = Zp+ry (To), Tkxo = Ty (Zo)-
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Us | z, (y) — Ty | << & caenyer | xpy (y) — Z a+pn | << & 3HAYUT,
ms |y — T" xo | << 6 (&) caepyer | Ty — T'Hz, | << e.
Ilyers  hy, hs, .. .— mocHenoBaTeIbHOCTH  HATYypPaJbHBIX UHCEJ]

. hy ~
¢ lim h, = co. MuosectBo {7 "x,} ABIsAeTCS OTHOCHUTENHLHO KOM-

m—>o0
ODaKTHEIM, w00 pelneHwe x, 1O TPEANoJo;KeHU orpanmueno. llycTs
k,, — Taxkas TOAIIOCIEIOBATEJLHOCTL IIOCJIEI0BATeIBHOCTH A, UTO

. R —~ Rry ™
lim 7""zy = z}. Jas nmocrarowno OGoxpmux m umeem | T "z, —

m-—>o0

> 1~ IR
—zy | << 6 (e), smaunr, | Ty — T mre | << & m, caegoBaTesbHO,
: - hm 1 .
lim 7" "2y = T'z*. Orobpaskenne T obGuamaer TeM CBOICTBOM,
m—oc

4yro u3 J060il mocaegoBarensHocTH {7 Zo}m MOKHO BHIOpaATh MOJ-

I+ B ™
mocienoBarensocts {7 "Mz}, exomAmyocs paBHOMEpPHO OTHOCH-
TeJIBHO [, T. €. MBl HUMeeM aCUMNOTOTHYeCKYI0 IOYTH-TepHOJUYHOCTD
B TOUKE Z.

Taxum 06pason, mOCTeHOBATEIBHOCTD L), x ABJISETCS ACUMITOTHYECKH
HOYUTH-TIePUOAUYECKOl, Tak uto s aioboro 1 > 0 maiimyTcsa rtaxue
[(n), K(n), uro Mme;kay mepseivm [ -+ 1 HATypadabHBEIMU YUCIIAMHT MOJKHO
HaliTH Takoe 4ucsa0 m, 4to AusA k > K (1) umeer MecTO HepaBEHCTBO
| Zrtmny — Ty | <M.

ITycrs n pocraroumo Benuro, n = n' + kN, 0 << ' << N. Umeenm
Ty = Tninn = Tn (Thy) = o (T"zg). Hyers &> 0. CymecrByer
1 > 0, raroe, uro | x — y | << 1) Bieuer 3a coboil | z, (x) — z, (y) | <
<enpnna 0 n<N. aa k> K () umeem

I-+-hm

~ ~

i Lpn — Ln+mN l — l Ln, (th> — Tn, (x(h—f—m)N) l < &.

OwxronuatenpHO, miusa Kayggoro & > 0 cymecrsyor L, u [, Tarue,
uro Mewpay mepBeMuU ([, + 1) N HaTypaJbHBIME YWCIaMN MOKHO HAUTH
queao Bupga mN, obxanaiomee TeM cBoiicTBoM, 4To ecuum n = Lg, TO

| 2p — Zp4mn | << &, OTKyZA U cleyeT acUMNOTOTHYECKAs MOYTH-IIePHO-
AUYHOCTH IOCJIeJOBATEJIBbHOCTH Xy,.

§ 5. luBapnanTHpie MHOTOOOpasmsA s HEIWHEHHBIX CHCTEM
B NMPOCTPAHCTBAX-MPON3BEHEHHUAX

1. PaccmoTpum AHUCKpeTHYI cucTeMy B HEKOTOPOM IpOCTPaHCTBe-
IIPOM3Be/IeHNH

Cn+1 — fn (Cna Vn)7 Yn+1 — &n (cna Yn)7 Cn E C» Yn E ©.

!

~

Obosmaunmm wepes c, (n, ¢, V), V. (n, ¢, V) pelenne cucTemMbl, OIpe-

~

aendeMoe yCJaoBuAMHI C'YT ==, V'ﬁ -

=213
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Teopewma 1. Ilyemo cywecmeyiom nocmoaniie I, L, N, o4, as,
0<or <1, 0<<a,<<1, ki, ks, marue, umo:

1°. Ecau |c | <1, mo pewenue ¢y (n, ¢, V)s Vo (n, ¢, y) onpede-
/Lenoanﬂecexn>nulcn(n c,y)l<l0ﬂﬂn>ﬁ+N.

2°. Ecau |c1]\l,|c2[<lun+N<n<ﬁ+2N, mo

~ 9~ o~ ~ o~ ~ ~

]cn(n’v Ci,V)—C (n 627 )I+L]Vn(n cisV) Vn(nvcb;)lgai'ci_cﬂ'

3°. Ecau |Ei|.\<z, |c2} <l |c1——02| L[y1 | mo

a) |Yn?l Elv ';1) Vn(n 027 Yz) ’Yj '+Y2|<062|’}71 y2|0/mn LN <L
<n<nJ~2N
|cn n, ¢, yi)——cn(n Ca,s Yz)l (1 — ) L|yi-y2[ dasa n + N <L
<\n<n~ 2N

|Cn IZ Ci, ’\71) Cn (n Cz, 'Vz l—l‘l'Vn na cl’ 'Vl) —VYn (n’ Ca» V2) ‘ <

<k/€” n(le;—co| ] pi— v2|) 0aa ecex n = n, 0das Komopwulr peuie-
HUs onpeaeﬂenbz,

[ pu smux ycaosusxr 04 4106020 Yer020 n cyuecmeyem marasi Pyrk-
yua pp: ¢ —C, umo

a) | pn (V) | <1 Oas ar0bozo y € G;

6) | pn (V1) —pn (v2) | S L [y1 — v | dan awobuix vy, 2 € ¢;

B) daa awboeo ¢ € C ¢ | ¢ | <1 u awnbozo y € € umeem mecmo Hepa-
6€HCMBO

Le, 00,63 — pn (o (0 & D) | < K" " [e—p_(W)], n>n, a<l

~
n

r) ecau c = p~(y), mo ¢, (n, ¢, ) = pn (Yn (R, ¢, 7)) Oas écex n;

n) PyrEyusL pp SMUMU COOMHOWEHUIMU onpedesena eOUHCMEEeHHLM
06pasom;

e) 1% ecau foiv = fn, Bnitv = &n 044 2100020 M, MO Ppiv == Pn ons
A106020 n;

2% ecau fn (C, T (’3) = fn (C, V) 8n (C, Y + (0) — gn( ’ V) 0as
arwbozo ¢ € C, vE‘é mo py (y + ©) = pa (¥), ¥ €C;

8) ecau nocaedosamervhocmu f, U g, NOYMU~ nepuoduiHbsl pasHoMePHO
omruocumeavio ¢ € C, vy € 6, mo nocaedosamesbHoCMb Py NROLMU-NEPUO-
duura pasHomepHo ommuocumeavio y € G.

I[ oxasatTeabctrso. 1) Hyers Q (I, L) — mMHOKECTBO (PYHK-
it ¢: € — C, KoTopwe mis do06oro y € € yHOBIETBOPAIT yCIOBHIO
| ¢ (y) | <! u pas Ji00BX Vi, Y2 € € YOOBIETBOPAIOT YCIOBUIO

lg(v) —q (v2) | <L |vi— 72| Ilyers ¢ymkuma 0 2 6 — ©
ompefiesieHa € IOMOIIBIO COOTHOIIEHH:A G‘i ~ (V) = v (7, ¢ V), 7)-

N3 yeaoBumsa 3° a) ciaegyer, 9T0 A B <R < N 2N wumeer MeCTO
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HepaBeHCTBO

~

107 (3) — 07 _(vo) — 1A Vol <ol —val, <<t

n,n n,n
OTciofa BHITeKaeT, 9To auasg n <L n < n - 2N otobpaskenue 93 ~ ABJIAET-

¢S B3aMMHO OJHO3HAUHBEIM U oToOpajkaer MHOKeCTBO ¥ Ha BCe MHO-
JKeCTBO €, a BHAUWT, JoOycKaeT obGpaTHoe oToOpaskeHme 1); mycTs
Gi%: Y —~% u aBigercs JTHUM oOpaTHBIM O0TOOpaKeHUEM.
2) Paccmorpum orobpaskenme P ~q: % — C, Rotopoe ompejeiser-
CsI COOTHOIIEHUEM
[P ) =ca(r,q[c? )], o' (W), n<n<n+42N.

n.n n, n n,n

~

g n+N<n<n-+ 2N B cury ycmopua 1° |[P, ~ql(v) | <!
u B cuny ycioBus 3° 06)

1P q@G)—[P _q) < —a)Lic? _(v)—o? _ ()l

n,n n,n n,n n,n

C npyroit cropomsi, m3 3° a) caexyer, uto (1 — ) [y — Bl
< I 0 ('Y) — 0 (ﬁ) |7 a, 3HAYNAT,

(1 — o) |o? NGM) — o ,.(,:\J’z) | << IA\J’i “X?zl,
TaK 9TO ’ ’

1P _al(v) — [P _al(v) << Llve — el

Taxum obpaszom, HIsA n-+N<n<n-+ 2N uveem P ~q€Q (I, L),
T. 6. P Q(, L)y ->-Q(, L). N N

3) Iyers n+N<m<n-+2N, n+ N<ny<nm+2N,
¢1 = Py 9. Torma 6%12’171 [6%1,;;(\7)] ZG%Z,g (y). Orobpaskenme 69;12,5
ABISAETCS, CJAefoBAaTeJIbHO, KOMIO3MIMEe#l ABYX B3aMMHO OJHO3HAYHBIX
oTOOpaskeHuil, KOTOpHE OTOOpPayKar0T MHOFKECTBO ¢ wua cebs, 3HAUUT,

1z - . -~ -
oToOpaskeHue Onz’n umeeT ofpaTHOe 07 -, ONPE[eNeHHoe Ha %. Ciue

1) Boobme, ecam fasg oTobpaskemus 0: ¢ — ¢ BHIONHACTCA yCIOBHE
[6(y) —0@P) —v+ Bl <o |v—P_|, T0 91O oTOOpasKeHe B3aIMHO OJHO3HAYHO
¥ IepeBOSUT MHOMKeCTBO @ B cefa. [leicTBUTeNbHO, U3 IPUBEACHHOTO HEPaBeHCTEA
caenyer, uto (1 — a) |y — B 1< 10 () —0(B) | < (I 4 o) | v — P |, rax ur0 §
gBJsercss B3aUMHO OfHO3HAYHHM. Jlagee, miasg O € @ HOTOKEUM Yy = O, Vi1 =
— v+ 8 —0(y;). Torma coornomenme |0 (y;+1) — 0 (V) — Vits - Vi | <
<L Ay | Vi+1 — V; | Tepenmmiercs B BHJE 10 (y;41) — 0 | <oz |0 (v;) — 6|,
cienosarennno, lim 0 (y;) = 6. Ms mepasemctBa (1 — &) | Vi+n — Vi | <

1—»00
< 10 (v;+p) — O (y;) | m u3 TorO aKra, 4TO IOCIENOBATENBHOCTD 0 (y;) umeer mpe-
lel1, caefyeT, 4To ; ABIAETCS IOCTe0BaTeabHOCTHI0 KoM, a 3HAYNT, NMeeT IIPEeAeL.
IMomaras ¥y :_lim V;, HeMeJJIeHHO II0oJydYaeM 0 (y) = §; cuaegoBaTeabHO, Jrobas

1—>00
TouKa M3 ¢ ApiaseTcs ofpasom mpu orobpaskemmu O HeKOTOpOU TOYKM M3 6.
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IoBaTeIbHO, ¢TOOpaKeHHe Gi’% uMeeT oOpaTHOe, ompefeleHHoe HA T,

nasg Beex n << n<<n-+ 4N. IloBropas paccy;RiIeHus, 3aRrIoUYaeM,
gro oroGpaskenze 07 5 WMeeT I BeeX n>n ofparHoe, OIpe/leleHHoe

Ha €. meem raxsme P ~q € Q (!, L) must Beex n>n-+Nnu P~
=P~ ~P~ ~ nus Bcex;az>n1>n—l—N

nz2,nyp ni,
Hpome Toro,

[P, ~al (v (2 ¢ (), V) =P, 7] 0 ~ () =

=y (mg[o? 0% (], 6707 (W)= c,(m, q(¥), V)

n,n n,n n,n n,n

A BCex n > n.
4) Nmeem

~

| en (1 €5 7) — 7 q](vnﬁ”c“ NI<aylqg®) —cl

IS |21<Z, ﬁ+N<n<n+2N, OTKY/Ta

n,

1P _aa) (v (2 02 (0, ) =[P _ @i (v (s 02 (0, D) <

<051]Qz(§)—91(\7)|,

a, 3HAYUT,

|[P an] ¥ — [P 91] <

n, n,

<oulg[o” _ W] —alc D], r+N<n<n+2N.

n,n n,n

Iycre Temeps q; € Q (I, L), lim g; (vy) = ¢ (y) paBHOMepHO OTHOCH-

1—>0C

TeasHo y € 6. Torga

P ¢ 5P _qg

n,n n,n

5) I_[anee, ~lim Pn,'ﬁq = Pns Pn E Q (Zv L)? Pnz, niPni = Png AJLA

N> =00
ny == ny. JleiicTBUTENbHO, BO3BMEM Ny = n, R; — 2N < nj4q << Ny —
— N, j>i>1. Torpa

Pung=P _(P_ _0

n,n, ng nj
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u
120 50 ()= 1Pl W =115 - Pr 5 al 0 —
—IPg - P (Pr 201 I/a}‘isgpl[P;i,;qu(v)—
() [ <2711,
BHAYNT, 7,1_133 [P, niq] (v) cylecTByer paBHOMEPHO OTHOCHUTEIBHO v €.
bonee Toro, us HepaBeHCTBa
| ['—Dn ~ 21 (v) — [Pn r?,fh] (\7) <afsup|g (W?) — 42 ('\7)1

ciemyer paBeHCTBO
lim [P _gs] (\Nf) = lim [P _q] (),

i—>o0 n,n; i—>00 n,n;
OTKy/la BUIHO, U4TO p, He 3aBUCHT OT ¢. VI3 cooTHOImenus Py, an 71
=P ~q mupu n—>— oo noaydaeMm P, pDng == Py BIAS Ng = n1

Ny, N

6) Iloxaskem, uTO mOCJETOBATENBHOCTh p, 00JajaeT BCeMH CBOM-
CTBaMH, YKa3aHHEIMH B ¢QopMmysnupoBke teopemsl. OueBmano, p, €
€Q(l, L), smaumr, ycloBusa a) u 0) ymoBueTBopsiorcs. [laiee,

[Pn,%q] (Vn (77'7 q ({7)7 )) = Cn (}’L q (V) ~) n Pn,;;p;{ = p, QJIda BCeXx
n>=n. llomoskum B mHepBOM COOTHOUreHHW ¢ = p~. lloxyunm
cn (1, Py (v)s r\;) = pn (Yo (1, p7 (¥), V) nus Bcex n = n. Yoequmest,
4TO (AaKTHYECKN HTO COOTHOLICHWE CIPaBeNJINBO /A Bcex n. Vmeem

S~ — ~ p/‘./ . —~—
Py (V) =Py bz I (V) =c5 (n—i, p~_ l[0~” = ] 07{7}1_1(?)),

n, n—i
- P~ P~ b PN . - -
; - —i ¢ - n—i
y.m—i,p_ [0 W] o "t (W)=0_"_"(c_"_")v=1,
n n—i n, n—i n, n—i n, n—i n,n—i
a, 3Ha4YuT, COOTHOIIIeHHne
~/ ~S pN ~
n—i
o p (), y)=c,(n—i,p_ [0 " (V)]
n n—i n,n—i
pN (3 ~ ~~ pN s ~ p~ . ~/
n—i . n—i . n—i
6 "' (W)=pyyn(r—i,p_ [0 " " W] o " (V)
n, n—i n—i n,n—i n,n—i

cupasemyimBo mis Jjgioboro n >=n — i. Otcloma craegyer, 9TO

can—i,p_ WV =PnGn(m—isp_ ¥, ),

n—i n—i

TaK 49YTO COOTHOIIEHUEC 1‘) JORa3aHO OJA J1000T0 N.



§95 107

IIpu ycramoBienuu cBoiicTBa B) OyneM HCXOAUTHh U3 HEPABEHCTB

len (0 6,0 — [P gl (vn (6 D)) | e lg(y) —cl,
ndN<n<n+2N, |ci<L
Ilonaras ¢ = p,, TpUXoAUM K HepaBEeHCTBAM

e (7 €0 3) — P O (7, €, V) | e lp_(¥) — ],

ntN<n<n-+2N, |c|<L
Ilo wEnyKIIUN HeMemJieHHO IToJy4YaeM, 4YTo

| (7, €, 1) — P (v (2 €, D) | S 'l p_(7) — |
wiss n -+ kN <n<n-+ (k-+ 1) N. Hakomen, pmis n<n< n-+-N
uMeeM

L (7 € %) — Do (Y (7 0 V) | << 4 L) o™ ¢ — p_(W) -

N 1
Ilyers K = (1 + L) ky (?) . o = aN. Torna

~

Lo (1, o 7)) — P (Vn (1, €, V) | < KaNe—p_(7)] <

~
~

<Ka"jc—p_ (W, n<n<n+N,

[en (€, %) — Do (Yo (0 & M) [ <<a"Ne—p (D)<

n

1

N

04

~
n—n;
< |

a" e —pa (W) < Ka" e —p~ ()]

mia n-+-hEN<n<n-+(k-+ 1) N, a 3Hauur, JQiusa BCex n = R,
W CBOMCTBO B) YCTAHOBJIEHO.
O6patumcss K cBolicTBy emmmcTBenmoctu x). Ilyers p, ymoBieTso-

psier cBoiictBaM a), 0), B), 1), Y €%, n = n— N,y = 0%':’%, (7).
Tornma
pN(V)ZpN(VN(n 7p,'\, ’(V )7 Y )): CN(TL » P ,(V')v 2% )
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CiemoBareinHo,
lp_(v) — (v)l Ka Ip @) —p ~ ()l
n

OTKY[a 10 WHIYKI(UH

P —p I<Ka™p. @GN —p. GF)<2Kd

n n n—jN n—JjN

Ilpu j — oo momydaem p=~ (y) = P (v).

7) YcramoBuMm Temepb cBoiictBo e) 1*. Jlia storo 3amerum, 4TO

[P gl (7 g (), V) =0 (7, ¢ (), V) = Crpn (R v, ¢ (V), V) =

n,n

— lpn—l-v, n—I—vg] (Yn—i-v (% _l_ v, q G;)’ :\VI)) — [P ~ Q] (Vn (77” q G)),AY/)),

n+v, n+v

a, sHauutr, P ~q =P Tak 4YTO OpU N — — 00 IOJyYaeM
n,n

Pn = Pn+v-
Ilepeiinem & e) 2*. B mpepmosioskeHMsX 9TOTO NYHKTA HMeeM

n-v, "r?—}—vq’

cn (;;7 2:7 {;—]_ (0) = cn (;1’/7 Z'J, g)a 'Yn (;LJv 2’7 g_l— (O) E")n (’77 Z’ %7) _I_ .

IleiicTBuTenbHO, ecau (c,, V,) — pemnierne, 10 (¢,, Vn+o) TAKKE ABJIACT-
CsI pellenueM, 3HAYMT, B 00eMX YaCTAX TOMKAECTB CTOAT pelieHUs CHCTe-
MBI; HO 9THU PelleHWsI COBIAJAIOT NPU 1 = N.

ITycts Temephr QyHKIUA ¢ mepuoguyHa ¢ mepuoioM . Torga

[P %Q](Vn(’zQ(\;J—l‘ ©), 7+ 0)=c, (, ¢ (y + ©), ¥ + o) =

n,

— (Mg, Y+ o) =c, (0, g, V=[P _ql(vn (. a®),7)

n,n

[Pn %Q] (Yn (77’ q (g_l_ (’))7 ‘,VV",— (’)) - [P %Q] (Vn (57 q (:g)v \7—|_ (’))) -

n,
— [P NQ] (Vn (n, Q(Y)7 V) + ),
n,n

a, 3HAYUT,

[P _g(v+ o)=[P _qa](¥),

n,n n,n
U mpu n — — oo moaydaeMm p, (y + o) = p, (v).
Ecanu mociemoBaresbHoCTH f, U g, ABIAITCA, KaK B ), MOYTH-TIEPHO-

MUYEeCKUMY PaBHOMEPHO OTHOCUTEIBHO ¢ € G, y € €, To Ji0bas mocie-
JOBATEIBHOCTD Ny —> 00 COJEPIKHT MOANOCIeA0BATETBHOCTD Ny, TAKYO,

910 Cptny (n + Ny, € V), Vg, (n 4 Ny, C V) cxomAarcs mpu [ —

—> 00 PaBHOMEPHO TIO 1, C, 7.
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,HeﬁCTBHTeHBHO, cn+nk(n'+‘nk,(% V% Vn+nk(n'+'nk, c, V) ecTh
peIIeHne CUCTeMBL Cpi1 = fn4ny (Cny Vn)s Vn+1=Eniny (Cn,r Yn), KOTOPOE
npu n = n coBuagaer ¢ (¢, y). Is mourm-nepuoguunocTd f, u g, BHITEKaeT,
970 CYMECTBYET NOJNOCIE[0BATeNIbHOCT Ny, TaKadg, dTO (fn+nkl)l’

(gn+nkl) ; CXOOATCSA paBHOMEPHO OTHOCHTEIBHO R, ¢, ¥ K fn(c, V),
gn (¢, v). CiemoBaTenbHO, IOCTIETOBATEIHHOCTH C (n + ny, c )
n\C5, V). il ’ i n%ﬂzk Ry © Y)s

Vn+ny, (B Ry, c, v) cxofATca mpH [ — 0o K PpEmeHWi0 CUCTeMHI,
!

cooTBeTCTBYOmEMY fi, gk mpuuemM cxoguMocTh ofJgajsiaer TpedyeMbBIMU
CBOMCTBAMU PaBHOMEPHOCTH.
HoxasxeM, HaKoOHeI[, IOCiemHee yTBep:kueHume rteopeMmul. llycrs

~ ~

lim ¢ (m, ¢, ¥) = ¢, (7w, ¢, }7), lim y; (n, ¢, V) =y (n, ¢, 1)

i—00 i—o00

Torna

el (ma®@.V=[PY _d&? @mak),V),

n+N,n n+nN

¢t (g, V=[P _d&L (@®a®),7),

n+N n+N,n n+nN

u6o ecam cucremn ct (n, ¢, V), v, (n, ¢, y) obixagaioT cBolcTBAMH
1°, 2°, 3°, 4°, 1o Te j;ke cBoilcTBa OYAYT BHIIOJHATHCH U JJS CUCTEMBI

cn(ny, ¢, v), vn(n, ¢, v), TonydeHHOH IpefelBHBIM I€PEXOOM.

CiaenoBareanso,
1P _al@r (a®), ) —[P2 g (rg®, ) I<
n+N,n +N n+N,n n+nN
<lc <n,qm7),§§—[P‘i’ @ mg@, W+
n+N n+N,n n+N

~

+lcn (mog @), ) —ct  (,a@),VI<

+N n+N

<lei (1, ¢ (7), v)——vn (g (¥, V)| +

+N

+N

+let (rg@, V) —¢t (g, V) I<Ke,

n+N +N

e;= _sup_ (ch(m ¢, ) —cr(m, ¢, V)| + v (@ ¢, 7) — v (7, ¢, 7))

nsn<n+N

3Hauur,

I[PY gl —[P% _al() | <Ke,

n+N, n n+N, T
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Iaiee,
2P @) —[Pr @<
n+N,n n+N,n
<PV _gl®m—[PY  _al®IFIPL  al®) —[PL al®)<
n+N,n n+N,n n+N,n +N,n
<FKke +a;suplq(y) —q2(V) 1,
OTKY/Ia !

1P —ina] (%) — [P, il (0) | =
= | [P(l) —Nngl)—N, n—2N - Pn —(G—1)N, n— JNQJ (V) -

— [PZ n=n -+ Pn_G-n, n—ing] (V) 1 <<
k’gi

1.‘—061

e, (1 oy 4-of+ ... +af) <

Ilpm j — oo moayuaem

i * /o krgi
P06 —ph () < —,
1‘—0(41

a, smaumr, lim pi (y) = pi (y) paBHOMepHO oTHOCHTeNHHO UMYy € €
i—>00

Ilycrs Tenepdb ny —- 0o, Ije My, — IOAIOCTE/I0BATETPHOCTD, O CYIIE

~ o~

CTBOBAHWM KOTOPOMl rosopmioch Boime, c (n, c, ") = Cngny, (n -+
+ np, ¢, ¥), vn(n, 6 W) = Vn+np, (n + ng, c, v);  mociemoBaTelb

nocru ¢l (n, ¢, 7), vh (n, ¢, v) obmamaior cpoficTeamm 1°, 2°, 37, 4°, mb¢
5TH CBONCTBA BABUCAT TOABKO OT PABHOCTH N — R. YqHTHBaH BCE CKa-
saHHoe, 3akjaiouaem, uro lim pl (y) = pn (y) paBHOMEPHO OTHOCH

[—00

D) - 7 —> — 00 .
rexsHo n u y. Ho 1 s P'n+“"»kl, g, TIOATOMY TP N —> MOy

qaem p!l = Patngy T Putng, —> P& PaBHOMEPHO OTHOCHUTEJIBHO 72 U Y.

T. €. p, ABJAETCA HO‘I']‘I/I*HepIIOI[I/I‘{eCI{Oﬁ ImocJeaoBaTeJbHOCTBIO.

Bameuanusn 1° Ecam cucrema ob6ragaerT CBOUCTBOM IIepHO
AMYHOCTH U3 HyHKTa €) 1, To MOKHO NOCTPOUTH (GYHKIUH pp, HAIOIIME
BO3MOSKHOCTH Jl0KasaTh, 4To orobpaskenme Py o Q (I, L) —-Q (I, L
rMeeT ©QMHCTBEHHYIO0 HEeIOJBUKHYIO TOUYKY. TIpOCTpaHCTBo 0 (I, L‘
MOKHO LpeBpaTuTh B 00OLIYHOE METPUUCCKOE LPOCTPAHCTBO, €CJIU BBECTH
paccrosiHme

0 (g1, ¢2) = suplqs (v) — g2 (V) |-
Y
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IIyers 2 TaxoBo, ato N < hv << 2N. Torpa

~ ~

[ (Prv, ot1) (v) — (th, oq2) (V) 1 <3¢1 sup|q; (V) — q2 (¥) | == o410 (91, g2)-

Saauaut, P (Ppv.oq1, Phv,oq2) < 010 (q1, q2) B Py, o ABISETCA CiKATHEM
B Q (I, L), rar uro P}, o UMeeT eIfUHCTBEHHY0 HENO/BH;KHYI0 TOUKY (.
Ho th, 0 — th, (h—i)vp(h—i)v, 0 — Pv, Op(h—l)v, o WU T1TI0 MHMHAYKIHN
Py o = [Py ol*, oTkyma BummHO, YTO ¢, ABJIAETCH HENMOABUW;KHOW TOY-
Kot st Py, .

Ilycrs p, = P, og0- Torma

P p.=P P q="P,o=rn Pn€CQ( L),
n,n n n,n n,0

160

Pn,OQOZ Pn+hv, thOZPnJrhv,thhv, g0 =— Pn+hv, 0qo € Q (l, L),

MMOCKOJIbKY n - hv € N.
CsoiictBa a), 0), B) Jerko mpoBepsitoTcsa, ubO0 A UX J0oKazaTesb-

CTBa MCIIOJb30BAJUCH TOJIbKO COOTHOWeHuA p, € Q (I, L) m P ~p~ =
= p,. Maiee,
Pniv= Pn+v, 090 = Pn+v, vPv, 090 = Pn+V, vo = Pn, 090 = Pn-

KHpome moro, P, o orobpaskaer ¢yHrIuu ¢ mepmomom o u3 Q (I, L)
B ce0s, ecJu BHITOJHSIETCS YCJIOBUE €) 2, 3HAUUT, GYHKIUA o ABJISAETCS
MepUONUECKON W

Pn (v 4 ©) = (P, 090) (v + 0) = (Pr, o90) (V) = Pn (V)

2°. Mcnonp30BaHHBI IpU MOKA3aTEIHCTBE TEOPEMbI METOJ| IPUMEHIM
K CUCTeMaM BUAA C,+1 — [, (¢,) W TO3BOJseT AOKa3aTh CYLIECTBOBAHWE
OTPAaHWIEHHOTO HKCIHOHEHI[MAJHHO YCTOWINBOTO PeNIeHUs, KOTOpoe
ABJIAETCA TEePUOAMIeCKNM (COOTB. TOUYTH-TIEPUOUICCKUM), €CJU TOcie-
IOBATEJbHOCTD f, sBJSETCA TEePUOMAUIECKoil (COOTB. IOUYTH-TIEPUOHIE-
ckoit). JlokasareJbcTBO B 5TOM cJydae Topasio Tpolre.

IMIpegnoswenune. Ilycemv duckpemnas cucmema c,41 == [, (¢,)
ydosaemeopsem caedyuum Yca08UIM:

1°. Jlas ¢ | <l, n--N<n<n-2N uneen |c, (n, ¢)| <L

2°. Jlaa |y | <1, |eo |<lim+-N<n<n-+2N umeen
| cn (1, 1) — cn (1, €) | < o lgi—gziv ede aq << 1.

3%, , Cn (7;7 C:) — Cn (;LJ’ 52) l < kﬂ.kg—n lzi — gz I das ecex n > ;5:

e | < H.
Toeda cywecmeyem makas nocaedosameavnocmsv p, € C, umo
a) [ pn | <4

0) pn = cp (P4, ppy), M. e. p, A6LiEMCA pPEULEHUEM CUCIMEMbL;
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B) [ o (7 &) — pn | < hom=7] ¢ — py [ das [c | <1 n=n, me.
peusenue p, IKCNOHEHYUALLHO YCMOUUUEO (a0 << 1);

P) ecau fnv = Jn» MO Pptv = Pnj

) ecau nocaedosameavhocmy [ noumu-nepuoouina, mo peuerue pn
magce noYmu-nepuoduiro.

Jro TIpesJiosKeHHme [[OKa3biBaeTcsa TaK jKe, Kak 1 o0lias TeopeMa.

~

Jns |c | <<l Oepem Pn, ﬁE = ¢, (1, ¢). CoorHomenue Py e =

= P%Z’%IPE%C gpisiercss odeBHAHEM. Ilyers ny = n, n; — 2N <

<ngp<n—N, j>i>1 Torna

e, (i e) — en (o @) [ =l e (s ¢ (miy ©) — ¢ (mas c_ (3, €)),

~S
ny na ny ng

e ¢ = ¢ (n;, c). CaeroBaTesbHo,
4

~

ey (1, 0) — e (7, O | S tf e — ¢ < 2o

1. e. lim ¢, (n, ¢) cymecrByer RJis |c | << I. Tonaraem p, =
e
— lim ¢, (n, ¢). CsoiicrBa 6), B), I), /) MOKa3bIBAIOTCA Tar ke,
n—— 0o

Kak m B o0mIieM cJyuae.

2. Ilast Toro uToGH BEIpa3uTh B Goiee ynoOHO# gopMe yCJIOBHUsA IpU-
Be/leHHOM BEHIIe O0Iieil TeopeMEl, JOKaKeM TeopeMy o HelpepPHBHOI
3aBHCUMOCTH OT IapaMerpa u TeopeMmy o0 yCTOHUHMBOCTH, NPE/CTaBJIAI0:
mue W CaMOCTOSITeJIbHbI HHTEeDec.

Teopema 2. Ilyemv Ouckpemuvle Ccucmemsl In+1 = fr (20),
x0 = O (x0) obaadarom cAe0YUUMU  c80LiCMmBaMu:

1) | fn(x) —fn (@ <E,

0f, .\ Ofn I
' P (z) o (z) | < E,
9 | Y| <k, ‘W1<Kh
ox Jx
3 | X (z) — Y (2) | < 0 (12 — ),
ox ox
0 0
\ O (r1) — O () < o xy — Za)-
ox ox
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HHorxaszarteuxsncTsBo. Vmeem

7)) — 2L, (n,7) | =f_(x) — [>(2) | <E.

jz, . (n,2) —2%, ()| <(I+K+... K T)E

Torna

<K1|:1:

~ A~ ~ o~

0
l xrﬁ—!—p-!—i(n, .Z') — x,?.;_p_H (n7 x) I -

FA (7, @) — [, (@ (r, D) | <

(n, ) —xyp (0, 2) | FES(A+H K+ ... +KD)E,

U TepBOe yTBEpP;KeHHEe TeopeMbl JOKa3aHO. 3aMeTHM, 4TO MBI HMCIOJb-
30BaJIM MePBYIO uyacTh ycaoBus 1) m ycaoBue 2). 13 noxasanHoro yrsep-
JRICHUA CJleflyer, B 4YaCTHOCTH, 9TO €CJH pelleHne CHCTeMbI x0+1 =

= f9 (z") ompeneseno mus I < n<n-+ N, 10 1Ig T0CTATOYHO MATHIX

€ pemenme cucreMbl x,+1 = [, (z,) Tak:ke OyjmeT ompejieNeHO IJIA n<
<n<n-+ N.
IlokaskeM BTOpOe yTBeps;kaeHHe TeopeMbl. VcXoauM U3 COOTHOINEHUS

x,\, (l’l, x?.) — x,\, (nv $1) x{_H(n? xZ) _l— x%_{_i (n7 $1) -

S [0f~< Y

dx
Iomyuaem

n-+1

n+i1

(@) —F_(x) — 1 () + % (z) =

n n

0

-331)) (xz —-771) —(;7( 1—|—7"( —;1)) (2 —-731)] d.

(r, 1) — 'x%_l_l (n, x3) + xfyﬂ (n, 2) | < Eap — 4 |-

8 A. Xanaumait, JI. Bexcaep
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Ilamee, umMeeM

0 =~ 0 ~
xn-l—p-H (n, 22) — x'{+p+1 (, ) Tt (n, 22) +- T p+ (n, 24) =

= f x n, x f x n — 1% ’ x

n+p< n+p( ’ 2)) 7{—{—1)( n+p( ’ 1)) fn_g_p( n+p( ’ 2)) _I—
_l— /n-l-p ( n-l—p(n’ xl)) - fN (xN (l’l, .7,'2)) — fN |_.’L'~ (n’ xi) —I_

n+p nt+p n+p n+p

0 -~ 0 ~ ¢ -~ 2R

—l— .Z‘;*_,_p (n7 xZ) —— ‘xﬁq_p (n7 $1)] + fﬁ—i—p [xr/;/-l-]) (na xi) —'_ x%+p (na .1'2) o

L) — 1, (2%, (n, w) + [ (@ (n, 2,) —

n+p

—f_ (z_ (n, )+ fo (%, , (2, 7)) —

n+p n+p
- f%—}—p (x%+p (n’7 $1)) —f%—ﬂ) (x%'_}_p( ’ )) '[" fn—HU( 'n+p (7’&, 351)) -
1’.
ofy ~ o~
= iﬂ[ﬂa (n, 25) +Ay_ ldhy_ —
.6 ox n+p n+p n+p
1'!
0] it
- | —a;—plxﬁp(n ) + My Ay,
0
1@
IR 129 (. %)) + hy, | dMy’
—{'"U (3‘.1: n+p( y 41 y +p yn—l—p_
0

- S~—-“ (2, (n, 7o) — Mz, ] dAry
0

T7e TPHHATH ciefyiomue 0003HATeHUA:

~ o~

~ 0 ~ ~
y;_g_p - x;_,_p (n, 3’}2) - x;_,_ (n’ xi) — xn-l—p (n’ $2) + ‘x;:_{_p (n’ x1)7

i %er — x%+p (n, x) —x~, (n, ).
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IosTomy

Opt1 =Yy | <Kwp + 0 (|25, (0, 20) — 2%, (n, 2) D ]y%, |+

KY —1

g)m_} KD [h — Tl
K 1 e o] + EKG | 2 2 |

+§,yn+p,<Kivp+(0(

3HAYNUT,

Up+1 << Kyvp + K{Bx (& )|x1 —‘Nxz .

Orcroga moaydaem
_ KPPt —1
UpgKf) 1§,x1 *952,4‘—[(;_1

By (8) |2y — 7],

3HAUUT, U, < oy (&) | 21 — zo | mias O <p< N

l(f‘”‘~—14( (](f;”——1_ ) ) N—1
Cﬂlr _— () E Kl g'!
O i Gl st R R

lim oy (§) = 0.

§—>0
Teopema gokazana.

Teopewma 3. Paccnompum cucmemy
Yn+1= Y (yn’ n)a en—H _en - ®n (yna Gn)

U npednoaoHum, 4mo

a) Y,, O, onpedetenvr oan |y | << H, 0EE€ u

oY, oY, 90, 00,
I<K17{ B 6)'<K1’ (yve))<K17 (yve)‘<K17
(9y dy 0
aYn r ay—'n ” ” ’ r 7”7 r ”
(v, W, 0)|<Ki(ly —y " "+100—0"]"),
dy 0y
oY Y
n r, n //, e” <K 7 r . V4 “‘ er _6” u, ,
06( 0e(y WK (y —y "+ ")
a@n r r a®n r” 7”7 > r ” r ”
(y,0) — ON<Ki (|y —y M +107—0719),
Jdy 0
00 00
n r, el . n //, e” <K r _ 7” M -er ..__e” “, ;
ae(y ) ae(y ) 1y —y "+ ")

8*
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6) Y,(0,0)=0, 0, (0,0) = oy;

B) cyyecmeyiom 0 << qg<<1 u K > 0, marue, umo |z, (ﬁ, Z) | <<
< Kgn" | 2| 0aa 6cex pewenull CUCTREMBL Zp+1 = A, (8B,) z,, 2le

n—1
~ Q

An(e)-.:a;f” (0, 0), B, =B —}—Zock.
h=n

Y

IIpu smux ycrosusx cywecmeyiom makue q, K', 1, umo
1°. Opu | Y | < I uneen
0 6 DO K"yl dan n>n.
2. Hpu |y 1< |y | <1 umeen
|y (2, ¥, 0) —yn (n, ¥, 0N S K¢ gy =Y 410 —07D),

0, (o728 —0, (0, 77,8 =8+ 1<K (1Y =¥ T+ 0107 —=07]
(I sasucum om p).

JloxkasaTexbcCTBO. 1) Hycrs V, (2) — QyHKIEA, TOCTPOCH-
Has JUIS JIMHETHOH cUCcTeMBbl, MCXOAA H3 yCIOBUA B), Kak B § 3 TII. I.

Torpa |z | <V, (3) < K |z |, m, momaras VE =V, lz, (n, 2)], moxy-
qaem Vi — Vi< — (1 — q) Vo Kpome Toro, | Vo (7)) — Vo (2) | <<
< K |7z —2"|

2) lyers yn (n, y, 0), 0, (%, Y, 6)—— HEKOTOpOe pelIeHHme CHCTeMbl
u V="V, ly, (n, y, 0)]. Torna

VS — (1= Vi Koy (n, 3, 0) M

n—1
+K3|yn (n’a y7e)l ( ZNth(nv yae)])u<
h=n

~ o bt - n—1_,
< —(1—qVi+KVy +EVi(Y Vo)
k=n
Myers ¢<<q' <1, Wn= ,1 — V.. Torma
q’n_n
Wty — W,< — W, [ —"—qT‘ —.}E’zq'u(n—;)wz —
q q
n—1
——E(? A 14 ) ] ,
q 4
R=n
W,=V7=Vo(y) <K|yl
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IIpenmonoxum, uro Wy, < I gna k << n. Torna
n—1 ~ n—1

O my < (2 V<t
W, <l q )<
! " y 1—q)"
k=n R=n
nu
n—1 ~
q KZ w(n—n) " K3( ,k—n )u
S A wh — W) >
q q'q q' Zg ‘)T
k=n
q Kz w(n—n) ’M Ks Z'M
>1-L S >0
g g q (1—4q)
ecjan
: (¢ —g""
< X, T
e
(1—q)"

Tlna ragux U u g W, < U, k < n, umeem W, 11 — W, < 0, a, 3Ha-
qut, W, 1 << W, << I’ u HepaBeHCTBO Wn <L I’ moxasplBaeTcs 10 HHAYK-

Uy, ecim OHO CIlIpaBeqJuBO IIPpH k = n, T. e. eciIHd

1/n

(¢ —q)

— 2 ]w.
K,
[ Jr(1—97)

T rakux y mveem W, < !' mpm Bcex n = n, a, 3HAYWT,

| <<

~

Wi — Wa < —aW,, W, <1 —a)" "Wr=K(@1—a)""[yl.

Ho rorma Vi< K lg' (1 — a)ln—" |y |, Tax uTo

[ Yn (0, y, OI<K[¢ (1 —)]" "Y1,
U IepBoe yTBep)KIEeHHe TeopeMbl ,u;ona:aaHo
3) Hych reneps Y = Yo (1, ¥, 0), yn = yn (1, ", 07), O =
( J', 0", 0, =0, (n, y”, 6"). Ipeamomoskum, dTO =
= |y’ |, B =40, u momoum Vi* = V, (yn — Yr). Menoansys mepa-
BEHCTBO

n—1

107, — 6, —8"+0" 1<K (X g —ynl 177 M167—071),

k=n
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[HoJydaeM
(yp — o | SV =g " "W < K¢ " "y —y |+
+ Ksly M0 =071+
- n—1 ~
o~ 1 —a) PV, ,
Kol Z(W : )]) 7 — vl
i q
J—n
1 ’ 4 m
Iycers w, == —= | yn — yn |. Torma
q) —Nn
~ 72—; ~ ~ ~ ~ ~ n—7L
g "u, <Kqg |y —yl+Ksly MO =01 +
- n—1 ~
i ~, ”n—n, _1 r 1—06 uw\j—n ._;
+ Kely 'l Z([g( p )]> g1 "ujs
: q
1=n
w, < K|y —y |+ Ksly'|"0" —0"|+
n—1 ~
| ~, M —a)e Y "
I APAL N (A= R
Lo q
J—n
3HAYUT,
w, <K,y —y 1+ 1y 1M —07),
TakK 4YTO

9 — 4 | < Kagt" "1y — 51+ 157107 =07,
107, — 0, — 0" +0 | <Ks (g —y [ +1y "0 —=0"),
u TeopeMa JOoKasaHa.

3. Temepr MBI MO;KeM [OKa3aTh CJIeAYIONIyI0 TeopeMy O CYyIIecTBO-
BAHNU SKCIOHEHIWAJIBLHO YCTOWYMBOTO MHBAPUAHTHOTO MHOTr000pasusi.

Teopema 4. Paccmompum Ouckpemmuyio cucmemy

yn+1:y7% (yn, en)—I_SY’II’L (yn, On, 8)’
en+1 =0, -+ (H)(Y)L (yn’ en) -+ 8@% (ym en, 8)-

IIpednonoscum, umo Y5, O3, ydosiemeopaiom 6cem YcAo6UAM MeOPEMbL 3,
a YL, O ydosiemeopaiom yciosuam pecyaspHOCMU U3 meopems 2.

To20a das docmamouno masnz | € | cyuecmgyrom PYHEYUU p,: € —-
— C', makue, wmo:

a) | pn (0) < I (e);
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6) | pn (0)) — pu (05) | << L (&) [ 01 — 02 |, lim I (&) = lim L (&) = 0;

- e—( e—0
B) ecau |y | < I (&), mo

~ o~ N

s O 3 8) = po (00 (0 1IN | < K¢ [y — @) )

1) ecau y = p= (0), moy, (n, y, 0) =pn (On(n, y, 0)) u pewenue
onpedenerno 045 6Cex Yeablx n;

n) Pynryuw p, 00HO3HAUHO ORPeEJeAAIOMCS NepeLucAeHHbLIU ceoticm-
BUMU;

e) 1% ecau

YO o (y,0) =Y (,0), Yhiv(y,0,8)=Y,(y,0,¢),
@n+V(y7 6):% (y’ e)a ®n+v(y,6,8):®%1(y, ea 8)7

mo ppt+v — DPns
2% ecau

Y% (y,0 4+ o)=Y (y,0), Yi(y,0 4+ 0,8 = Y, (y,0, ¢),
0° (y,0 + ©) = 0" (y,0), O} (¥,0+ o,&) =06y (y,0, ),

mo p, (0 -+ ©) = p, (0);

8) ecau nocaedosamesvHoCmu Yo  Yh, 0% O noumu-nepuoduurbl
(pasnomepro no y, 0, &), mo nomeﬁoeameﬂbnocmb pn Makdce noumu-
nepuoouUna.

NoxasareascTso. Ilposepum, 4uro paccmaTpuBaeMasn cucre-
Ma YHOBJIETBOPSACT YCIOBUSIM TeopeML[ 1. Hyers yo, 0p — pemenue
CHCTEMbI, Ho.nyqaxomeﬂc;:_[ npu & = = 0. B cumy reopemwr 3 muMmeeM

1 y% (n, ¥, 0) |<K'q'”*" |y | st n>n |y | < L. Uyers N rtakoso,

aro K'q'N << 1/3; rorja musgs n << n < n -+ 2N monydaeM, HCIOXB3YS
Teopemy 2, 4To

~ o~

Ly G0 3 0) 1 <1y (2, 7, 0) — 1% (2, 9, 0) | 4 195 (m, 7, 0) | <

9
J

<Pulel+ KI<TH

TUIA TOCTATOYHO MAJIBIX | & | u [. Orciona ciepyer, 4T0 pelleHne CHCTOMbI
ompeneieHo Ipu n<n< n 4+ 2N. Nanee, npu n =n + N umeeM

1
Il/n(n y? ) ﬁNISI"l—K(]Nl ﬁN|Sl+’§Z<l

IS jocTaTouHo Maimx | & |, m ycaosme 1° Teopembt 1 BBIIONHACTCS.
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B cuny Teopemsr 3 umeem
8 Gy B — 0 (0, 7 B <K@ (1
105, (=, Y, ) — 05, (n, ", ") — B
<K (Y =y 14+pl0 =0").
OTCIO)I& HA OCHOBaHUN TeopeMbI 2 BEITEKaeT, 4TO
i (0 7 0) — i (2, 7 B) 4 L10, (0, ', 0) —0,, (2, ¥, 0) | <
< yn 0 ¥ B =y (0, §7, O)—yh (m, Y, B) -y (. 75 0) |+
+ 110, (1, ¥, 0) —0, (2, Y, ) — 05, (n, 5, 0) 05, (2, ", 0) | +
+ Y0 — (Y, 0) |+ L1605, (n, 7y, 0) — 65 (,
<anw @)Y = |+ Lay @y — |+
+ K¢y =Y+ LK [y =]
s n -+ N <nK n + 2N, BHAUMT, JJA JOCTATOYHO Mauxbix &, L
nMeemM

~
”
)’

1y @0, 7, 0) — 1 (0,77, 0) [+ L]0, (n, ', ) —
—0, (Y 0 <aly —7' |,

rme oy << 1, m ycaoBue 2° TeopeMmH 1 BBIIOIHAETCA.
HpOBepI/IM ycaoBue 3° a) TeOpeMbl 1. 3ameTum, 4TO HpH n<n<

<n-+2N, |y —y |<L|0 —0"| nveen

0% @, 7, 0| 4+ 10% (2, 57, 07) — 05 (=, 7,07 — 0" 07| <<
<oan @) (7 =7 1 4+18 =0 D+EK(y —y |+l —06")<
ooy () (1 +L)|§ =0 |+ K (L4060 —0"|<

~ o~ 1
<La,|0°—07], rae ocz<3,

I mocTaTodHo Manwix | € |, L u p. N N
Hamee, mpu n + N<n<n-+2N, |y —y |<L]0 —0"]
nMeeM

lyn (m, ¥,
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+18—0") <

<SKqV(y =9 1 4+010 =0 )+ (y -7

ooy () (L+ 10 =0 <1 —a) L[§ —07]

1 ~, o,
<= (L+p)6 =B

IS JOCTATOYHO MAJIBIX € W 0.
Ycemobue 4° Teopemnl 1 BEHITeKaeT M3 yCAOBHI peryaspHocTu. Taxum
obpasom, Teopema 4 ciaemyer u3 Teopembl 1.

Ilomesno paccMoOTpeTh «aBTOHOMHBINY CJydail

Yn41=— YO (yna en) + 8Y1 (yn’ env 8),
en-l-l :en + @O (yn7 en) —l_ 8@1 (yn7 en’ 8)'

VuBapmanrtHoe MHoTooOpasme AJAA TaKod cucreMbl OymeT (QyHKImen
p: € — C, obnapmaromeif TeM cBoucTBoM, 4To y = p (0) Biaeuer
Y'(y,0) Y (y,6,e)=p (0 4 0 (y,0) €0 (y, 6, ¢)),
a 3HA4YUT, HEKOTOpOe MHBapHaHTHOe MHOT0o0Opasme oToOpasKeHuss, oIpe-
JeasieMoro paccMaTpuBaeMoidl CHCTEeMOM.
Teopema 4 maer ycinoBusi CyMIeCTBOBAHUS JKCIOHEHIUMAJIBHO YCTOMU-
YUBOTO MHBAPHAHTHOTO MHOT000pa3usi AJsi 0TOOpasKeHNl, BOBHUKAIOMIX
OpM MaJBIX BO3MYINEHHAX orobpaskeHnss y; = YO (y, 0), 6, = 06 -+

+ 0° (y, 08), maa roroporo y = 0 ABIsAETCA WHBAPUAHTHHIM MHOT000-
pasueM ¢ CHIBHBIMH CBOMCTBAMHU YCTOMYMBOCTH.

II'puroxmxenue
IHOYTH-TEPUOMNYECRUE HNOCJIEJOBATEJBHOCTH

1. Ounpenmenenne 1. Ilociedosamesvrocmv w, (onpederennasn
das 4106020 Yyeao20 n U npuHuMmalwas swatenus 6 R™ uau, 6oaee obwo,
8 HEKOmOpoM OaHar060M RPOCMPAHCIGE) HA3VBACMCS NOYMU-REPUOOU-
yeckoll, ecau Oas awboco & >0 cywecmeyem makoe uucao N (&), umo
mexncdy awbumu deyms nocaedosamenvruimu kpamuimu N (&) Halldemca
yeaoe p, 0ai KOmMOpo2o | Uyip — U, | << €&, Kak060 Obl HU 6blA0 N.

Uncna p, obaagaonue yKa3aHHEM CBOHCTBOM, HAa3bIBAIOTCH E-NOUMU-
nepuodamu 1ociefoBaTerbHOCTH. DBesgras mepuopudeckas — IOCIEHO-
BaTEJBHOCTH SIBJISIETCS TaK;Ke MOYTH-IepHoAMdYecKoii: fus Jioboro & > 0
MOJKHO B3sTh B KadecTBe /N (&) mepuoj IOCIEHZOBATEILHOCTH, HpPUYEM
e-TIOYTH-TIePUOJaMHU A JI060T0 & ABJIAIOTCA KpaTHLIE IePHofa II0CIe-
T0BaTEIbHOCTH.

MMpegnomenne 1. Bcecakas noumu-nepuoduueckas nocaedosa-
meabHOoCmb 02PaAHUYEHA.
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IlorkaszarexscTso. Illycrs ny — IpoU3BOILHOE LEJI0C HUCIO
1 & > 0. COrJIacHo OUpPeIeTeHnIo, MeKILY —7g U —7g - IV (e) cymecT-
ByeT &-moYTU-Tepuoj p; U3 HEPABEHCTB —1g <p < —no+ N (g
caenyer, uto 0 << p +no < N (¢), u

'uno | - ,uno — Ung+p "l_ Un,+p , < l Upy — Uno+p | "’" luno+p l <
< e+ max |u,|= M (e).
0<<n <N ()

Ho Tak Kak Ry IPOM3BOJBHO, HAIIA ITOCAEHOBATENIBHOCTL HABIACTCH
OrpaHUYeHHOM.

I BCSKOU OI‘paHI/I‘IeHHOfI IIOCJeT0BaTEeIbHOCTA Uy IIO0JOKHUM

[| un || =sup |u, | 1 pas AByX TaKuX mocJieoBaTeIbHOCTeN Uy U V) OILIPe-
n
TeaMM paccTosHUe Me;KIy HUMH dopmyroit P (Uy, V) = || Un — Un []-

Ncmoab3ysi 9T0 PACCTOSHHUE, MOKHO OIPENCTHTL CXOJUMOCTL B HPO-
CTpPaHCTBE MOYTH-TIe PUOJUICCKUX OCIeI0BATEeALHOCTe: TOoCHeoBaTelIb-
HOCTh (ul), CXOAMTCSH K TOCIE[OBATEIbHOCTH Uy, €CIH iim || uk —
—» 00
— v, || =0, 1. e. ecnm s awdoro & = 0 cymectByer raxoe K (&),
aro s k = K (&) BHIOTHSeTCH HepaBeHCTBO ||uf — vn || << & m, cie-
noBarelabHo, | uk — v, | < & pas mwoboro mexoro 7. Vrak, BBEIeHHAA
CXOJIMOCTD — DTO IPOCTO CXOAUMOCTH IO HHJCKCY k, paBHOMepHas
OTHOCHTEIBHO 1 ).

Mpegnomenne 2. Hyemo (u}), crodumes & vy, ede kaxcoas
nocaedosamenvrocmv  (uk), noumu-nepuoduuna. Toeda noc.aedosament-

n

HOCMbL Uy, ROUMU-NEPUOOUUHA.

HoxaszareasbcTsno. llycrs e >0 u K (&) TarkoBbl, UTO
| uk € —p, | << ¢/3 mis mao0oro IeJIoro n, W IycTh p SABIACTCH
¢/3-mourn-iepuogom gas ukX (&), Torga

i K(g) K(e) K(g)
IUn—l—p—Unlglvn%—p—unfpl‘l—lunfp_'u'n |+

K(e) & & & __

W, SHAUMT, p ABASAETCH &-MOYTH-TEPHOIOM UL HOCIEeZ0BATeAbHOCTH Un.

1) QupepeneHHOe HAMU MeTPHYECKOE IIPOCTPAHCTBO ABJAETCA TIOJHBIM: eCJu

1I0CJIe/[0BATeJIbHOCTD (uﬁ)h fymgamMeHTanbHEA, TO OHA CXOMUTCH. JleficTBUTEIALHO,

R+1

" uf; | < & pasa k> K (g), RakoBo 0B

ecil cymecrsyer K (g), Takoe, 410 || U
HU Ob110 [, TO | uﬁ” — qu | < & s n1060To 1eJoro n, T. €. JJiA BCAKOTO durCcHpo-
BAHHOTO 7 IMOCJIEeL0BaTeILHOCTh (uﬁ)h gBIgeTCA mocaexoBareaproctei0 Horim 1, sHa-
ypT, UMeeT mpefeln, cKajkeM vp. [Ipu I — oo moxydaeMm | vn — uf; | < & paa mwoboro

k
n, T. e |lvp, —u || <&
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Teopewma 1. Hocredosameavrocmv w, noumu-nepuoduuna mozda
U moavko mozda, Kozda 0as 40000 ROCAEDOBAMEALHOCIMU YAl HYUced
my cywecmeyem makas nOONOCAe008aMEABILOCMb My, WMo nocaedoea-

MEABHOCMY Uy 14y,  CXOOUMCA RPU [ —> 0O PABHLOMEDHO OMHOCUMEALHO N.
J

Ilorxasareaxscrtno. 1) [Iycrs mocaesoBarebHOCTD U, TOUTH-
HepUONYHA, M) — HEKOTOpas IOCHefOBATeILHOCTL I[CJBIX YHCed u
¢ > 0. Cymecryer Takoe N (&), uro memgy my, — N (e) u m, Hail-
Aerca  e-modTU-nepuon pyp. llockoasry my — N (g) < pp, < my, TO
0 my — pp <N (o).

llyers g, = my, — p,. locaegoBarenbHocTs g, MOMeT HPUHEMATDH
JUIIb KOHEYHOe YUCIO0 3HAUYEeHUil, cllef0BaTeIbHO, CYLIECTBYET TaKoe ¢,
9T0 qp, = @ J7isi OCCKOHEYHOTo Ymc]aa MHAeKCOoB k, craykem s k. Tax

Kak |un+mk — Un-q,, | = lun+mh — Unimy—p, | << &, T0 | u,nﬂ;,mh} —
— Uprq | << e mas moboro n. Ilyers & >, > ... > g, > ...
..., lim &; = 0. M3 mocienoBaTeIbHOCTH Uy 1., BBIOEPEM IIOXIIOCIE-
. j My,
j—>o00

AOBATEABHOCTD Uptpyt, AIA KOTOPOH | Upimyt — Uniq | << €. V3 oroit
J J
IOATIOCHE/J0BATeTLHOCTH BHIGEPEM TOMOCTeN0BATCABHOCTD Uy [-my2, AIM
J
ROTOPOR | Un 1my2 — Uppqz | << €. llpomomsxas, momyumm mopmocie-
J

J0BaTEeIBbHOCTD U ry QIS KOTOpPOU | U — Upjqr | < &.. Obpa-

n»]mz;{j n—]—mhg
3yeM JUArOHANBHYIO IIOCHETOBATENBHOCTD Uy ypm,i U HIOKAKeM, 94TO HTa
J

IIOCTIE0BATEIBHOCTh CXOAUTCSH PaBHOMEpPHO 1Mo k mpu j — oco. llycTs
¢ >0 u R rmakoBo, uro ep << &/2. Torga mia r, s > R umeem

|u r U’n+mh8, <,un+mkr —Uu R |+ u R Untmys | <
n+mps s r n+gq n+q s
< &g + &g ¢,

u6o (mhr)j n (mks)j ABJSAIOTCS IOIIOCIE0BATEIbHOCTIAME ITOCTE/[0Ba-

] J
TeJHHOCTH (mkR)_,-. Hooromy || u, s || << &, Tak d9ro mocJe-
J 8
JI0BaTEJIbHOCTH (unerhj)j ABIseTcsA (yHJaMeHTaJIbHON, a 3HAUMT, paB-
J

L-}~mh;: T u’n—{—mh

HOMEPHO CXOJAIIeHCs.

2) Ilycrb ycmoBme TeopeMmMbl BBIIOJHSETCS, a Hallla II0CJIeA0BaTeN]b-
HOCTh He fABIAETCS IMouTH-Tlepuoguueckonn. Torga cymniecTByeT Takoe
g9 > 0, gro, KaxoBo OB HHU ObLIO HaTypaJbHoe uYmcao N, CymecTByeT
N mwociemoBaTelbHBIX IeJBIX YHCEJ, CPEM KOTOPHIX HET HU OJHOTO
e-moutn-nepuosia. llycrs L, — Takas rpymma mocaeoBaTelIbHBIX IIEJIbIX
quceJs, W IMyCcTh M4 IPOU3BOJIBHO, a My TAKOBO, YTO My — Mg HAXOJUTCH
B I,. Hampumep, ecniu m — umcao u3 rpynnsl Ly, TO MOYKHO B3AThH
my = my — m. Ias exguHOoOOpasusi obosHaumMm [, = L., u BHOepem
TaKkue Vo > | My — My | U Mg, YTOOBI Mg — My U My — Mo HAXOJUIUCH
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B Ly,. BosmoskHocTs Takoro BriGopa BHTeKaeT M3 CIHeIyIOMuUX coobpa-
sweanit. Iyers I, |+ 1, ..., 1 + vy —1 —umeaa us Ly, m my <
< my; Bo3bMeM mg = I -+ my, Tak 410 My — my € Ly,, a mg — my =
—=mg—my +m—my =14+ m —my<l+voumyg—my=1mn,
claemoBaTelbHO, My — Mo € Ly,. B obmem caydae BwiOmpaeMm v, =

> max |my — My | X IOTOM M, 44 TAK, YTOOBI UHCIA M1 — My
I<u<vsn
MPHUHAIIEKAIN LVn nisg 1 << p < n; BHOOP My .4 TPOUBBOAUTCH, KaK
BLIIIe, 4 MMEHHO M, 411 = L + mj, tne m; = max my. Jlaa mocrpoen-
i<usn

—u, |. Hom, — m € Ly , (misr>s) u, snawur,

HOII  mocJenoBaTeILHOCTH m, uMeeM  sup | Untm, — Untmg
n s

= Sup | Untm, —m,
n

He SABISCTCH &,-II0YTH-IePuooM (B Ly 110 IPeAnoJoKeHHI0O HEeT HU OTHO-

ro gop-mouru-mepumona). Orcioga ciaegyer, 4To CymIecTByeT HHJIEKC N,

IJasI  KOTOPOTo | Untmy—mg — Un | = €0,  3HAUMT, SUD | Unim, —
n

— Upims | == €0, BIA || Unimy — Unims || == €. OfHAKO U3 HAMUX
IPeIIoN0KReHUN ciIegyer, 9To IMoCJaef0BaTeIbHOCTE M, COACPKUT TAKYIO

IO/LOCIE,0BATIBHOCTD My, UTO MOCIE/[0BATeNBHOCT (Untmy, ) ABIISCT-
i

csi (paBHOMEPHO) CXofsimieiics, a 9TO 03HAadUaeT, YTO CYINECTBYeT TAKOm
MHIEKC jo, 9T0 AAsA j, | == jo mMeeM || Unimy — Ungmy || << oo Mz:
j !

HOJy4YWIu ImpoTHBopedme. TeopeMma JoKaszaHa.

Cnencrsua 1) Cymma dsyx noumu-nepuoduueckuxr nocaedosa-
meavrocmell. noumu-nepuoduuta.

JleitcTBUTEIBHO, €CJIN TIOCAELOBATEIbHOCTH Uy, W U, ABIAIOTCA IOYTH-

e PUOJUIECKUMH, TO M3 HOCIEJ0BATEIbHOCTH My MOKHO U3BICYb TAKYIO

TOJIIIOCTe0BATEABHOCTD My, UTO HOCTE0BATEIBHOCTH (Untmy, )i (paB-
J

HOMECpPHO) CXOJHUTCSI, & M3 M,s MOKHO U3BJeYb IOJIOCIEeT0BaTeIbHOCTH
J

My, A KOTOPOH (vn+mhj)j (paBHOMEpHO) cxofgurcd. Orcioga ciejpyer,

4T0 U3 MMOCIETOBATEILHOCTH Mj; MOYKHO HM3BJIeYb TaKylO0 IOAIIOCIeToBa-

TeNBHOCT My, UTO TOCTEOBATEALHOCTH (un+mk]. — U7L~]~mkj)j (paB-

HOMEpPHO) CXOJUTCH.

2) Ecau u, — noumu-nepuodudeckas nocaedo6amesbHocms, a Opn —
noumu-nepuoduteckas nociedo8ameibhocmdb CKAALP08, MO ROYMU-NEPUo-
duueckoll aeasemcs U NOCAEI08AMEALHOCL  Olyly,.

Kax u BwiIme, m3 a1000i1 m0ocae0BaTeIbHOCTH [EIBIX YHUCeN My MOKHO
WBBJIEYH TAKYIO TOJIOCIEA0BATEABHOCTD My , UTO I0CIEI0BATENBHOCTH

Optmy B Unimy, (PABHOMEPHO) CXOIATCH. Orcroga BbITexaeT (paBHO-
J J
MepHAs) CXOJUMOCTH IIOCHeLOBATENIBHOCTH Olntmy Untmy , & 9TO BJeYeT
J J

3a €000il HOUTHU-IEPUOUIHOCTDH IIOCHEFOBATETBHOCTH Clply.
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ITpuBeeHHbIE CHEMCTBHS MOKA3BIBAIOT, YTO MHOKECTBO IOUYTH-IICPIO-
AUYeCKUX II0CHeJ0oBaTeIbHOCTEH ¢O BHAYCHUSAMU B HEKOTOPOM GaHAXOBOM
npocTpaHcTBe o0pasyer GaHaX0BO IMPOCTPAHCTBO (C OIPEIeIeHHON BBIIIE
HOPMOIL).

3aMeTuM, 4T0 eCIAM IOCIAe0BATeIbHOCTH i, W U, MPUHUMAIOT 3HAYC-
HUSA U3 HEKOTOPOH anreOGphl, TO, KAK IIOKA3BIBAIOT IIPOBEJEHHLIC BLIIIE
paccy;KJIeHHs, II0CIeq0BATeIbHOCTh U U, SABISETCH MTOYTH-IEPHOLIIe-
CKOMl OHOBPEMEHHO C IT0CJIeOBATEIBHOCTAMA U, U U,.

CMBICTT HOHATHSA IOYTH-IIEPUOJUICCKON MOCIENOBATCABHOCTH OYCHD
XOpOWIO BHUICH M3 TOoro (aKTa, 4To ecam [ — HelpephiBHAA HA BeIIect-
BeHHOU OCHM IepHopmiecKasi QYHKIU, TO A A1000T0 [ mMOCIeL0BaTe I b-
HOCTb U, = f(nl) sABIgercs MOYTH-IEPUOIUUECKOH. OTOT Pes3yabTarT
HEIIOCPEJCTBeHHO BEITEKAET U3 CJIEeYIOMero HpeNaoKeHNns, Iasd JoKa3a-
TeJIbCTBA KOTOPOTO MBI OTchLTaeM umrarens Kk KHure Koppymamy ([13],

ra. I, § 6).

IIpegaomenune 3. Jas mozo umobu nocaedosameibrocmv U,
ovlaa noumu-nepuoouneckoti, Heobxodumo u Jocmamouro, ¥mobv cyujecm-
soeara makas noumu-nepuoduneckas Gynkyus f, onpedesennas na ewecm-
6CHHOU ocu, Oas Komopol u, = [ (n).

3acIyKuBaeT BHIMAHUA U CIAeYIOIIee IMpeioKeHne, KOTopoe Mo3B0-
JsieT B OIPEJEJICeHHBIX CJHydasX BBHIBECTH U3 CYINECTBOBAHUS IIOYTH-
NePUOAMICCKUX pPEeImeHN Yy AUCKPEeTHBIX CHCTeM, AlMpOKCUMUPYIOH[AX
JTaHHYIO HEIPePBHIBHYIO CHCTEMY, CYIIeCTBOBAHHE ITOUYTH-IIEPHOUIECKOTO
pelnieHnss dTONl HeIPepPHIBHOM CHCTEMDI.

IIpepnosxwenune 4. Qyuryus [ noumu-nepuoduuna mozda
u moavko mozda, K02e0a OHA PABHOMEPHO HERPEePbBIBHa Ha el eCmEeHH Ol
OCU U, KPOME MO020, CYUecmsyem makas CmpemMauaics k¥ LY MOHOMOHHO0
yowvsarwuwas nocaedosamervnocmdv 8y, umo nocaedosameavrocmu (f (rS;)),
aeaalmes noumu-nepuoduveckumu das ecex k.

3a JOKazaTeJIbCTBOM BHOBL IIOCHLIaeM uumraTens  [13].
Jlokasem Temepnr TeopeMy, IO3BOJSIONIYIO ME;KAY IIPOYUM yTBEp-
WaaTh, 9ro ecaum A, — mocirenoBaTenbHOCTH MaTpuIl pasmepa I X o

¥ €eclIH IIOCJIeT0BATeIbHOCTH azf nourtu-nepuogwuHbl (i = 1, ..., l;
j=1, ..., 1), To mociegoBareabHOCTh A, SABIAETCH IIOYTH-TIEPHUO-
TUIECKOI.

Teopema 2. Ecau nocaedosameavnocmu wu, u v, noumu-nepuo-
duunbl, mo das awbozo ¢ > 0 cywecmseyem maroe N, umo mexcdy 110661MU
deyms nocaedosamenvrnoimu rpamuumu N, nalidemcs no kpalineii mepe
odun e-noumu-nepuod, obwulli das amux 0eyx nocaedosamenvrocmel.

& &
Horaszareancrtso. Ilyete Ny (—2—>, N, (—2—) — gp;eja, CooT-
BeTCTBYIOMUE MOCHAEJ0BATENBHOCTAM U, W v, COTJACHO OIPEHCIeHHI0
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IIOYTH-IIePUOJUIHOCTH, U nycThb /N; (&) == max (N1 (—g—) , Vo (—;—) ) .

Mesxny 106bIME  mocJHeoBaTeIbHBIME KpaTHbBIME N (&) Halimercs
g/2-mourH-epuoa py IS U, W &/2-mouTu-mepuos ps AnA v,. OdeBugHO,
| p1 — p2 | << N3 (e), Tak uro sTa pasHOCTH MOKET IPUHUMATH JIHIIH
KOHeYHOe YHUCJo 3HadYeHwWil, rae Ob MbI Hu BHOpanm Te N, (&) mocaeno-
BATeIBHBIX IEJBIX YHCEJ, CPeIu KOTOPHIX MBI HANLIH py U p,. Dyaem
TOBOPHUTH, 9TO JBe HApPHL (p1, po) U (py, pP,) PKBUBAJEHTHHI, €CIU | p; —
— p2 | = | p; — p,|; Tark ®ak | p; — po | MoykeT IpUHUMATDL JIHIIH
KOHEUYHOe YHCIO0 3HAYeHWi, TO CYyHieCTBYeT JHIIh KOHCUHOE YMCIO KJIAC-
COB 9YKBHBAaJEHTHOCTH OTHOCHUTENHHO OHTOTO OTHOIICHHUS DKBUBAJCHT-
HOCTH.

BriGepem jiisi 5TUX KIacCOB DKBUBAJCHTHOCTH KaKyIO-IH00 CHCTEMY
npexcrasurexeit  (pl, ph), r=1, 2, ..., s. lounoswum N, (&) =

= max | p; |, N (e = Ng(e) 4 2N, (¢) um moOKayKeM, UYTO MEKIY

JA100BIMM ~ LeJbIMH  IOCJe0BaTeJIbHLIMU  KpaTHeIMEH [N, (&) MOKHO
HAWTH e-ToUYTH-TePHof], OOImuUi I8 IOCIeLOoBATCIABHOCTER U, M Uy,..
I[Iycts ny — menoe 4mcsio; py, Py — &/2-MOYTU-TIEPHUOMIBI, PACIIOTOKEH-
HBIe MeRay no - Ny(e) u ny + Ny(e) -+ Ny (e); (p!, p;) — upej-
CTaBUTEJbh KJIacca, B KOTOPOM HaxomuTes mapa (pg, ps), Tak dUTo
|p1r — p2 | = | p{ — p; |- Umeem p] — p} = p1 — p,, wnn pi — p; =
= P2 — p1, BHAUAT, py — py = py — Py = — p, HIH pj - pp =
= pi + pe2 = p. W3 mHepasencrBa | p7 | << N, (&) BHTeKaeT, 4To ng <<
<p1t T pi < no+ Ny(e) +2N,(e) =no+ N(e) 1 ny<<pi—
— pl << ng+ Nsg(e) + 2N, (&) = ny + N (&), 1. e. B oboux cayyasx
ng << p < nyg+ N(e). Yumcmo p, ompegelreHHoe TakuM 006pasoM,
ABAsIeTCA OOHMM &-IOYTHU-TIEPHOJOM [ 00eWX IOCHCH0BATEIhHOCTENH.
HeiicTBUTENABHO,

lu'n+p—un,:lun_!_plipz—un,<lun+p1ip71"—un+pil+
t t
+lltn+p1_un|<*+_:8,
2 2
Un+p — Unlzler_pzipg_* Un,<lvn+p2ipg~— Un+p2|+

e e
+’Un+p2_vnl<5—|—-2—=8.

2. Onpengeanenmne 2. Ilociedosameavrocmv u,, n =0, nHasvl-
8aemMcs ACUMNMOMUUECKU NOYMU-REPUOIUUECKOLL, ecau 0as at6o20 & > 0
cyuecmeyiom marue N (&) u B (e) >0, umo mexncdy awbvimu 0eyms
nocaedosamenvhoimu kpamuvimu N (&) Halldemcs makoe yeaoe uucso p,
umo ecau n =B (¢) un -+ p =B (g, mo |Uptp — U, | < &.

Jlast Toro 4TOOB IMOSCHUTH CMBICT DTOTO OMPEIeNCHHUS 3aMeTHM, UTO
eciau U, = O, + 0,, TAe o, — I0YTH-TIePUoJUIeCKAs IOCIe0BaATEIb-
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HOCTh, a lim w, = 0, To mociegoBaTeILHOCTH U, ABIAETCH ACHUMIITO-

n—00

THAYECKU NOYTH-Tlepuoamdeckoii. [leficrBurearno, mycrs & > 0. Torga
cymecTByer Takoe B (&), uro | o, | << e/3 maa n > B (¢). C gpyroi
CTOPOHEI, B CHIY IOYTH-IIEPHOJUIHOCTH IOCTEAOBATEIBHOCTH O, CYILeCT-
ByeT Takoe N (&), 9To Me;KAy JIOOBIMU IOCIETOBATEIBHBIME KPATHBIMUI
N (e) maiigerca p, RIS KOTOPOTO | Oyyp — @ | << £/3, KakoBo Obl HE
optmo n. llyers temeps n =B (¢), n + p = B (g). Torna

,un-l-p—un]:,an—l-p‘l—(‘)n—l-p'_an *"(On|<|an+p — Oy |+
e e €
+,(071+p|+,(’3nl<73—+§‘+_3‘:8v

T. €. IOCIeN0BATENbHOCTHh U, SABIACTCA ACUMITOTUYECKH MOYTHU-IIEPIO-
TMYEeCKOI.

Teopema 3. Ecau u, — acumnmomuuecku noumu-nepuoduieckas
nocaedosamesvrocmy co 3uaveruamu 6 R™, mo cywecmeyiom makrue
eduncmeennvlm 0b6pasom onpedeasemvie ROYMU-NEPUOOUUECKAL NOCAEDO0-
6aMEALILOCMY Oy, U CMPEMAWAACS K HYAIO ROCACIOBAMEALHOCMb ©,, UMO

— .

Up, = o, |+ 0,.

Ilna porasaTelbCTBA STOM TeopeMmbl JOKa;KeM cHadajla HECKOJIbKO
IIpeIOyKeHNI.

Ipepromenne 5. Bcakaa acumnmomuuecku noYMU-nepuo-
duueckas noc.aedosamesvhocmy 02PaHUYLEHA.

Hoxaszarenscrso. llyers ny > B (1) npoussonbHo. Brife-
pem p, neramee meskngy —ng + B (1) u —ny - B (1) + N (1). Torza

ng +p>B (1) u, swaumr, | Uyp — Uny, | <<, mmm |u, | <

< l Unotp — u"ﬂol + Unp+-p | < 1+ | u’no'I"p" TaK 4To | Ung | < 1T+

-+ My, tne M, = max | up |- OxoHUaTETBHO UMEEM | U, | <<
B(1)sn<B(1)-+N(1)

<1+ M, rpe M = max | w, |-

0<n<B(1)4+N(1)

IHHpeganomenne 6. Ecau nocaedosameavriocms , acuMnmomu-
YecKU noumu-nepuoduuna, mo u3 aw060l rocaedosamesvHocmu Yeanx
uuces hg — 00 MOJNCHO U3BAEUL MAKYI0 NOONOCACO0BAMEALHOCY Ky, UMO
noc.aedosameavnocmo (Un, 1 rs)s 6ydem cxo0umocs pasnomepuo no n > — j
npu awbom namypaavom j. Ilpu smom nocaedosamesvrnocmo o, =
= lim wunyr, nROUMU-REPUOOUUNLA.

S§—00

Hoxasarennbcrso. Iyers vy, = u,.n,. Tar rax mocieno-
BaTeJIbHOCTb U, OTpaHUYeHA, cymecTByer Ttakoe M, uro | v, | << M.
Ilo nemme Yeszapo MoskHO BHOpATh TAKyI MONMOCIELOBATEILHOCTD Sy,
4T0 II0CJIEe0BATEIHHOCTH (vnsh)k cxogurca. llyers j — mpoussoabmoe
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HaTypalIbHOe dmcio. llocimesoBaTeJbHOCTh MOJKHO BHOpaTh TaK, 4TOOH
hs, =] (u6o lim hs = oo) m, 3HaUHMT, N + ks = O mpu n > — J;

S
k S—»00
CJIeI0BATeNBHO, U, ~ ONpEReNIeHo [Ifg 1 = — ]. bBeps moouepenno
k

j=1,2,...,r, ..., morydyaeMm, 4ro s j = r CYIeCTByeT TaKasd

ocaenoBaTeAbHOCTD (B )g, 9T0 (Unin ,)p CXORUTCA AMA —T7 < n T,
3 Sk
mpudeM MBI MO3KeM B3ATH B KadecTBe (hsz)h IOJIIOCTe0BATeILHOCTE

IIOCJIe[0BaTeIbHOCTH (hsz—-l)k. PaccmorpuM JHaroHaldbHYI0 IIOCJE/loBa-
T@IABHOCTD Uy h . 1IYCTH j MPOUBBOIBHO, A R — rmaxoe IOJIO:KUTENbHOE,
Sy

qyro —R < j. Ias r > R 1ocHefoBaTeIbHOCTh Upip , COACPIRUTCA
Sy

B II0CJEI0OBATEIBHOCTH Uy ih p U, BHAYNT, CXONUTCH I —R<n<R,
Sk
B uwacTHOCTH mig n = j. Orcioga caegyer, 4TO IIOCIEJ0BAaTeIbHOCTH

Un-th p ABIETCH cXofsIeicss, KakoBo Ol HE OBLIO n, HpUYeM CXOJu-
T

MOCTH, OYEBHJHO, PABHOMEPHA OTHOCHTENBHO 7, IIpoberaiomero mioboe
KOHEYHOE MHOYKECTBO HHJEKCOB.
Bsegem oGosnaderue hr = h;. Ilycrs ¢ >0 u p, BHIOpaHO MEKIY
T

h, — N (&) m h, coraacuo OIpefeleHHI0 aCUMITOTHYECKH IIOYTH-TIEPUO-
IMUCCKON IIocaefoBaTeabHoCTH. Torma [iasg A0CTaTOYHO OOJBINUX T
umeeMm h, > N (&), Tak uro p, >0, u eciu n > B (¢g), T0o n + p, >
> B (g), Tar u4to |un+pr — u, | << e. BBemem oGosmauenue m, =
= hl — p,. Nmeem 0 << m, << N (&); caemoBaTenbHo, ecam n = B (e),
TO n -4 m, > B (8)’ n + m, + p; > B (8) u Iun+mr+’pr —" u’n—l—mrl <
<& Tl | U r— Unjmy | << e pmua n =B (g). llocaenoBareabHOCTD
m, MO;KeT IPHHMMATH JHUIIb KOHEYHOE 9YHCI0 pPasIMYHBIX B3Ha4YeHuu,
3HAUNT, CYLIECTBYeT 3HAUeHHe m*, KoTOopoe HpUHHMAeTcAa mJis OecKo-
HEYHOTO YHCJA MHIEKCOB I'j, W, CJI€L0BATENBHO, | Uy g = Un-tpmr | < e.
J

Ho mnocaemosarensrocts (u, - ); ABISIETCS IOAIOCIEJ0BATEIBHOCTDHIO
T

MOCJAeT0BaTeIbHOCTH (un+h/)r, 0 KOTOpPOW WM3BECTHO, YTO OHA CXOMHUTC *
r

qas aooboro n. Ilyers a, — mpefen 9Toil MOCIeJ0BATENLHOCTH. Torga
| ot — Upim* | << & paa n =B (e) u | Uy p! = On | << |un+h;. —
J

J
— Unime | + | Ungmr — Oy | < 28 pas n = B (e).
IlycTs Temeps [ — Mpom3BONBHOE HaTypaibHoe umeio. Paccmorpum
amcna n, yHoBierBopaomue yeaosuio —I < n << B (g). CormacHo
BBIGOPY II0CIE[OBATEILHOCTH hr, IOCIEN0BATEIbHOCTD (un+h4)r paBHO-

MEpHO OTHOCHUTEJNBHO 1 CXOJUTCHA K Oy 3HAYUT, TO K€ BEPHO U JIJIA IOCJIe-

OBATeNBHOCTH L, , CJIE0BATENLHO, ecim j > R (e), TO, KaKoBO
J

Obl HE OO B > — [, mmeeM | unJrh;j — o, | < 2e. Bosbmem & = 1/3s,
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[ = s. IlocienoBaTelIbHOCTH h,ﬁj 3aBHCHUT OT &, a 3Haumt, oT S; R (&)

3aBHCHT OT € na elle W oT [, 3HAYMUT, TO3Ke 3aBucuT OT S. BBemem o6o-
3HaUYeHHe k, = h,iR . Nmeem | tpin, — ap | < 2/83s<<1/spuan > — s.
S

Ilaa mpoumsBoabHOTO HarTypaibHoro j m & >0 BmbOupaem K (&) Tak,
uyrobn K (&) > max (1/e, j). Torgqa pus s == K (&) OyneT BHIIOJIHATHCA
HePaBeHCTBO | Upip, — O, | << €&, KaKoBO OB HHE ObLIO 7 > — j, U mep-
BOe YTBepsKICHHe HAIIero MpeiosKeHHsa JOoKasaHo.

OcTaercs mMoKasaTh, YTO IIOCIENOBATENBHOCTH ., (ompemeleHHASA AJA
BCeX I[eJdHX 1) ABiAercsa mouru-nepuogudeckoir. Ilycte & > 0. Mmeem
| Upip — Un | << €2 pna n =B (e/2), n-+ p=>DB(e2), snauumr,
| tnimihy — iy | < &2 mim n ks =B (82, ntp-tk >
> B (&/2). Ilycrs n mupouspoibHO. Bribepem s HacTONIBKO O0IbIINM,
urobs n - ks = B (¢/2), n -+ p -+ ks =B (&/2). 910 Bo3MOKHO, 0O
lim k; = oo. /3 momydyeHHOTO BEHIINIE HepaBeHCTBA HOJydYaeM TOIJa

S§— 00

| oty pp — O | << €/2 << &, a 5TO HOKA3HBAET, YTO P ABIAETCS &-HOUTH-
TePUOIOM LA Cly.

NMNorxasateanbcTBo Teopemu 3. 1) Iyers & —0, n
IyCTh P — HEKOTOPHH AaCUMITOTHYECKUH €,-IOYTU-TIePHUO]], PAacCIoyo-
JKeHHBIH Me®ny s m s + N (&). Torma | unyp, — Uy | << & A1 1 =
> B (g,). U3 mepasencrBa ps; == s ciaemgyeT, 4To p; — oo. CormacHo
OpembIAyIeMy ITPeJIOKeHNI0, CYIIecTBYeT TaKad IOAIOCIeJOBATeb-
HOCTH Ds,, UTO (un+psk)h paBHOMEPHO IO 7 > — j CXOAUTCA K IIOYTHU-

NepHOTMIECKONl ITOCTe[OBATEIBHOCTH C,. Ilod0RuM ©, = U, — Q.
Nmeem | o, | < | up — un—{—psh | + lu'n+psh —a, | < &s), —+- | un+psh_an |

naa n =B (e,,). Nasa k= K (&) nveem &, <<&/2 u | Untps, — On | <<
< &/2. Tlomaras B (&) = B (&), maxogum, u4to | ©, | << & nus
n > B (&), orkyna lim ®, = 0

Nn—o0o

2) llpexmososkudM, YTO BO3MOYKHO eme ONHO pasioyKeHue u, =
= o + w,. Torma o, — a5, = O, — ®,, I TAK KaAK O, — 0, —0,
10 o, — oty — 0. TIoCKONBKY IOCHeI0BATeNBHOCTDL O, — Gy SABIAETCHA
HOYTH-IePUOANIeCKOM, OCcTaeTCsA MOKa3aTh, 4TO 6cAKad noumu-nepuodu-
yeckas nocaedosameaviocmv P, ¢ Hysesuim npedesom modxOdecmeenHo
pasra wyao. Ilycts &, —>0 B p, — HEKOTODHIl £;-IOYTU-TIEPUOJ], pacC-
HOJOKeHHBIA Meskny s u s -+ N (g). Torma mnocaemoBaTeabHOCTH
(ﬁn+ps)s COeP;KUT PABHOMEPHO OTHOCHUTEJIBHO 72 CXO[AAIMYIOCA HOAIOCIe-

[I0BATEJIBHOCTD, CKAKeM (ﬁn+psk)h. B cuny mepaBeHcTBa p, == s uMeeM

Ps, —> 00, BHAYHT lim [3n+psh = 0, paBHomepHOo mo n. G mpyroi cro-

h—o0

pOHH, W3 HepaBeHcTBA | B, — ﬁnﬂ’sk | < &, momydaem mpu k — oo,
aro | B, | <O m, smaumr, f, = 0. Teopema moiamoCTHIO JOKasaHa.

9 A. Xananaii, JI. Bexciep
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BUBJIMOTPAOGNUECKNE 3AMEYAHUA

HeroTopble pe3yIbTAaTH OOINETo Xapaxrepa, OTHOCANINECS K JIUHeHEIM CHCTe-
MaM ¢ HepHoJNdecKAME KoduruenTamn, cM. B [33], [43]. IIpensokenne 3 ABIACTCA
0600IenHeM IIPeJIOKeHNs, TMONYIeHHOTO BexcaepoM [90]. Jlemma 1 m3 § 2 mpu-
majuieskuT paxTHaeckn Bexcaepy. Teopema 1 moaydeHa B [33] u ycunena BexciaepoM.
TeopeMa 3 B HeIPepPHBHOM CJlydYae yCTaHOBIEHA B [36]. Pesyabrate § 3 ABIATCA
UCKPETHEIM aHAJOrOM PeayapTaTos [35] u nyOaMKyioTcs 37ech BuepBhie. Teope-
MBI 1—3 § 4 momrygens B [33]; Ass TeopeMbr 3 3/1ech IPHUBEJIEHO HOBOE IOKA3ATEIbCTBO,
aHEAJOrMYHOe TAHHOMY B [36] U ocHOBaHHOe Ha OJLHOW Wjee VpaGe [85]. Teopema o
noxasana CensoM [69]; oTHOCHTENEHO HEIPEPHIBHOIO CIyTasT CM. [28]. PesyabTaTH § O
MO yueHHEl TlepeHeCeHreM Ha AUCKPeTHBI CIyIail Pe3yIbTaToB I MeTO/IOB Kypusaiias
[45]. O mo9TH-TIEPHOJUIECKUX TIOCIE0BATEIbHOCTAX CM. [13], [22].
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CIUCTEMBI HNMIIYJbCHBIX
MMNOOEPEHIINAJBHBIX YPABHEHUIN

Mmeercd Goraras JUTepaTypa, MOCBAMEHHAA MCCIeNOBaHWIO JUHEH-
HBIX CTAIIMOHAPHBIX UMIYJILCHBEIX CHCTEM IPH IMOMOINH npeoGpazoBaHUA
TMamraca. Ho, kag msBecTHO, MeToj npeobpasosanua Jlammaca Hempu-
MEHUM TJIA IOJTyYeHWs peIIeHHN JIWHEeWHHX HeCTalUOHAaPHBIX U HEIn-
geiigpix cmereM. C Apyroil CTOPOHEL, MasKe B CTALMOHAPHOM CJIydae
JICIONB30BAHNA mpeobpasoBanus Jlamiaca W ero pasHOBHJHOCTEH HEJ0-
CTATOUHO, YTOOHB IOJIYYMTH OTBETHl HAa HEKOTOPBIE BOIPOCH KAUeCT-
BEHHOTO Xapakxrepa.

B proii TiaBe MB paccMOTPHUM HecTalHOHAPHBIE HMIIYJIbCHBIE CHCTEMbI
W, BBONS CHCTEMB ypaBHEHHWII B KOHEYHBIX PA3HOCTAX, UCCIEAYyeM DAL
npoGieM KadecTBEHHOTO Xapakrepa JUIA JHHEHHBIX CHCTeM.

§ 1. O0mue cBeeHNA

1. PaccmorpuM cucreMy JEQPepeHIHATLHBIX ypaBHEHIH 1
.Z" = A (t) X —‘I— 2 Shétha (1)

rne A — marpuiia pasmepa [ X [, siemeHTaMH KOTOPOIl ABJIAIOTCA
HeIIPePHBHBIC KOMILUIEKCHBIe (YHKIUM JeHCTBHTENBHOTO MEePeMEeHHOoTo,
S, — BEKTOPHl [-MEepPHOTO eBRJIU/0BA IPOCTPAHCTBA C', 8;, — mepa

(pymruusa, ummysasc) [upaka, cocpejlorovUeHHAs B TOYKE ty, TpuYeM
0CTeOBATETBHOCT  {l }—ache-too CTPOTO BOBpacraer, lim &, =

h——o0
= — oo, lim ¢, = -+ oco. llpm srux ycIOBHAX pPAN M su01, (6esy-
h—-} o0 R

CIIOBHO) CXOAUTCA W ero cyMMa IpeficTaBiser co0oil HEROTOPYIO Mepy
(cm. mpunoskenue & 1. IV, § 1). PaBencrBo m onepannu B (1) nmoHm-
MAIOTCA B CMBICJIC Teopuu OOCOHmEHHBIX (QyHKIMHA (pacupenenennii),
W pelreHus MB OyjgeM HCKaTh cpeju 0000meHHBIX (YHKIUEA OT O/IHOTO
IepeMeHHOTO €O 3HAYeHUsIMH B C'.

O6ozmaunm uepes X (f, s) ¢ymmaMeHTaJIBbHYI0 MaTpHUILY (0GBITHELX)
peIneHui OHODOMHOW CHCTeME

@) =A@z, X s) =L,

1y OrMeTnM, 4TO ecay a = ! (aj, ..., @;) — BEKTOp W3 C! (3mauor ! osHadaer
TPAHCIIOHMPOBanHE), To 4epes adp MBI oGosHadaeM Mepy t (a4, . . ., a;0;) co 3HA-
vyeauaMn B C!

Q*
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rne E — egmmmunas marpuna. Ha xaskmom nnrepsaie (Ix, i) +1) cHcTEMAa
(1) ogmoponua. IlooroMy mimmeM pelmeHHA CHCTEMEL (1) B Buse QyHKIUI

ga R!' Buma
x (t) = X (t’ th) ch JIJIH t E [tha th-l—i)v — 0 < k < —l'— OO;
IOCTeI0BATeTBHOCTL {C} TPENCTONT OMmpesieluTh Tak, 4To0B (yHKIUA

2 yposaersopsina cucreme (1). ITo mpaBmmam o6obmenHoro mugepen-
IIUPOBAHAA KyCOYHO-PETYIAPHHX (QYHRIHE (CM. [15]) moxrydaem

¥ =[z"]+ hE{x (ty -+ 0) — 2 (tn — 0)} 8y,

rge wepes ' oGozHaueHa o0000lleHHAs MOPOM3BO/HAA, & Uepes [2'] —
0OHIUHAS IPOM3BOXHAA, ONpefeNeHHAA s JN1000ro I =75 1. Tax wak

[2'] (1) = A (¢) z (¢t) mpm I = 1}, 10O
x=A()x+ ;{Ch — X (ty, tp—1) cr—1) 04

Uro0Bl (YHKIUSA 2 yAOBIETBOPATA CHCTEME (1), mocTaTOYHO MOJIOKUTH
Cp — X (th’ tk-—i) Cp—1 — Sp.

Taxkum oOpasoM, [OKas3aHO cJjaefylomee

IIpepnuoskeHHue. Pewenus cucmemv (1) seastomes pacnpedese-
nuamu muna GYHEYULL ¢ Henpepyisnoli npouseodnol Ha AO0M urmepsae

[t,, th11). OHU onpedeastomes paseHcmeamu

z(t) =X (t, t,) cp npu t €Ly, tpyr), —o0 <k <+ oo, (2)
2de nocaedosameavrocmd {Cp}—coch<to YO0BACMBOPACT CUCMIEMNE PAS-
HOCMHVLX YPasHerUl

chot = X (Lpa1, ) cp =+ Sp41 ). (3)

B mouke l;, peuenue umeem CEA40K Sg.

1) (DaKTHIeCKH Mbl MOKA3AJM JUIIb, 9TO ¢yuxnnn supa (2), rae {c;, } yROBJIETBO-
pator cucreme (3), CyThb pelienns CHCTeMB (1). Opgmaxo, KaK Oyaer MOKa3aHO B § 1
ra. IV, ommopopmas cyucTeMa He MOMyCKaeT NPyrux 0000IIeHHBIX pPelennii, Kpome
o6baHEbIX. OTCIONA cjeayer, 4To J0oe penienre CHCTEMBI (1) mmeeT BHR

z () =X (& tg) e + X (&, o) o,
rae ¢ € [t,, tp+1), @ {cp} YAOBIETBOPAIOT CHCTEME (3). CaemoBareibno, z (I) =
4 ’
= X (t, tk) ck, rme ¢ € [tk’ th+1)’ a Ch = Cp + X (th’ tO) Zo, oo X (t, S) =
= X (¢, a) X (a, s). Iloayaaem
chi1=X (trits tr) Cp A Snpt -+ X (1, To) Zo =
= X (tpy 1, ) {en+ X (r, to) 2o} +Sut1 = X (trr1s ) CR Shp1-
CIeoBaTeNBHO, BCAKOE pelleHne cucTeMbl (1) mMmeeT BU (2), ThHe IOCIexOBATeIb-
510CTh {c}, } YAOBIETBOPsAET CHCTeMe (3).
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BamMeuarnunsa a) @Ouspueckme CHUCTEMBl YacTO ONHUCHBANTCHA
MATEMATHIECKE OHUM HMIYJIHCHHIM ypaBHeHHeM mopaaka [ == 2

d'z d 'z !
Et—l‘_l—ai(t)'gﬁfii— +.otal)z= 0101, (4)
k
[Tomnoxum
Xy == 7,
dz
Lo == ——,
dt
d 'z
Xy = "7 -
Ypasuernuio (4) SKBUBaJCHTHA CJeAyIollas CHCTeMa:
x; = X,
xﬁ;. = I3,
Ty = Ty,
’ 3
x+a B+ ()= Dby,
2
Pemenns sroii cmcreMbl mMeloT B ¢, ckawok s, = (0, ..., 0y). Giueqo-

BaTEIbHO, pelleHus z ypaBHeHUA (4) ABIATCA QYHKIUAMY, HEIpephIB-
HEIME BMecTe ¢ | — 2 HepBBIMH IIPOU3BOJHBIMY, TpousBogHad e (I — 1)-
ro MOpAAKa HMeeT B TOUYKe [, CKAYOK Op.

6) Cucrema (1) oGmamaer cBOMCTBOM €UHCTBEHHOCTH DPENIOHUI: JIJIA
Mo0bIx HauanbHBX QyERumi 0 € RY, z, € C' pemenme z (¢, 0, o),
ompenensieMoe yeaosmem =z (0, 0, x¢) = xy, epuHCTBeHHO. B camom
nese, mpepmososkuM, aro 0 € [, , th0+1). Pemenune x ofHO3HAYHO OLpe-
nendercs mocaefoparenbrocThio {c,}. Ecam z (1) = X (¢, &p,) cx, 1A
l E [tka, tko-l-i)a TO xo = X (6, tko) Cr,y W M3 X (67 tho) = X (tha’ 6)
caepyer ¢, = X (I, 0) zo. Ocraerca mokasarh, 4rTo CylecTByeT €/11H-
CTBeHHOE pemieHue {c,} pasHOCTHOU cHcTeMB (3), YAOBJIETBOPAIONIEE
paBeHCTBY ¢y, = X (I3,, 0) 2. Ho »T0 Hememsenmo ciemyer m3 TOTO
darra, uro marpunbl X (f,+1, I;) oOpaTuMbBl H, 3HAYUT, CHUCTEMA (3)
o0samaer CBOWCTBOM eJUHCTBEHHOCTH peIIeHHIA.

B pagpmeiimem i mpocToTHl BO3bMEM B KauecTBe HAYaJlbHOIO
MOMEHTa BpeMeHH OJHYy W3 TO4YeK f,, Hampumep f;, M A KPaTKOCTH
pemenue z (¢, ty, x,) obosHaumm uepes z (¢, Zo).

B) Pemenus cucremsr (1) moryr OHITH 3ammcaHBl B BHJIE

z(t, x)) =X (t, t)xzy+ D) X (t t;)s; mpm (> 1. (5)

LSSt
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B camom mexe, yumThiBag (GopMyay BapHalMH IOCTOAHHBIX MJIA pas-
nocrubix ypasHermit (ta. I, § 2) u coormomenme X (¢, a) X (a, 5) =
= X (t, s), pemeHusd cucTeMHl (3) MOYKHO 3amUCATL B BH[E

h —ho

cn =X (Ig, tr,) Cry -+ .21 X (tny thgts) Sno+i AIA k> ko, (6)
=

u MBI noayunm (5), moioskuB kg = 0, ¢co = xy.

2. Tem jKe MyTeM MOKHO MOJYYUTH PEUIeHNA HEKOTOPHIX HeJNHeHHBIX
IMIYJIbCHBIX cucteM. PaccMorpum cucreMmy

~

dx ~
P F(t, x), (7)

rie F — mempepwBHee oroOpaskenme R' X C — C'. Ilyers F ypo-
BJIETBOPAET YCJIOBUAM, 00ecrmednBaOmUM CYIleCTBOBaHNE, eIWHCTBEH-
HOCTH W IPOJOJIKEMOCTE Ha (—oo, --0o) pemrernmit cucremn (7). OGo-

3HauuM uepes z (¢, o, o) pelleHHUe, ompexessemMoe HaYaJbHBIMU YCJI0-

puamu (tg, xg).
Paccmorpum HenmWHEHHYI0 HMIIYJILCHYIO CHCTEMY

-+ o0
dx
R, 8, .
rramE e 2 101, 3)

k:—OO

I HOCJIeNOBATeTBHOCTH {lj}—cocheto B {Sp}—coch< oo YMOBIETBOPAIOT
ycaopusaM, ykasaHuHM B myHKre 1. IlpowsBojHas U pPaBeHCTBO B (8)
HOHUMAIOTCs B 00OOWEHHOM CMEICJHe, a pelleHnsd HIyTCcA B KJIacce
paclpesieeHuii THIa OOLYHHX (QYHKIUH (4T00Bl UMEIO0 CMBICT BhIpajKe-
gue F (I, x)).

Ha waskmom maTepBage (I, t,+1) cmcrema (8) coBmaszaer ¢ (HEBO3-
mymmeHHoil) cueremoii (7). Ilosromy peureEme cucrembl (8) HWIIeM Cpefn
¢yaxumii Ha R' Buma )

2() =2 (f, ty, cr), L€ty tars),  — 00 <<k<<+ oo

Ham mOpejcTonTt OmpefielinTh MOCHEeN0BATeNIbHOCTh {cy} Tak, YTO0H Z
yrosrerBopano ypasHermio (8). CoBepiieHHO Tak ke, Kak B HyHKTe 1,
MOKA3BIBAETCA, UTO YKAa3aHHBE (YHKIUN CYTh PEIICHUs CHUCTEeMBI, €CJIU
HOCIe0BATeNBHOCT {C;} Y/MOBIETBOPAET HEJMHEHHOU cucreMe ypaBHe-
HAI B KOHEUHBIX Pa3HOCTAX

Cht =2 (Lprt, Trs Cr) + Sntts — 00 <k <+ oo.

1) Kak Jerko mokasarh ¢ momoighio jJemmsr 2 § 1 ra. IV, Bce pemeHnsa cucre-
MbI (8) mMMeIoT BTOT BU.
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§ 2. Tlepnogmyeckne pemieHNs1

1. PaccmoTpuM HMIYJbCHYIO CHCTEMY
2 = Az + Naidy, (1)
R

rme A, {sp} u {{;} yA0BIETBOPAIOT yCIOBUAM HPEJBIAYINETO naparpada.
Ha wnporsixerumm ororo maparpaga OymeMm mpejmosararTh TakKe, €TO
s, =0, —oo << k <C + oo. Hax OBLJI0O TOKA3aHO, pelleHusd CHUCTeMBI
cyTh QyEEIUE Ha R' BHja

z(t, to) = X (4, &) cp, mpm 1€ [y, the1), —oo <<k < oo,
TIe mocJieqoBaTelIbHOCTD {ch} YIOBJIETBOPAET paBHOGTHoix’I cucreMme
Cr+1 — X (th+1, tk) Cp —+ Sp+1, Co = Zo- (2)

Hpegnomoskum, uro ¢yEknmum A u Zskét IePHONMYHEL C IIEPUOIOM
& R

o > 0, u ncciexyem npobieMy CYMeCTBOBAHUA MePUONUIECKUX pelle-
Huii cuctemsl (1) ¢ mepuogoM ©.

s toro ¢akra, uro pemenus z (f, z,) cucremsl (1) HempepHIBHEI
npu t 5~ t, U HMEIT B TOYKAX f; CKAYOK Sp = (), HeMeJJIeHHO CJeJyerT,
uro ecan cucrema (1) momyckaer mepuopuieckoe pelieHne ¢ meproioM o,
TO cymecTByeT Takoe 1exoe p > 0, 4To

(a) thip = Ly + ©, —oo <k <+ oo,

(6) TociemoBaTeIbHOCTb {S,} MEPUONMYHA € HEPUOOM p.

HamomuuM (cM. Ipmio;keHde, § 2), 4T0 BHIOJIHEHHE YyCIOBHI (a)
m (6) HEOOXOAMMO M JIOCTATOYHO JJIA TOTO, 4Yro0H pacmpe/eseHue

2 shéth GBLIIO TEePUOAWIECKUM C HEPHOAOM .
R

OTMeTHM, YTO CJIH BHIOJHAKTCA ycaoBud (a) u (6), T0 pasHOCTHAA
cucrema (2) nepuoduuna ¢ nepuodom p. JlelicTBUTETPHO, KaK WU3BECTHO,
$yHEIaMenTanbHag mMarpuna pemenuit X (I, ) HePUOANIEeCKON CHCTEMBI
mudepeHnuaTbHHX YPaBHeHNUE y/0BIeTBOPAET PAaBEHCTBY

X (t+ o s+ o) =X(Ss).
CiemoBaTebHO,
X (thiirp, thip) = X (tyas 4+ 0, By + ©) = X (L1, ),
T. e. cucreMa (2) mepHoOAWYHA C IEPHOIOM p.
IIpennomenne. ITyemv A u ; sy, nepuoduum ¢ nepuodom

w. Pewenue z (t, x,) cucmemu (1) umeem nepuod © moeda u MoALEO
moeda, Koeda nocaedosamenviocmyv {c,}, ¢ = & (tn, o), fL6asemca peuie-
nuem cucmemuvt (2) ¢ nepuodom p.
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Hoxaszareunsctso. Ilyers z (¢, 2y) — pemenne cucremur (1)
¢ mepuonom . Ilociemosarenpnocts {c,}, ¢, = z (fx, Zy), YHOBJIETBO-
psaer cucreme (2). Vmeem

Chtp = Z (tp4p, 20) = x (ty + ©, o) = x (tn, o) = cp,

T. €. IOCJIefoBaTelbHOCTh {c,} mepmoguuHa ¢ mepuonom p. OGpaTHO,
eCllH TIOCIe/[0BATeNbHOCTh {cp} HMeeT mepuop p, TO

X (to "[“ o, xo) =X (tp, .Z'()) =Cp — Cp =X (t(), .fL'()).

Ecan =z (¢ + o, z,) ynoBuerBopser cucreme (1), To z (¢, xo)
ux (I + o, r,) cyThb fBa peluierusa cucrems (1), coBnagariue npu { = t,.
IToaroMy B cmIy eNWHCTBEHHOCTH pemeHuil z (¢t - o, xy) = z (¢, xo)
mia t € RY.

JlokazaHHOEe NpeqioKeHNEe IMO3BOJSAET WCIOJL30BATDL PE3YIAbLTaThHl
§ 1 ra. 1I, oTHOCAmMecCH K HmepHOTUYECKUM PA3HOCTHBIM CHUCTEMaM, HpH
HCCIe/JOBAHUN HePUONUYECKUX WMIYJIBCHBEIX CHCTEM.

2. Pemrenusa ogHOPOTHON pasHOCTHON CHUCTEMEI
Cht1 = X (Lpt1, Tp) C (3)

IMEe0T BUI
cp, = X (g, %o) Co-

Jlerko mpoBepuTh, UT0 {Ch}ocochadoor J =1, 2, ..., m (m <L),
TOTJa U TOJBKO TOTJa CYTh HEe3aBUCUMEBIE PeIleHHUA C HePUOOM p CHUCTe-
MH (3), korma X (¢, 1) ¢] ABAAIOTCH HE3aBUCUMBIMY PeIIeHUAMU C TePHO-
noM « omHOpomHOM cucteMmbl z’ (1) = A (1) z (2).

W3 crazamsorTo BBIMe u m3 pesyiabratoB § 1 ria. Il caegyer, gro
cucmema (1) donyckaem nepuoduueckue peuteHus ¢ nepuodom ® npu npo-

U360AbHILY NePUOIUNECKUY pachpedeieHuar Y, 101, ¢ nepuodom ® moeda
R

U moavko mozda, Ko2da o0nopodrasn cucmema x’' (1) = A (1) x (t) ne umeem
Opyeux nepuoduueckuxr peweHull ¢ nepuodom ©, kpome Hyareeozo. Ecau
amo ycaoeue ydosremeopaemcs, mo peuenue cucmemst (1) ¢ nepuodom
e0UHCMEEHH0.

dameuanue. Ilyctb ommopommas cuctema z' (1) = A (t) z (%)
He JMOMyCKaeT APYTHX pelleHUIl ¢ HepumoioM ®, KpoMe HYyJeBoro. Kiaun-
CTBeHHOE IMepHofuYecKoe penreHue MojKeT OBITH 3amucaHo B 6ojiee KOM-
TaKTHOU ¢opMe, ecaum UMOYIALCHEIE MOMEHTHI PAaBHOYMAJEHH JPYT
oT mpyra, t, = to -+ kw, a mociiegoBaTeIbHOCTD {sh} HOCTOAHHA, S — S,
—oo < k << - oo 1). B camom pmexne, B aTom cayuae p = 1. Kpome toro,

X (s b)) = X (tg + (k + 1) 0, t 4+ ko) = X (o + o, t),

1) 910 mamGosee 4acTo BCTPEYAIOMUIICA B TEXHUIECKOI JWTEpaType ciaydai
(cMm., Hampumep, [99]).
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3HAYUT, pa3HOCTHAA cucremMa (2) 3anncreiBaeTCst B Bujae
Cpt+1 =— X (to + ®, to) Cp —I— Se.

9Ta cHcTeMa #ABJgeTCI aBTOHOMHOM pasHocTHOHM cucremoil. Ee epmm-
CTBeHHOe pemeHnwe ¢ mepuogoM p = 1 — aTo mocTogHHAA mociemoBa-
TeIBLHOCTH ¢ = c¥, Thme c* ompepeldsercsa H3 YypaBHEHU

C*:X(t0+ﬁ), to)c*"l"‘s,

¥ = [E — X (t, + o, ty)lts.

CremoBaTeIbHO, eIMHCTBeHHOE IEepUOfUYecKoe pemenme cucreMsl (1)
C TePHUONOM  33/laeTcsd COOTHOLICHHEM

z(t, ¢*) =X (t, t) c* pua ¢ € lty, thya)-

Coorromenue f, + ko <t <<ty + (k+ 1) ® dKBUBaJIEHTHO COOTHO-
t—1 t—1

meHnn k << = Y< k-1, smauur, k = e TO> , Te depes e (z)

o0o3HaUeHa mejad 4dacth gumcia z. IlosTomy

t—t
tp=%+w( 0)&
@

I eUHCTBeHHOE Iepuogudeckoe perneHue cucreMsl (1) sanuimercsa B Bupe

t— 1,

x (t, c*)zX(t, t0+e( )co)[E’—X(t0+ o, t)] s, teR.

3. Usyuum Ttemeph pesoHaHCHHH ciaydaii. Cmcrema, compssKeHHAas
k cucreme x' (f) = A (¢) x (), umeer BHUJ

y' () = —y (@) A (y — Bexrop-crpoxa),

‘I, KaK H3BECTHO, ee peineHme maerca gopmynoi y (¢, yo) = YoX (41, ?)
(B KavecTBe HAYAJNBHBIX YCIOBHH MBI B3AIH Iy, Yo). JTO pelleHHe IpU-
HaJIe;KUT Riaaccy 6 .

Ilycts f — HerkorTopasa mepuommieckas o6oOmieHHAs (QyHRIUA € Ie-
puogomM ®, T. e. Tof = f, THe T, — omepaTop caBura Ha . MsBecrHo,
uro ma100asg oGoOmenHasa (QyHKOUA uMeer mepBoobpasmyio (cm. [15]).
Ilycts @ — mexkoropasa mepBoobOpasHas miua f. O6obmenHada (QyHKIHUA
T-o@® — @ mocroanma, n60 mpoW3BOXHASA OT Hee paBHA HYJIIO:

D (T—pg® — @) =1_o DO — DO =71_,f — f = 0.
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Mocroauny T_,@® — @ HazoBeM HHTErpagoM OT 000OIEHHOM QYHK-
nuu V) f mo orpesky [0, o] m oGosmauum Uepes

ﬂg f(s) ds.

B cayuae xorma oGobmennas QyHKIus f ABIAeTCA OOBYHON (yHKIMeH,
5TOT MHTETPAJ COBHAmaeT ¢ OOBIYHBIM.

Hyers y (£, yo) — pelieRne COUpsyKeHHOH cucreMbl (4) ¢ mepuo-
oOM ® I

F=uy(t Yo) EShatk = Ey(th, Yo) Shétk-
) )

Ucnmoansyda mpasuia 0000meHHOT0 nud@epeHnupoBaHusa KyCOUYHO-pery-
JIAPHLIX (YHRUUWH, HAXONHM, 4YTO HepBooOpasHbie [ { aBIsAIOTCA
KYCOUHO-IIOCTOAHHKIMU (QYHKIUAME, & HMEHHO

D (1) =, upu €L, tyt),
rle 4mMCIoBas HOCIEeIOBATEAbHOCTH {Q,} Y/AOBIETBOPsAET yPaBHEHHIO
App1 — A = Y (Tpt1, Yo) Sh+1-

Tar raxr ty + o = {,, HoIyYaeM

T D —D=0D(t 4 0) — D (£) =D (ty -+ ©) — D (t) =

p—1
== &p — &= hzoy (r+1s Yo) Sht1s
cJieJl0BaTeJbHO,
@ p-1
é Yy (S, Yo) (Zsk(sth)(s) ds = kz Y (th+1> Yo) Sn+1- (9)
h pP—

Kag OwmJ0 morazamo B § 2 ria. I, cucrema, compsskeHHasaA K CH-
creme (3), mmeer Bup dy—1 = dpX (Ip41, tp). IlockombRy MaTPHIE
X (ty4+1, 1z) 0OPATLMBI, BTy CHCTEMY MOYKHO BAIHCATh ellle B BUJe dj, =
— dy, 4 X (t),, tyr1); €€ peunreHumsl OUPEAeNeHH [IA —oo < k < 4o
u pawores Qopmynoir dp = doX (1, lp+1), Tak 4ro d = Y (tp+1, do)-
HemeienHo ycTaHABJIMBaeTcd, 4YTO peurerme Yy (I, yo) CHCTEMBI
UMeeT IMepHOJT ® B TOM U TOJBKO B TOM cilydae, Korga dp = ¥ (lx+1, Yo)
apisiercss peimeHmeM ¢ mepuogoM p cucrtembl dy = dy X (fg, fpt1).

YunmreiBasg mpefBAyliee yTBepyKpeHHe, dopMyay (9O), TpeIoKeHue
nyuxra 1 u pesyasraTter § 1 ra. II, moskHO pokasars, uro cucmena (1)
donyckaem peuenHus ¢ nepuodom ® 6 moM U moabko € mom cayyae, Koeda

pacnpedeaenue D) s301, OPMO20HANLHO KO 6CM DEULEHUAM CORPAANCEHHOU
3

1) Boaee obmee oTmpefeleHNe TAKOTO HHTErpaja CM. B [50].
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cucmems ¢ nepuodom ®, m. e. kozda

)

S Y (S, yO) (kzshéth)(s) ds=10

0
das w6020 pewerus y (t, Yo) CORPANCEHHOU CUCMmEMbL (4) ¢ nepuodom ©.

4. TlokaskeM Temeph, uTo ecau cucmema (1) ne donyckaem nepuoduue-
CKUZ peuweHuli ¢ nepuodom ®, mo, Kakoso Obl HU 6vri0 vy > 0,
lim | 2 (£, 2) | = oo (6)
{—>00
pasroMepHo omuocumervio | xo | < . 5
B caMmoM jieiie, B 9TOM ciydae cucTema (2) He [OIYyCKaeT pelleHuu
¢ mepmojoM p, W u3 pesyiabraros § 1 ri. Il caemyer, 4To, KAKOBO OBI
um Geuto y > 0, pemenust {c,} cumcrembl (2) Y/AOBJIETBOPAIOT COOTHO-
NIeHUIO
lim l Cr I — OO
kR —> 00
PABHOMEPHO OTHOCUTEJLHO | co | < Y-
Onenum Hopmy Marpumpl X (fy, ©) gas ¢ € [iy, lp4q). Llyers k =
—np Lk, 0<by<<p, mt=t,+s 0<s<<o. Torpma

X (tha t) =X (tnp-l-hp tnp-l—ki + S) -
= X (&, + no, ty, 4 s+ no)=X (i, t, + )

1, 3HAYUT,
| X (ty, t) | <M mas © € [ty th11),
rje
M= sup |X(u, vl

I<u <o

0<v <20
ITockounbKry

X (t, xo) = X (t, th) cp DA 2 E [tk1 th+1)7

MoJIy4aeM

cp = X (ty, ) x (£, zo) past t € lty, thi1);
cJIeI0BaTeIHHO,
e | <X (g, 8) | 12 (8 L) | <M |z (L, 20) |,
oTKyna u BeiTeraer (6).

5. Vccaegopanue MePUOAMUECKUX MMIYyJIbCHBIX CHUCTEM TIPUBOJUT
K omHO#l wmHTepuperamuu ¢yHKnuu ['puHA, I03BOJAIONEHd MOIYINUTH
SIBHOE TpPe/CTABJICHHNE MEePHOAMIECKUX pemeHmii cucreM OOBIKHOBEHHBIX
mupdepeHIMalbHbIX YPaBHEHUIA.



140 Tnaasa 11K

Paccyorpum cucreMmy
2 () = A @)z (1) + 1), (V)

rme A m f Kak yHKIUU OT ¢ HeIPePHIBHBL U MEPUOAUIHE ¢ HePUOOM ©.
IIpexmosnouM, 9TO OAHOPOTHAs CHUCTEMa

z' (1) = A (8 z ()
He pMeeT APYTUX peIleHHi ¢ IePUofoM ®, KpoMe HYJeBOIo.

Kax um3BectHo (cM., mampumep, [31]), mocmemmee ycmopume dKBHUBA-
JI@EHTHO YCIOBUIO

det [E — X (o, 0)] = 0. (8)

3BecTHO Taks;Ke, UTO HTO YCIOBUME HEOOXOJUMO U HOCTATOIHO IS TOTO,
q1008s cucTema (7) mMesa eJUHCTBEHHOE MEPHUOAMIECKOE pelneHue x*
¢ mepmomoM . Pemenue r* Mosier ObITH IIPe/CTaBIE€HO B BUJE

[}

z* (1) = § G (1, s) ] (s) ds,

roe ¢pyurmus G (I, s) umMeer mepmoj ® Kak mo f{, Tak M IO S,

Gt s)—{ Xt )[E—X(0,0]'X0,5) mma 0<s<I<o,
VTUX (0, )[E—X(0,0]'X (0,8 gz 0<ti<<s<o.
IMoxasxem, uro G ecTh pyHKIuA ['pumHa, ecTeCTBEHHBIM 00pasoM BO3-

HUKAIOMAA IPH PACCMOTPEHUH HEKOTOPOH NMITYJIbCHON CHCTEMBI. A UMEH-
HO PacCMOTPUM HMIYJILCHYIO CHCTEMY

ﬁ:A(t)thEEémﬂ, )

dt
R

riae Z — marpuna pasmepa [ X [ @yuryua G (i, s) asasemcs eQuncmeer-
Hum nepuoduueckum peuwenuem cucmemwv, (9) ¢ nepuodom ® no i.

B camoM felle, coBepiIeHHO Tak yKe, KaK B OyHKTe 1, moraswBaercs,
uro pemenus cuctembl (9) cyrh QyHKmum Ha R', ompeneieHmmbie COOT-
HOIIIEHTEeM

Z@, s) =Xt ko, +5)C,(s) pna t € ko + s, (k+ 1) o + 3),

rae mociaefoBaTenbnocth maTpur, {Cj (s)} ymoBlIeTBOpAET pPasHOCTHOIX
cucreme

Crir () =X ((k+1) o +s, ko4 3s) Cy(s) + E.
JTa PasHOCTHYIO CHCTEMY MOKHO 3alucaTh B BHJE

Cpt1(s) = X (0 4 s, 8) Cy (s) 4+ E. (10)
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Cucrema (9) momyckaer pemieHHs ¢ MePUOJOM ® B TOM U TOJHBKO B TOM
caydae, xorga cucrema (10) momyckaer mocTosmHBe pemeHua (), (s) =
= C (s). Marpuma C (s) sBigercsa pelleHueM ypaBHEHW:A

[E — X (0 + s, )] C(s) = E. (11)
Ho
X(o+s s)=X(o-+s 0X(@O,s =
=X (s, —0) X (0, s) =X (s, 0) X (0, —o) X (0, s),
3HAYUT,

X(o—+s 8 =X(s 0)X (o, 0) X (0, s)
M, CJeoBaTeIbHO,
E—X(o-+s 8)=X(s 0)[E — X (0, 0)] X (0, s).

Yunresaa (8), momyduaem, dro cucrema (11) momyckaer egMHCTBEHHOE
peteHue

C(s) = X (s, 0) [E — X (0, 0)]* X (0, ).

CienoBaTeqbHO, eLMHCTBEHHOE HepHOJuvecKoe pemieHue cucreMbl (9)
SaNUIIeTCsa B BUE

P, s)=X( ko +s)C(s) upu IE€lko +s, (k+ 1) o+ s).
3 paBeHCTB
X (t, ko +8) =X (t — ko, 5) =
=X (t — ko, 0) X (0, s) = X (¢ ko) X (0, s
BBHITEKaeT, 4YTO
P, s) =X (t ko) [E — X (w, 0)]7F X (0, s)

wpu t € ko 45, (F - ot —co<k< oo (D

Taxr rax marpunsl £ — X (0, 0) 1 X (®, 0) nepecTaHOBOYHBI, TO JIETKO
HOKasaTh, YT0 (QYHKIUA P mepuoguuHa IO S ¢ IEepPuojoM .
Ilanee, mopcrasissa B (12) k = 0, momygaem g 0 <s<CIi<< o

Pt s =X 0)[E—X (o, 0] X (0, 9.

IlogcraBaaa B (12) k = —1, monyuaem gaa 0 <<t <<s << o
Pt s)=X (@ —o)lE—X (o, 0)]X (O, s,

n nockoabky X (I, —w) = X (¢ + o, 0), 7o
P, &) =X+ o) —X (o, 0)]7TX (0, .

Taxkum o6pazom, P = G.
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§ 3. Iourn-nmepnoamyecKne peImeHnsI

1. HaumeM ¢ HECKOJLKHX 3aMedaHWil OTHOCUTENHHO CHUCTEM IUHeR-
HBIX OHOPOAHHIX AuPpdepeHIuasbHbIX ypasHeHuii. PaccMoTpuM cucTeMy

2 (1) = A (1) z (2), (D

rme A — maTpuiia pasmepa [ X [, dleMEeHTSHI KOTOPO# — HeIpepBhIBHbIe
KOMILIEKCHEE (YHKIUE JeHCTBUTeIBPHOr0 IE€pPEeMEHHOTOo, &L — GyHRUUA
efiCTBUTEIHLHOT0 MEePEeMEHHOr0 €O SHAYeHUAMU B [-MepHOM KOMIIJIeKC-
HOM eBKJIMIOBOM IIPOCTPAHCTBE C!. O6oszmaunm uepes X (¢, s) yHOa-
MeHTaJbHYI0 MaTPUILy PelleHuid CUCTeMbL (1), yaoBIETBOPATOILYIO yCJIO-
puro X (s, s) = E, rpe E — emuHuuHAas MATPUIIA.

TMewmnma 1. Ecau mampuya rosduyuenmos cucmemdl (1) oeparu-
yena:
sup | 4 (f) | =p << %0,
teR?
mo
(X (1,8 —E|<e!' —1, | X (1 o<t dun t, s€R

JlokasarelIbCTBHBoO. Kax wmsBecTHo, ¢yHAAMEHTaJbHAs Mar-
puma pemenuit X (Z, S) yaOBIETBOpsET CHCTeMe

0X (t, s)

o — A @)X (¢ 53), X(s,8)=EL.

JxBuUBaJicHTHasA MHTerpajJbHaA cucTemMa mMeeT BHU]L
t

X(t, ) —E={A@wX,s)du,

S

nJin
t t

X(t ) —E=1{A4@du+ §A4wIX @, s —E]du

S S

Tlnsa ¢ > s moxydaem
t

X (t ) —E|<plt—sl+n{IX@s)—Eldu

u, mpumenss jnemmy I'poHyoina Ha OTPe3ke [s, t] (cm., Hampumep,
[31]), maxomum

| X (¢, s)——Elge”(t_s)——l nna  t>s.

Yuyuresas, uro X (£, §) ymoBiIeTBOpseT 1 CONPsIKEHHON CUCTeMe

‘ﬁéﬁf_):_x(t, SA(s), X(, )=E,
S
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OPUXOJUM, KaK U BHIIE, K HePaBeHCTBY
| X (¢, s) —E|<MY 1 mpu t<s,

JOoRKa3piBawcmieMy IepBYI0 M3 OLICEHOR JEeMMBb. BTOpaH OIleHRa HeIlo-

CpeiCTBeHHO BBITeKAeT W3 MepPBOu
B pganpHeiimieM mpepIoJio;KUM, 9TO HyJeBoe penienme cucrembr (1)
ABIAETCA PaBHOMEPHO ACHMITOTHUECKH YycToiumpeiM. Torma mo Teo-

peme Ilepcupckoro cymecTtsytor Ttaxue a >0, b>=1, uro
1 X (¢, 8) | < be ™™ mpm t>s. (2)

a

a 50
3ayeTuM, YTO M3 OUYEBHWHOI'0 HepaBeHCTBA 76 < e?  cienyer, 4TO

fe 0 <L % e 2%  0¢eR. (3)

Jemma 2. Iyemv A kak gynryus om & pasHomepro Henpepviera
u oepanuverna na R u nyaeeoe pewenue cucmemw (1) pasnomepro acumn-
momuuecku ycmotiwueo. Toeda das aw6ozo 7 > 0 cywyecmeyem maroe

v () >0, umo

02
X (¢, 8) =X (t, )| <me 277
npu |t —t|<<vy, |s —s|<<y,t=s 10 s t,s €RL

NorasarteabcrTso. Houowum ¢t =1¢ 4 h, s" =s+ k.
[Iyers v > 0 mpoussoansro u y (1), 0 <y << 1, Takoso, 4TO

na
A(R+h) —AQ)|<——,
| A(t+ h) (91 R
. (4)
Wl hl+IED n
¢ 1<35
opu t € R, |h | <<y, |k |<<y. lounomum
Z(t, s, hy )y =X+ h, s+ k) — X (I, s).
B cuny aemwmer 1
wlh—rl __ n
| Z (s, s, b, B) | < e <35, (5)

<
1 X (s h, s+ k)| <& PR < P < P
npu s € RY, |h | <<vw, | k| <<y. Hauee,

Z—f:A(t)Z—]—[A(t—l—h)—A(t)]X(t—I—h,s-l—k).
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Wcmonb3yd MeTOR Bapualuu I[OCTOAHHBIX, M[OJyYaeM

Z(t, s, by k)y=X (1, ) Z (s, 8, by k) +
i

+ Xt w[Au+h) —AW]X @+ h, s+ k) du.

Nz (2), (4) = (5) BEITeraer, 4T0 HpH ! =>§
t
205, 1 B | << e+ bze‘“”“”h‘h’flmuqth) — A @) du <

N —at—s) na ~a(t—s)
< —_— - N
S 2 e —I— 4 (t S) e

VunteiBasg (3), HeMeJJeHHO IOJy9aeM OTCIOfa MCKOMYIO ONEHKY.

Hdewmma 3. Hycmv A kak Pynryus om I Roumu-nepuoduina 6 cmbic-
ae Bopa u myaesoe peusenue cucmemst (1) pasromepro acumnmomutiecki
yemotiwugo. Ecau o ecmo an/2b*-noumu-nepuod mampuybl A, mo

a
5 (t—s)

| X (14 0, s+ 0) — X (5 )| <ne npu t>s.

NNorasarteabcTso. IlycTs
Z (t, ) =X (t+ o, s+ o) —X (¢, 9).
Torga
07

E:A(t)Z(t, ) +lAE+ o) —AD]X [+ o, s+ o).

Hockoabky Z (s, s) = 0, mmeem
Z(t, s)= §X(t, u)[A (u -+ o) — A W]X U+ o, s+ o)du (6)

Hame yTBeps&eHNe HeMeJJeHHO BHITEKAeT OTCIONA, eclanm YyUecTh (2)
n (3).

CpoiicTBo MaTpuifsl X, BHIpPasKaemoe mpebyIneil JeMMoil, MOYKHO
6BI0 OB HA3BATh (IMOYTH-TIEPUOJUYHOCTHIO MO JUATOHAIMW).

Bameuannus a) Eciz B memMme 3 0TKasaTbcA OT PaBHOMEPHOW
ACHMIITOTUYECKON YCTOMUMUBOCTU HYJIEBOTO pEIIeHUs CHUCTeMB (1), To
uz (6) ¢ yuerom xemmbl 1 caepyer JuIIb, UYTO

| X (t+ 0, s+ 0) — X (£, s)|<<n|t—sle

misa ¢, s € R, 3mech ® ecTh 1)-TMOYTH-IEPUON MaTPUIbL A.

wlt—sl
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(2) paBHOMepHOII acHMIITOTHYECKON ycToifumBocTu AjisA n00biX £, s € R,
t > s. JlocraTouno, 4ro0bl CYIIECTBOBAJIO Takoe sy € R', uro

1X (2, )| <<be ™™ npum t,sER', t>=s>s,.

B camom geae, myers I, s € R, t >s. Jlua aw6eix s€ R u n>0
CYIECTBYeT TaKoH 1)-HmouTH-mepuoy, o matpunsr A, dro s 4 o = s.
YuuteiBasg MpeAbjyInee 3aMedaHue, IMoJIydaeMm

X (8, 9I<IX(t ) —X(t+0,s+0) ]+ X+ 0,5+ 0)]<
<nit—slT o pem e,

OTKYZla B CHJIYy HpoHW3BoJabHOCTH 1) > 0 HeMe[JeHHO ClefyeT, 9TO YCIO-
Bue (2) BHDoOAHAeTCA JiA NO6HX I, s € R, t > s.

6) Her meo6xomumocTn B semMmMe 3 TpeGOBATH BBITIOJIHEHUA YCIOBUA

2. Ilyers A Kar QyHKOmA or [ mouTH-TepHoAMUHA B cMEIcae bopa.
Uccnenyem mpobieMy CYIMECTBOBAHUA MOUTU-TIEPUOJUUSCKUX PeIleHuid
Y UMITYJIBCHOU CUCTEMBI

+o0
=A@+ D sy, (7)

h=-—o00

I7ie Mepa ; g0, yAOBIETBODAET YCIOBUAM § 1. 3amerum, 49TO peIIeHU:A

He MOryT OBTH QyHKIUAMEU Dopa, 100 OHE UMEIOT CKA4YKH B TOYKAX Ij.
CMBICI, B KOTOPOM OTHU PpeHIeHHs MOUTH-TePHOJUYHBI, OyaeT yTOYHeH
B TIPUBOJIUMON HUKE Teopeme.

Ilyers t} = th+; — . llpepmomosxkum, uTO

(i) mocaemoBaTenbHOCTH {fh }—cochetoo, J = 0, =1, &2, ..., pas-
HOMEPHO II0UYTU-TIePUOUUHEI,

(ii) mocaegoBaTeAbHOCTH {Sk}—_coche oo HOUTH-TIEPUOJUTHA.

=
ITHU YCIOBUs JOCTATOYHHI IJIs TOTO, YTOOBI Mepa ha sh(‘itk OBLIa TOUTH-
R

nmepuojMuHa Kak oGo0mennas Qyurius (cM. § 6 mpuroskenusa k ria. IV).

Ecau k& ToMy 3Ke CyIecTByor takme 0, A >0, aro &t =0, | s, | = A,
—oo0 << k << +oo, 1o yemosusa (i), (ii) ABAA0TCA M HEOOXOAUMBLIMHE LA

TOr0, 4TOGH Mepa | sk0¢,, OBLIA HOUTH-TIEPHOJUIHOM. B norasarenncTBe
3

mocjemylomeii TeopeMbl MBIl BOCIHOJb3yeMcs JeMMaMu U3 § 6 mpuioxe-
gug K 1. IV 0 cBolicTBAaxX mOCIenOBaTEJIbHOCTEN, YAOBJIETBOPAIOIMX
yeaopuio (i). Ormerum, uro (QOPMYJHPOBKM M [OKa3aTeabCcTBA HTUX
JIeMM MOKHO UYHMTAaTh HE3aBUCUMO OT OCTAJbHBIX mMaparpagoB IPHJIO-
JReHUA.

Teopewma. Iyemv mampuya A kKak gyHryus om t noumu-nepuo-
duuna 6 cmvicae Bopa, nyaesoe pewernue 00nopodrnoi cucmemn (1) pasmno-

MEPHO ACUMRMOMUYECKU YCmOoUuueo u Mepa Z shﬁtk ydosaemeopsem
3

10 A. Xamawnaii, II. Bekcaep
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yeaosuam (i) w (ii). Toz0a cucmema (7) Oonyckaem pewenue

z" (1) = t 2<tX (2, tm) Smo

seAANOULeecs NOYMU-Repuoduieckum 6 caedywujem cmvicae: 0as A106020
e > 0 cywecmsyem makoe L; (&) >0, uwmo 6 awbom ompesre OAUHBL
Ly (&) codepaimcumca mouka T, makas, 4mo

|z*(t+ 1) —2* () |<<e Odan tER, |t — 1| >k,
k=0, +1, +2,...

Kpome mozo, nocaedosamesvrnocmov {zF (13)}—cochcoo ROUMU-REPUOOUUHE
U pewenue x* PABHOMEPHO ACUMRMOMUUECKU YCMOUUUBO.

JlokasaTeadbcTBO MH pasfgeluM Ha HECKOJIBKO B3TAIOB.
1) Ilycrs Q (1) — MHOKECTBO BCeX EUCTBUTEIPHBIX YHUCET O,
MUIA KOTOPHIX CYIIECTBYeT TaKoe I[eJ0e UHUCIO A, 9TO

lfhhm—0)|<ﬂ n IX(t+®,S+w)—X(t,3)i<7]

must ¢, sERY, t >=5s, —oo < k <C +o00. I3 nmemmur 3 aT0ro maparpada
n jgemmsl 7 § 6 mpunoskenus k ra. IV crxepyer, uro mmomecTBo L (1)
OTHOCHUTEIBHO TIOTHO 1), KakoBo Obi HE ObTO M > 0. Ilyers A, (M) —
MHO;KeCTBO BCEX IeJLIX uucea h,, COOTBETCTBYIONIMX dYHCIaM ® H 1),
u H (n) — o6benunenue MHOMKECTB A, (1) mo o € Q (n). B cury mem-
MBI 2 § 6 mpunoskenusa k ria. IV muokecTBo [ (1) TaKKe ABIACTCA OTHO-

CUTEILHO ILIOTHEIM, KakoBo Onl Hu Obvro M > 0.
2) PasmoctHas cucrema (3) § 1 gomyckaer mouru-mepuHouIeCcKoOe

pelneHune
R
* N
Cp — X (th, tm) Sm-
m=—=—o0

B camoMm gene, ¢yHmamMeHTajdbHaA MaTpHUIa peIleHUA OJHOPOJHOH
CHCTEMBI

cpt1 = X (tp+1, ty) Ch (8)

cooTBercTByIomeit cucreme (3) § 1, ects X (3, i,,). B cuny (2)
| X (b ) | < b7, k>m.

Coranacuo jgemme 4 usz § 6 mpunokenmss ® ria. IV, cymecrsyer Taxoe
neiaoe N >0, uro ma mn000M OTpe3ke eAUHUYHON AJIMHLEI HAXOJUTCH
camoe Goxpmee N udneHoB mnocaenosarenbHocTu {i,}. CiaemoBaTeibHO,

k—m 1< N (e, —t,) +1) <N (@ — tn) + N,

1) HamoMHWM, YTO MHOKECTBO B [EHCTBUTEIbHLIX YHCEJ HA3BIBAETCA 0MHOCU-
MeabHO nAOMHBM, eCIH CyIecTByeT Taroe [ > 0, 410 m060i 0TPe30K JJNHEI [ cofiep-
JRUT XOTs OBI OUH dJIeMeHT u3 b5.
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rie uepes e (z) o6o3HaueHa Ienas 9acTh 4ucia 2. Msr momydaem

1 a
X (1t <t LTI ke,
yeM W IOKA3aHO, UTO HyJeBOe pelieHue pasHOCTHOH cmeremsl (8) pam-
HOMEPHO ACUMITOTHYECKM yCTOHIUEBO.

Ilns ycramopieHms Toro (akra, UTO TOCIE/|0BATENLHOCTD {ci}
IOYTH-NePUOTUIHA, JOCTATOTHO (CM. § 2 ta. IV) mokasarh, 4To pasHOCT-
nas cucrema (3) § 1 mourm-mepuopmuna. Ilycrs & >0 mpomssoibHo.
CorzmacHo nemme 2, cymecTsyer Taxoe 7y (&) > 0, uro

X (8~ X6 9I< 5

s t, s, 8,8 ERY t>=s, [ —t|<vy, |§—s|<n. Bospmem
v < e. Torga masa h, € H (v/2) moaxyuaem

| X (tht14hyr tring) — X (Entss ) | <<
<N X (bpttthgy thtng) — X (et + @, i+ 0) [+

-HX%H+&%+®—X%%%W<%+%<a

Tak kak wmuoskecTBo H (y/2) oTHOCHTENBHO IIOTHO, TO cHcTeMa (3)
§ 1 mouru-mepuogMuHa W ee pemrenue {ci} MOUTH-TIEPHUOTUTHO.
Bamernum, uto x* (f) ectp pemrenue z (¢, zf) cucremsi (7), ompenense-
moe HauaJbHBM yeiaopmeMm xf = ci. Llockoabry x* (4;) = ¢, mocie-
noBaTeJNbHOCTH =¥ (fy) MOYTH-LIEPUOAUYHA.
3) Ilyers  (y) — MHOKECTBO BCeX NEHCTBUTENBHBIX UYHCEN T, A
KOTOPHIX CYIIECTBYeT TaKoe Ien0e YuCIO0 ¢, 9TO

|l — | <79, | Shtqr — 11 <<Vs (9)
|1 X (t-+T,s+7)—=X (£ s)|<<w

misa b, SERY, t =5, —oo <<k < -+oo. G momMompIo 06EITHOTO METO/IA
HAXOKIEHUs OOIMX IIOYTH-TIePUO0B MOYKHO IMOKA3aTh, YTO MHOKECTBO
J (y) oTHOCHTeNbHO IIOTHO, KaKoBo Gbl HH Ghto y = 0. B camom pgeue,
13 cKazaHmoro Ha srame 1) m u3 Toro ¢akra, 4ro ImOCJIEJOBATEIbHOCTH
{ci} mourH-nmepHOfMYHA, BHITEKAET CYIMECTBOBAHNE I[@JIOT0 dHCIa
N (y/2), obmajaromero TeM CBOHCTBOM, YTO CpefU JIOGHIX €ro mOCJIeqo-
BaTeNbHBIX KpAaTHRIX HalimyTcss Takme umena hy, € H (y/2) m p, uro

7o —ol<d, lgip—cl<L, —co<hk<+oo. (10)
g 5

Tak Kak | ho — p | << N, 10 passoctn h, — p MOI'YyT NPHHUMATD JHUIIb
KOHEeUHOe uYmcjio 3HadeHmi, ckakeMm r;, 1 < i << n. Haxgomy r; como-
cTaBUM TApy MeJdsx uuced (p;, h‘”i)’ ho, — Pi = I'y; MH BRIOMpaeM

10%*
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IX NPOU3BOJBHO, HO B JajbHeimeM cuuTaeM (UKCHUPOBAHHBIMU (Kak
u peitcTuTenbure uucia o; € Q (y/2)). [oaomum M = max | hg, |.
1<i<n :
Hycers Teneps I + 1, ..., I + N 4 2M — nponssoasusie N -+ 2M

rmocJieoBaTeabHbIX nedbx ducen. Cpemu N nenwix uucen [ + M -1, ...
v -+ M-+ N maiipgyres hy, € H (y/2) (rax d9ro o € Q (y/2)
u p, ynosiaersopswomee yciaosuio (10). Ilyers h, — p = r;. Torga
he — p = h‘”i — p; W, 3HAYUT,

by — hy,=p —p;=m.

QueBUIHO, M — HTO OAHO U3 Iexawx umcen [ +1, ..., I+ N -+ 2M.
Hlns nro6oro 1enoro k£ ummeem

| Ghim — <) hpytp — Chopy | 10k — G | < 5+ S =7

Iyery w,, = o — ;. Torma pgaa aioboro mnenoro k

]Ehm”—'(‘)mlzlth—hmi—l—hm—th—w‘}‘(’)z‘]<

_ oy
<162, — ol o= 4%, <5+ 3 ="

12

Nanee, pua awbux ¢, s € R', 1 > s, umeem

| X (t+ Om, S+ 0) — X (2, 8) | <
<|X(t—o0;+0,s—0;4+0;) —X (I —0;,s—0;)|+

FIX(t—ops—0) =X (49| <3 + 5 =7

CaemoBaTelpHO, ®,, € J (y). Tar rax cpegu N -+ 2M mnocuegoBatesb-
HBIX I[eJBIX UHUce] CYIIeCTBYeT YUCJIO0 M ¢ YKA3aHHBIMU BLIIIE CBOUCTBA-
MI, TO MHOKECTBO TAKHUX UYUCe] M OTHOCUTeNHHO IMIOoTHO. V3 memmbr 2
§ 6 mpunosenus K ria. IV ciegyer, 94To MHOKECTBO YUCET M, & BMeCTe
¢ HUM ¥ MHOKecTBO .7 (V) OTHOCHUTEJIHHO NJIOTHHI.

4) Ilyctp &€ > 0 mpou3BOABLHO U

sup |cpl n—min(—g— 8)
ccocheqoo 3M*’ 3b)’

tTak uro M << &¢/3. Ilo memme 2 cymecTByer Takoe Y (n) >0, uro
[ X, s) =X (@ ) |<nmuat s t',s CR, =5 |1 —1 ]| <7,
| s — s | << vy. OueBummo, MosxHO cuurarh Y < 1. Cormacuo 3), cymecr-
syer Takoe L (y) > 0, uro maa moboro orpeska J MIWHE L [eUdCTBU-
TeJBHOU ocu HalimyTea T € J U Iexoe 4ucio g, yAOBIETBOPAIONiee ycJio-

Buto (9). Bosbmem L, (g) = L (y).

M*
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IIycrs Temepn t€RY, |t — 1, |>¢e, k=0, &1, 2, ...
M OyCcTh JJsA ompefesieHHOCTH f; + & <t < t;j41 — €. Torma

i Frte<<titTr<<tipg+1T— e
C momompio mepBoro m3 coorHomenuit (9) momxydaem
Livg <<t +T+7% tivt T T—7Y<Uliti+g
3HAYUT, mpm P < &
Livg <<t 4+ T<<titi4g
IToaTomy
2" (t+7) — 2" ()| =X (t+ 7 igg) cirg — X (&, 1) €7 | <

<UX (@47, bigg — X (41, 6+ D) civql +
X+ ;1) —X (& ) il H X & )| I cirg —ci [ <

<MW+ My+hy<z+z+z=>¢

deM M 3aBepmiaercdA JOKa3aTeJbCTBO TeOPEeMBI.

BamMmeuanne. B) Ilockoabry a* (f) = X (¢, &) ¢k 1pu:
t € lty, the1), —oo <<k << -too, TO pemenme z* orparmdeno (mbo
OCeOBAaTeABHOCTD {ck} mouTHm-miepmofgmIHa U X yAOBIETBOPAET YCJIO-
suio (12)). Pemenme z* sBasiercsa S'-mouTH-IepPHONWIHBEIM B CMBICIE
Crenmamosa !). B camom pgeme, mo jgemme 4 § 6 mpunoskerna k ra. IV
cymecrByer Takoe meaoe N >0, gro ma 1000M OTpeske eIUHMYHON
IIWHBL HAaXOMHUTCA caMoe Oojbiiee [N UiIeHOB IIOCIEOBATEIbHOCTH

{t}. Uycrs 1 > 0 npousBoIBHO 1

" : _(n )
= sup |z (?)|, e=min|—, .
: tERI:’;l 0] (2 SNp*

Iycry, mamee I (M) = L4 (&), rme Ly (¢) — TO 3Ke, 9TO M B IpeAbIAymen
Teopeme, U IycTh J — IIPOM3BOJBHBIN OTPE30K JIIWHH [ m T € J BEIOpano
cormacHo mOpembaymein teopeme. Ilycrs, mawomer, ¢ € R', V — ecrs
£-OKPECTHOCTh MHOYKECTBA TeX WICHOB mocieqoBarTenbHoCTH {f;}, KOTO-

1) JlokananpHo cymMupyeMas QyHKIUMA [ HaswBaercs Sl-noumu-nepuoduueckoli,
ecan ausa goboro 1M > 0 cymectByer I (n) > 0, obxagamomee TeM CBOIICTBOM, 4TO
Ha JI000M OTpe3Ke JIMHBL ! MeMCTBUTEeJLHOW OCU Haujercs Takoe T, 4TO

t—}-—i
sup § [f(s+D)—F(s)|ds<m

tER1
(mompobuee cm. [13], [45]).
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pie aexar B (¢, ¢+ 1), m W= (¢, t + 1)\ V. Torpa
t41

S |2 (s +7) — 2" (5) | ds < Slx (s+7) —a" (s) ] ds +
- S]x (s 1) —2¥ (s) | ds << 2p* mes V 4 e mes W < 4u”eN 4- & <<,

w
clefoBaTelbHOo, pemeane z* Sl-modurm-mepmofmIHO. JSaMeTHM, 4UTO,
COTJIACHO CKa3aHHOMY B § b mpmioskerus K ra. IV, pemenne z* asisgerca
HOYTH-TIePUOJUIHBIM M B CMBICIE pacipeeleHni.
Kax morasano B § 6 npunoskenus & ri. 1V, ycioBue (i) Bemoansaercs,
eciay IocJIeoBaTeIbHOCTh {Ii} mepmopuuHa. B orom ciaydae mpepwimy-
IMyI0 TEopeMy MO;KHO YTOYHHUTEH ClIeylomuM 00pasoM.

IIpepgmosmenue. Eciu 6 npedndyuelic meopeme npednosoxncerue
«nocaedosameavrocmov {t,} yodoesemeopsem ycaosuro (i)» samenumsv nped-

~1

noaoxcenuem <«nocaedosameaviocmv {tr} nepuoduuna», mo Oydem cnpa-
gedaue caedyuulli pesyavmam: 0as awbozo & > 0 cywecmsyem makoe
Ly (g) > 0, umo e atobom ompeske Oaunvl L, nalidemcs makoe T, 4mo

lz* (t + 1) —2* (f) |<<e Oaa scex tE€ R

NoxasareanbcTso. 1) llycrs p > 0 — BanMeHLIIMU IEPUOL
nociegoBarenbHocTn {14} m P = wy. Cormacmo peayJILTaTaM § 6 npn-

Joskenus K ria. 1V, mociemoBaTelbHOCTH {th} co<h<foor J = =0, +1,
+2, ..., TepHOSWIHE ¢ IepHojoM p W Ix = My, ——oo<k,
m << +oo.

Mur  yTBepsEmaeMm, 9ro CyimecrByer Takoe Yo >0, d4ro ecam
[ th — th | < y¢, —o0 <<k << 400, T0 h sABIsETCA KpaTHEIM p, h =
= mp. B caMoM Jese, JI00Be Ieiase dmciaa h, k MOTyT OBITH IpefcTaB-
deHH B Buge h = mp +r, k=m'p +r', 0<r, r' <p. Umeem

" n Th 7 i
i — 1 = b — 1 =1 — Iy
n no gopmyae (1) § 6 mpuaoxerma x ra. IV
by — Zo = —ir@ — Zth—t;;I “E(;’ :2:-;—mp “Zor = er, — Zor’-

IIpegmonosxum, uTo Hame yTBepKaeHme HeBepHO. Torma cymecrByer ro,
1 <ro<<p, I KOTOPOTO E’;o — Eg” =0 opu 0 r"<p, t1. e.
9 — t;" = 0 mpu 0 < r" << p. Takum o6pasom, A 11060r0 1MeI0ro K,
k=r -+ mp, 0<<r <p, numeem

1 71 7 ____3To 2 To -
bitrg — th =31 — 00 = L% 4mp — &% =
=10, — 1t o —ty0=0.

[oxydaercsa, 4ro r, fABIAeTcA MEPUOKOM mociemoBaTeabHOCTH {l4},
a 9TO0 IPOTUBOPEUYUT BEIGOPY p.
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2) Ilna mioboro 5 > ( cymecTBYyeT TaKoe L Ge) > 0, 9ro jasa a1060T0
orpeska J mammsl L (y) Haiifierca Taxoe Iiejoe UMCIO m, ITO Mg €Jn

Camp — 1 <Tr | X (4 mag, s+ moy) —X (& 9)|<v (11
opu ¢, sE R, t =5, —oo <k <T +oo. B camom peie, mo Jemve 2
cymecrByer Takoe yq (y) > 0, 4ro

| X (t,s)—X(t,s)|< (12)

M[-d?

ms t, s, t, s ERY t>=s |t —t]|<<yi, | —s|<<vi. Bosbmen

v <<y U IOTOKMM y = min (Vo LA PaccmorpumM MHO3KeCTBO .7 (7)

27 2
u3 npepbymein Teopembl. Ilyers T € T (y)_ Torga cymecTBYeT (e,
yrmoBIeTBOpsiomee yciaosmio (9), Tag 4ro | 7T — th | << 2y, —o0 <

< k< +oo. B cuny 1) g, = mp. Jlauee, m3 COOTHOUICHHH ﬂ;fj —

—Tl <y m th = tmp = mo, ¢ yderom (9) m (12) BrTeraer, 4TO,
KaKOBHI ObI HM ObLIM I = S,

| X (t + may, s+ moy) — X (¢, 8) | <<

<IX (¢4 moy, s+ mog) — X (147, s+7) | +

+1X @+, s+1)— X (2, S)|<12[——|—V<A\}v

yeM ¥ J0Ka3aHo Halle yTBep;KeHMUe.
3) Ilycrs € > 0 mpousBOILHO I

~ e e
M*= su cn |, =min( , ——)
S ek oM*’ 20

Bosbmem L (g) = L (y). Torma mus mo6oro orpeska J piuner Ly Hai-
meTcs mejoe uWmcio m, yhoBaerBopsomee ycmoumam (11), mpuuem
mwo, € J. Tlomosnm T = mw,. llycrs Temeps ¢ € R' mpom3BOJIBHO.
IpenmonoRuM [jif ompemeieHHOCTH, 9T0 & <Xt < fit1. ITockoabky

IZ? = mwy, TO
t, + moo = tpymp, —00 <k <] -0,
CJIel0BATeIbHO,

Livmp < T+ T<<Ulit1+mp-
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ITosTomy B cmmy (11)

Ix* (t+T) _x* (t)lle(t_I‘Ta ti—l—mp) c?—l—mp -
— X (t, 1) ¢i | = | X (t 4 may, t; + mog) — X (¢, £;) | | €i4mp | +
—[— lX(tv tz)l lcj+mp_c?l<?le*+R;b<8v

deM Hn 3aBepliiaeTcAaA TOKa3aTeJbCTBO IIpeNioKeHMd.

§ 4. OrpanuvyeHHble pemIeHUA

1. PaccMoTpuM HUMOYIBCHYIO CHCTEMY

-+ o0
xr=A(t) x| h=2 k04, - (1)

IIpenmonosxnm, aro 4, {sp}, {{x} ymoBiersopsmor yciaosusam § 1, n ycra-
HOBUM YCJOBH:A, obecledumBaiome OTPAHMICHHOCTH BCEX PEIICHUI Ha
[y, +o00). Ilockoabky B lammoM maparpade MBI paccMaTpmBaeM pelle-
HUsA JUOIL Ha WMHTepBade |4y, -oo0), Mmoxkuo camrars s, = 0 maa k << 0.

IIpegmonoskuM, 410 HyJIeBoe pemieHNe OLHOPOHON cmeTeMbl x' (1) =
= A (f) z ({) paBHOMEPHO aCEMITOTHYECKN ycToiumBo. Torma mo Teo-
peme Ilepcumcxoro cymecrByior takme a >0, b > 1, uro

X (8, 9| <be™™™  jumi>s. (2)

Ha mmrepBame [Zy, o) pemenus cucremsr (1) mmeror Buj
z(t, to) = X (¢, tp) cp mna tE€lty, tyyy), k=0,

rae o gopmyiue (6) § 1 mocaemoBarenvHOCTH {cj} ompeneseHA COOTHO-
e HUSIMT

cO — an

R
en =X (&, to) 2o + D) X (t, 1)) 85, k>1,

J=1
OTRYJIa

R
—a(tp—1to) N —a(tp—1t)
el < blagle B0 4 b DT, p> 1.
J=1
Taxum o6paszom, MBI TONYIWIN Clexyioiiee Jocmamouroe Yciosue oepa-
Huuennocmu ecex pewenuli Ha iy, -o00): cywecmeyem maroe H > 0,
ymo

kR
Ssjle T <H 0an k>1. (3)

Jj=1
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IIpepcraBiasioT WHTEpPEC YCIOBMA OIPAHMYEHHOCTH, 3aBHCAIIUE OT
KodpuImenTa 3aTyXaHUSA @ ONHOPONHON cHCTeMBI. Y RKasKeM [Ba yCJIO-
BUA DTOTO THIIA:

(i) pam > |s.| cxomurcs;
=1

(ii) cymecrsytor Takme A, [ > 0 m taroe mexoe umciao N > 0, gro
| s | <A npum k& >0 n a1000ii 0TpE30K MOJTOKUTEILHOM IOJIYOCH IJIN-
HE [ comepsmur camoe Goabmee N 9WieHOB mociejoBaTeabHOCTH {f}}.

B camom pene, cpasy BHUIHO, 9TO €CJAN BBHIMOJHEHO ycioBue (i),
T0 BEImoAHEeHO yeaosue (3). Ecam Beimoaneno yeaosue (ii), To gaa k = §

nveeM
i n o) e fire]

rhe depes e (z) oGosHadeHa Texas dacTh gucaa z. CiemoBarTelbHO,

1 l .

Tak 9ro jas k = 1

R —a(tp—1t;) _ 1\ kR _al,
Migle  <a 0TF) 380
=t =
1 +o0 alm
<7»eal (1__1\7) N e N < oo,

T. €. BBIIOJHseTCA ycaoBue (3).

YcaoBue (ii) BHIIOTHEHO, B YaCTHOCTH, €CJIAHW CYHIECTBYIOT TaKue
A 0>0, aro | s, | <A, thy1r — tp =0 paa k> 0. B srom caywae
¢ moMombio Gopmyast (9) § 1 HemenTeHHO moJydaeTcs OIeHKA pPeIeHu:d

—alt— oA
|2 (20 [<<Dlal ™0 4 ——25 pan >4

Amaiorusa MeRAY OSTUM pe3yJabTaTOM W M3BECTHHIM pe3ylIbTaToM
IJis CUCTeM C BOBMYIDAMOIe#dl (YHKIMeNl CTaHeT OYeBUIHOU, eCIM 3aMe-
TUTH, 9TO BHITIOJHEeHUE ycaoBmii (i), (ii) BaedeT 3a co60il OrpaHMIEHHOCTD

pacipeyieeHIA ) shétk (cm. § 4 mpunoskenma ® ria. IV).
3
2. Paccmorpum cumcremy
) =A4@)x@) + 10, (4)

rge Mmatpuna A Kar QyHKIuA oT { HempephiBHA n orparmdena. CormacHo
xopomo wu3BecTHOX Teopeme Ileppoma, HyleBoe pelleHme OIHOPOIHOM
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cucreMbl 2z’ (t) = A (f) x (f) sABIsgeTCA PABHOMEPHO AaCUMIITOTHYECKN
YCTOMUMBBIM, €CJIW BHIIOJHEHO clefyiomee yciaome lleppoma: rakoBa
Obl HE OblIa HeIpepHBHAA OTpaHWYeHHASA QYHKIMA f, pelieHne CHUCTEMbI
(4) ¢ maganpEnM yeaoBueM z (0) = O orpammueno. C QusmaecKodl TOIKH
3peHnA yciaoBue lleppoHa MOKHO MHTEPIPETHPOBATH CJAEMYIONMMM 00pa-
30M: Ha OTpaHMYeHHBIe BO3MYINeHUs (BXOJBI) CHCTeMa JiaeT OTpaHWYeH-
HBIe OTHJIMKU (BBIXOHI).

EcrectBeHHO paccMoTpeTh KJIACCH BO3MYIICHWIl, IJis KOTOPHIX TEO-
pema lIleppoma ocraerca cupaBepnmBoit. Pasiawumsie 00imye BOMPOCH,
Kacaolyecsa BO3SMYIIAIMNX (YHKIUA 9TOTO TUIA, NCCAETOBAHB B IHKJIE
pabor Maccepst u Hledpdepa [49], a rawswe B [65]. Hmme mpr yraswem
IPOCTOH RJIACC BO3MYMMAIIINX paclpeeseHuii, TpUBOAAMNWI K UMITYJIhC-
HBIM CHCTEMaM.

IIpenxaoswenmue. [Ipednoroscum, yumo mampuywvr A (1), t = 1o,
u paswocmu ty4+q — tn, k =0, oepanuuensr, 6 cosorynmocmu. Ecau das
110007 o2panuiennoli nocaedosamensvrocmu {s,} (k = 0) pewenue x (¢, 0)
cucmemvr (1) oepanuueno, mo wyaesoe pewernue 00HOPOOHOLU cucmembl
x' (t) = A (1) z (f) pasromepHo acumnmomuuecku yYcmoiuueo.

HHoraszarteabcrtso. IIpg yrkasamHBX yCIOBHSAX pPasSHOCTHASA
cucrema (3) § 1 ymoBiuerBopsier yciaosuio Ileppoma. CormacHo pe3yib-
tatam § 3 ra. I, HyJeBoe pelrenme COOTBETCTBYIOIMEH OTHOPOTHON CHCTE-
MBL Cp41 = X (Zy+1, &) ¢, PABHOMEPHO AaCHMIITOTHYECKH YCTOMUHUBO.
dyEnamMeHTaIbHAS MATPUIA PEIIeHMid DTON OSHOPOJHON CHCTEMHEl eCTh
X (t, t,). Ilo meopeme Ilepcumckoro njsi pasHOCTHBIX CHCTEM CYIHECT-
ByOT Takme a; >0, b, > 1, uro

| X (b, t) | <<bre™ ™ nma k>m>0.

Ilo npegmomoskenmio cymecTByer Takoe Y >0, 910 &p4q — Ip << 7.
Monoswum ay, = as/y. OueBupmHO,

| X (t L) | < bye” @7 g k> m > 0.
IMyers p = sup | 4 (¢) |, m omyers ¢ = s = 1y. Illpegmonosxmm pas ompe-
£>0

memeHHocTH, 910 ¢ € ¢, th41), S € lty, tmy1), Tak 910 £k >=m = 0.
B cuny memmu 1 § 3

| X (2, ) | = [ X (2, &) X (tr, ) X (tmy 8) | <<
< eM] t—ip lble—az(th—tm)eul tm—sl < bleZuve—az(th—tm).
Tax kak
by —tm =0 —s+({lr—0 +(s—tp) =t —s—7,

TO
| X (¢, 9)|<be™ ™79 pgma t>s5>0,
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I7ie IOJOKEHO
2
b— b, a = Q.

ITpenmnoskenme JOKa3aHo.

BUBJINOTPAOUNYECKUE 3AMEUYAHNA

Bubaunorpaduueckne yKasaHHs [0 TeOPHH HMILyJhCHBIX CHCTeM (HEe IIPeTeH-
[yiomye, KOHeYHo, Ha IIOIHOTY) IpPHBeeHH BO BBe/jeHUH. Marepuad, IIpefcTaBien-
HEIL B DTOH TiaBe, B YACTHOCTH Pe3yIAhTAaTHl, KacalInuecs IMePUOANYeCKUX U IOYTH-
HePHOAMYECKIX peIleHuil, MOKHO HAWTH B [88]—[90]. YcamoBusa orpanm4eHHOCTH
u3 § 4 Opiin mosdydensl MuiabManoM U MBITTKUCOM [51] musa cucreMm, HAa KOTOPHIE [ieii-
CTBYIOT TONUKE (CM. Tarke [52]).



I''naea IV
CHCTEMbBI C OBOBIIEHHBIMI BO3SMYIMEHNAMHA

B oroit riaBe paccMaTpmBAaOTCHA CHCTEMB, KYZa BXOIAT OGHTHBIE
QYHKINHT, MepH HAuM 0G06IMeHHbe (YHKIMH OTHOTO eiiCTBUTEIHHOTO
IIePeMEeHHOT0 €O B3HAYeHMAMN B KOMILIEKCHOM [-MEpPHOM eBRIMIOBOM
npocrparcrse C'. Ecim mapaMeTps cucTeMb TefiCTBUTEIBHE, TO I Pee-
HUA OynyT peficTBUTeNbHBIME. Bmpodem, mepexon K [efiCTBETEILHOMY
CIydai0 MOMKHO OCYINEeCTBUTH, IPOCTO 3aMEHUB BCIONY (QYHKIMHA, MEPH
WIN pachpefieleHns co 3HadeHmsAME B C' COOTBETCTBEHHO (YHKIMAMI,
MepaMu; WIN pacupefeieHUuAMN CO 3HAYEHUSAMN B JIeICTBUTENHHOM [-Mep-
HOM eBRJIMIOBOM IpocTpamcTtee R, m6o mpm sTOM BCe HOKAaBaTeIbCTBA
OCTaHyTCA 0e3 M3MeHCHWHd.

§ 1. JInmeiinbie guddepennmanbHbpie ypaBHEHHA
(o0mue cBemeHn)

1. Paccmorpum cumcremy amHeimBIX AuddepeHnuaIbEHX ypaBHEHUI
2+ A@)x=]. (1)

Ecam MBI jKemaeM paccMaTpmBaTh B KadecTBe BOSMYVIICHHH f He TONBKO
HeIpepHBHBE (QYHKIWI, TO HEOOXOJIWMMO COOTBETCTBYIONIM 00pa3oM
pacmumpuTh HOHATHe pelleHHWA cucrembl. B mampmeitmem Gymem mpej-
nmojarath, 9ro A — marpumna pasmepa [ X [, sieMeHTaMm KOTGPOM
ABJISIOTCA KOMIJIEKCHBIE (QYHKIUM JeMCTBUTEIHHOT0 IEPEeMEHHOro, a f
n x CyTh (QYHKIUM, MePHl WIN pacuperneieHus (9To KayKAuid pas Gymer
YTOYHATHCA) OFHOIO MNeHCTBUTENHHOTO IEPEMEHHOTO CO 3HAYCHUIAMMU
B C.

2. B aToM myHKTE MBI mpefmoioKuM, 9ro A u f ToKaALHO CyMMUIpYe-
MBI Ha HEKOTOpOM mHTepBaye / (OTKPHITOM, MOAYOTKPBITOM WIN 3aMKHY-
ToM). COOTBETCTBYIOIMM pACIIMpeHWEeM IIOHATHS pelleHns SABIAeTCA
HoHATHe pewenus (6 cmuicae) Kapameodopu ma I: sro Pymrmmsa, aéeo-
JI0OTHO HeTpepLIBHAA Ha JI000M KOMIAKTHOM mommuTepBajie B I (u, 3HA-
unr, puddepennupyemad Ha / mOYTH BCIOY), KOTOPas YIOBICTBOPIET
cucreme (1) mourm Beromy

Teopema 1. Ecau A u f aokaavno cymmupyems wa I, mo das
A00ux Havarvnbix yeroeull ty € I, xzy € C' cywecmeyem eduncmeennoe
pewerue Kapameodopu na I cucmemwr (1) ¢ z (¢) = x,.
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HlorxasarenxnbcrBo!l). 3amaga maxosmmenus pemerns Hapa-
Teopop: Ha [ A cucrembr (1) sKBHBaJeHTHA 3ajlade HaAXOMKIeHNA abco-
JIOTHO HEMPEPHIBHOTO Ha JI1000M KOMIAKTHOM mOfmHTepBaje B I pemre-
HUA [JJIA CHCTeMbl WHTeTPaJbHBIX ypaBHEHMI

t 3
x(t)—_—xo—tSA(s)x(s)ds—l—tSf(s)ds, tel.

Uccnenyem BHagame caydail kommawraoro murtepsania I = [o, Bl.
B orom caywae A m f cymmmpyemsl, 3EaumT, QyHKIUSA

k(@) =max (14 (@) |, [F@) I, 1), tel,

TaKkKe cymmupyema Ha I. CriemoBaTelbHO, (YHKLIMA
¢

KW)=\k(s)ds, t€l,

to
abCcoa0THO HempephBHA, a 3HAYNT, W OTpaHWUeHa Ha /.
[Iycrn
Qo () =29 pmasa te€l

u
i t
P ()= —J A9 (@ ds+ [1()ds, €T
Torma
. | K@) "
| Pnt1 (D) — @, () <<+ [ 2]) Y tel.

B camom pmexe, nasa t € [

t t
L1 (2) — 9o (D) | < [ 2o | ltSIA (S)ldSI+ltSlf(S)ldsl<(1+lxol)lK(t)l-

Hamee, ecam

| K(9)]"

](Pn(t)—q)n—i(t)lg(i_i_lxol)_—'—,
n.

1) CymecTByer MHOT0 TOKA3aTeNLCTB DTOI reopeMbl. Tawr, HampuMep, MOKHO
HCHONB30BATh HPUHITUI C/KATHIX OTOOpaKeHHil B HOAXOMsAMeM (YHKIMOHAILHOM
npocTpancTse. Ha sToM myTn JoKa3bBaoT CHAYANA CYMECTBOBAHNIE 1 eUHCTBOHHOCTD
pemennsa B JOCTATOYHO MaJIOM 3aMKHYTOH OKPECTHOCTHU f,, a 3aTeM mIar 3a IIaroMm
LIPOJIOJKAIOT pellleHyne Ha Bech MHTepBaJ /. 3mech MH HPefnodan MeTOH IOCIegoBa-
TOILHBIX OPUONVKEHNI, IO3BOJANNNE YCTAHOBUTL CPa3y CYMECTBOBAHNE TIO-
banbHOrO pemieHwWs. EMUHCTBEHHOCTH MEL YCTAHOBUM C IOMOIIHI0 COODPaKeHNIA,
AHAJIOTWYHEIX MCHOJH3YEeMbIM UPH TOKa3aTeabCcTBe JeMMbl I'pomyosna.
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to miast £ € I nmveem
i

| @1 (8) — @r (2) ] <| j A8 [Pn () — Pp—1 (8)] ds | <
to
t t
<Lhlal jms)uc(s):”ds{:ii'—x—“' |t or & @ as|—
n! nl |
| K ()"
= (1 Xy .
(ENEN) e Dl

TaknMm 06pasoM, MOCAETOBaTeIbHEE IIPUOIMKEHNA {¢p,} obpasyioT
IOCJIeI0BATEILHOCTh HEIIPePHBHBIX (QYHKINUI, PAaBHOMEPHO CXOAAMYIOCH
pa kommakTHOM mETepBasie /. Ilpemen x sToi mocieoBaTEILHOCTH €CTh
HenpepuBEas QyHrnuA. Ilepexonsa K mpeyeny B COOTHONIGHWH, OIPEe-
TAOIMEM ¢, 11, IHOIy4aeM, 9T0 £ ecTh pelleHwe Ha [ cUCTeMBI HHTETpaslb-
HeIX ypaBHermit. Tak Kak QyHKIUA

t

Xy — SA(s)x(s) ds 4

to

f(s)ds

gwﬁ

aGCoMIOTHO HEIpepPHBHEA Ha [, TO W pellleHne x 00JaaeT TeM jike CBOHCT-
oM. MrTak, Mbl yCTaHOBWIN cyimecrBoBanme pemenmsa Hapareomopm
ga I cmeremst (1) ¢ z (2y) = zo.

IloxaeM Temeph epuHCTBeHHOCTL pemenus. Ilyers x4 — mpyroe
pemenne ¢ zy (f)) = 2o m u = |z — x; |. Tar Kak z; yAOBIETBOPAET
cucTeMe MHTErpalbHHIX YpaBHEHWII, TO

u(t)glﬁk(s)u(s)dsl, tel.

to

ITycrs A > 0 mpou3BOJBHO I
3
v()=A~+| kG u()dsl, tEL
to
QOueBunHoO,
u(d) <v (), tel.

TlockoABRY QYHKIEA U aGCOMOTHO HempephBHA Ha [, OHA HMOYTH BCIOAY
mupdepernmpyema Ha I,

, t)—{ k (t)u (t) moatm Beomy B [, Pl
o) = — k (t)u () mour:m BCIORY B [0, L)
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Us mepasenctsa k (2) u (f) < k (2) v (f) caegyer, aro v’ () < k (2) v (£)
moutu BCIORY B [4y, Pl w —v' (2) <k (2) v (f) moutm Beciopy B lo, £l.
CaemoBsarennbHo,

t

j v () dsg(jk(s)ds

v (s)

Tar rax ¢yHKmmA v abcoloTHO HenpepwiBHA HA | U v (1) == A, To QyHK-
nua In v (f) Tamxke abcomiorHOo HempepmiBHa ma 1. 3mecs In v () —

v’ ()

HEONPEeeJIeHHEI WHTeTpad oT (YHKIUN o (0) .} IloaTomy

, tel.

i
' S k(s) dsl
v () vy (tg)e ™ )

t ISh(s)dsl
A1 S k() u(s) ds] S he P
to

Tax xar mpegpigyIiee CooTHOWEHNe CIPaBeAINBO MIs d0Goro A > 0, To
¢
k@G u(@)ds=0, i€l
to

Ecau k (t) u (£) =0 mpu t €1, 10 k (£) u (¢) = 0 mourm sciony B /]
yuursiBas, 4ro k (¢) > 1, moaydaem u = 0 u, clefgoBaTeIbHO, T = Z.

Ecan unrepsan I orxpwir, I = (o, B), To U3 CKAB3aHHOTO BHIIIE Cle-
AyeT CymecTBOBaHUE W eAUHCTBEHHOCTH pemenus ¢ x (I,) = x, Ha J1060M
KoMImakTHOM unTepsase [, B’], roe o << o’ << ¢y << B’ << B, a smaumr,
CymecTBOBaHNe W EMUHCTBOHHOCTh pelleHuMs Ha (o, P). AHAJIOTHYHEIM
obpasom mccaenyercsa ciIydail mOMYyOTKPHTOTO wuHTepBada I.

DynnavenTaTpHas MaTpuna pemenuit X (¢, S) OJHOPOJHON CHCTEMEI,
CooTBeTCTBYIome cucteme (1), ompemenserca OGBIUHBIM CIIOCOGOM Kak
pemieHme MaTPUYHOU CHCTEMEI

0X (¢, s)
0t

rie £ — enmnnunas matpuna. CymecTBOBaHNME U eTUHCTBEHHOCTH HTOTO
pemenus 00eCHeYmBaIOTCs IPeAHYINel TeopeMoit, 60 CTOIGIH MaTpu-
net X cyTh pemenusa z;, 1 << j <[, ogHOPOXHO# CHCTEMBI, YI[OBIETBO-
PAIONOMEe HAaYaJbHBIM YCIOBUAM

xj(s)=t(0, . 0,1, 0, ..., 0),
|

Jj—1

+ A @)X (¢, s)=0, X (s,s)=EF,
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rme mHmeKC ' o0o3Had9aeT omepamuio TPaHCIOHUPOBAHUA. Marpuia X
o0jamaeT OOBYHBIME CBOWCTBAMH, CpPEAHH HUX OTMETHM pPaBEHCTBO

X (t s)=X(t a) X (a, 8) nas t, s, a €1.
N3 pasencTBa
X (@ )X (s, t) =E
caexyer, 4To ,
X (¢ s) = X1, 1),

sgaunt, X (£, s) abCcoai0THO HeIpepHBHA IO S B J1000M KOMIIAKTHOM
noguaTepsase B I. Hpome Toro,

L 0X(4,9)

+ X (¢, 5) 4 (s)=0.
os
C mOMOINbIO ATHX CBOWCTB HPAMOH HPOBEPKOW yCTaHABIUBAEM, UTO
pemenus x cucteMbl (1), ompemensieMoe Ha9aJbHEIMU yCIOBUAMU to, Zo,
TmpefcTaBuMo, Kak oOBIYHO, B BUJE
i
z(t)=X (t, o) 2+ § X (1, ) () ds.
to
OueBunHo, ecau A HeopepHIBHE, To pemenusd Haparteomopn
) pep
CBONATCA K OOBIYHBIM.

3. Ilpocreitmee mupdepeHualIbuoe ypaBHEOHUE x' = [ upuBoguT
K 3ajiaue HaXOyKIeHUsA mepsoobpasuoil piagd f. Har mssecTHo (cMm., HampHu-
mep, [15]), awGoe pacmpepeneHue Ha OTKPHITOM HHTEpPBAJe I = (a, B)
mMeeT GeCKOHEUHOe MHOKeCTBO IepBOOOpasHBIX, W TOYHO TaK jKe, Kak
I B OGHUHOM cJydae, ecim x — Heroropas mnepsooOpasHas, TO BCe
ocTajJbHBEIE HUMET BUX & - ¢, T/[e ¢ — LpPOU3BOJBHAA MOCTOAHHAA.
B »roM myHKTe MB M3yYHM HECKOJBKO BOIPOCOB, KaCAOMUXCA NEpBO-
00pasHKX paclpesieleHui.

PaccMoTpnM IIpessjie BCeTo MepBooOpasHbie MepHL. Hamomuum, d9TO
B TeOpHH paclpejieleHuil Toj Mepol MOApasyMeBaioT HeIlpepHBHBII
JuHeHHE QYHKIMOHAN HA HpocTpaHCTBe PDi HEHPEPHIBHHIX GyHKIIIT
I — C! ¢ xommakTHEM HocuredeMm. Mepa CruiabTheca dy, ompefeiageMast
QyHKIHell, umerolell orpaHUYEHHYI0 BapHalUIo HA 71000M KOMIIAKTHOM
nofuHTepBaJe B [, sIBIAETCA MEPOU B YKa3aHHOM BBHIIIE CMBICIIE. Bwmecre
¢ tem mo Teopeme @, Pucca maa moboit Meps U Ha I cymecTByeT (QyHK-
nuA Y, WMEINas OTPAaHWYeHHYI0 BapUALUIO HA 710060M KOMIAKTHOM
nopuHTepBade B I u ofIagamomiad TeM CBOMCTBOM, 4ITO W ITPE/CTABIACT
coboiit mepy Crmrsrheca dy, oupeselseMmyro QyHKIEeH y, 1). B rauecTsne

B
1) To ectb (¢, W)= | @ () dx (?) puz ¢ € DY.

&
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% MOKHO B3ATh QYHKIMIO, 3ajaBaeMyio cootTHomenuamu ¥ (1) = w [t,, t]
nas t € lty, P) m x () = —p ¢, &) naa t € (a, t,), rae to € I — Touxa
HYJeBOU u-MepHl, a W [a, bl ects p-mepa orpeska [a, bl. Mepa u me ompe-
fleJAeT OfHO3HAYHO (GYHKIU0 Y. Bce-rakm, ecam morpeGoBaTh HOMOJ-
HUTeIbHO, 9TO0H 7y OblLTa HempephiBHa cmpaBa (miu ciaesa) Ha I, To W
O[IHO3HAYHO OIpefelsieT ) € TOYHOCTHIO A0 AAAWTHBHON ITOCTOSHHOIL.

Jlemma 1. Jas moeo umobs npouseodnas g nekomopozo pacnpe-
deaenus g bvlaa mepoii na I = (o, P), neobxodumo u docmamouno, umobs
sapuayus Gynryuu g oviaa ozpanuueHa Ha A060M KOMRAKMHOM NOOUH-
mepease ¢ 1. Ecau smo ycaosue svinoansemcs, mo npouseodnas g ecmo
mepa Cmuavmoeca dg, onpedeaseman Pynryueln g; npu smom g Henpe-
puleHa 6 Hekomopoi mouke ty € I mozda u moavko moeda, koeda g'-mepa
mouku ty pasra HYy.awo.

IloxasarTeaxascrtso. [lycrs yHROUA g MMeeT orpaHHICHHYTO
BapUanuio Ha a1000M KOMIOAKTHOM moguuatepBame B I. laa ¢ € D;
nMeeM

B B
(@, 8)=—(¢", 0 =—§ o W g()di=— § g(1) do (1).

04 04

Ilo gopmyne mmTerpmpoBaHUs mo YacTAM (CHpaBeINBON W /I WHTE-
rpara Ctuiabrseca)

B
(9, 87={o(0)dg(®) npna @D
(04
Taxum o6pasom, o6obmenHasa TpousBogHas g’ coBmagaer ¢ mepoit CTuirb-
Theca dg, oupeenseMoil pyHKumen g.

ObparHo, mpenmoNoskuMM, YTO NPOM3BONHAS g pacmpefeleHHs g
ecTs Mepa. llo Teopeme @. Pucca cymectByer Takas pyHKOuUA y ¢ orpa-
HUIEHHOU Ha J1000M KOMIAKTHOM NOAuHTepBate B /| Bapumammeil, 4ro
g' ectb mepa Crunsrbeca dy, T. e. g’ = dy. VI3 ckasamuoTo BHIIE CiTe-
flyeT, 9T0 g U ¥ — [Be nepsooOpasHLle Auad Meps dy, 3HAUUT, g = ¥ -
=4 ¢, Tme ¢ — Hewroropas mnocrogHHasg. CaegoBarenbHo, (yHKOUA g
uMeeT OTPAaHMYCHHYI0 BapUANUIO HAa J000M KOMIIAKTHOM MOJMHTEPBA-
ne B 1.

Ilocrennee yTBeps/ieHIe TeMMEl BRITEKAeT U3 TOTO PAaKTa, 9TO0 CKAYOK
B TOUKe {o QyHKIMM OTPaHUYCHHON BapHAIUN g COBIIAIAeT, KAK U3BECTHO
(em., mampumep, [17]), ¢ dg-mepoit Tourn .

llsBecTHo, 4TO0 ecim (YHKUUA g HMeeT OTPAHHICHHYIO BapHALLIO
Ha JT1000M KOMIIAKTHOM HofmHTEpBaxe B I, T0 g mouTm BCIOAy oOiamaer
o0bIuno# mpomsBonHO#E (oGosHauuM ee wepes [g']), mpmuem mocuaenHAA
TOKaTbHO cymmupyema. Hak Gbiiio mokasaHo Beime, 0606meHHAS ITPOU3-
BopHas g’ ecTh Mepa CruibTheca dg, onpenensemasn Gpyuruueil g. Boobme
rosops, pacupemenenus [g'] m g’ pasmwums. Hampumep, ¢yurmus

11 A, Xasnanaii, 1. Bexciep
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Xepucaiina H,
0 mpu t<<O,

H(t):{ 1 mpu t>0,

umeer 00O0OIMEeHHYI IPOU3BOTHYIO H =38, rme 6 — mepa [upaxa,
n obBuEyl0 mpoussoxayto [H'] () = 0 pas ¢==0, Tak uTO [H'] —
nyaesoe pacupegerenue. OpHaKo A a0CONIOTHO HEIpPePHIBHEX (PyHK-
nuit g mvmeem |g'] = g’. Tounee, cupaBenauBa

Hewmma 2. [Hpouseodnas g pacnpederenus g na I asisemcs 10katb-
1o cymmupyemoii Pynkyuet na I mozda u mMorvKo mozda, kKoeda g ecmbv
abcoatomno Henpepuleras PYHEYUL Ha 4000M EOMNAKIMHOM nodunmep-
sane ¢ 1. Ecau amo ycaogue 6bInoaHsemcs, mo o0606ujernas npou3so0ras
g’ cosnadaem ¢ o6brunoii npoussodrot: 1g'].

HoxasareabcTso. llycrs g a0COMIOTHO HeIpepHBHA Ha
To6oM KoMIakTHOM momuHTepBaie B [. Ecam ydecTs, 4TO g’ ectp Mepa

Crunbprbeca dg, To masa ¢ € &£ morydaeMm

B &
(@, gh= o dg(t)= (§ ¢ () [g1() dt= (g, gD,

[0

cieqoBateasno, g = lg'l.
O6paTHo, OpegmoJORUM, YTO g’ — moKaIbHO cymMMEpyeMasd Ha I

¢ymurusa. llomomum
¢

v ()= {g (s ds,
to
re £, — HeroTopas Touka m3 [. Hax msBecTHO, JyuruuEsa 7§, abCOIATOTHO
HeIpepHBHA HA JI000M KOMIARTHOM IIOAMHTEPBAJe B I, u ee obBIYHAA
IpOM3BOHASI COBIAaeT IMOYTH BCIOAY © HOMWHTErPaJIbHOR (QYyHKIUEH,
r. e. mourn Beony ly'1() = g’ (). Ilockombry 0600IIEHHAsA TPOUS-
sonuaA %  ecth mepa Cruabrheca dy, momydaeMm maa ¢ € Dy

5 B
@) =S e@dr®= o] di=
B
=g Wd=(p, g,
smaunr, y = g . Pacupenemenma g um y, uMeA OIMHAKOBEIE IIPOU3BOJ-

HBIE, MOTYT OTJIMYATbHCH Junib Ha NOOCTOAHHYIO, ¢cJaemoBaTeJbHO, (i)YHK-
musa g abCOoITOTHO HeIpepslBHa Ha A1000M KOMIAKTHOM MHTepBaJle.

MHemma 3. ITyemv g — nekomopoe pacnpedererue Ha I. Ecau g
umeem nopadok r, r =1, mo g’ umeem nopadox r + 1; ecau g umeem
nopadok q, q =1, mo g umeem nopsadork q — 1.

MoxasarexbcTso. llycrb g mmeer KOHEYHHI LOPANOK T,

rne r > 1. Torga (cM. mpuiIosKeHUe, § 1) g ectb IPOMBBOJIHAS MOPALKA T
mexotopoii Mepsi u Ha [, T.e. g = D'n. GiregosarTenabuo g = D"
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npuagaexur P; . Ecau 6m1 g € D'}, 10 g’ Obima 66 mpou3BOTHOM
r-ro mopsAgKa Hexoropoir mepsi. Tar war g = D" (Du), Tto orciona
BHITeKAT0 Ob, 9ro Dy = v ecTh HeKoTopas Mepa, a, 3HauuT, g = D" v
umeno O6b mopamok < — 1. Tawxmm o6pasom, g' & D" u g’ wumeer
mopsnok r |+ 1.

Eciu g’ wmmeer womeunnii mopsamox ¢, rme ¢ =1, 1o g’ = Dy,
rne W — Herotopas Mmepa. CuemoBarenbro, g = D% 'y ¢, roe ¢ —
Hexoropas mocroauuag. Orcioga BumHO, 9to g € D147l Eeam g = 1,
TO YTBEPKCHUE JeMMbl [OKAa3aHO0; eclIu ¢ == 2, TO B CUIYy MePBOIM dacTu
aemvbl g & D772, 3maumr, g wumeer mopAmok ¢q — 1.

Cayuau r = oo, ¢ = 0o TPUBUAIHHEI.

Ilpenpinyiiue JeMMBl O0CTAIOTCA, OYEBUIHO, B CUJIE U [JJA BEKTOPHBIX
pacmpeieleHmii co sHadeHusAMu B C' (ompejiereHne TakuX pacipeeleHnit
naerca B 0. 9 § 1 mpmiosxenus).

4. B sToM ImyHKTE MBI HPEIIOJOKUM, 9T0 A JOKAIbHO CyMMHUpyeMma
ma [ = (o, B), af — BexTopHas Mepa Ha I co smauenusamu B C'. Ilo Teo-
peme @. Pmcca cymectByer Tarasg QYHKI@A Y (ompemeleHHAsA OHO-
BHAYHO C TOYHOCTHIO [0 aJJAUTUBHON TOCTOAHHOW), MMeMIasg OTpPaHu’-
YeHHYIO BapUaLuio Ha J000M KOMIAKTHOM IOgWHTepBaJe I W HempephiB-
Hasg copaBa Ha I, uro f ecth mepa Cruabrheca dy, ompegensieMas QyHK-
nueu .

Ilox pemenmeM OygeM MOHUMATH BCAKYI (PYHKIIUIO, UMEIOIYI0 OoTpa-
HUYCHHYIO Bapualuio Ha J1000M KOMIIAKTHOM IOmuWHTEpBaje B [ m ymo-
BJIeTBopsAomyoo cucteme (1) B 0600meHHOM CMBICTE, T. €. €CIHW IIPOU3-
BOJHYI0 W paBeHCTBO B (1) mommMaTh B cMbICae Teopuu 0O0OOIMEHHBIX
GyHKIHI (3aMeTUM, YTO B YKa3aHHBIX IPEIOTOKEHUAX MPOU3BeIeHUe
A (%) x ecTh TOKaTBbHO cymmupyemasa Gpyukrius). B narxpreiimem Mu1 yBuU-
UM, 9TO B 3TH PAMKH YKJIAJBIBAIOTCA U cucTeMbl HapaTeogopu 1 My IbC-
HEIE CHUCTEMHEI.

Teopewma 2. Ilpednososcum, umo A aokarvrho cymmupyema na I,
a [ — nekomopas wmepa wna I. Tozda 0Oas awbbix HavarbHbE YCAO-
eulli ty € I, xo € C' cywecmeyem eduncmeennoe pewenue cucmemst (1)
c x(tyg + 0) = 2o V), a umenno gynryus, onpedeasemas us ypasHenus

2 (8) = X (£, to) 7o §X(t, Sdy(s), el 2)

IlokasartTeabcTBo. BocmoassyeMcss MeTOOM BapHALUM TIO-
crosgaAbIXx. Tak kar mMaTpuma X obpaTuma, TO MOKHO IPOU3BECTH 3aMe-
uy mepemenuoit x = X (¢, 1y) z. Hak merko Bumerdh, AJs OpPOUBBEIEHUA

1) HamoMHZM, 4TO (JYHKIUE OrPAHHYCHHON BapUaniyM HMMET OJHOCTOPOHHNE
mpeesisl B J000# TOUKe,

11%*
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a0bCOJIOTHO HEIPephIBHON (YHKIWE Ha (JYHKIUI0 OIpaHWYEHHOU Bapua-
nuu coxpaHgeTcsa oObuHasg GopMmyia guddepeHUUpPoBaHAA 1)

d dX (¢, ty) dz
— X (t, t) 2=—""L2-F+ X (L, t)) —.
g+ k) di (0
ITockoabKy
dX (t, t)

— + A (¢) X (¢, t,) =0 mourtu Beciogy Ha [

u X1 (¢, t)) = X (ty, t), momydaeMm [giIs 2z CHCTEMY
z’ =X (to, t) f,
DKBUBAJEHTHYI0 cucteme (1).
Taxum o6pa3oM, BO3HHKIA HEOOXOJUMOCTH B HAXOMKJEHHU IepB000-

pasusix mepsl X (%o, ) f. lloraskem, 4ro ¢yHKuUUA g, olpejeideMas
naTerpaxom Cruiabrheca

X(tO, S)dX(S)7 tE[’

o~
o Gy ok

g(t)=

nMeeT OrpaHMYeHHYH BapHamuio Ha J1000M KOMIAKTHOM IOAUMHTEPBAJIe
B I, mempepmBHa cmpaBa Ha I u sBIgercsa NepBOOOPA3ZHOU MEPEI

1) B camoM fejse, mycTh g; — CKauxspHas (QYHKIUA, aOCONIOTHO HEIPepPLIBHASL
Ha JI000M KOMIIAKTHOM ITOgWHTepBasie B I, W gy — CKAaNAPHAA QYHKIUA, MMEIOIas
OrpaHMYEHHYI0 BapHanMio Ha JTI000M KOMIAKTHOM nopumuTepBase B I. Torma mis
a1060i1 QYHRIME ¢ € J; UMeeM
B
(@, (8182)"Y=§ @ (5) d (2182) (s)-

(04

[lepexomss K WHTerpajbHBIM CyMMaM, HeMe[JeHHO yOemgaeMcs, 4YTO

B B B
{0 () d(21g2) (5)=§ @ (5) g2 (5) dg1 () + § @ (5) g1 (5) dga (5).

Tak Kak QyHKOUSA g4 a0CONIOTHO HeIpephIBHA, TO

B B
S ¢ (s) g2 (5) dgq (s)= S @ (s) g3 (5) g1 (s) ds.
CiaepgoBaTeibHO,
B B »
(@, (81, 82))="{ @ (5) £2(s) g1 (5) ds1- § @ () g1 () dgz (5) =

= (P, 8182)+(819P» &2)={P, 21820+ (P> 8182) =(P, g182 1 £182)

(2182)' = 81821 8183-
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X (o, t) f. B camom pmexne, gaa awbGoro pa3bmeHns KOMIAKTHOI'O MOAVH-
tepBana la, bl = I umeem 1)

L
Nlgle) —g@)= 21 | Xt 9 dn@)I<

J

t
jt+1
<Y sw |X(t9)V 2<
7 osElip iy &

b
< swp X (%, 91V %
s€la, bl a
CIIe[0BATeNbHO, BapHalusa QYHKIWA g orpaHHYeHa Ha J000M KOMIAKT-
HOM mopgmATepBase B I.
ITycrs T — mexoropas Tousa m3 [. [laa ¢ > v umeeM

1g(t) — g@! < sup X (4, 91V %

7sel, tl T

W, TaK KaK Y HempephBHa ClIpaBa B TOUKEe T, HoJy4daceM

t
lim \/X= 0.
t—>Tt+0 T

Taxum o6pasoM, ¢ HempepHBHA clpaBa Ha 1.

O6o3zHaunmM, Kak o0HYHO, depes dg Mepy Cruabrheca, ompenersaeMyIo
pyuxmmeir g. Ilycrs (a, b) — HEKOTODHI OTKPHITHIHA orpaHWIeHHBIN
nomaurepsax B I. Kax mssecrro (cm. [17]), dg-mepa mmtepBana (a, b)
paBHA

b—0
g0—0)—ga+ 0= | X(t 1)dn(®).

C ppyroii cropomsi, mepa X (Zp, f) [ ecTb mpom3BefeHHe HeIpepPHBHOI
pyrrunn X (fo, t) ma mepy f, 1. e. Ha Mepy dy, ompefeageMyIo PyHK-
e -

X (tO, t) f = X (t07 t) dX

CienoBaTelabHO, AIA d1000ii HempepsBHOH Ha [ QyHKIUE ¢ ¢ KOMIAKT-
HEIM HOCHTEIeM HMeeM

B
(@, X (fo, §) dy) = (@ () X (to, 1), dx ()= § @ (8 X (f0, 1) &, (2),

B
1) Yepes \/ v 0603HaueHa, KaKk O0LIYHO, Bapmanus yHKUUN ) Ha OTpesKe [e, B.
04
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OTKYJla HeMeNJeHHO BhITexaer, 4To X (g, I)dy-mepa wuurepsamxa (a, b)
paBHa

b—0

§ X (to, 2) dy,.

a+0
Taxum o6pasom, Ha 11060M OTKPHITOM OTpaHWYeHHOM WHTepBaie (a, b)
mepa dg coBmagaer ¢ Mepoir X (%o, t) f, smauur, dg = X (i, t) f. Kax
OBLITO IOKA3aHO B MPEABIYIIEM MYHKTe, dg eCTh MPOU3BOAHAA (YHKIUN g,
BHAYUT, g ecTh mepoobpasuas mepsl X (Zy, t) f. Bce ocrambubie mepso-
oOpasHble paBHH ¢ - g, T/Je ¢ — OPOM3BOIABLHASA IOCTOSHHAS.

Urak, z = ¢ + g u pemenusa cucremn (1) umeror Buf

t t
X (ta tO) ¢ _I— X (t7 tO) tS X (tOv S) dX (S) =X (tv tO) ¢ —l_ tS X (t’ S) dX (S)

3Ha4YeHNe ¢, COOTBETCTBYIOIIEE HAYaJAbHEIM VCIOBHAM, OIpeesdercs
cpasy, ecau B3ATL mpejex npu ¢ —t, -+ 0. Umenno ¢ = z,. Ilorasa-
TeJIHCTBO TEOPEMBI 3aKOHUYCHO.

dameTuM, 410 QYHKUUA, ompemexseMas QopMmMyaod (2), He TOXBKO
uMeeT OTrpaHMYeHHYI0O Bapualuio Ha J1000M KOMIAKTHOM MHOJWHTEpBaie
B [, HO 1 HempepHBHA cupaBa Ha [, u60, Kak OBLIO MOKA3aHO, PYHKIUA g
obmazmaer aTuM cBoiicTBoM. Ecam f-mepa Kaskgoil TOUKE eCcTh HYIb, TO
Kak mepBooOpasHaa gus [ Oymer B cuwiry aemMbl 1 mempepmBHa Ha 1.
Ecau ¢ynrnua f mdokanxpuo cymmmpyema Ha I, TO Y Kak mepBooO-
pasHasa quad f 6yner B cudy JgemMmbl 2 abCOJIOTHO HENpPepHIBHA HA J060M
KOMIAKTHOM IompuHTepBade B I u ee oOwuHasg npoussomHasa [y'] Oymer
paBHa 0000meHHO# mpomsBoguoil y'. Msl Bummm, 41O
¢ ¢ ¢
VX () dy ()= X (¢, 9 [x1(s)ds= § X (2, 9) f (5) ds,
to to to
clleoBaTeIbHO, (popmyaa (2) piasa pelieHus CBOXUTCA K dopMmyrae, IMOIy-
YeHHOU B 1. 2 na cuctem Kapareogopm.

5. B srom mymrTe MBI cremaeM HECKOABKO 3aMEUYaHHE O TOM, MOKHO
JU HaJararb Ha MaTpuny KodpuimeHTOB cucteMbl Ooxee ciabbie yciao-
BUS DPErylasApHOCTH, 4eM JOoKaJdbHasg cymmupyemocth. Ilpemmonosxum,
uro matpuna A m Bextop f cyrh mepw Ha [ = (o, P), uw nyctp ¥ um y —
QYHKIMHE, UMeIMNe OrpaHMICHHYI0 BapuUanuio Ha JI000M KOMIAKTHOM
noguHTepBage B [, HempepwiBHEIE cmpaBa Ha [/ U yHKOBIETBOPAIONUE
coorBercTBeHHO ycaoBusaM A = d¥ wu f = dy, rme d¥, dy — meph
Cruabrheca, ompefesseMbie COOTBeTCTBeHHO QyHkmumsamu ¥ u y.

ITox pemenmem, kKax u BhImIe, OygeM HOHMMAThL QyHKIuUIO z, ob6iaa-
MalouyIo OrpaHMYeHHOU Bapmalmuel Ha JI060M KOMIAKTHOM IIOJWHTEP-
Baje B I m ypoBaerBopsmomyio cucteme (1) B cMmbIcie Teopum pacupene-
aepmii. OTMeTHM, 9TO ecau MHl ;KejJaeM IpUINCATh OpousBemeHUI0o Ax
OOHYHBI B TEOPHH pAaCIUpefeJeHuii CMBICIH, TO MH 00S3aHE HCKATh
pemeHusa x, HenmpephBHEE Ha [.
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Jlas Toro 4T0GH BRIAIOYATH B EUHYIO CXEMY cucTeMbl ¢ Kod(pduuen-
TaM¥{ THIIA Mep M CHCTeMbI, PAacCMOTPEHHbLIC B II. 4, pemeHus KOTOPBIX
MOTYT UMeThb Pa3pBIBEHL, y100HO0 3aMeHUTH Au(QepeHuaIbayio CHCTEMY
OKBUBAJICHTHON WHTETPAIBHOM CHCTEMOH (¢ wHTerpajgaMu CTuabTheca).
Taxum 06pasoM, 3a7aua HAXOKJEHHUS PEMICHIT C L (¢y + 0) = xo nud-
PpepeHnuaIbHON CHCTEMB SKBUBATCHTHA sajade HAXOKAEHUs DPeIeHus
THTa QYHKIMH, HMeONel orpaHWIeHHY0 BAapPHALIO Ha J1000M KOM-
HaKTHOM mojuHTepBasie B [, A CHCTEMBI

z (t) = o —tS (A¥ ()} 2 () + 1 (1) — % (to)- (3)

0

Mu1 He OymeM uaydaTh 3/[eCh CHCTEMBL BUA (3). Cpenu pabor, mOCBA-
MIEHHBIX HTUM CHCTeMaM, YIOMIHEM [37], rme pmaroTcsa HEOOXOXHMBIC
1 TOCTATOUHBIE YCIOBHA CYIECTBOBAHUA PEIICHUS, I [74], roe mexnpy
IpPOUNM UPHUBORATCA NPHUIOKEHHA K TaK Ha3bIBAEMBIM «MeyKIIOBEepPX-
HOCTHBIM 3aJadam».

6. Jlas Toro 9T00B MMETH BOSMOKHOCTD paccMaTpuBaTh BO3MYLICHUA
(Bxompr) [ THHA pacmpeseienuii, He SBIAIOMUXCA Mepamu, HAJOKUM
ga mMaTpuny A Gojee CHIbHBE YCIOBUA PerylApHOCTI. B stom myHKTE
npenmoosKuM, 4ro A NpHHAAIEKUT KIACCy €™ ma I, a f IpEHAAIEKNAT
OpPOCTPAHCTBY BEKTOPHBIX pacmpesienernit Ha I co 3HaTCHUAMU B C',
u OGygeM HOHEMATh HOJ| PerieHuneM CUCTeMbI (1) mexoTopoe pacupejese-
ame ma I co smauemmsMmu B C!, ymzoBieTBopsioliee CuCTeME B CMBICIC
TEOPHUH paclpeseIeHuid.

3ameTuM, 9T0 IpousBefeHHe (QYHKIUT A rmacca €™ ma [ m pac-
npegedenus x Ha | ompejielleHO JWIIb TOTAA, KOTAA X pMeer MOPATOK
<m. Ilosromy wuiem pemeHUsA CpPOIU pacipefeleHud TMOPATKa <m.
Ho Torma mo JemMme 3 JeBas 9aCTh CUCTEMBL (1) umeeT MOPAROK <m + 1.
CremoBaTebHO, €CTECTBEHHO Tpe6oBaTh, UTOOH WOPALOK T pacipene-
meHusa [ ymoBIETBOPAI HEPABEHCTBY T <m -+ 1.

Teopema 3. Ilyemv A npunadaexum k.raccy E" na I uf—
nexomopoe pacnpedesenue ra I nopadka r, r << m + 1. To20a pewenus
cucmemwt (1) umerom eud

z = X (t, a)lc + gl, (4)

20e a — mewomopas mourka ummepeata I, g — nepeoobpasnas pacnpe-
deaenusa X (a, t) f, a ¢ — npouseoavHasi MNOCMOAHKAR. Ecau r = oo,
mo peweHus umem nopsadok oo; eciu 1 < r << oo, mo peweHus umernn
nopadok r — 1.

MokxasaTeabCTso. Bocmoap3yeMcss CHOBa MeETOJOM Bapma-
MU TOCTOSHHEX. IlpomsBemeM 3aMeHy IEDEMEHHBIX L == X (¢, a) z.
Tax rax A TpUHAAIEKHUT KIACCY €™ ua I, To pyHmamMeHTaJIbHAA MATPU-
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na pemenuit X (f, a) nmpuHamme;kur Kiaccy €™ ma I. Haa mepsoii
IpousBogHO# mupowssenenus X (f, a) z BepHa oOGHYHAS dopmya
d dX (¢, a dz
— X (¢, a)z=#—z—|—X(t, a) —
dt dit di
(cm. § 1 mpmmossenus). Todro Tak Ke, KAK U IPH M0KABATEIHCTBE TEO-
peMul 2, IJIA Z MOJTydaeM CHCTEMY

2= X (a, )

9KBUBaleHTHYI0 cucreme (1). Taxmm ob6pasom, MBI mpUILIN K mEepBOOG-
pasHBIM pacnpenenenus X (a, {) f. Ecam g — meroropas mepBooGpas-
Hasi, TO BCEC OCTAIBHBIE UMEIOT BHJ ¢ - g, T[ie ¢ — IPOM3BOIHHAS HOCTO-
AauHasg. Orciofa BUAHO, 4T0 pemerus cucremsr (1) gatores gopmyamoii (4).
locnennme yrBepskennmss TeopeMbl HeMe[IEHHO OIYYAIOTCH, €CIIH
IPUMEHNUTH K Z JeMMy 3.

OueBupno, mpencraBienue (4) He 3aBUCHT 0T BHOOpa TOUKE @ €1

3ameuanus a) Ecau f ects mepa (1. e. pacupenemernue HOPAL -
Ka r = 0 Ha [), 10 mo memme 1 mepBooGpasmas g meps X (0, &) f ecTh
QYHRIUA, MMEIOMAs OrPAHWYCHHYI0 BAapPHALMIO HA JI000M KOMIAKTHOM
nopuHTepBane B /. CaemosaTenbHo, ecau f ecth Mepa Ha I, To cucTeMa
(1) me mmeer gapyrux 0GOGMEHHEIX peIIeHMU, KpoMe pPacCMOTPEeHHBIX
B I. 4. B wacrmocTH, ecau f — moxamxsHO cymmumpyemas (cooTB. Hempe-
peiBHAsT) Qymknusa Ha [, To cucrema (1) He mMeeT APYTUX 060GMEHHBIX
pemenuu, kpome pemeHumit Hapareomopm (cooTB. 0GBITHBIX penieHui).

6) BooGme roBops, eciu f umeer mopsamok r == 1, To 3anauy ¢ HATAT -
HBIMU yCTOBUAMMU CTaBUTH HEIb3sA, nO0 3HaYeHHWe 0600MIEHHON (YyHKIUM
B TaHHOHM ToYKe He Beersa ompepneneno !). Ho wax Bummo us (4), ecan
nepBooOpasHy0 g B3aPUKCHPOBATH, TO YHAETCH YCTAHOBUTD B3AMMHO
OTHO3HAYHOE COOTBETCTBUE ME;KIYy peleHuAMU U BexTopamu ¢ uz Cl.

B) Paccmorpum caydait ogHOro ypasmemms mopsamka [ > 2:

Pt ()T ()=, (5)

Iie KO9QQUIUeHTH «¢; TPUHAAJIEKAT Kiaccy €™ mHa I, a f — craxspHoe
pacuopenenerue Ha [ mopagka r < m -I- 1. Pemenusa nerxo moxyunrs,
IpUMeHss 0ObIYHBIA MeTOJ K CHCTeMe, COOTBETCTBYIOMmEeH ypaBHernIo (5).

1) O momarun 3Havenus o6oGmenHol GYHKnmE B Touke cM. [50]. OTMernM, uTo
ecin 3HaueHue oGoOmeHHOll QYHKIUK f OmpejesieHO B HEKOTOPOI TOUKe fy, TOB I,
ompeneseHo 3HavyeHne u 0000menHO ¢yHKumm X (&, ¢) f, 3HAYUHUT, OHpeLeIeHO
3Ha4YeHHe M IepBoobOpasmoii g. CiemoBaTenpbHO, B HTOM Clyuae Aid BceX pemIeHIil
CHCTeMbI (2) ompefelieHO 3HA4YEHUE B fj, U JErKO MOKA3aTh, 4TO JJIs JIOG0TO zy € C!
CyImecTBYeT eUHCTBEHHOE PelleHre, IPUHUMAIOIee 3HAYEHNUE Z, B TOUKe {,, a HMEHHO

=X (t, tg) Zo + X (ty tO) [g — g (tO)L

rae g () ecTh 3HaueHue g B f,.
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3aMeTuM, 4T0 ecau r < l, mo pewenus ypasnenus cymo (06brumnbLe)
Pynryuu; ecaw r = I, mo pewenus cymov mepwi; ecau r > l, mo pewenus
cymbv pacnpedesenus nopadka r — l. B camom pmene, mosaras z = zi,
14

zZ = x5, ..., 2!V = z,, Doxyuaem cumcremy
.Z'; = Zo,
Ty = I3,
) (6)
L1—1 = Xy,

n+a®)r ... +a)z,=1F.

Tax rark marpuma kKosdpunuenTos cucreMmsl (6) TpPUHAMICKHT KIACCY
€™, 10 ynoeierBopsiorcs yciaosua Teopemel 3. CiemoBaTelinHO, pemre-
Hue z = Y(zy, . .., x;) cucremsl (6) ecTh pacmpenelerne HopagKa r — 1
uiay QYyHKIOHUA, HMeIIas OrpaHNYeHHY0 BapHaIdi0 HA JIO60M KOMIAKT-
HOM IOAMHTEpBaJje, B COOTBETCTBHMU ¢ TeM, Oymer au r > 1 uau r = 0.
W3 (6) BugHO, 49TO x;,_4 ecTh mepBooGpasHasas OIA X;; L;_o — HEPBOOO-
pasHas Ooid x;_, ¥, 3HAUUT, mepBooOpasHassi BTOPOTO MOPAAKA OIS I;
u 1. 1. IHosromy z;, 1. e. z, ectb mepsooGpasnasa (I — 1)-ro mopsamka
A ;. YTBep:KIeHUs, Kacammuecsa pPeryJApHOCTH pemIeHuil, Heme[-
JIeHHO clienyioT u3 jJemMm 1 m 3.

§ 2. Henuneiinbie mudepeniinanbapie ypaBHEeHHsI ¢ MepaMu
(o0mme cBeneHusn)

1. HamomHmM cHauama ompepmelenme pemenuit B cmeiciie Hapareo-
popu. PaccMorpum cucremy HedmHeHHBIX AUEpEHIUATBHHIX ypaB-
HeHUN

' (t) + F (t, X (t)) = 0, (1)

rme F — ¢ynrnusa, oupepmeiennas B obaactu D mpoctpamcetsa R' X C°
u npuHuMaiomas smavenus B C'. Ilyers I’ — HexoTopwlit mATEpBAT Heii-
cTBuTenbHON npsamoii R, TosopsT, uTo a6COMITHO HEIPEPHIBHAA HA JIO-
60M KoMIAaKTHOM mofguHTepBajie B /' (u, 3HaUUT, mOYTH BCIOAY audde-
pernupyemas) ¢ymrmusa x: I' — C' ects pewenue (6 cuvicae) Kapameo-
dopu ma I', ecnm (t, z (t)) €D gna t € I' mw x moYTu BCIOAY Y OBJIETBO-
psier cucreme (1) 1).

2. B panpmeiimeM MbB GymeM paccMaTpHmBaTh KJIACC HEIMHEHHBIX
CHCTEM, COAeps;KaluX Mephl. JTOT KJIACC OXBATHIBAET, B YaCTHOCTH,

cucreMbl Tuma Hapateomopwu.
Paccmorpum cucremy
'+ F(t, ) =], (2)

1) Mogpo6ubil aHaNW3 YCIAOBUIl CYMECTBOBAHUSA W eJTHCTBEHHOCTH peIIeHuil
MOKHO HaliTu, Hampumep, B kHHUre Hopmuarrona u Jlesmucona «Teopusa oOBIKHOBEH-

HuIX nuddepeHnualbHbIX ypasaeHuiny (UJI, 1958).
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rme f — Mepa Ha oTKphiToM mHTepBase I = (a, f) co 3HaUEHUAMH B c!,
a F — QyHrnus, ompejeleHHAs B HeKoTopoil obmacrtu [ mpocTpaHCTBA
R' % C', co smauenmsvu B C'. IlpoumsBojHass M paBeHCTBO B (2) mOHH-
MalOTCH B CMBICJe Teopuu pacupefenenuil. Hamommmm, dto mepe f coor-
BeTCTBYeT (yHRIuA y (ompefeieHHAsA OJHO3HATHO C TOTHOCTHIO 0 aagu-
THBHOH MOCTOAHHON), MMEIOIAA OTPaHHYEHHYI0 Baphamuio Ha JIH000M
KOMIAKTHOM TonuHTepBajie B I, HempepwiBHas crnpaBa Ha [ u obaajaio-
Mas TeM CBOHCTBOM, Y4TO [ COBIATAET ¢ Mepoi Crunbrheca dy, ompeje-
nsemoit ¢pymrnumeir y. Cormacmo memme 1 § 1, y ecrs mepBooOpasHad
Mepw f.

B oTHX YVCIOBHMAX eCTECTBEHHO WCKATh pEMIeHHA cpeau (yHRIUA
orparmuensoii Bapuamuu. Ilycrs I’ = (a’, B’) — OTKpEITHI WHTEpBAIL,
copmepsxamuiica B /. bygem roBoputhb, 4TO ¢yrrmusa z: I’ — C!, umero-
mas OTPAHMYCHHYI BapHAMMIO Ha J1000OM KOMIOAKTHOM MOJUHTepBAJIe
B I’, ects pewenue cucmemvt (2) Ha I', ecim

(i) (¢, x (t)) € D mourm Bewogy B I

(ii) ¢ymruusa F (¢, x (f)) JoraIbHO CyMMHUpyeMa Ha 1

(iii) = ymommerBopser cucreme (2) Ha /' B CMBICIe TEOPUH pacipese-
JeHUU.

3amerum ciaegyomee. Ilyets I’ — OTKpEHITH WATEpPBAT U ¢ — (QYHEK-
us, EMenINasd OTPAaHNIeHHY BapHaluio Ha JI000M KOMIAKTHOM IIO[MH-
trepBane B I'. B ompemensemom ¢ Kiacce SKBHBAJICGHTHOCTH JOKAJILHO
CYMMEPYEMHBIX (YHKIHUIl CYIIeCTBYeT DOBHO OJHA (YHKINA, WMEIOIAA
OrpaHMYCHHYI0 BapHANWio Ha J00OM KOMIAKTHOM IIONMHTEPBAJIC B I
¥ HempepHBHag cmpaBa Ha [’, a MMEGHHO QYHKOHA @i, olpereiasgeMasd
coormomenmem ¢ (£) = ¢ (¢ -+ 0) 1). B pamkax Teopmm pacmpeneneHui
¢ymrmuu ¢ u @ paBebl. IlosTomy ¢(yHKmuUM, MMeIONIME OTPAHMICHHYIO
BApHANMIO Ha J000M KOMIAKTHOM HOfUHTEpBake B [ ', 6ymyT mpepuo-
JaraThed B TalbHEHIIeM HeIpephBHHMHE cIpaBa Ha ['.

Takum 06paszoM, MbI MO;KEM TOBOPUTH O 3HAUCHNUM PEUICHUS X B HEKO-
TOpOil TOUKe: HTO 3HAUEGHNE 6CTh IPefell CIpaBa QYHKINY 7 B DTOU TOUKE.
OrmeTuM, OTHAKO, Ty OCOGEHHOCTH pacCMaTpuBaeMBIX CucreMm, 4TO,
B0o0GIme roBops, TpaguK HEKOTOpOTo peureHus r Ha I’ He ecTh CBA3HOE
MHEOKecTBO B R! X C!, ubo QyHKmuUA r Mosker mMeTh cKauku. Bmecre
¢ TeM rpadur pemenus mus I, Ipoberarmmux HEKOTOPHIU IOAMHTEPBAJI
1" B I', He o6s3aH OHITH 3aMKHYTBIM MHOKECTBOM B R! x C!, name ecanm
wHTEepBad /” KOMIAKTeH.

3amerum, uro npu f = O pelleHMAa B yKasaHHOM BBIIIE CMBICIE CBO-
nsarces k pemenuam Hapareomopu. B camom fexe, U3 paBeHCTBA x' (2) =
= —F (¢, = (?)) ciaemyer, YTO HPOU3BOAHAA x' pemeHUSA T JOKAJIBHO

1y 910 yTBeps;kIeHHEe OYeBUIHO JJA BO3pacTAIOMIX ¢yurmuit. Ecam ¢ npuHH-
Maer NMeiCTBUTeJbpHLIE 3HAYCHHUSA U MMeeT OrPAaHHYEHHYIO BapHamuio HA JI000M KOM-
MAKTHOM TIOfHHTepBaje B [’, TO 3TO yTBep;KJeHHe CclefyeT 13 TEOPEMbI Hoppana
O IpeJCTABIEHAN (p B BHJE PA3HOCTH JIBYX BO3PacCTAOLINX ¢yurumit. Orcofa cpasy
BLITEKaeT yTBepKIeHme [Aiad QYHKIUil, paccMaTPUBAEMBIX B TEKCTe.
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cymmmpyema, u B cuidy Jemmbl 2 § 1 x ecth pemenue B cmuicsie Hapareo-
mopu mHa I'.

daMeTuM TaK;Ke, UYTO B3aMeHa MEePeMeHHBIX £ = ¥y -|- } TPUBOJUT
K CHUCTeMe OTHOCUTEJIBHO Y

y @) +F (& y@ + @) =0, (3)

skBuBasieHTHOH cucreme (2). Ilomyuermnas Takum o6pas3oMm cumcrTeMa €CThH
cucrema tuna Hapareomopu. OmHaKo u3-3a NPUCYTCTBUA (YHKIMU 7y
pe3yibTaThl TEOPUM TAKUX CHCTEM HEe TIePEeHOCATCH aBTOMATHYECKU
Ha cucremy (3). B gaapmeiimem Mbr mcciegyem cucremy (2) Hemocpep-
ctBeHHO. IIpm sTOM moONydeHHBIE pe3yJbBTATHl, KaK OTMEUYAJIOCH BHIIIE,
OyayT BRJI0YaTh B cebA W pe3yJabTaThl, OTHOCAIMECH K CUCTEeMaM THUIIA
Rapareomopu.

3. YraskeM ycJoBus, obecmedumBaIonmme OTHOBPEMEHHO CYIEeCTBOBA-
HHWe W eMHCTBeHHOCTH perneHuil cucrembr (2). Ilpu mokasarenbcTBe mpu-
BOJUMEBIX HUKE YTBEP;KICHUN MBI MCIIOJb3yeM 0AaHAXOB MPUHIUN C;KATHIX
orobpaskenuin (B momxonsimieM (QYHKIUOHAIHLHOM IIPOCTPAHCTBE).

ycrs J = lay, Pi] — womMmakTHBI mETEpBaJ, { — UKCHpPOBAHHASN
trouka uz J u VM (J) — npocrparcrBo ¢yuknmii J — C' orpanuvennoi
Bapuamuu Ha J, HempepsBHHIX cmpaBa Ha [aj, Pi). Hopwma

B1 g
lell=le@®I+\Ve, @eVM(J),

uanymupyer 8 VM (J) crpykrypy GamaxoBa mpocTpaHcTBa. B camom
Aelle, KAK W3BECTHO, IPOCTPAHCTBO HEIPEPBIBHHIX HA KOMIAKTHOM
HHTepBaJie QYHKMWi, CHAOKEHHOE HOPMOW paBHOMEPHOH CXOJWMOCTH,
ecTb 6aHaxoBo mpocTpaHcTBo. CJieToBaTeNbHO, CONPSKEHHOE K 3TOMY
IpocTpaHcTBy (mpocTpaHCTBO Mep Ha J) TakKe ectb 06aHaXoBO IIpo-
crparctBo. Hamomaum, uro mopma || dg || mepsr Ctuasrheca dg, ompe-
neasiemoit ¢pyuruueirn ¢ € VM (J), coBmagaer ¢ Bapumamueil (yHKIUE g
Ha J (mo Teopeme @. Pucca).

ITycrs remeps {¢,} — mocaemoBarenrsrocTh Hommu B VM (J). Torna
{d¢, } ects mocaemoBareabHocTh Komu B mpocrpanctse mep Ha J. Ciemo-
BaTeJbHO, CYMIECTBYeT Mepa W, AJas Koropoit ||u — d¢, |[|—0. Mepe u
orBeuaer Takaa ¢ymrmusa P € VM (J), uro p = dy. Ilycrs

¢@) =K +9p@) —¢ (), tme K = lim ¢, (?).
OueBugno, ¢ € VM (J) u

B B1
lucp—cpnmle—cpn(t)l+y[¢—cpn1=
=K — ¢, ()| + | dp— do, || =
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druM fokaszamo, daro VM (J) — moiHOe IPOCTPAHCTBO.
Ormerum, g9ro mag ¢ € VM (J) mmeem

B1
Neoll<iloll 4+ \V o,

re || @ |l = sup | @ (¢) |. Bmecre ¢ Tem mia miobux ¢ € VM (J)mi € J
teJ

By
l(p(t)|<lq>(f)l+lcp(t)—@(5l<l¢(5)l+y¢=lllwlli,

spaunt, || @ | << ||| @]l #, cremoBarexnHO,

B1
ncpnu+>/cp<2m(pm.

B1
| m ||*]}]. + \/ oKBUBajJeHTHH, X MBI
251

noxydaem, 4ro tomoiorusi B VM (J) me zaBmcur oT BHOOpa TOYKHE I.

Taxum o6paszom, HOPMH |||

4, Teopema 1 (IoKaJpHAaA TeopeMa CYMECTBOBAHUA M eIUH-
creenHocrn). Hycmo ty € RY, zo € C', (to, xo) € D. IIpednoaoncum, ¥mo
cywecmeyiom makoli urwmepsar K = [ty — a, to + al, a >0, maroi
samknymuti wap S ¢ C*

S—={r|z€C', |z—zl<b}, b>0,
u makue cymmupyemvie na K noaoscumenvrnbie GYHEYUU T, T2, HIMO
to'{‘d
i) Kcl, KxScD; \/ 1< b;
to—a

(ii) Oaa w6020 gurcuposannozo x € S gdynryua F (1, x) usmepuna
(ommocumeavro t) na K 1);

(iii) | F (¢, s) | <ri(t) Oana tE€EK, z€S;

(V) | F(t 2) — F @, 2) | <ra(f) |2 — a5 | Oas tEK u

x1, g €S 2)-
Toz0a 0as awbozo a', 0 << a’ << a, makrozo, umo 3)
tot+a’ to+a to+a’
§ n@as<e— Vo, | n@ds<t, (4)
to—a’ to—a to—a’

1) 3amernM, 4T0 B paccMaTpHBaeMoM clydae 3aMeHa ycuaopui runa Hapareomopn
OOBLIYHBIMEU YCJIOBUAME (HEIIPepPHIBHOCTh F Kak QyHKnuu or (¢, x)) HAYEro He Jaer
B OTHOIICHHH PETYISAPHOCTH pelieHus o £, n6o n3-3a Haaudusa B cucreme (7) Mepnl f
pemreHusi, BOOOIIE TOBOPs, MMEIOT CKadYKW.

2) MOKHO HOKasaTh, 4TO IPH DTUX HPEAIOJOKeHHAX cucTeMa (3) yAOBIETBO-
pser YCIOBHAM CYNIECTBOBAHUA U eINHCTBEHHOCTH, OOBIYHLIM B Teopnu cucreM Hapa-
TEeOJOPH.

3) CymecrtByer, ogeBuHO, neasiii marepsai (0, ag), ag > 0, Touex a’, yIOBIETBO-
PANINX YCIOBUAM (4).
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cucmema (2) umeem wma ummepsare (to — a’, to + a’) 00no u moavko
00no pewenue ¢ x (tg) = xo u co snavenusmu ¢ S. B awboli mouke
t€(tg — a’, ty + a') ckauor pewenus x coenadaem co ckaukom PyrEYUU
Y 8 amoll mouke.

INokasareabcTBo. HamomamMm, uTo monm ¢QyEKmuedr orpa-
HUYCHHON BapumaluM MB ITIOHHMaeM 3Jech (YHKIHUIO OIpaHNYCHHOM
Bapuanuy, HeIPePHBHYIO CIpaBa B JI000H TOYKe.

Yuuroisasg gemmy 1 § 1 u ToT dakT, 4T0 NA106HeE ABe mepBOOOpa3HBIE
NAHHOTO pacIpefieieHUs OTIMYAIOTCSA HA MOCTOAHHYIO, BaKJIIYIacM,
uTO 3a/laUa HAXOMKAEHUS pemmeHus cucrembl (2) Ha maTepBate (i, — a’,
ty + a'), ymoBierBopsiomero ycioBumwo z (Ip) = xo, SKBUBAJGHTHA 3aja-
ye ompeaesieHUsT HAXOKICHUS pelleHusd Tuna QyHKIUM, UMEIONmed orpa-
HUYICHHYIO BapHamuio HA JI000M KOMIAKTHOM HoguHTepBaje B (o — a’,
to + a') cucrembl MHTETPATBHBIX ypaBHEHWI 1)

z (1) = 2y — tS F (s, 2 (s)) ds +x (£) — % (o). (5)

CaemoBaTelibHO, I J0KA3aTeNbCTBA TEOPEMH JOCTATOYHO IIOKA3aTh,

uro Ha Jiob6om maTepBane J = [{, — a”, to + a"l, 0 < a” << a’, cucre-

Ma WHTerpaJIbHBIX yPaBHEHWH JONMYCKaeT eIWHCTBeHHOE PEIICHUe B IIOf-

npocrparactBe VM (J, z,, b) mpocrparctBa VM (J), cocroamem u3 Bcex

GyHKROUA @, Aasg KoTopheix 2) sup | ¢ () — xo | << b; mpepmonaraercs,
=

gyTro mpoctpaHcTBo VM (J) cHaG:keHO HOpMOI
t0+a"

|”(P”|:l(P(to)|+ty”(P, ¢EVM (J).

IToxasxkem B mepByIo ouepens, uto ecau ¢ € VM (J, xzy, b), To pyHK-
mus F (¢, ¢ (?)) 1okaabHO cymmupyema Ha J. B camom pmexne, myers mas
¢ € VM (J) mmeer Mecto HepaBeHCTBO sup | ¢ (£) — z, | << b’, rme

ted

0 << b" << b. Hax mu3BecTHO, PYHKIMA KyCOUYHO HempepwBHA °) Ha J
TOIIa U TOJBKO TOI/A, KOIZla OHA €CTh Ipefiell pABHOMEPHO CXOJsIleics
Ha J moclegoBaTeJIbHOCTH CTymeHUaThix ¢ymEKouwit (cm. [55], T. II,
crp. 132). Tak rak ¢yHKnUA @ Ha J WMeer OrpaHMYICHHYIO BapHAIMIO,
TO OHA KyCo4HO HempepsBHa. (e oBaTesbHO, CYIIECTBYET IOCJIETO-
BaTeIbHOCTh CTYNEHYaTBIX (YHKOui {¢,}, paBHOMEPHO CXOTAMAACH
k ¢ Ha J. Tak kak cxomgmmoctp paBHOMepHa um b << b, TO MBI MOKEM
CUMTaTh, YTO BCE PYHKIUH ¢, YIOBJIETBOPAIOT HEPABCHCTBY Sup | ¢, (£) —
ted

— xo| < b. CaegoBarenbrHo, ¢ymruuum F (¢, ¢, (f) ompemenens mis

1) Komeuno, mpepgmonaraercs, 910 yHKOUA & TAKOBA, 4TO BCe (UIYPHPYIO-
mye B (0) ONePAamUI HMEIT CMBICH, T.e. (s, z(s) €D mgaa s € (t — a, ¢, + a')
n F (s, x (s)) ToKaIbHO cyMMEpyeMa Ha (fy — a’, ¢y + a’).

2) CM. OPEBAYIIYIO CHOCKY.

/ %) HanoMHmM, 910 yHKIHA HA3HBAETCA KYCOUHO HeIPePHIBHOI, €CIN OHA MMeeT
JHUIIb Pa3pPHEIBH IIEPBOTO POAA.
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t € J u us (ii) cpasy BeITeraer, uro oHEN m3Mmepumsl Ha J. lla ocmoBa-
Hum (iv)

| F @t @) —F@ @) [<ra() o) —u (@) [, €7,

spaunr, F (¢, ¢, (£) > F (¢, ¢ (?)) B awboif TouKe M, CJELOBATENBLHO,

F (t, ¢ (1)) usmepmma Ha J. PaccmoTpmm Temepnr o0mui ciydai:

¢ € VM (J), nmpugem sup | ¢ (2) — zo | < b. llyers {k,} — mocaexmo-
tedJ

BateasHocTs umcen 0 << k, << 1, rawas, gro k, — 1, u mycrs ¢, =
= k,¢. OueBugro, P, € VM (J). B 10 xe Bpemsa giasa ¢ € J umeem

|"~Pn(t)_x0I<kn|q>(t)_x0l+(1—kn)lx0l<
<b+ (1 —k) 2o |,

3HAUNT, CYIIECTBYeT TaKoe 1ejioe dmcio ng > 0, gro sup |y, () —
1eJ
— x9 | << b piaa n > ny. llosToMy, coraacEo ckazaHHOMY BbIIIE, (DYHK-

nuu F (t, P, (1)) usmepumsr gist n > ny. B cuny (iv) gaga n > n, umeem
| F @ @) —F @ g () [ <72() [ 9@) — 9 () |

u, Tak Kak P, () > ¢ (f) ma J, momywaem, uro F (¢, ¢, (?)) —
— F (¢, ¢ (¢)) ma J, orkyna BeITeraer, 9ro F (¢, ¢ (?)) usmepuma Ha J.

Cymmupyemocth Ha J HeMmeqJeHHO ciexyer Temeph u3 (iii).
Ilycts @ € VM (J, zg, ) @

P (1) =z — § F (s, @ (s) ds 4% () — % (o).

OueBugno, p € VM (J). Hauee, naa ¢ € J umeem

t
|w<t)—-xol<ltSF<s, @ (s) ds| 1% (8) — % (L) | <

t0+(l’ t0+a’

< § 1P o@)ds+ Vo1

to—a to—a’

C yuerom (iii) u (4) moaydaem

t0+a’ tot+a
lw(t)“x0|<t5 ,ri(s)dS—!‘t\_/ v << b.

CaxemoBarensno, P € VM (J, xy, b) m omepatop €2, ompenesseMblit
pasenctBoM Q¢ = 1\, mepeBogur mpocrpanctso VM (J, zy, b) B cebs.

IIpoctparmcrso VM (J, x,, b) mommo. B camom gexe, mycrs {¢,} —
nociaenoBareabrocth Homm B VM (J, zy, b). Tark waxw VM (J) —
6aHaxoBO IIPOCTPAHCTBO, TO CymecTByeT Takasa ¢ymrnua ¢ € VM (J),



§ 2 175

qro ||| — @, ||| > 0. Nmeem

sup | ¢ (£) — o | <<sup [@ () — @, () [+ sup | ¢n () — 20| <
teEJ teETJ teTJ

<sup| @ (?) — ¢, ()] 4 0.

teJ

Hak 6wmo mokasamo B m. 3, misa awboro ¢ € VM (J)
sup [P (0) | << [T [l
ted-
CaemoBaTesibHO,
sup [ @ () — 2o | <@ — @n [l + 0.

teJ

Ilepexoma ® mpemeny, moiydaeMm

sup | ¢ (2) — o] < b,
iEJ

spaqutr, ¢ € VM (J, x,, b).

Taxkum oOpasoMm, mJA TOKa3aTeJbCTBA CYIIECTBOBAHUA M eQUHCTBEH-
HOCTH HA J pelleHus CUCTeMbl WHTEIpaJbHHIX ypaBHeHHUN (9) mocrarod-
HO mOKasaTh, uro Q ecTh cyruMaiomuii omeparop. Ilyers ¢, @2 €
EVM (J, zy, b) m Py = Qoy, Py = Q¢py. Hasa ¢ € J unmeem

¢
(Po — YPy) (1) = tS [F (s, @1 (s)) — F (s, 92(5))] ds.
YuaursiBag (iv), maa t', t" € J, t' <t pomygaem

| (b2 —P1) (") — (P2 — Py) () | =] tS [F (s, 91 (5)) — F (s, 92(9)] ds <<

£

< S 1P (s, @1(9) — F (s, 2(9) 1 ds <

4

At

4o
< ) 72(8) [ @1 (8) — o (9) | ds.

?,
Ho, xax moxaszamo B m. 3,

stlégln A I<linlll mra meVM(J),

3HAYUT,

sup | 1 (5) — 92 () | <Ml o1 — @2

1, CJemxoBaTeJbHO,

| (B — o) () = (b — ) () | <M s — @2l § 72 (9 .
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ITosTomy
tota’’ toFa’’
(o — ) <llgz— @l § ra(9)ds,
to—a’” to—a’’

I Tak Kak (P — Pg) (Zp) = 0, 7o
tot+a’””

e =l <o —@ulll §  ra(9)ds
o—a
deM BBHAY (4) U [oKasaHO, 4T0 {2 eCTh C;KHMAOMMI oIepaTop.
Hasa cxauxka pemenusa B Touke T € (¢ — a’, ¢y + a’) umeem B cu-

ay (5)
z(t) —x(t—0) =y (1) — % (vt —0),
geM 1 3aBEPIIAeTCS 0Ka3aTeIbCTBO TEOPeMEI.

o. Tak ke Kak M B ciiydae OOLIYHBIX CHCTEM, BEChMA BAayKHOM SBISOT-
CA 3agavda NPOJOJKCGHUA PeMCHHSA Ha BO3MOKHO GOJBIINIA WHTEpBAI.
Ilpegmomnomum, 4To AaA KasKmoidl Touru (¢, x) uz D cymecTBYIOT TaKue
K, s, ri, ry (3aBucamue or To4KM (¢, x)), 4TO BHIOJHAIOTCH YCIOBHUA
Treopemer 1. PaccmoTpum fgBa pemieHus ¢, \p, IpoXOAANIX depe3 TOUKY
(to, ®o) € D, m mokameM, UTO OHU COBIAJAl0T HA TepecedeHmu (I;, ts)
NHTePBAJIOB, Ha KOTOPHIX OHHM oIpefaeixeHsl. B camom mene, mycThb
(t;, t,) — obbegwMHeHNe BCeX WHTepBaioB J, cofepskamux f, W 00Ja-
JAOMUX TéM CBOKCTBOM, YTO PAacCMaTpUBAaeMHbe [IBa PELICHUA COBIALAIOT
Ha J (cymecTBoBaHHe TaKMX HMHTEPBaNoOB J BHITEKaeT U3 IIpeguIymieil
Teopemsr 1)).

OueBupno, & <t <<to <<ty <ty m (i), t}) ecTb HAWOONBIIMIL
u3 uHTepBasios J. Kcam 661 MBI mmenu I, << {;, TO W3 PaBEHCTB

4

3

¢ () = = —,5 F (s, ¢ (3) ds 4% (83) — % (£o),

’

t

P (8) =2y — [ F (s, (9) ds + % () — ()

caenoBasio Obl paBeHCTBO ¢ (f,) =P (Z;), ubo ¢ (s) =P (s) mna s¢€
€ [to, 2;). B cury Teopemsr 1 pemenusa ¢, | coBmagagu Gbl I HA HHTEP-
Bajiax supa (&, — &, t, 4+ ¢), ¢ > 0, a 3Ha9UT, ¥ HA HEKOTOPOM MHTEP-
Baxe (i, I, + &), 4ro mpormBopeuur BHGOpY mHTepBana (i, ). Cie-
TOBaTeIbHO, i, = 5. AHaJOTHUHO IIOKa3biBaeM, UTO t{ = [y, TaK 4UTO

t0+a
1) B camom pene, Tak Kak \/ % << bu @, P yqoBIETBOPAIT cucTeMe (D), Ccyle-
lo—a
crByer TouKa a’, 0 < a'<C a4, yHOBIETBOPAWIIAS ONHOBPEMEHHO YCJIOBUIM (4)
u ycnoBusM @ (¢), () € S pma t €J, rne J = (¢y — a’, ¢y + a’). Ha ocHOBaHUH
TeopeMsl 1 (B wacru, OTHOCAmENCA K eJUHCTBOHHOCTH) ¢ (f) = P (f) mas t € J.
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(¢ ¥ P COBIAAIOT Ha IEepPECEeUYCHUHU (Z1, 1) MHTEpPBAJOB, HA KOTOPHIX OHHU
OTpeIesICHH.

IIyers ¥ — MHOKeCTBO BCeX pemieHuit cucTeMbl (2), TPOXOXAMMX
uepes (lo, o), W (17, tt) — oObemuHEeHWE HHTEPBAJOB, Ha KOTOPHIX
ompegesensl pemienuss u3 . OueBumgHO, mHTepBad (t~, T*) comepmur
TOuRy to. Ompemenum ¢yarmuio z (¢, o, zo) maga ¢ € (1, t¥), B3AB
B KauecTBC e€e 3HAUYeHUA B TOUYKe ! 3HAUeHNE B { KaKOTO0-Iu0O pelleHusd
3 X, HHTEPBAJ OIPEHENeHHS KOTOPOro cojiep:kuT Toury I. B cumuy
cKaszaHHOro Beime Gyuknua x (¢, Iy, xo) ompeaeseHa KOppPeKTHO u Jioboe
peirenne w3 X mpefcTaBiser coboii orpaHmdenue QpyHERIuu x (¢, o, Zo)
Ha COOTBeTCTBYIomuil uaTepBai. Bmecre ¢ tem, x (¢, 1y, o) UMeeT orpa-
HUYeHHYI0 Bapuamuio Ha J000M KOMIAKTHOM IOAMHTEpBaJie MHTepBaia
(t~, T*), W, MOCKOJBKY (QYHKIUHA M3 2 YJOBIETBOPAIOT HHTEIPAJILHOI
cucreme (), moiydaem

¢

2 (1, toy @) =30 — § F (s, % (5, to, 7)) ds + 1.(8) — 2 (1)

0
mia t€ (v, t¥), smaumr, z (¢, t,, x,) — pereHue cucreMbl (2) Ha
(t=, t¥). CaemoBarenwrno, x (¢, tp, x;) €ecTb MaKCHUMaJbHOe pelleHNe,
npoxojsAmniee depes (Zy, xp), B TOM CMHCJIe, 4To J000e Jpyroe pemieHue,
npoxopamiee depes (¢, xo), ectb orpammuenue x (¢, o, xo) Ha COOTBeET-
cTByIomuii mHTepBaj. TaxkuMm o6pasoMmM, MBI [OKa3aJd CJeYIOUIUIL
pesyabrar.

Teopema 2 (riobanbHas Teopema cymecTBoBaHus). Ilpedno-
A0HCUM, umo Oas kaxcdoii mouku (ty, xy) us D cywecmeyiom makue
K, S, ri, ry (sasucawue om t,, xy), umo y0o64emeopaOmca Ycio8us meo-
pemvr 1. Toecda 0as waxcdoli mouku (t,, xo) us D cywecmsyem makcu-
maavioe peuwenue x (t, to, xo) cucmemvr (2), npoxodswee uepes (ty, Z).

Ecnu f = 0, 1o ycaoBusa teopembr 1 cBomsaTCA K OOBIYHBIM yCJIOBUAM,
obecmednBAaONMM CYIeCTBOBAHNE ¥ €JUHCTBEHHOCTHh PeIleHUil B TeOpHuu
cucrem Tuma KRaparteomopu.

IIpegcraBiser mHTEpeC YCTAaHOBUTH IPOCTHIE YCJIOBUA, ofecmeun-
BAIOIIUe BHIIOJHEHNE IIPeNIojosKeHuit Teopemsr 2. B manxpreiimem OymemMm
cunrarh, uro F HempepbiBHA B D m0 COBOKYIHOCTH IMepeMeHHHIX (f, )
u yhaoBJetrBopsier ycioBuio Jlummuma mo x Ha JaM000M KOMIIAKTHOM
nogMEoOsKecTse obsactu D. Torga mpenmoiio;KeHUS TeopeMbl 2 BBITIOJN-
HAIOTCSA, eciu f-mMepa KayKgoll Toukm mHTepBana [ paBHa HYJI0 (3TO
cBOmuUTCA K TpeOoBauuio, 4ToOsl Yy OblIa HempepwnBHA Ha /), G0 B 3TOM
ciayuae Bapuanus QYHKIWA j eCcTh HempepbiBHas ¢yHEEKnus. Ecium B [
CYIHIECTBYIOT TOUYKM HEHYJIeBOW f-mephl, To, Boobmie ToBops, B L) MOTyT
cymecTBoBaTh (BOAMBM IpaHUMB 00/IacTH) TaKUe TOYKH, IJIA KOTOPHIX
HeJIb3S HAWTW 9uced a, b, ymoBJeTBOpsMux yciaoBusMm (i) Teopemsr 1.
Opaako misa obiacreil D, ABAAONINXCA AeKapPTOBBIMU IIPOU3BEJeHUAMMU,
D = I X C', opefmollosKeHns TeopeMbl 2 BHIIOJHUMEI, fazke ecau B [
UMEIOTCSI TOYKMW HEHYJIeBOW f-MepHI.

12 A, Xanamait, IT. Bexciep
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6. lcciaemyem Temeph IoBefeHHE MaKCHMAaJbHOIO POMIEHWS HA KOH-
Max TOT0 HMHTEpPBaja, Ha KOTOPOM OHO OIIpeIeieHo.

Teopema 3. Ilpednoroxcum, 4mo 6vnOAHAIOMCS YCA08US MEO-
pewwr 2. ITyemb (Lo, xo) — Hekomopas mouka us D u x (2, o, Zo) —
MakcuMaibHoe pewenue, npoxodawee uepes (to, o). To2da das awbo-
20 womnakma A — D cywecmeyiom makue tx, ta € (t7, t¥), umo
(¢, x (2, to, o)) & A npu t € (v, ta) U(24, T%).

IloxasaredascTso. Jlomyctum mpoTusHOE, T. €. 9TO CyHIeCT-
Byer KoMmakT A < D, s KoToporo Helb3s HalThm Takoro £y € (17, T7),

qTO
(t, (L, to, 7)) € A mpu  LE(LL, T°). (6)

Torga cylecTByeT HOCIELOBAaTEIbHOCTH {t,}, Takas, dro
t, €E(17, ), t, =>4, (t,, z,) €A

(MBI moMoRMIU Z, = Z (t,, lo, Zo)). Tak Kak A — KoMmakKr, TO u3
nociaegoBarenbuoctu {(t,, Z,)} MOKHO U3BJIEYb IMOAMOCIE0BATeIbHOCTS,

cxomsamyocs K Touke (T*, z) € A. Be3 orparumuenua o6mHOCTH MOYKHO
cumrTath, 4To K TOo4YKe (T', ) CXOUTCA caMa IIOCJIE0BAaTEIbHOCTH

{(Zn, )}

B rouke (t*, x) BumonHswTca yeixosusa teopembl 1. CaemosarenbHO,
cymectrytor urTepBanx K = [t* — a, ©* + al, okpectHoCTH S TOURM I

S={z]|z€C, |z—z|<b}

I TOJOKUTEJIbHBIE, cymMMmMupyembie Ha K (QyHKOUE 1y, I's, YEOBIETBO-
pafomue yciaoBuam (i) — (iv) Teopembr 1. IlomoskuM RIA KpPaTKOCTH
T++a

A= \/ g, tar uaro A << b. Ilyers b’ rakromo, 4ro A <T b’ << b, n

T —a

T — #——%,rhr%}, V= {z|z€C, |z—z]|<b—1b.

Ouesunuo, T X V< K X S, smaunr, T X V < D u, ciegoBarejnHo,
gepes RaKAylo Toury (1%, z*) ms T X V mpoxoauT efMHCTBEHHOE perre-
aue cuctemsl (2). IlokaskeMm, uTo cyImecTByer Takoe y = 0, He 3aBuCH-
mee or Touku (t*, z*) € T X V, dro peuienme, NIpoxojsdmiee dUepes
(t*, *), ompenemeno Ha (t* — vy, t* + y). B camom nmeme, musa n10001
trouru (t*, z*) € T X V monomum

K*:[t*———g—, t*—l—%], S* —_—{x]xECl, lz — 2" | << b}

[N
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M B KadeCTBe Ty, I's BO3bBMCM (PYHKIMM, COOTBETCTBYIOINUE TOYKE

(t*, ). Torma K* < K, S* ©§ u K* X §* < D. Jlauee,

i 2

2 Tt +a
Vo V x=a<?.
e Tt—a

2

JTo moraswBaer, uro K*, S* ynosaerBopsior ycaoBuio (i) Teopemsr 1.
Ocranpasie yciaoBus BomodHsoTesa (gas stux K* m S*), moCKOJBRY
K* X S* © K X S wu ry, ry cyTh (QYHKINHI, COOTBETCTBYIOINE TOUKE
(t*, x). BriGepem y, 0 <y << a/2, Tak, 9ro0b
t*+y ¥4y
re(s)ds<< b — A, { r(9)ds<<1

mia gmoboro t* ma3 T, uro Bcerga BosMo;kHO. Tornma

At sl Tt +4a t*+_(21_
{ rneds<<t —a=0"— \/ <b'— \/
tE—v Tt —a t*_i
2

n 1o Teopeme 1 pemenme, mpoxonsmiee dwepes (i*, x*), ompemeneno
Ha (I* — vy, t* + 9) pas awboit Tourm (I*, 2*) € T X V.

Tar wrar (f,, z,) = (t*, ), TO cyIecTByeT TakKoe I|eJIoe YHUCJIO
p>0, uro z, € V, v* — i, <y m, smaunur, ¢, € I'. Hax Op10 moxra-
3aHO BHIIIE, pelleHHe, Ipoxojsmee deped (Ip, x,), OIpere]eHO Ha
(tp — v, tp + ). Ilockodasry x, = x (¢p, to, xo), a x (L, Ly, xo) —
MaKCUMaJIbHOE pelleHme, mpoxojsimee uepes (fy, xg), Moaydaem

(tp — v, tp +7) < (7, ©9),

9TO IPOTUBOPEUYUT cooTHomeHnumo t+ — ¢, < y. CienoBaTenbHO, CyImecT-
Byer Takoe Ix € (t7, TY), mia koroporo Bmmogrsercsa (6).

Ananornuyno IOKa3wBIBaeTcs, UYTO CYIECTBYyeT Taroe i3 € (17, T7),
IS KOTOPOTO

(L, 2, Loy 2o)) €A mpm €(T, 1p).

ITUM [0Ka3aTeJIbCTBO TEOPEMB M BaKAHYMBAETCH.

IlokazanHass Teopema TOKas3BBaeT, 4YTO TpaduK MaKCUMAJIBHOTO
pelmeHus, Ipoxoasaimero depes (iy, xo), HDOKWgaer JI000i KOMOAKT
A < D, copepsamuii TouRy (9, xo). OTcioma cpasy BBEITEKAeT CJEIYIO-
mee yCJO0BHe IIPOJOJIKUMOCTH: eciau | — OTHPHITHHA wWHTepBaJ, fy € [
u x (i, ty, xo) € Ay mpu & € (17, 1©7), TMe A} — KOMIIAKTHOE MHOKECTBO
B C', npuuem / X Ay = D, To pemenme, mpoxonsamee depes (i, Zo)y
MO3KeT OHITH IPOoJIKeHo Ha /.

7. Ilycrw (2, xo) € D m lty, t5] — KOMIAKTHBI MOGUHATEPBAJ WHTEP-
Bajla, Ha KOTODPOM OIIpefiesieH0O MaKRcmMaibHOe pemerue x (¢, o, Zg),

12#
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to € [t1, ;). Tlyers I — rpagur MaKCHMaJbHOTO peINeHHA  JIIsd

t €[4, ts]. Jlerko morasarhb (CM. [67]), uro ecam 3ammikamme I' comep-
sxured B D, To 3Hawenme z (¢, Lo, 2), L € [¢,, t,], ompemesieHo 1y BCeX

Z W3 HEKOTOPOi OKPECTHOCTH TOUKH Zo U PABHOMEPHO HEIPEPEIBHO B 5TOU
rouke oTHocuTedbHO t € [#1, t5]. Yeaosume I' = D Bcerja BHIIOTHAGT-
cs1, ecau f-mepa 1000l TOUKM paBHA HY.JIIO, 160 B 9TOM Clyuae, MHOKECT-
so T kommakTHO, TOCKOabKYy O¢yHEnma z (I, to, Zo) HeIpephBHA II0
4 E [tla tZ]-

MoskHO Takke moKasaTh, uro QyHRImA x (I, Zo, Zo) WMeeT OrpaHmu-
YeHHYI0 BapHAINI0 OTHOCUTEIBHO Io.

§ 3. Omeparop Bxopa — Bpixofa. OQpHa XapaKTepuCTHKA
yeTOoIiYnBOCTH

1. B aBToMATHKe dYallle BCEro BCTPEYAIOTCs CHCTEMBI THUIIA «BXOM —
prxom. C MaTeMaTWIeCKOH TOUKM 3peHMA HMX TacTO MOKHO OINCATH
cpeTeMaMy OGBHKHOBEHHBIX nud@epeHnnalbHEX ypaBHEHHH BHJIA

 + Az =T, (1)

rae f mpejcTaBiaser co0oil «BXO/p CHCTEMBI, & PEIIeHHe X MPeJCTaBILAeT
co6oil «BHX0m. Taxum o6pasoM, MOIydIaeTcs ONepaTop BXoja — BHIXO-
pna: [ —x. OOBYHO BXOJBI f GepyTca W3 kIacca QyHEIME, 0b6paimaio-
NUXCA B HYJIb HA noxyupamoit (—oo, ty), #© B COOTBETCTBHH C IPMHIN-
;JoM OPUYMHHOCTH B KadecTBe BBRIXOJA & Gepercss TO pelleHNe CUCTEMBL
(1), kKoTopoe paBHO HYJIO Ha Toil ke mosympsamoil. Bxopsl f MoryT OBITH
pacipegeeHusIMI — 1m60 CyMMaMH MMITYJIBCOB, Ju0O BEIXOJaMM JpPy-
rofi cucTeMbl; Hampumep, eciam f = D"'g, rie g — HeNpephBHAA GyHK-
nusi, He puddepeHnupyemas m pas B 0GBHIYHOM CcMEICHE, To D™g ABsgeTcs
pacrpejeleHueM IOpAaKa <m. OmepaTop «BXOJ| — BHIXO[» [JIA CIydas
pacmpejieneHnii OBl MCCHE/OBAH Kpmerecky [14], ubnm pesyirbrarhl
¢ HeGOoNBIIMME W3MeHeHHUsAMH W OyayT NIPeCTaBJIeHBl HUKE.

2. Paccmorpum cucremy (1), rrie A — marpuna pasmepa [ X [ Riac-
ca €™, { DpUHAIEHHAT NIPOCTPAHCTBY (P’ m+1); BeKTOPHHEIX pacmpe/e-
mernmit mopAgka <<m —+ 1 ¢ orpaHMYeHHBIM CJ€Ba nocurenem (cm. § 1
MpUIOKERNs) ¥ pelleHue z MIeTcs B IpPOCTPAHCTBE (2'™);. Lenecood-

anHO BBecTH JmHeimwil omeparop U, ompejeJieHHBI Ha IPOCTPAHCTBE
(@pm+1), pynrruit R —> C! ¢ oTpaHWYEHHHM CIpaBa HOCHTEJIEM, MMEI0-

mmx m -- 1 HenpepHIBHBIX IIPOM3BOIHBIX:

(Uy) (s)=—1y () +y(s) A(s) upm y €D
Ouesupro, Uy € (£™); u omeparop U wnempepuiBeH. CompsyKeHHBIH
omeparop 'U: (D), — (P’ m+1), ompepmensierca paBeHCTBOM

=+ A@)z wpm €D

Cucremy (1) Mo3kHO 3amucaTh B BHU[E tUx = f, a 3ajgada CyleCTBOBAaHHUA
pemieHuil CBOTUTCA K HaXORIEHUIO oGracTs sHaueHmit omeparopa ‘U.
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Mycrs X (¢, s) — ¢yHgaMeHTaJbHASA MaTpPHILA (0OHIYHBIX) pemeHni
ogHopoxmHoi cucrembt 2’ -+ A () x =0, X (s, s) = E (E — epunnd-
Has MaTpHna), u myers ws (1) = H (¢t — s) X (¢, s), rae H (f) — ¢yHK-
nusg XeBucaina,

0 npm <O,
H () =
() { 1 mpm t>0.

3amMeTuM, UYTO, COIJIAaCHO WIpaBuiy au@epeHnUpPOBAHUA KYCOYHO-pery-
JAPHBIX (YHKIUH,

¢ d t
.0 _| 50 1 g,
dt dt
rne dw, (t)/dt — o6o6mennas mpomssogHas, a [dw, (f)/dt] — oGmuBas
npousBogHas (OmpeJelNeHHas BCIOLY, 3a MCKIIOYEHHEM TOUKH I = s).
CienoBaTesbHO,

L 4 0y, (9= Eb, @

n w, (1) ecmv omrAUE MaMPUUHOLL CUCMEMBL

dW
—— L AW=F
-, 40

na 6x00 muna umnyasvca F = Eb;.
O6osnaumm  wepes (PD'™ [c, +o0)); mopmpocrpanctBo B (D),
cocTogfliee M3 pacIpeeieHUd ¢ HOCUTeJIeM Ha IMOJyIpsAMOuU [e, -+o0).

Teopema 1. daa awb6ozo pacnpedesenus | € (D ™), ¢ oepa-
HUYeHHbM caesa Hocumedaem cucmena (1) donyckaem eduncmeennoe peuie-
HUe ¢ 0epaHUNeHHBIM caeéa Hocumerem. Tournee, onepamop ‘U ecmv anzet-
pauseckuti u monoaozuveckuli usomopgusm npocmparcmea (D), Ha
(D1, npuwem obpamuwvlil onepamop (*U)~' (onepamop exoda —
evixoda) npedcmasum 6 eude KOMNROSUYUL

() f=wel,  [E@T) (3)
20e w — cemeticmeo PyHEYUL {Ws}sem. Hpome mozo,
‘U(D ™ e, + 00)y=(F " [e, + ), das ecex c€ER. (%)

NorasareascTso. Illyers ¢ € (P™),. Pemenus CHCTEMH
Uy = ¢ mmeloT BuUj

79 = 1oX (500 9+ | 9 (O X (&, 9t

Ime Sy, Yo — HavajbHEE yciaoBus. Bcerjga MoKHO cuuTaTh, 9YT0 Havdalb-
HEIFL MOMEHT S, BHOpaH Tak, uto ¢ (s) = 0 mpu s == so. Cucrema Uy = @
IOIIyCKaeT eJWHCTBEHHOEe pelleHrme C OrpaHMYeHHBIM CIpaBa HOCHUTE-
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JeM, a MMEeHHO

So +0o0
=Xt sdi= | o)X (t, 5) a (5)
N3 paBencrBa Uy = (p BBITERAET, YTO
() =P (s) A () — ¢ (), (6)

OTKyZia IIOCJIe/loBaTeJbHBIM JHP(epeHINPOBAHNEM Ccpasy HoJydaeM
P e (Pmtt),. Takum obpasom, U ectb aareGpamdeckuil m3oMopuaM
(2m+1), ma (9™),, npuuem obparubit oneparop U~! ecth oTobpaskenne
¢ —y. U3 (5) u (6) cuexyer, uro omeparop U~-! mepesopgur orpanum-
YeHHbIe NOJMHOKeCTBa ImpocTpancTBa (ZP™+1); B orpammvenunie moi-
MHOKecTBa mpocTpaHcTBa (P™+1); (00 oOrpaHMYCHHHIX MHOMKECTBAX
cm. B § 1 HpI/IJIOH{eHI/IH) Taxr kar mpocrpancTBa (P™m); 60pHOJIOI‘I/I‘1HI)I b,
omepatop U~' mempepriBen. CiemoBareibHO, conmpssxeHHnii k¥ U ome-
parop 'U rakske momyckaer HempepwBHHE obparamii ((U)~1 = { U™,

Yro racaerca mpejpcraBienus (3), To 3amerum, uro omepartop H(U1)
npegacraBuM (cm. § 1 mpunoskeHWsA) B BHAE ceMeilcTBA KOMIO3WIWMI
{{(UY) (Ebs)}scrl, a Y(U™) (ES,) ecth pemenme MaTPHUHOII CHCTeMBHI
(2). CaenoBareanHo,

(‘)" (ES) = w,
YcranoBum Temepb coorHomienue (4). DBriarouenme
(D™ [, + ) = (27" e, 4 00)

oueBumHO. [loraskem oOpaTHOe BRIwYeHwme. [ 9TOoro moraskem, 49TO
ecam HocuTelb pacupepenenusa f € (P .™+1); nesur B [¢, +o00), T0 pac-
npepenenue (‘U)~!f paBmo mymio ma (—oo, ¢). B camom pmexe, mycrth
HOCHTENb (QYHEKNuUH ¢ € (P™);, aemur B (—oo, c¢). Torma

(@, () 'H=(p, (U H=(U"¢, ) =0.

3dameuanus. a) IllpegcraBienue pemeHWs B BUIE KOMIIO3UIUE
wof TOKa3HBaeT, UYTO ceMeilCTBO ¢ HUTpaer poib QYHIAMEHTAJIHHOTO
pemenusn. Bmopouewm, eciam cucrema (1) crammonapra (marpunma A mocro-
SHHA), TO CeMEeHCTBO w MOKeT OBITH 3BaMEHEHO (yHIaMeHTAJHHBEIM pele-
HueM w (t) = H (1) X (¢, 0), a rommosumus wwof CBOIMTCSA K CBEPTKE

0) Ecam f ecths pacmpenenenue Tuma (YHKIMH, TO, 0YeBUIHO, QYHK-
IO wof MOMKHO IIpefICTaBUTHh B BHJE

t

(weol) ()= § X (4 9](s)ds

— 00

1) Oupepmemenune m csoiicTBa GOPHOJOIHMYECKIX IPOCTPAHCTB CM., HAaIpuMep,
B [15]. 3mecyr oTMeTuM mHINK, YTO BCAKOE OrPAaHUYEHHOEe JIHMHEHHOe 0T06pa;14eH1/1e
OOPHOJIOTUYECKOT0 IIPOCTPAHCTBA F B JIOKAJIBHO BHIIYKJIOE IPOCTPAHCTBO G Helpe-
PHIBHO.
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TIpegmososxuy Temeph, 4T0 f ecTh HeroTopas Mepa. Torja mo Teopewe
®. Pucca cymecrByeT (YHKNUA Y, HMelollasg OTpaHMYEHHYIO BapHa-
1770 Ha KasK[0M KOMIAKTHOM WHTepBaJje U HeIlpepHBHAsA CIIpaBa B 000
Touke, Takas, u4To | ecTh Mepa Crmiabrheca dy, ompesessemas (QyHK-
nueit y (mpWueM STHMHU CBOWCTBaMHM Y OIpejedercs eJWHCTBEHHLIM
00pa3oM C TOYHOCTHIO IO aNJUTUBHOU nocTosgHHoI). Eeam wHocurensb f
ecTh la, +-o0), To 7y mocrosHHa Ha (—oo, a), 6o ¥ = f, a [ paBHa
myao Ha (—oo, a). C momompio Teopemst 2 § 1 zariaiodaem, 9T0 QyHKIHA

t

§ X (9 de(9),

0
uMelollas OTPAaHWYEHHYI0 BapHManWio Ha Ka;KIOM KOMIAKTHOM WHTEp-
Bajie W HeIpepHBHAS CIpaBa B Ji000il Touke, ecth pemenne cucrembl (1)
¢ z (a) = 0. Tax rar 310 pemeHme oOpamiaercss B HY/Ib Ha (—o0, a),
TO B CHJIY IpeIbIymeil TeopeMbl IoJydaeM IIpecTaBleHNe

t
1
(wop) ()= § X(t,9dx(s), LER"
— 00
B) 13 mpemprymiero samMedaHus clefyeT, 4To eciau [ — pacupesese-
Hue Tuma (QYHKIAN, TO wef ecTh o0bHOe pemenme cucreMbl (1), ompe-
nesieMoe HYJIeBHMU HAYaJbHBEIMH YCIOBUAMU (Ha4aJbHBIX MOMEHT Ig
pacmonosxern Jgepee mocurens f). Ecam [ = x¢04, TO

W o f = w o (%0;,) = wy, (%) Zo-

D10 — 00LIYHOe peleHMme ofgHOpOAHOI cueremul x' + A () z = 0 =ma
(t,, —-00), ompemensemoe HauadbHEIM ycioBueM x (Zo -+ 0) = zo. Orcio-
Ja BUJHO, 9TO B paMKaxX TEOPHMH pacIpefiesleHNH MOKHO HaTh OIpPeere-
Hume pemmenus cucrembr (1), B8amaBaeMoro HaJaJdbHBIMHU  YCJIOBUAMU
(to, o). Ecau mocurenn pacupepmenenus [ € (D"11), gemur B e, +o0)
m ty <<c¢, To obosmaumm depes z (¢, Lo, Xo) ENMHCTBEHHOE peIIeHMe
B (P"); cucTeMbl

z + A(t) =]+ 20y,

N3 paBencrs
E (2, to, 70) = o ( + gdy,) = wo [+ w o (o) = wo [ 4 wi, (2) @

ciaenyer, uro z (¢, ty, xo) ynosmerBopsier cucreMe (1) mHa (Zo, —+00)
n uro x (¢, g, o) B HEKOTOPOIl OKPECTHOCTH TOYKH %o eCTh pacmpejeJse-
ame tmma ¢yERmuu ¢ z (¢, + 0, o, o) = xo. Bymem roBopuTh, UTO
x (L, ty, xy) ecmb pewenue cucmemvr (1), onpedeasemoe HALAALHBIMU
yeaosuamu (ty, o). IT0 3aMedaHue 00BACHAET C MaTEeMaTHIECKOU TOUKH
3peHus TOT 9acTO IPWMEHAIHNCA B TEXHUYECKOI JHUTepaType IpHeM,
COTJIaCHO KOTOPOMY paccMOTpeHNe pelleHnsA C HaYaJbHBIM YCJIOBHEM
2o = 0 cBogWMTCH K BBEJEHWIO COOTBETCTBYIOIEr0 MMIIyJIbca B IpaBYIO
JacTh ypaBHEHUS.
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r) PaccmoTpum nmBe mOC/Ien0oBaTeJLHO COCXUHEHHBIE CHCTEMEL
x+ A () oy =,

xy + Ay (2) 2y = 1.

Nmeem xy = wyof, xo = Woozy, THEe Wy = {Wi}, w = {Wi} — cemeii-
CcTBa 3JeMeHTapHBIX pelleHuil, COOTBETCTBYIOUIWE HTUM JBYM CHUCTe-
mam. CiaemoBaTenbHO, Zo = Waoo(2wyof). IlooTomy (cm. § 1 mpumioskenus)
BHIXO]] Z, oIepatopa [ —x; MOKeT OBITH IIPeCTaBIE€H B BUJle Xy =
= awof, e w = {W3oW; }scri.

3. CornacHo xopomo u3BecTHOU Teopeme lleppona, HyleBoe peleHMe
omnoponuoit cucrembl x' (1) + A (f) z (f) = 0 paBHOMEPHO aCHMIITO-
TUYECKU YCTOWYMBO TOTJA M TOJbKO TOTHA, KOTAA AJA JI060H orpaHu-
yeproit QyHrnuu | pemenme z cuctemul (1) ¢ z (0) = 0 orpammyeHo
Ha [0, -}-oo). Bap6amuur n 3aBanwmun [97] manm mEyo xapaxTepmsa-
U0 YCTOWYMBOCTH, OCHOBAHHYI0 Ha INPUHIUINAIBHO JPYTOil wuee.
Ycanosue Ileppona 3amMeHeHO Y HWX YCJOBUEM HEIIPEPHIBHOCTH OIlepa-
Topa Bxoja — BeIxoga B mpoctpanctee (D0 [0, +o0)), cHab:reHHOM
MoAXoasAMme Tonosorueit. Huske MBI m3maraem mX pes3ysibTaTH ¢ HEKO-
TOPBIMEU BUOM3MEHEHUSIMH.

[Iycts V — mpocTpaHCTBO BeKTOpHEX (yHEmmit R' — C', mMeromux
OTpaHWMYEeHHYI0 Bapuanuio Ha J00M KOMIAKTHOM WHTepBaje, obpa-
MIAI0MKUXCA B HYJHh Ha (—oo, () M HempepHIBHHIX cnpaBa B J000i TOUKE.
[TocaemauMm ycioBWeM TrapaHTUpPYeTCs, 9TO ecjau paBe (YHKnuum usz V
OTJIMYAIOTCA B HEKOTOPOM TOYKe l;, TO OHM OTJIWYAOTCS W HA TIeJI0M
uarepBaie [iy, to + €). CiemoBarTeibHO, [Be pasJWYHBEE QYHKIHH
u3 V mpumHaAJIeRaT pasHBM KJIaccaM 9KBUBAJEHTHOCTH JOKAJIbHO CyM-
mMupyeMmbix ¢yHrnumii. Takum oOGpasom, jaBe pasiawdHbie QYHRNHUU u3 V
OTpeiesisifoT pa3iIWYHBIEe pacIpeeseHus.

Ilycrs B — mopmpocTpaHCTBO OTrpaHMYeHHHIX chyHRum/I u3 V, cHa0-

JKeHHoOe HOpMOI/I
llollp=sup ¢ ()], pEB.
tER1

Has ¢q €V, ¢ > 0 moxo:xum
OZL((POv 8):{(P|(PEV7 (P—(POEBv ”(P—“(PO”B<8}

HenocpengcrBenno yo6esxmaemcsi, 970 BV MOYKHO BBeCTH TOIIOJOTHIO,
nasa Koropoit muoskectBa 9L (g, €) o6pasyioT QyHZaMeHTAJIbHYIO CHCTe-
MY OKpecTHOCTeil Tourkm ¢y. Ob6oszmaumm uepes BV mpoctpancrBo V,
cHaOskenHoe proit Tomosorueit. Ha B sra Tomosorus WHAYNUPYeET UCXOJ-
HyI0 TomoJsoruio. IIpoctparnctBo BV xaycmopdoBo m arobasg TOYKa €ro
oGnamaer cUeTHOW (GyHIAMEHTAJIbHOHW cucTemoil owrpectHocreii. Ilocie-
noBaTenbHOCTh {¢,} B BV crpemmrca K HyJI0 TOrga H TOJBKO TOTJA,
KoI'/a CyIecTByeT Taxoe meioe ny > 0, aro ¢, € B oian > neu ¢, —0
B B. Ormerum, uTo Tonmoyiorussi B BV He coriacyercs co CTpPYKTYPOHU BeK-
TOPHOTO IPOCTPAHCTBA: CJIOKeHWe HeIPePHBHO, a IPON3BeJeHNe Ha 9uC-
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Ja He MABISeTCSA HeIpepHBHBIM (€CJIH YMCIOBasg IO0CJIeI0BaTeIbHOCTH
A, >0, A,=~0, m Qpyurnua ¢ € BV HeorpanmveHa, TO IIOCJETOBA-
renpHocTh {A,¢} He crpemurcs K 0). Taxmm obGpasom, BV mHanmelreno
JINIOh CTPYKTYPO# TOTOJIOTUYECKOU I'PYIIIH.

]IyCTB VY — TOAIIPOCTPaHCTBO QYHHHHﬁ ¢>E'V, Bapumanusa KOTOPBIX
a--1

YA0BJIeTBOpsAeT HepaBeHCTBY Sup \/'q)<: OO.]HaﬂeﬂﬂMﬁ 9TO0 IIOOIIPO-
acRl a

CTPaHCTBO HOPMOU
a+1

loll,=sup ¢
a€R! a
Ilna @ € V, & > 0 mosoxum
W(po, & = {0 |0€V, ¢ —o€v, [[¢— @olle<<e}.

HemocpescTBeHHO TpoBepsieTcsi, 4T0 BV MOKHO BBECTH TOIOJOTHIO,
mis KoTopoii MHO:kecTBa W (@, €) o0pasyror GpyHIaMeHTAJIBHYIO CHCTE-
My OKpecTHocTeil Tourm ¢ OGosmauum wuepes vV mpocrparcrBo V),
cHabO;xeHHOe »TOIl TomoJsormeii. Ha @ sra Tomomorusa WHAYyLHUDPYeT
HCXONHYI0 Tomosiormio. IlpoctpamcrBo oV obxamaer TemMu jKe CBO-
ctBamu, urto u BV. IlocaenoBaTenbHocTh {¢,} CTpeMurcs K HyJi0 B vV
TOra W TOJNBKO TOTJA, KOTMA CYIeCTByeT Takoe Ineioe ny, >0, dro
¢, Ev s n>ny u ¢, >0 B .

Jl e m M a. Henpepusnwii aurneinwii onepamop Q: vV — BV omo-
bpascaem nodnpocmparcmeo v 6 B.

NMNorasareasnctso. [Ipegmonosxum mnpoTuBHOE: CyINECTBYeT
Takoe 1M € v, uro u = Qn ¢ B. Ilycrs {A,} — mocienoBareabHOCTD
OTIWIHHX OT HyJaA ducend, A, — 0. Torga A,m — 0 B vV. I3 paBencrsa
QA,M = A, caepyer, aro A,u — 0 B BV. Ilo ompeyiesieHNI0 CX0UMOCTH
B BV cymectByer Takoe meinoe ny > 0, aro A,u € B nas n = ny. 3Ha-
unr, A, W € B u, ciaemoBaTeqlbHO, W € B, UTO IPOTUBOPEYNUT HAIIEMy
IPeII0JI0REeHHUIO.

[Tokaskem, uTo omepartop ‘U, ompepelseMHil JIeBOdl YacThI CUCTE-
Ml (1), ecrh asrebpamveckuit mzomMopduaM TmpocTpaHcTBa V  Ha
(Z'° [0, +o00));. B camom jeie, COTJIacHO 3aMeYaHUMAM, CHeIaHHBIM
B HauaJle 9TOr0 TYHKTA, PasjWuHbie DJIeMeHTH W3 V ompenessaiorT pasHbe
pacmpenelieHus; cliegoBaTelbHOo, V ecTh IOAIPOCTPAHCTBO IIPOCTPAH-
crBa pacmpenernenuii. V3 memmrr 1 § 1 Beireraer, aro ‘U oroGpaskaer V
B (2’0 [0, +00));. B cmry teopemn 1 morygaem, aro ‘U ecrsb anreGpan-
geckmit mzomoppusm V B (2'° [0, +00));. B cuny samedannsa 6) o6pas
V npu orobpaskenun ‘U cosmamaer ¢ (P'° [0, +-00));.

BBepeM Temeph B HpoCTpaHCTBE APYryio Tomojormio. Omeparop mug-
depernmpoBaHUa ecTh anrebpandeckuii mzomopdusm V Ha (P[0, +00));
(3T0 cpasy ciaeayer W3 CKa3aHHOTO B IpeanymeMm absare: ecian
B3sATH B RauectBe U omepatop —D, 1o ‘U = D). Obosmaumm Hepes
v (2'° 10, +o0)); mpocrparctso (P'°[0, +-00));, nHamemenHoe obpa-
oM Tomosorun ¢V mpm mzomopdusme D.
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Tax rar omeparop ‘U, ompepmensiemsrii jgeBoit wacthio cucremsl (1),
ecTh anrebpamdeckuit mzomopdpusm V ma (D0 [0, -+00)),;, To o6paTHHI
omeparop (‘U)™! ecrs amreGpamueckmit msomopduam (P00, 4 o00)),
ma V. Pacemorpum »roT o0GpaTHHII omepaTop Kak OIepaTop U3
v (9'°[0, +o0)); B BV.

Teopewma 2. lIpednoroscum, umo mampuya A (i) Kak gynryua
om it nenpepwiéna u oeparuiera Ha |0, —+-o00). To20a myresoe pewenue
00nopodnoti cucmemvr z' (t) + A (1)  (£) = 0 pasnomepro acumnmomu-
yecku ycmoiinueo (6 cwmvicae Jlanynosa) moeda u moavko mozda, Kozda
onepamop 6xoda — 6u.xoda

(™' v(D°[0, + o0)),—~BV
Henpepuleer .

INorasaTeabctTso. llyers omeparop (‘U)~! HempepsiBeH.
Torga ecan f, >0 B v (Z'°[0, +o0)), To (‘U)'f, -0 8 BV. Ho
f, >0 B v (2'°[0, +0o0)); Torma m TOABLKO TOTHA, Korga f, = Dy,
¢, €V m ¢, -0 B wV. CuaenoBarenbno, ecam ¢, -0 B ¥V, 710
(‘U)* D¢, —0 B BV. Takum o6pasom, oneparop = (*U)~* D nemnpe-
peiBeH, paBHO Kak u omepatop oV —B. llo memme ¢ € v Bieder
3a coboit Qo € B.

IIycts Temeph 1 — orpamuwdeHHas, HempepeBHag Ha [0, +o0)
n obpamalomascsa B HyJdb Ha (—oo, 0) ¢ymrnua. Ilomoxnm

@ (D)= )P (s)ds.

Ol

Quesnzno, ¢ € V. B 710 ke Bpemsi, Kak U3BeCTHO,

a+1 a+1
\a/cp< § iv(s)lds.

3uaunt, ¢ € v. B cmiry ckasamnoro Bhime Q¢ € B, n tak kax D¢ = 1,
ro(tU)t ¢ € B. Taxum o6pasom, jiis a06oit HempeprBHO# Ha [0, +-00)
¢yurnyz P us B ¢pymrknus (‘U)~! npuragaemxnr B. Hockomsry (‘U) ™
ecth pemenme cucrembl z’' (£) + A (2) z (¢) = P (f) ¢ HavaJBHBEIM yCJIO-
uem z (0) = 0, ycaosue Ileppona Bmmnoanerno. CiemoBaTesibHO, HYJIe-
Boe pemenue cucremu z (f) + A (¢) z (f) = 0 paBHOMEpPHO acMMIITO-
THIECKH YCTOWYMBO.

OGpaTHO, TPeANONOKAM, 4TO HyJeBoe pelneHme cucreMbl z’ (I) +
4+ A () x(t) =0 paBHOMEpPHO acHMITOTHYIeCKN ycToiumpo. Hax
OHI0 TOka3aHO, omepaTop Bxoga — Bhixoga (‘U)™!  orobpakaer
(2'° 0, 4-00)); ma V. Ocraercs morasaTh, UYTO OH HEOPEPHBEH KaK
omepatrop v (P'°[0, +o0)); > BV. Ilycrs fE€ (D0, +00));, TaK
uro f = D¢, ¢ € V. IlpemmomoskuMm cHadana, u9ro ¢ € v. llosaras
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(‘U)' f = x n wmcuounwsyst 3amedanme 0), Hoiydaem
t
zW)= X 9dp(s) maa >0, z()=0 mmx t<0. (7)
0

Kar m3BecTHO, ecam § HempephiBHA W ( HMeeT OrpaHMYeHHYIO BapHa-
A0, TO

b b
1§ E) o) 1< S T8 1dn (),
rge 1 — Bapuanud:

n(s)=\¢

a

CaemoBartesnbno, u3 (7) BHTEKAaeT, 4TO
S

EI0) Slth)ldn() t>0, e n(s)=\o.

0

TlocKoIBKY MHl IIPEJIIONOKIIN, 9TO HyJeBoe pemneHue cucrems ' (1) -+
+ A (f) 2 () = 0 paBHOMEpPHO ACHMITOTHYECKM YCTOUIHBO, TO II0 TEO-
peme Ilepcuackoro cymectByror Takme a >0, b =1, 4ro

1X (2, 8)|<<be ™™ paa t>s5>0.

CaenoBaTedibHO,
t

|z (@) <be ™ {e*dn(s), t>0.

0
Ilyers ¢t = k -+ 7, tne k — mesag wacth gmeiaa ¢, Tak 910 0 << v << 1.
Tax rar e* um 1 (s) — BospacTammmue (QYHKIUH, TO

R+1 m R+1 m

lz () [ << be ™ D) S e® dn (s) —ak Z em S an (s).

m=1 m—1

Ilaiee, MOCKOJIBKY

§ dn@=n(m) —n(m—1)= \/ o <l

TO
. be”
lx(t)|<1 e_aH(PHv pra ¢ > 0.

Ho ecan f€(D'°[0, +o0));, f=Dg, 9w, 7o (‘U)'f€B n
be®

D)™ s < —1[l,-
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ycrs Temeps f, >0 B @ (2'° [0, +o00));. Torna fn = Doy,
@, € V m cymecTByer Takoe Ng, UTO @n €v mpu n>ny 1 Qg —0
B v. I3 cKazaHHOTO BHIIE IIOJydaeM, YTO IIPH 1 = Tg (o) tf,eBm

a

1CD) ™ e —2— Tl Il
1 e

Caenosarensno, ((U)™1f, -0 B BV m omeparop (!U)~! HempephHIBeH.

§ 4. Ilepuopuyeckne pemieHus cHCTEM 00BIKHOBEHHBIX
nuddepennuanbHBIX ypaBHEHMI

1. PaccmorpuMm cucTemy

'+ A@)x =1, (1)

rme A () cyth | X l-marpunsl Kjiacca 6™, a f — HEKOTOpOe pacupese-
nenne u3 (2D'),; mopagra <m + 1. Kak mokazano B § 1, BcaKoe pernenne
cucteMsr (1) mpejcTaBMMO B BHIE

z= X (¢, 0) [c + gl (2)

rie g — HeKoTopas IepBooOpasHag [JiA X (0, t) f, ¢ — mpom3BOJIbHAA
koucTamTa, a X (f, ) — QyHmaMeHTaTbHaA MaTpPHUNA PpeMeHHH ORHO-
POTHOM CUCTEMBI

2 @) +A@a@) =0, X(s, ) =E.

B nanpHeitmeMm ¢urcHpyeM IepBooOpasHyIo g. B stom caydae MH
AMeeM B3aMMHO OTHOBHAYHOE COOTBETCTBHE METy pemeHMsMI CHCTEMBL
(1) u romcramramu ¢ € C. :

Hpennonosxum, aro A u [ Kak QyHRIUH OT { IepMOJNIHEL C OJ{HMM
1 TeM jKe IePHOfOM @, ¥ MCCIE[yeM BOIPOC O CYMECcTBOBAHIU IEPHOAM-
gecKHUX pemieHuit cucreMsl (1) ¢ mepmomom ©.

2. Haiimem cHadaza yCJI0BHEe, KOTOPOMY MOMKHA Y/OBIETBOPATE
KOHCTAHTAa ¢ JIJIS TOTO, 9TOOH COOTBETCTBYIOIIee pelreHne x OBLIIO ITePHO-
nmueckuM. Pemenme x cucreMH (1), ompenesaemoe KOHCTAHTOI ¢, ABJIAET-
¢S IePUOJMIECKUM C IIePHOJIOM @, eClIN T £ = &, T. €.

X(t+ o 0+ 1) =X 0)(c+ 8- (3)

Kax m3BecTHO, (yHIAMeHTANbHAs MAaTpPHIA PpeIIeHHH HepUOANIECKOU
cucTeMs  yhoBieropser yeaosmio X (I o, s + 0) = X (t, s) nmua

ao6px ¢, s€ RL. Inat =0, s = —o moaydaem X (o, 0) = X (0, —).
Ilamee, pias s = — @ DoJydJaeM X (¢t + o, 0) = X (¢, —w). CGaeno-
BaTeJBHO,

X (4 o, 0 =X —o) =X (0 X (0, —0) =
= X (¢, 0) X (0, 0).
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TaruM 06pasoM, paBeHCTBO (3) mepenuIneTcs Tak:

X (¢ O)[E— X (0, 0)]c =X (2 0) [X (0, 0) T8 — gl.
ITockoabry mMartpuia X (¢, s) mMeer oO6parHyIo, YCIOBME HePUOTUTIHOCTH
peIIeHus , OMPefeleHHOT0 KOHCTAHTOH ¢, MOMKHO Tepenucarsh B BUJE
[E — X (0, 0)]c=X (0,018 — & (4)

IIpaBas wacTh 5TOr0 COOTHONIEHWsI SIBJAAETCA HMOCTOSHHBIM pPACIpe/esie-
HUeM, u00 mMeeT HYJeBYIO IIPOM3BOJAHYIO:

D[X (0, 0)T_pg — g]= X (0, 0)T1—,Dg — Dg=
=X (0, 0)t_,[X (0, 0) f] — X (0,0) f=
=X (0,00 X(0,t+ o)1 —X(0,0)f=
=X (0, 1+ 0)1—of — X (0, )=
=X (0, ) (v—of — ) =0.

CiefoBaTenbHO, (4) ecTh cucTeMa IHHEHHHIX airedpanvecKux ypaBHEHUI
¢ TmOCTOSHHBIME Koapduuumenramu. Taxum obpasoMm, pewenue z, onpe-
deasiemoe KOHcmanmoil ¢, nepuoduuno mozda U MOAbKO mozda, Koz2la
cucmema aunelnwx ypaswenull (4) aeasemcs  coemecmHou.

3. Veaosuem Toro, uTo cucrema (1) momyckaer pemieHHA ¢ HEPUOLOM
® IS BCAKOLO [ ¢ MepHoIoM @, ABIAETCS TO, YTO JIMHeHHad CuCTeMa (4)

COBMECTHA, KaKOBO OBl HU OBLIO [ ¢ EPHOTOM O. IlJis BEIIOTHEHUA DTOTO
ycaoBuUsA HE0OXOUMO U JIOCTATOYHO, YTOOBI

det [E — X (o, 0)] 5= 0. (5)

IleficTBHTETBHO, [OCTATOYHOCTDL YCJIOBHA OUEBHHA, IPHYEM eCaU OHO
BBHIIIOJIHAETCS, To cucTeMa (4) momyckaeT eJUHCTBEHHOE peIleHne. Oo6part-
HO, IPEeJIOJOKAM, 4TO JIMHENHAS CUCTeMa (4) coBmectHa mpu awbom f
¢ mepuwopom . B uactmOCTH, IIA pacnpegesenuil f Tuna QyHKIUHA
MBI MO3KeM, B3gB ImepBo0oOPasHyIo B BUJIE

mepenucaTh MPaBylo acTh CHCTeMBI (4) Tak:

X (0, 0 1ag —g— | X (0 9)f (5 ds — | X (0,91 () ds=

t

X (0, s+ 0)f(s+ o)ds— § X (0, ) f(s) ds=

Oy

— { X(0,9f(s)ds— § X (O, s)f(s)ds—_—_S(DX(O, s) 7 (s) ds.

—® 0
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Ilycts {e,} — Gasme mpocrpanctsa C', e, = (0, ..., 0, 1, 0, .., 0),
E=1,2 ... 1, uayers f, (£) = e, pia t € [—a, 0, 0 <a < o,
fr, () =0 mna t € (—o, —a), fi (t 4+ o) = f (f). Rar derxo Bujuers,
IS OCTATOUHO MAJBIX 0. BEKTOPHL

0

a=§ X(0,9)fu(s)ds

—®

qumeiino HezaBumeumMBl. OTciofa clemyeT, 4UTo IJf J000r0 BEKTOpa
a € C' cymecTByer nepHOgUIeCKasas (YHKIHUA f, Wi KoTOpOU

_(S) X (0, s) f(s) ds=a,

()

! !
a WMeHHO i a = ) Apa, TakoBa Oyjger QyHRuuA [ = DV Apfy. Cae-
h=1 h=1

noBaTelIpbHO, JWHeWHasaA cucreMa
[E — X (0, O)]lc=a

copMecTHa s n00sx a € C', OTKyma U BHTEKaer (9).
Veaosue (5) 9KBHBaJleHTHO TOMY, 4TO JIMHEHHadA CHCTEMa

2o = X (o, 0) zg (6)

He WMeeT IPYTHUX pemenuii, Kpome z, = 0. B cBoro ouepenpb moclienmnee
yciIoBHe DKBUBAJEHTHO TOMY, YTO OJHODOIHAsA CHCTEMA xz' () +
-+ A (t) x (t) = 0 He jgomyCkaeT HAPYTUX HEPUOTUIECRUX pelteHui
¢ HepHOJOM ®, KpoMe TPMBUAIBLHOro, 0O pelreHue X (¢, 0) o omHo-
POIHOMN cUCTeMbl HMeeT HepHofi ® TOT[AAa ¥ TOIBKO TOT/A, KOTAA Zo YN0~
BierBopsaer cucreme (6).

Tarum o6pasom, HeoOZoOUMBLM U JOCAMOUHBLM YCAOBUEH das moeo,
ymobw cucmema (1) donyckara nepuoduueckue peuLeHus c nepuodom
npu awbom pacnpedeseHuu f ¢ nepuodomn ®, A6AAEMCA YCL08UE, UIMO COOM-
sememeytowas 00nopodnas cucmema z' (1) + A (1) x (t) = 0 ne umeem
Opyeux pewenull ¢ nepuodom ©, Kpome mpusuaLbHozo. Ecau amo ycaosue
BBLROAHENO, MO DeuteHue ¢ nepuodom o eJuHCMBEEHHO.

4. WccaepyeMm Temeph pe3OoHaHCHEIH ciyuail. PaccmoTpum comps-
JKEeHHYI0 CUCTeMY
y' (1) =y (t) A () (y — BEKTOP-CTPOKA), (7)

pemenmem ®roTopoii 6ymer y () = yoX (0, 7). OueBugHO, OHO IpPUHAI-
nesruT Kiuaccy G™*l. Pemenue cucremsl (7) IePUOSUIHO € IEPUOLOM O 1

1) OueBnjHO, CONPAKeHHAs CIICTEMA HMeeT TO 7Ke YICI0 He3aBUCHMLIX permeHnit

¢ mepmopoM ®, 4to W cucrema z’ () + A (¢) z (f) = 0. ]JleiicTBuTeJbHO, pelleHune
X (t, 0) z, mocaemeii cucTeMsl GyJeT UMeTh HePIof @ TOT/a U TOILKO TOTAA, ROTAA Lo
yaoBIeTsopsier cicreme (6), a anreGpamyeckue CuCTEMbL (6) u (8) UMEIT OHU I Te Ke

MaTPUIL KO3PPUIHEHTOB.
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TOra W TOJBKO TOTHa, Korma yo, = YoX (0, ®), 4T0 MOKHO mepemucarhb

TaK:
YyoX (o, 0) = yo. (8)

J e mwm a. [Jasa aro6ozo pewenus y conpascernnoti cucmemvt (7) ¢ nepuo-
dom ® u 0aa awboeo pewenus x cucmemsvl (1) umeem

O]

Yoz —a)=§ y(s)f(s)ds’). (9)

0
HOH&B&TGJIBOTBO. ns paBeHCTBa

yr' + yA (t) 2 = yf
caenyer BBumy (7), 9ro
yr' + y'z = yf,
I

(y2)" = yf.
Basae unrerpan mo [0, o], momydum

v () — yr— S y ()1 (s) ds,

nJjin
y(t+ 0)T_yz — yz= §y<s)f<s> ds.

IMocroabry y (t + ©) = y (t), monyuaem (9).
Ecau cucrema (1) qomyckaer nepuoguyueckue pelieHUsA ¢ TePUOIOM O,
TO, COTJIACHO 9TO# Jemme, [ YIOBIETBOPAET YCJIOBUIO

3 v (5) () ds— 0. (10)

Iloraskem, uTo u oOpaTHO, ecau BoimoJdHserca yciaoBue (10), To cucrema
(1) momycraer mepuoxudecKkue perreHusi. JeiicTBUTEIBHO, B 9TOM Clydae
uMeeM

y(t_ox —x) =0

A 1100070 pelleHus Y CONPSLKeHHOU cucTemsl (7) ¢ MEPUOXOM ® W [Js
aioboro pemenus x cuctemu (1). B cuny (2)

T —2 =X+ o, 0 (c+ 102 — X 0 (c + g =
=X (4, 0) X (0, 0) (¢ + T1-08) — X (¢, 0) (c -+ g =
=X (¢, 0) {IX (0, 0) — E]lc + X (0, 0) T_og — g}
Orryna, yuurteiBas, 410 Y (f) = yoX (0, %), moxyuaem
=Y (T—oz — 2) = Yo {[X (0, 0) — Elc + X (0, 0) T_0g — g} =
= Yo [X (@, 0) — El ¢ + yo [X (0, 0) 1_0g — gl,

1) OrHOCHUTENHHO OmpeneleHNs TaKkoro wHTerpaxa cm. ria. III, § 2, m. 3.
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rak uro BBUAY (8)
yo IX (o, 0) T_og — gl = 0. (11)

CiieoBaTebpHO, JM1000€ pelieHue yo CUCTOMbI
yo [E — X (0, 0)] =0
yI0BJIETBOpSHET U CHCTEME (11). Orciopa BUJHO, YTO BEKTOD
X (0, 0) T8 — 8

OpPTOTOHAJEH KO BCEM peIIeHUAM COmpA/ReHHON OHOPOJHOM CHCTEMEL
nist cueremsl (4). OTcioma BHITEKaeT, IT0 CHCTEMA (4) coBmecTHa.

Taxum obpasom, cucmema (1) donyckaem nepuoduieckue peulernusl
¢ nepuodom ® mozda U MOALKO moeda, kozda pacnpedesenue f opmozo-
HaABHO KO 6CeM DEULEHUAM CORPAINICEHHOU CUCTNEMbL (7) ¢ nepuodom ®, m. €.
Kozda

§y<s>f<s>ds:0

das 4106020 PEULCHUL Y CONPANCEHHOU CUCTLEMbL (7) ¢ nepuodom ®.

5. Ilycrs f umeer mepuoj ©. IIpeniiosiosRuM, 9TO CUCTEMA (1) He pomry-
cKaeT MepUOJUIECKHUX PpeIreHNi. N3 ckaszapmpmoro B II. 4 caejyer, 9TO
cylecTByeT Takoe pellleHWe y C IepHofoM O CONPAKEHHON CHCTEMBI

(7), dro

y="1y(s)f(s) ds =0

0
BaMeTHM, UTO ecad & — permenue cucremsl (1), T0 Tpe Z, THE k — 1memoe,

Tarske ABJIseTCH pemrenweM. llpuMeHuB jeMMy K DPEIISHUIO T—(h—Do¥,
Oy YUM

Y (T—pol — T—a—1ol) = V-
IIpocymMupoBaB 9TH paBeHCTBA IIO 1 < k< n, noxyduMm
ZJ(T—nmx —x)-——nv, n>1' (12)

Kax M3BECTHO, MHOYKECTBO PacTpefieleHnii o// orpaHuIeHo Torja U TOJIb
KO TOT[a, KOTAa OHO ¢JIabo orpaHuYeHo, T. €. KOTJA s 110007 (QYHKRIUA
¢ € & orpaHHYEHO UYUCI0BOE MHOFKECTBO

{{(p, [) |f €M}

Cooruomrenne (12) moxasmBaer, YTO  MHOKECTBO pacrpe/ie e Hui
{T_pot}n>1 Heorpammiemo. OTciofia clejxyer (em. § 4 upuio;keHus),
4yTOo pacmpejeieHre r HEOTPAHUICHO.

Taxum o6pasom, ecau cucmena (1) ne umeem peuteHuli ¢ nepuodom o,
mo ona He uMeem 02PAHUUCHHBLL PeuLeHUl.



§ 4 193

6. V3BecTHO, 9TO €CJH B YCIOBHUAX I.2 [ — (YHKIUA, TO €AUHCTBEH-
HOe MepHOAMYecKoe pellleHNe [OIycKaeT WHTerpajbHOE IPegcTaBIeHUe.
Ecau f — pacmpenmeseHue, To eAMHCTBEHHOE NEPUOJUYECKOE pelleHUe

IpefcTaBUMO B BHUIe KOMIO3UIUU.

[Ipenmonosxum, uro ommopopuas cuerema z' (t) + A () x (7)) =0
He ;UMeeT APYTHUX PENIeHUil ¢ mepuojoM », KpoMe Hyixesoro. 13 pesyib-
tatoB m. b § 2 ra. 11l caegyer, 9ro MaTpmuHasg UMIyJbCHas CHCTEMAa

(o0}
’ J N1
Z4AWZ=E Y Sino (13)
n=-—oo
JIOOyCKaeT efWHCTBEHHOE pelleHre P ¢ mepumojoM o Kak mo £, Tak # o S,
a UMEHHO (JYHKIIWIO, OIpeJelIeHHYI0 PaBEHCTBOM

Pt s) =X (¢ ko) [E — X (0, 0)]71 X (0, )

wig t €lko + s, (K-+1) o +s), —oo << k< +oo.

Iycrs f € (P'); — mepuoguyeckoe ¢ HEPHONOM © paciipejieieHne
nopsagra r << m + 1. Iloramem, 4To edurcmeennoe nepuoduueckoe peue-
nue x* cucmemwr (1) moxcrno npedcmasumv 6 eude Komnosuyuu x* =
= wof, ede w = {Ws}scp1, Wws (t) = P (L, 8), f ecmv (0, o)-ceuenue f
(cM. mpemyioskeHwe 2 § 2 OPUIOKEHUA), G KOMROSUYUSL NOHUMAEMCS
6 cmvicae 'L — D'

TeiicTBuTennuo, nyctb ¢ € (2™);. Torga

400 o0 nw-ts
Y@= w. = | e@P(t)dt= 3 fn_§>@+s") (1) P (t, s)dt =
+oo st
= 2 g p(t+m—1 )P+ n—1)o,s)di=
+o0o  sto
= 3 g ¢ (t+ (n —1) w) P (L, s)dt.

Ncmonnsya BHpaykeHuwe aas ¢QyHKumE P, mnoaydaem

+oo  sto
P = 3 S 4 (n—1) ) X (¢t 0)[E —X (0, 0)] " X (0, s)dt.

[TOCKOIBKY ¢ HMEeT KOMIAKTHHI HOCUTENb, HOCIeHAS CyMMa JOKAIbHO
KoHeuyHa. Hak Jerxko Bumerh, P € (™), u JIUHEHHHIH omeparTop
W: (2™, - ("), Wqe =1, Hoposkmaemblii CeMeiCTBOM W, OTO-
GpasikaeT orpaHWYEHHBIE HOAMHO;KeCTBA (£™); B OrpaHUYEHHBIE MOJMHO-
skectBa mpocrparcTtBa (G'™*l);. Cuemosarennno, omepatrop W Hempe-
pHBEH T, B3HAYAT, cemeiictBO e sABiAerca (€'™*); — (L) -kommo-

3UIMMUOHHEBIM.
13 A. Xanamait, J. Bercaep
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Ilokasxem, d9TO wof wuMeeT Iepuom O. N3 paBeHCTBA TpWs = Ws
I W3 CBOMCTB KOMIIO3MIMH CJlefyeT, 4TO

v (o F) = (ES,) 5 (w o) = (0E8u}nerro (o) =
— ({18} ner o Walser- o 1) = {(B8) X wihserrof =

Z{mes}sER’ofz {ws}sER’of: u7°f'

Ocraercd IOKa3aTh, YTO aof yHOBIETBOpsAET CUCTEME (1). YuureBas
mpejiosKeHTe 2 § 2 mpUITOKEHHWA K 9TOH TJlaBe, a TaKike cBOMCTBA KOM-

MO3UIAH, TMOJIydaeM

D (o) + A () (oD = {Dwser o] 4 {4 () wilser- of=

— (Dw, + A () wer o fT={E 2 Seinolscr ol =

n——0oo

~

Z 671&) )}SER' 07: (E n;ménw ) X f: f

= — 00

= {1, (E

7. B cayuae rorma [ — QyHRUUA, mpobiemMa CyHieCTBOBaHUA II€PHO-
IWYeCKUX peIleHNH SKBUBAJEHTHA npofJieMe CyIecTBOBAHUA pereHuin
IBYXTOUEUHON 3aadl Z (0) — z (o) = 0. Ilpexcrapisger HHTEPEC M3Y-
qoHMEe HEKOTOPHIX JTUHEHHEIX 3ajjad TAKOTO THIA B CJIydae, rorma [ —
pacupepejieHue.

Pacemorpum cuctemy

z +A@)z=1 (14)

rae A TpUHAIIERAT KIaccy € Ha OTKPEITOM UHTEPBATO I, af— pac-
mpesiesieHne Ha [ MOPANKA <m -+ 1 co 3HaAYeHUAMHI B C!, nia KOTOPOTO
ompejelieHbl 3HAYEHUA B TOUKAX dp €l 1<h<p, ap << ap+1- Kax
61110 moKasamo B § 1, pemrenuss cueTemsl (14) MMEIOT B 2 = X (¢, a1) X
X (¢ + g), rne g — nepBooGpasHas pacHpeseseHus X(a, t)f, a ¢c—
IpOW3BOJBHAS KOHCTAHTA. B 1o ke BpeMsA [ BCeX DPENIeHHH x OIpe-
[eleHHl 3HAUeHNA B TOYKAX ap (cM. mpuMevaHUe HA CTP. 168). O6o3HaTIM
3HaueHHWe pACIpe[eleHHs I' B TOUKe lo Uepes r (to)-

[lycts M) — TOCTOAHHAS MaTpUIA PasMepa k x I, F — marpuna
pasmepa k X [ EKiacca €™ ma lai, apl, F () =0 naa t ¢ lar, apl

n L — omepaTtop BHUJA

a
p

Lr= 3 Myz(ay)+ § F @)z () dt

ay

Oneparop L ompepeieH Ha MpOCTPAHCTBE pacmpe/elenuit z, [JIA KOTO-
PHIX OIpejielieHsl 3HAYeHHSA B TOUKAX G (3BHAYMT, OH 3aBE/OMO OIIPE/eeH
na pemenmax cuctemsl (4)). OdueBupHo, Lz € C*.
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IIyets A€ C*. YcranoBuM Heo6XoqUMBIe U JOCTATOYHBIE YCJIOBUA
Iag TOro, 9To0b MHOT'OTOYEYHAs 3a7a4a

) 2+ AWz=1  Lz=A (%)

Jomyckajga pemenus. DBypgem jefictBoBaTh coTiacHO of0men cxeme,
npeiaosxennoit Homru [12].
s pemenuit x cucremst (14) ycinoBue Lx = A mepenuiiercs B Buje

LX (t, ay) ¢ + LX (¢, a1) g8 = A. (15)
THomomum

a

D
Ly= 2MX (ap, a)) + § F () X (&, @) dt.
ay

Ouesunuo, Ly — Matpuna pasmepa k X I u LX (¢, a1) ¢ = Lxc. Ilycrn
L% — o6obmennas o6parnas marpuna Ilenpoysa gaa Ly, T. e. maTpuna,

ynosiersopsiomasn yenosuio LyL5Ly = Lyx. Har samermn Honrm,
das mozo umobw sadaua (&) donyckasa pewenus, neobxooumo u docma-
Mouro0, 4mobwl

(E — LxL%) (A — LX (L, a)) g) = 0. (16)

I efticTBUTeILHO, MPEIONOKAM, UYTO 3afada (&°) Hgomyckaer pelre-
guA. B cuny (19)

LXC: A — LX (t, a/l) g,
OTRYa
LoI&E o= Lyl (A — LX (t, 1) ).

VaureiBag ompepesneHune 0600IeHHON 00paTHOM MaTPHUIBI, HAXOJUM

Lyc= LyL% (A — LX (¢, ay) 8).

Ho BBuny (15)
Lyc = A — LX (&, a1) g,

3HAUUT,

A — LX (¢, a)g = Lx L% (A — LX (t, ay) 8),

orryna u ciaemyer (16).
O6patHo, ecau BHuOIHsercsas yciosme (16), To miIA BEAKOTO Co,

yIOBIeTBOpAIOMEro yciosuio Lyco = 0, pacupepesnerHue

x:X(tv ai) (C—l—g), Fﬂe = CO+ L% (A—— LX (t7 ai) g)’

sBisieTcs pemnermem safgadu (). [leiictBuTensno, ¢ yuerom (16) mmeem

Lyc= Lxcy+ LxL5% (A — LX (¢, a))g) = A — LX (¢, ay) &,
' 13%
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cJIe0BATeIbHO,
Lx = LX (t, al) c + LX (t, ai) g = LXC "l— LX (t, a1) g = A.

Huske MBI BBIpasum NOJTydeHHOe HEOOXO0[UMOe I TOCTaTOTHOE yClI0BIe
B TepMHUHAX pPeIIeHUI CONPSA;KeHHON 3a/adH.
Nmeem

a

LX (t, a) g = X MaX (an, a:) & (@) + { F(yX (4, ar) gat.

ay

Caenysa [50], mumem

a

h
{ X (a, 5)fds= g (an) — & ()

ay
Ilaxee,

a

LX (t, @) g = X MaX (an, @) [ (@) + § X (ar, 9)fds]+

S F()X (1, &) g di=[ 2 M)XK (ap, @) + + { PyXx @, a)) dt] g (@) +

h
+ XMy § X (an, 9)fds + S F )X (1, a)[g — g (a)] di=

ai ay

h a

= Lxg(a) + 3 3§ MuX (an, s fds+$ F )X (t ar)[g — g (an)] dt.

ay ay

p
Marpunia G (t) = S F (s) X (s, a1) ds, oueBUJHO, HIPUHAIERAT KIAC-
i

cy €™, Umeem

Clp a
§ F()X (1, a)[g — g (a)]di= — S G (t)|g — g (a)]dt=

— SpG(t)g' dt = SpG(t)X(ai, ) f dt =

ay

a_ a
p

=\ [ F(s X (s, t)ds]fdt.

ay



§ 4 197

Mgl HCIONB30BAIH (GOPMYINy WHTETPHPOBAHUA 1O YACTAM, KOTOpasd
cIpaBeIuBa B paccMaTpuBaeMoM ciaydae (cM. [50]). Haaxee,

%h

LX (1, ) g = Lxg (@) + 3 | MX (@, 5) f ds+

ay

a_ a a
h

D D
+ [ LY PO X (5, ) ds]fdt = Lg (@) + 3§ MX (@, )1 ds+
ap ap ap
+ IS FOX (69 d]fds— 3§ MiX (an, o) fds —
ay; ayq ah
ap s ap
— VIS FOX (1, 9)dt]jds=Lxg (@) + | LxX (@, 5)fds —

a

M X (ap, s) fds — Sp [SS F () X (t, s) dt] ds.

ay a4

i

p
%h
VuurnBast, uro (E — LyL%) Lx = 0, momygaem

a

E— L L&) LX (4 a)= | (E— LyI®)Z(s)fdsh,  (1T)

rre
Z(s)=0 paa s¢la, ap)

S

Z(s)= 3 MyX (a, )+ § F() X (t,5)dt paa s€[ap, anty)-

h<h a

Yro6sl THTEPIPETHPOBATH IOTYIeHHBIA Pe3ynbTaT, PACCMOTPUM CJe-
MYy 3a7ady, KoTopyio ofo3HaImM depes (J°') U Ha30BeM CONDAJNCEH~
noti k 3amade (J): ompemeluTh BEKTOp U € C" u ¢ymruuio z: [ —C",
z(t) = Opaat g lar, ap) 1aK, 9T0OH PYHKIUA Z YAOBICTBOPSLIA UMITYIBC-
HOHl cucTeme

p—1
Z —zA(s)=v[F(s)+ hzi Mh(Sah — Mp(Sap] (18)

(pousBogHAs Gepercss B CMEICIe TEOPUH pacHpejielieHuil, v I z — BEK-
TOPH-CTPOKH).

1) 9ror WHTErpay cjefyeT HOHMMATh KaK CyMMY HMHTErpajios IO OT/eJLHBIM
wETepBaIaM [ap, ap+1], HA KOTODHX Ipom3BefieRue Z (s) f MMeeT CMEICI.
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IIpefmoMoKuM, YTO CONPSKeHHASA 3ajava [TOIyCKaeT DeIIeHHe v, z.
C momompio Merona, omucammoro B § 1 ra. 11I, momywaem, 9ro

0 npu s<< ay,
z®==bgzMﬁ@NHWmemawwnwmmwx<m
<h ay
0 Opu S > ap.

Ho B cuay (18) ckauox (yHRUUE z B ToUKe ap paBeH —vMy. lloaromy

a
p—1 p

v[h;}1 MyX (ay, ap) + S F ()X (¢, ap)dt]= — vMp,
nin

v i M, X (an, ap) + Sp F(8) X (t, ap) dt]=0,

h==1 a
YyTO0 MOKHO eIlle¢ 3amucaTh B BHOE

a
D

b
v[hz1 MyX (an, a) + § F (@) X (¢, ay) dt] X (ay, ap) =0,
T. €. 1

ULX = O.

Jlerko mokaszaTh, YTo MW O0OpPaTHO, €CJU U YHOBIETBOpsET YCIOBUIO
vLy = 0, To mapa v, z, Tae z ompegeireHo gopmyioit (19), aBagerca
pemenmem sagaun (&'). Takum obpasom, ycaosue vLy = 0 Heobxodumo
1 0ocmamouno 048 mozo, ¥mobbl conpaYcennaa sadava JONYCKaLa pewerue.
Ecau amo ycaosue gunoansemcs, mo 0ai 3adannozo v PynkyuL z edur-
cmeennuM 06pasom onpedeasemcs no gopmyae (19).
IIycrs
Y ()= (E — Lx L&) Z (s).

Ecnu L% — o6o6mennas obpatHas marpumma llempoysa g Ly, ToO
a1060ft BeKTOp, VAOBIETBOpAIOmMUA ycaosmio vlx = (0, wnmeeT BU
w(E — LyL%). YuutsiBasi BHpaskeHUA Aaf QYHRUUR 2z, Z, HoJydaeM,
9TO0 peINeHusAMHU COIPSKEeHHOM 3aavu SIBJIAIOTCA Haphl

UJ(E — LXLgY)7 WY(S)a LUECh,

oTKyjla caexyer, uro mapa marpun E — LyL%, Y (s) mrpaer poas QyH-
TaMeHTAaJbHOH MAaTPUIBI pemeHmil AJsA CONPSAKeHHOM 3amavu.

113 (16) m (17) BHTeRaer, 4T0o HCXomHAA 3afava (&) poIycKaeT pere-
HUA TOTJa M TOJBKO TOTJa, KOTAa

a
p

(E— LyL&) A4 § Y (s)fds=0.

ay
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MosxHO LOKa3aTh, UTO €CIHH BEIIONHAETCS Hpefpliymiee yCI0BuE,
TO pemeHHs MHOTOTOYEUHOH 3ajatn () pmarorcs GopMyJoH

X (¢, a) co+ X (¢, a)) L&A + (B — LEL) X (8, a) 8.

Orciofa, KaK ¥ BEHIIE, MOKHO LOJNYYATH LPECTaBICHUE pemeHnia
¢ moMmoImipo Marpuns I'puHa.

§ 5. OrpaHumdYeHHBIe I TOYTH-IEPHONTIECKNE PEINEHIIA
cmereM OOBIKHOBEHHBIX [uQdepeHuaIbHbIX ypaBHeHNil

1. PaccmoTpuM cHCTEMY
Z + Az =1, (1)

rme A (1) = (a;; (1)) — MaTpuna pasmepa I X1, a;; € B™, [ — orpa-
HUueHHOe BEKTOpHOe pacupenenenue, f € (#'™+), (ompeneneHne ITUX
pacupeneseHuit cM. B § 4 upumoskenus). ak u3BecTHO, B CIydae KoOTAa
HyJeBoe pelieHue OJHOPOJHON CUCTEMbI 2 () Az =0 1) pas-
HOMEDHO ACHMITOTHIECKH yCTOHIMBO, CHCTEMa (1) momyckaeT pelleHHe,
orpaHWYeHHOe Ha BCEH oCH, eCJIu ¢ymKIUA [ orpaHHYeHa HA Bceil ocu.
PacupocTpaHUM 3TOT pe3yipTaT Ha caydai, Korma f — OrpaHUYEeHHOE
pacupefielieHue.

Iycrs X (¢, s) — QpyHAaMeHTaJIbHAA MaTPHIA perneHni OHOPOTHOM’
cucrembl, X (s, s) = E u

ws () = H (@ —3s) X (2 9),
rne H — ¢yurmua Xesucaupa. PaccMmoTpuM ceMeCTBO W = {ws }semr
JyHTaMEHTaIbHBIX pemenuii. Tax Kak HyleBoe peIICHUE OTHOPOHOMI

CHCTeMHl PaBHOMEDPHO aCUMOTOTHIECKH yCTOWYMBO, TO IO TeopeMme Ilep-
CHUICKOTO CYHIeCTBYIOT TaKNe a>0, b>=1, uro

| X (2, 8) | <be ™79 pua t>s. (2)

V7o6HO BBECTH HeNpepHIBHBIH JHHEHHEIH OLeparop U:. (0t —
— (DT4);, oupenesseMblil PaBEHCTBOM

Uy ()=—y ) +y)A(s) Ara y¢ (DL

Coupsisxennsit omeparop U oro0paskaeT HPOCTPAHCTBO orpaHUIeHHBIX
pacupeneneruit ($'™); B (£ 'Mm+l), @ 3afaercda PaBEHCTBOM

tUg—a2 +A)x pagx z€(B ™)
TakuM obpasoM, cucremy (1) MojKHO Iepemucarh B BHIE tUx = f.

Teopema 1. Ecau wnyaresoe pewenue 00HOPOOHOLL cucmembl
z' (t) + A (t) z (t) = 0 pasnomepro acuMNMOMULECKL ycmotiuueo U

1 pemeHus OTHOPOJXHOU CHUCTEMBI SBJIAIOTCSH 00bI4-
0 — pemeHusME B cMmbicie HaparTeogopi.

1) 3amernM, 9TO IIPH m
HHIMI peIIeHNsMN, a TpH m

i
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K0o(PPUYUEHMbL CUCMEMb, 02DAHUYEHb 8 MOM cMubicie, umo o;; € B,
mo cucmema (1) donyckaem eduncmeenroe o2panuieRHOe peuLernue, Karogo
Obl HU 6bli0 02panuiennoe pacnpedeaenuef € (F '™+, Tounee, onepamop
‘U ecmwv anzebpauueckull 1 monoso2udeckuli UsoMop@Pusm npocmparcmea
(£'™); na ('), o6pamubiii £ KOMOpoMY Mo¥cHO npedcmasumy 8 sude

KOMNOSUYUL
() f=wof das fE(F ™). 3)
Ilorasareasctso. llyere ¢ € (PT),;. B cuny (2) pyarmus
¢ (f) ws (?) cymmupyema mo ¢. Ilycrs
400 -+ o0
= { ew,()dt= | o)X (1, 9)ds.

)

IToraskem, wro P € (Z74*);, m uro omeparop V: (D), - (D',
Vo = ¢, apasercsa HempepsBHBIM. JeCTBUTEIBHO, UCIOMB3YA XOPOMIO
u3BectHylo gopmyay X (¢, s) = X (¢, 0) X (0, s), moryuaem

400
'W9={§¢WXUﬂMﬂX@ﬁ%

CaemoBaTedbHO, 1\ a0CONIOTHO HempephiBHA Ha JIO00M KOMIIAKTHOM
narepBaie. Tax war X (0, s) ymoBiaerBopseTr YCIOBHUIO

—DX (0, s) +X (0, ) A(s) =0

II04TH BCIOAY, TO
+-00
W@=—m@xmmxmﬂ+@@mxmmMX&ﬂA@

NN
P(s) = —@(s) +P(s) 4 (9 (4)
HOYTH BCIOAY. 3aMeTuM, 4To mpu m > 1 mpemwiaymye paBeHCTBA BHIIIOJ-

HSAIOTCSA BCIOMY.
YuurwBasg (2), moaydaem

400
1P <<b § o) e dr

VI3 cymecTBoBaHUs MOBTOPHOTO WHTETpaja
+ oo t o0
—al(t—s) b b
dt | blo(t)]e ds=; icp(t)ldt=gll ®llo

BEITEKAaeT CYIIeCTBOBaHWEe MOBTOPHOTO WHTeIpaja HpU APYILoM INOpAAKe

WHTeIPUPOBAHUA M PaBEHCTBO
- 00 -+o00

dejhwm5www=§www

-0
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Orcropa caemyer, ato P € L' u

b
1P [lo <— |l @ llo-
C yuerom (4) moaywaem, uro ¢’ € L', HOCJIGLLOB&TBJIBHO nuddeper-
mupysa (4), HaxoauM, 4T0 QYyHKIUH 1];‘7’ i=1,2, ... m-+1, rakxKe

cymMmupyemsl u, sHaumt, P € (Pt Us (4), (5) I paBeHCTBa, IOJY-
qeHHOr0 u3 (4) mocijemoBaTeJbHBIM AuU@epeHIUPOBAHNCM, HEMEeJICHHO

BBEITeKaeT, 4To omepatop V HempephIBeH.
ITorasxem Temepsb, uro omepatop V sABIsgerca obpatHbeM jguasa U.

IleiicTBUTENHHO, paBeHCTBO (4) MOKHO mepenncarb B BHME UVp = @
nag @ € (D), smaunt, UV — rosmaecrBenubiit omepartop Ha (Di*h);.

ITyers & € (DTuHY),. Toma
(VUEY () ={V(=E @)+ ED)A@)} (9=

+-o0 +o0
—Jeox¢9a+ § EA@X(@, s)dt

Narerpupysa mo dacrtam, mojydaeMm
-+ o0

jé'(t)X(t, S)dt=[E(D) X (t, 9]~ — j g(t)é‘X(t 9 4y

ITockoabry

X9 44X (1, 5)=0

HOYTH BCIOLY, TO
-+ o0
{ 80X, s)dt=—E(s) + S E() A () X (¢, s)dt.
S
CunemoBarensno, VUE = & mua & € (PTa*Y);, u VU saBAsercs TOKIECT-
BeHHBIM omepaTopoM Ha (DT4*1);. Takum obpaszom, omepatop U obpatum
nU1l1=7V
IosTomy 1 omeparop ‘U obramaer HempepsBHBIM obpaTHEM (' U)~
= YUY, u, cuenosareanno, ‘U ecrb mzomopdusm (F'™); ma (F'™H),.
CopaBemuBocTh Gopmyanl (3) BeITeKaeT W3 TOro ¢akTa, 4TO oIepa-
top {(UY) npencraBum (cM. § 1 mpuioskeHus) B BUIe CeMeHCTBA KOMIIO-
surmain {{(UY) (E8g) }ser, a Y(U™Y) (ES;) sABusercs OrpaHUIeHHBIM
penieHeM MaTPUYHOU CHUCTEMBbI

7'+ A (1) Z — ES,
u, suaunt, {(U™Y) (ES;) = w,.

Jamedanusa a) Ecaium /| ABiderca r-orpaHWYeHHBIM paclpeje-
aeameM, 1 <r<{m -+ 1, To eguWHCTBEHHOE OTPAHUYEHHOE pelleHUe
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wof cucremsr (1) sBasercsa (r — 1)-orpaHWIeHHBIM DPACTIPENEJNCHIEOM.
JleficTBUTENBHO, U3 AOKA3AHHOH TEOPeMEl CJIefyeT, TTO wof €E(F'™ ).
Nua r= 1 Hame yTBep:;KIeHUe CIPABELINBO. ITpepmonosKuM, YTO
r>=2. Eexm 0n wof € (#'""2),;, To, mojaras B (1) = = wof, MH
MONYUMIK OBI, YTO IEePBOE CjaraeMoe MpUHALIERUT (#%'"1),;, 4TO TpO-
THBOPEUNT 7-OrPAHNUEHHOCTH BTOPOTO CJIAraeMoro. CiaemoBaTedbHO,
wof ¢ (#'77?), ®m pacupeneireHue wwef ABIACTCH (r — 1)-orpaHuYeH-
HEM. DTo 3aMedaHHe IO3BOJAET PACIIHPUTH KJIACC BOZMYIIEHNI, I
KoTophix cucTema (1) maer B KadecTBe BHIXO/jAa OTPAHMICHHYIO B 00OBIY-
HOM CMBICI€ (YHRIIMIO: €CJHU paclpenejeHne f aBasercsa 1-orpaHuvueH-
HEIM (3aMeTHM, YTO KJIacC BTHUX pacIpeeleHuil COIePRUT 1 0eCKOHEUYHO
nuddepeHnupyeMble HEOIDaHUUCHHBIE B O0OBIYHOM CMBICHE (QYHKIUQ

(cM. § 4 mpuio;xKeHus)), TO pemeHue wof, aBiserca QyHKmue#r ma L7,
n6o ono 0-orpaHHUYEHO.
6) Ecan f sBaserca 0-orpaHUYeHHBIM paclpejfeseHneM, T. e. PyHK-

mueit u3 (#'°%), = L 10 QyHRIHsA
t
()= § X(t,9)(s)ds, (6)

0UeBUIHO, A0COJIOTHO HEIpephIBHA. N3 (2) HeMemJeHHO CJIefyer, 4TO
pymkmms z* orpaHmieHa B OOBTHOM CMEICJIE, A HeIoCPe/CTBeHHbI
OJCIeT IOKA3EIBAET, 9TO ¥ yOBIETBOPAET CUCTEME (1) mour:m BCIOAY.
CaenoBaTeabHo, ¥ = wef.

2. UccaenyeM Temeph mpoGieMy CYIECTBOBAHMA HMOUTH-TIEPUOITE-
CKUX OOOOIMEHHHX pemeHuil (0-HOYTH-IePUOIMICCKUX DPACIHPENeIeHUAX
¥ 00 WMCIOAB3YeMHIX 0003HATEHHAX CM. § O mpuioskerns). llpexapu-
TeIbHO YCTAHOBHM Of{HY JeMMY OTHOCHTEJIHHO KOMIAKTHOCTH ¢AHalo-
HaJIBLHHX CIBUIOB» (yHIaMeHTAaJbHOW MAaTPUIIBI pemenuii X.

J ewmuyma. Ilpednoroxrcum, ¥mo mpusuasbioe peuerue 00HOp OO0
cucmemw, x' (t) + A (&) z (f) = 0 pasnomepro aCUMNIMOMULECKU ycmoti-
wuB0 U Ymo KoaPguyuenmy cucmembl o;; € #p. To20a us awboli nocae-
dosamenviocmiu Oeiicmeumenvuuir uuces {hy} MOJNCHO U36ACUL MAKYIO
nodnocaedosameavrocmuv {ky}, umo das ecaroeo € >0 nalidemes maroe yeaoe
yucao N >0, umo

| X (¢ + kyy s+ En) — X (&4 Es s_|_km)1<ge—%<t—s>

nput>=sum, n>N.

Moxaszareasnctso. llycrs

Z(u7 v, M)ZX(U+M,U+H)_X(ua U)'



§ 5 203

QueBHIHO, MaTpuna Z ABIAETCS peIIeHHeM B CMBICIe Rapareogopu
CUCTEeMBI

%-{-A(u)Z:[A(u)—A(U+H)]X(U+Mv v+ ).

Ucmoab3ys ¢opMyly Bapuanuy HOCTOAHHBEIX, IIONYyIaeM

u

Z, v, p)=§ X @, )[AQ) —AQ+W]X A+ p, vt p)dh,

a
a

=0
u6o Z (v, v, w) = 0. I3 HepaBeHCTBa —0 << e2  caemyer, 4TO

ng [ \)

- 2 -
Oe aegze e.

Vuuresas (2), monydaeM mias u=v u € R’

1 Z(w, v, 0) | <V @w—1v)e “Pesssup| AN — AR+ <
AER!?
20° _'a_(u—v)
<—e 2 esssup| A (A) — AR+ )l

a AER!

Honarag u =t + hy,, v =5+ hy, 0 = by — hy, TOTYTAEM AIA L =5

| X (£ by, 5 hy) — X (E 4 By 5+ ho) | <

20% — L (-9
<—e 2 esssup| A (A + hy) — A M hy) |-

a AERY

Bsuny Toro uro o;; € #HYp, W3 UNCIOBOH HOCIEN0BATEIbHOCTH {h, }
MOKHO M3BJIEYb TAKYI0 IOJIIOCIEef0BaTEIHHOCTD {k,}, uro masa m0b6OTO
e > 0 maiimercs tTagoe mexoe umcxo N >0, uro

esssup | A (A + k) — A (%+kn)l<ﬁ%
AER! 2b

npu Jgw0ex m, n > N. Jlemma pgoxrasana.

NszBectHO (cM. [29]), 910, MCIOIB3YsA ACUMUTOTHYICCKU IOYTH-TIEPHO-
ImuecKne (YHKIUU, MOKHO J0KasaTh CYIeCTBOBaHWE MOYTH-II@PUO/N-
YeCKUX peINeHHil y IOYTH-TIePHOJUIECKOR B CMHICTE Bopa cucremmr.
C:moMompio IpeabIiymen JeMMbl MOKHO T0Ka3aTh QHAJOTWIHBINA Pe3yIb-
TaT IPH HECKOJBKO 0ojee OOMUX IPEANONOKEHHAX W [ajKe HOTyInTh
ABHOE NpefCTaBIeHNe [[IA IOYTH-IePHOTUIeCKUX peIeHuil.

Mpenmoskenue. Ecau Hyresoe pewenue 00HOPOOHOU cucmemsl
' () +A(t)xz(t) =0 pasromepro  acUMNMOMULECKU ycmouiueo,
a;j € Bop u [ € (B %), mo cucmena (1) umeem eduncmeennoe pewernue
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Kapameodopu, noumu-nepuoduueckoe é cmvicae bopa, a umenno
i
()= § X (¢, 5)F(s) ds.

MNorkasaTexsbcTso. VI3 3amedanus 6) cregyer, 9To r* ecTsh
a0CoII0THO HempephiBHOe orpaumuenuoe pemenue cucreMbl (1). Iloxa-
sxeM, uaro z¥* aBasercs ¢yaxoueidr Dbopa. [as aToro BoCHOJNB3yeMCs
kpurepuem BoxHepa. Ilycrs {h,} — mociemoBaTeJIbHOCTH [EUCTBUTEND-
neix aucesx. CoriacHo JeMMe, MBI MOKeM M3BJIeYb U3 Hee IOAIOCIenoBa-
TenbHOCTS {k,}, YIOBIETBOPAOIMYIO ClIefyOImeMy YCIOBHUIO:! A BCA-
Koro & > 0 malimerca Ttakoe mexoe umcao N > 0, dro

ae — 2 (t—s)
_._._,_e 2
4117 1o

nasa aooex £ > s um, n > N. I[lockoasry f € (#/}p);, TOAIOCTETOBA-
TeJIbHOCTD {k,} MO;KHO BHOPATh TaK, 4YTOOE OJHOBPEMEHHO MMEJO MeCTO
HEpPaBEHCTBO

| X (6 +kny s+ kn) — X (4 Fny s+ E) | < (1)

esssuplf(t+kn)—f(t+km)|<-§2— nag m,n>N. (8)

tE R1

ITooromy, yuurhBas (2) u (8), moxyuaem gias m, n > N

,x*(t+kn)_x*(t+km)i=

t+ky, t+hm _
=1“§0 X (t+kn, 8)f(s)ds— § X (t4lm, 8)f(s)ds|=

3

=1 § X(t+boy s+ ko) f(s+ ) ds —

— 00

t
— Xt Ty 5+ Fo) £ (5 + i) ds| <

—00

t

< $ IX (tFny s+ En) — X (84 Fomy 54 Fen) |17 (s + Fa) [ ds +

— 00

t
b X (A Ty s+ To) 11 (5 Fea) — 1 (5 4 k) [ ds <.

CrmemoBatelbHo, r* — ¢yaruua bopa.

Teopewma 2. [Ipednososcum, umo Hyresoe peweHue 00HOpoOHOU
cucmemn z' (1) + A (£) x (1) = 0 pasrnomepHO acUMNMOMUHECKU YCMOU-
wugo U wmo K03PHUYLEHmbL CUCTNEMY, NOYMU-REPUOIUUHBL 8 MOM CHMbLCAE,
umo a;; € Br. T 020a cucmema (1) umeem edurcmeennoe noumu-nepuo-
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duueckoe peutenue, Kakoso Ol HU OblA0 NOYMU-REPUOIULECKOE Pachpedede-
nue f € (B, Tounee, onepamop ‘U ecmo aazebpaudeckuil u monoao-
euueckuii usomopgusm npocmparcmea (Fop); Ha (Fopt');, npuuem
o6pamuwli K Hemy onepamop Oaemca gPopmysot (3)

IIoxaszaTeasbcTsol) YuursiBag Teopemy 1 m tor daxr, 4ro
(B <= ($'™),; (cm. § 5 mpuiosKeHHUsA), JOCTATOIHO MOKA3aTh, UTO

U( o= (Bo5" N (9)

Brarouenne

V(BT (5 )
04eBUIHO, 100 NPOM3BOAHAA BCAKOrO pacupefedenus us (% pg); OpH-
Hagie;kut (B pptt) .

HoxrasxkeMm obOpaTHoe BKIoUeHHe. J[Js BTOTO mOKasKeM, 4TO CHCTeMa
‘Uz = f umeer pemenus B (B p);, KaroBo Ob HE Obuto [ € (F7+1),.
IMycts f € (Fpptt); r-mourm-mepuopsuano, Tak 4ro r << m -+ 1. Eciam
r =0, T0 B cuiy mpembaymero mpegiaoskenusa cucrema Ux = [ mmeer
pemeHne, sABjigomeecsa QyHrnueirn bopa.

Hoxraskem, gro ecam cucrema ‘Uz = f ummeer pemenusa B (F %),
KaKoBO OBl HU OBLTO r-moutu-mepuogudeckoe [ € (Fyr*t),, n ecan r <
< ¢ — 1, T0 oHa mmeer pemenus B (% ,;*');, u B ToM cayuae, Korma f
ABIAETCA (¢-TouTu-nepuonnmieckuM. JleiicTBurespbHo, cymecTByor ( €
€E(Fpp)iun € (L), rakme, aro f = DT + 1 (cm. § 5 mpuiosxenns).
Cucrema ‘Uz = m, odeBugno, obmamaer pemenmeMm Bopa. Ilpoussens
B cucreme '‘Uxr = DI sameny mepeMeHubix z = z + D971, moxydaum
DKBUBAJEHTHYIO CHCTEMY

"Wz= — A (t) D'z,

rae, odesupHOo, A (f) D%z wmmeer pamr < g — 1. CaemoBarenpHO,
cucrema 'Uz = f umeer pemenus B (% 77);, KAKOBO OB HM OBLIO
fE(Fop™), otkyna u caemyer (9).

3damedanusa B) CoBepmeHnHO Tak jKe, KAK W B 3aMeYaHUH a),
MOKHO IIOKAa3aTh, UTO €CJU [ eCTh r-IOYTH-IIePHOJUIeCKOe pacIpesele-
ame, e 1 <<r <<m + 1, to pemenue wof sBaserca (r — 1)-mourn-
IepuofudecKUM. JTO 3aMedaHNe II03BOJsIeT PACIIMPHUTH KIacc BXOHLOB f,
IaA KoTopeIXx cuereMa (1) maer B KauecTBe BEIXoma ¢yHroumio Bopa.
Ilycrs f ects 1-moutn-nepuogudeckas mepa, 00aaqaiomas TeM CBOHCTBOM,
9T0 f-Mepa KasKmoi Touru ¢ € R paBHa HYIIO (3aMeTHM, 4TO KJIACC TAKUX
mep BRI4YaeT B ceba ¢ymrmun CremavoBa (cM. § 5 mpuioskenus)).
Torma pemenue weof sBisercsa O-mourm-mepmommuecknMm. M3 crasan-
Horo B § 1 caemyer, u9To wof — HempephiBHag (QYHKIWA M, 3HATHT,
wof — pyurnua DBopa.

1) 3amermM, 9TO 37eCh HeIpPUMEHNMa CXeMa, NCIOJb30BAHHAS IPH TOKA3ATENb-
cTBe TeopeMu 1, m6o mpocrpaECTBO % He ABIAETCA COUPSIKEHHHM K LOPOCTPAH-
cTBY RBYp-
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r) B ycaosusx Teopem 1 m 2 efuHCTBEHHOE OTPAHUICHHOE (cooTB.
OUTH-IIePUOATIeCKoe) pelleHrne wwof YCTOHIMBO B TOM CMEICIE, €TO
a060e Apyroe pellleHue HMeeT BUJ wof + x4y, Tme x4 () = X (¢, 0) o
(o6mee pemeHue OXHOPOTHON CHCTEMbI) YHOBJIETBOPSET OIEHKE

§ 6. CucreMpl ¢ 3ama3fBIBAIOIIMM APTyMEHTOM

1. PaccmorpuM cucteMy ypaBHEHW
2+ A@)x+ B(({) e =T, (1)

re A (£) = (s (), B (f) = (Bi; (1)) — marpmusr pasmepa [ X [, yro-
BJIETBOPAONIUE COOTBETCTBYIOIIUM YCJIOBUAM PEryisApHOCTH, [ — Hexo-
Topoe pacupefeleHme M T, — OIePaTOp CABUra Ha h. las ompeneleH-
HOCTH MpPEeIOJOKAM, YTO MBI HMeeM JeJ0 C 3ala3[bBaiomuM apry-
mentoM 1) (A > 0).

Cucrema (1) ABuserca (HEOZHOPOFHOM) COMPsKEHHOM cucTeMOR A
CHCTEeMHBl C OIepPe;KAMUM aPTyMEHTOM

—y' (s) +y (A +y(s+R)B(s+h) =) (2)

PaceMoTpHM STy cHCTeMY B ciydae (OOBITHBIX) ¢yurnuii. Hak ussecTHoO,
eciu A, B u ¢ JOKaJbHO CyMMUDYeMBI, TO KasKI0d HeIpepHBHOM Ha
[0, 0 + hl ¢Qymrmmm m oTBeYaeT OJHO pemeHHe (B cmmicae KRapa-
reogopu) ¥y (s, 0, M) cucremsl (2), ompejieleHHOe HA (— o0, 0+ h)
U YIOBJETBOpsOIiee HAYAJBHOMY YCJIOBUIO Y (s, 0, M) = M (s) mpm
s € lo, 0 4+ hl2). Cormacno Bemmmany u KRyky, 5T0 pemeHHe MOKHO
mpeacTaBUTh B BHU[E

(s, 6, =yo(s, o, + S @O X (4, 9)dt mpr s<o,  (3)

Tae
Yo (s, o, M) =mn(s) mpum sE€ [0, o + hl,
o+th
Yo (s, 0,m) =mn(0) X (0, 5) — ) n(t) B (t) X (t — h, s)dt mpu s<< 0. (4)

3necs Marpuma X (f, S) ymoBIeTBOpseT YPaBHEHUIO
0X (2, s)

— L ABDXEs)+BH)X(t—h,s)=0

1) CmcteMbl ¢ ONepesKeHHeM (h << 0) mccaepyrTCs AHAJOTUIHBIM obpazom.

2) Pernenme olpefeisercA IIAT 3a IMaroM Ha naTepBanax [o — (j + 1) &,
o —jhl, j =1, 2, ..., u60 Ha KaKIOM HHTEpBaJe noxyuaeM cucremy (Hapareo-
nopn) OOHKHOBEHHHIX JH(depennuaIbabIX ypapuennii. Ilepexon or WMHTepBaJIA
K WHTepBaly OCYIIecTBJIAETCs, HCXOAA N3 TpeGOBAHNS HEIPePHBHOCTH DEINeHIA

B TOYKax o — jh.
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B cmpicie HKapareomopu mpu ¢ € [s, +o0), X (s, ) = E, X (¢, §) =0
npu t << s. Marpuny X MOKHO ompenesuTh METOLOM HOCHe0BATeJIbHEIX
OpUOAMKEHNH, UCXONA M3 CHCTEMBl MHTETPaJbHBIX ypaBHEHHUI

X(ts)=E— §[A WX, ) +BMXMA—h 9)]d, I>s

Dra MaTpHIa HempephBHA 10 COBOKYIHOCTH TIePeMeHHBIX B J1000#
Touxe (¢, ), ¢ == S, I aOCOIIOTHO HeIpePHIBHA TI0 { B JII000M KOMIAKTHOM
HogUHTepBajie modyupamoi [s, --oo).

N3BecTHO, 4UTO peIIeHWs CHCTeM C 3amas[sBAOIUM apTyMeHTOM
oIpefieJeHbl JUINb HA IOJOKATEJIbHON MOIYIPSIMON U YTO ITH PEIIeHUs
HeNb35, BOOOmEe ToBOPA, IMPONOKHATH Ha BCI JEHCTBUTENBHYIO OCh.
Hecmorpss Ha 5TO, CYINECTBYIOT peIICHUsd, KOTOPHE YIOBIETBOPAIOT
Hamieil cmcreMe Ha Beell ocu (TouHee, pellleHUss, KOTOpPhie €CTeCTBEHHO
IIPOTOJRAIOTCA eUHCTBEHHEIM 00pa3oM Ha BCIO OCh: PeNIeHN:A, [aBae-
MBIE OTIepaTOpPOM BXOHA — BHIXOfa, IePHOAMUECKHE DeNIeHus U T. IL.).
B srom maparpade nod pewenuem cucmemwv (1) 6ydem nonumamo écaroe
pacnpedeaenue x € (D'™),, ydosaemeoparoujee cucmeme (1) na scei ocu.

2. YceraHOBUM CHAUajla OfUH Pe3yabTaT, KaCaMunCsa peryiapHoCTH
pemenuii, He 3aTparmBas BOIPOCA O CYIeCTBOBaHHUM.

B macrosmieM U ciegylolleM OyHKTax OyfgeM mpeamosararb, 4TO
Matpunsl A, B mpumamieskar riaccy 6.

Hpexgmomenue 1. Iycmv pacnpederenue [ umeem nopadok
r,r<m -+ 1. Ecau r = oo, mo pewenua cucmemsi (1) (6 npednoaoxce-
HUW, umo OHW cyuecmeyiom) umelom nopador oo. Ecau 1 < r << oo,
mo a1060e pewenle KOHeuH020 nopadka umeem nopadok 1 — 1. Ecau
r = 0, mo a1060e peurerue KOHeuH020 nOPAOKQ Aeatemc Pynkylel 02pa-
HUYeRHOT apuayuu Ha 4060M Komnarmuom unmepsate. Ecau [ —
AOKAALHO cymmupyemas PyHEYUSL, MO 6CaAK0e 0000u erHoe peuerie KOHeL-
noz0 nopadka seasemcs pewenuem Kapameodopu (na RY).

INorasartenxnsbcTBso. Illycre £ — pemeHne CUCTOMBI (1). Torpma
2= —A @)z — B () tpx + /. (D)

Ecau r = oo, To JeBas dacTh (1) mMeeT MOPATOK oo U IO Jemme 3
§ 1 x nmeer mopsamor oo. llycrs 1 << r < co m x umeer KOHEUHBIA TOPA-
mok ¢q. Torma ¢ <<r — 1, n60 B MPOTUBHOM CIyYae U3 JIEMMBIL 3 § 1 cue-
noBajio 6B, 4TO JeBas 4acTh (1) mmeer MOPSMOK = r, BOIPEKRHU IPEIIO-
TO;KeHNIo, uTo f uMeer mopAmok 7. Hus r = 1 moxydaem q = 0, u Hame
yIBeps;kaenHne pokasano. Jasa r > 1 mpepmomnoskenne g <1 — 1 mpmu-
BoguT K mpoTmBopeunio. [leiicrBurenarno, eciu g < r — 1, To mpaBas
qacTh (5) IMeeT TOPAOK 7, JeBas jKe JacTh, ¥ , UMeeT, COTIACHO JIeMMe 3
§ 1, mopsamok ¢ + 1 <<r. Urak, ¢ =r — 1.

Iycrs r = 0 u x uMeeT KOHe4HHIH mOPAMOK g. Torxa x2' mmeeT mopsA-
nok O, u6o B IPOTHBHOM cjyduae JeBas U IpaBas 9acTu () mMeln OBI
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pasaudanbie mopsaaku. M3 gemmer 1 § 1 BuTeraer, 4ro z — QYHKIHUA
OrpaHUYeHHOW Bapuaruy Ha J0O00M KOMIIAKTHOM WHTepBaJe.

[Iyers, HakoHeN, [ — JOKAJIBHO CyMMHUpyeMas QYHKIUA U X HMeeT
KOHeUHHH MOPANOK. V3 CKa3aHHOTO BHINIE CJIERyeT, YTO X eCTh ()yHKIUA
orpaHNYeHHO Bapuammu Ha JI000M KOMIIAKTHOM HuHTepBaie. llpaBas
qacTh (D) ABIACTCA IMOITOMY JOKATIHHO CyMMUpPyeMoil GyHKume#, u JeM-
ma 2 § 1 moxassiBaeT, 9T0 GYHKIUA x aGCOIIOTHO HeIpephBHA Ha JII000M
KOMIIAKTHOM WHTepBale W, 3HAUNT, fABJIseTcsa pelleHmeM Hapareomopu

(ma RY).

3ameuanue.a) Kak Mo mokasanu B § 1, 1A cucreM 00bIKHOBEH-
HBEIX JuQepeHnuaIbHblX YPABHOHUN 3aKIUEHHUA MPeAbITYIero mpes-
JTO’KeHNd CIpaBegauBsl W 0(e3 TOTO YCJIOBHA, 4TO pelleHue z uMeerT
KoHeUHHH mopsamok. OgHAKO AJA CHCTeM € 3aHa3IbBAlOMUM apIyMeH-
TOM HeJIb3s O0TKa3aThCHA IOJHOCTHI0 OT HTOT0 YCIOBHUA; CYIMECTBYIOT
CHCTeMBI ¢ 3alla3mbiBaHueM (U [a;Ke OTHOPOHBIE), KOTOPHE [OIMyCKAIOT
0000meHHEe pelIeHns mopsagra oo. JledcTBUTENBHO, WMYyCTh

-+ 00 -+ 00

L= n;]o Dn":——nh6 -+ n;]i Tnth—ly

rxe H, — ¢ymknum, paccmorpenusie B § 1 mpuuoxenusa. OueBUHO,
HATMCAHHBEe pANH (0esycioBHO) cxofgarca B P’ m pacHpejereHne
nmeeT mopsAmor oco. Jlamee,

+oo +oo
z' = Eol)nﬂ"?——nh((S + 7.0 + EzTnth——z‘—‘
n= n—

-+ 00

+00
= Tp { 2/:01)7117—1##‘5 + Zi 17nhf[n—1} = TpZ.

Takum ofGpasomM, pacmpefeseHne x MOPSAKA 00 yAOBIETBOpsAeT (CKAIAP-
HOMY) YpaBHEHUIO

x — 12 = 0.

YrBepuenus mpenioskeHuA 1 ocTamyrcsa B CHIe, €CIH moTpeboBaTk,
q100bl peleHne WMeJIO0 KOHeUHHH MOPANOK IUIIL Ha OTPUIATeNbHOM
nonynpaMoii. Ecam 0TRasaTbcs MOIHOCTHI0 OT YCIOBHA KOHEYHOCTH
MOPAKA, 3aKJII0UeHUS MPeIoKeHNA OyyT CIpaBeJJINBLI JIUIIH HA IIOJO-

JKATETHHON MOJYIPAMOI.

3. CoBepmenHo Tak ke, Kak I B § 3, MO;KHO PacCMOTPeTh OIepPaTop
Bxoma — BEIxoma. Ilyers U: (2™*); - (2™, — omeparop, oupe-
IeJCHHBI COOTHOMEHUEM

Uy) ()= —y () +y A +y(s+RB(s+h), ye(@= )

Torma cucrema (1) mpm f € (D™, u x € (P_™), nepenuinercs B BUfe
tUx = {.
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Hemocpengcrenno BugnO, 4T0 M5 J11060TO ¢ € (D™, cucrema (2),
KOTOPYI0 MOKHO 3samucarh B Bujge Uy = ¢, momyckaeT eguHCTBEHHOE
peutenue P € (D7), Jlamee, mcHonb3ya mpencTaBaeHne (3), MOKHO,
Kak W B § 3, mokazarh, 4ro U/ ecTh aarefpamveckuili W TOMOMOTHYECKITiL
uzomopdusm (D), ma (PD7),. Orcioga BwITeKaer, uro ‘U ectb aare6-
pamdeckuil u TomosormuecKmir wmsomopdusm (D™, ma (D™,
Obpartubiii K HeMy (omepaTop BXoja — BHXO0/a) IPEICTABAM € MOMOIIHIO
omepanuy B3ATHA KOMIIO3UIAN:

(O f=wof mpu [e(@ Y,

rge ' — cemeiictBo  QyHKnmin {wg}scp, we (1) = X (¢, s). B 1o me
BpeMsI

V(DT o) = (D1EY),  mast Beex ¢ € R

4. Ucmonbsya mpegcrasienue (3) u Tor parr, uro teopema Ilepcus-
CKOT0 00 DKCHOHEHNHUAJIbHON yCTONYMBOCTH JIMHEHHBIX CUCTEM OCTAETCS
B cmie fudA cucreM ¢ samasjgpiBaHuem (cm. [31]), pesymbsrarst § 5 merxo
pPaciupoCTPpaHUTh HA CHUCTEMBI C 3ama3fbiBaHUEM.

B otom m caegyromem myHKTax Gygem Ipeimoiarath, uTo i, Pij €
€ %™ u uTo HyJNeBoe penieHHe CHUCTeMbI

() +A@z@)+B@)x(t—h =0 (6)
PaBHOMEPHO ACUMITOTHYECKHU YCTONYUBO.

Pacemorpum omeparop U us mpefnigyniero ImyHKTa KaK OLMePATOp
us (Z7i); B (PTh);. Uro6wr mepemectn Teopemy 1 m3 § 5 Ha cucTeMbI
C 3amasjbiBAHUEM, 3aMeTUM IIpeskje Bcero, 4ro mo Teopeme Ilepcumckoro
cymecTByioT takue a >0, b == 1, uro X ygosieTBopseT COOTHONICHHUIO
(2) § 5. CnemoBarensuo, ¢pyuxuus ¢ (¢) X (¢4, s), ¢ € (P7), cymmupyema
no . Jlerko mpoBepsiercs, uro QyHKIUA

—+ o0

v = o Xt 5 a
S
HeIIPepHIBHA; lajiee, KaK U B § O, IMOKa3biBaeM, uTo p CyMMHUpYeMa i yo-
BIETBOPsET CooTHomeHUo () § 5.
llpusesennoe B § 5 jpokasateabCcTBO TOro (akra, 4TO (YHKIUS P
abCoTioTHO HeTpephiBHA M yHOBJIETBOpseT cucteme (2), Temeph He HpPo-
XO[[UT, TOCKOJbKY [JsI CHCTeM C 3amas/biBaHueM (QOopMYyJa '

X (t, s) =X (t, 0) X (0, s)
He MMeeT MecTa.

ITy TPYAHOCTH MOKHO ofoiTH caemyiomum oGpasom. Ilyers 1 —
cyskenue p Ha muTepBax [0, 0 + kl. B cuay (3) ompemeirennoe Ha
(—oo, o + hl pemenue y (s, 0, n) cucremsr Uy = ¢ piaa s << 0 3amuchi-
BAaeTCS B BUJEC

o+h

Y (s 0, M=)+ (0)[X (0,9 —El— § $(OB X (t—h,s)dt.

g

14 A. Xanawuaii, II. Bexcaep
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Tax xar | X (¢, §)| < b, T0 AusA s << 0 mOIydaeMm
+

|y (s, G,n)—¢(8)|<llb(0)l(b+1)—l-blllBHloGShW(t)ldt<

o

<L (0414 bRl B [l el h]lllJ (M) ]-

o, 0+
VunrsiBas, uro ¢ € L' m

+ o0
]w(k)l<b§|@(t)|dt,

MB Tosydaem, 410 ¥ (s, O, n) — (s) mpm ¢ —> 00 paBHOMEPHO IO §
s mioGoM mHTepBaje Bmaa (—oo, al. Targ ®ax y upu s < 0 yJOBJETBO-
pser COOTHONIEHHIO

yi(s, o, m) =y (s 0, MAE) Tyls+ho n) B (s +h) — @ (s)
(7)

HOYTH BCIOJY OTHOCUTEIBHO S, TO MPOM3BOHAI y. cxomures B LY [sy, s,l
npu ¢ — - 00, KaKOB 65 HU GBI KOMIAKTHEIL mHTEPBAT S, so] (mpm
m =1 ¢yHrnua Yy nuddepeHnupyema LA a00oro s <, 0, COOTHOIIe-
uane (7) mMeer MeCTO OpHI M06oM § << 0 ¥ CXORMMOCTh IPOM3BOJHOL PaB- -
HoMepHa Ha J000M KOMIAKTHOM naTepsase). OTcioma ciaegyer, UTO
Ha Jio00oM KOMIIAKTHOM WHTEPBAJIe [s1, S2] pymruIMs P abCOMOTHO HeIpe-
peBHA U Ys (S, O, n) —P’ (s) B L [sy, S;] mpu o — - oo (cMm. npu-

meuanue Ha cTp. 271).

[lepexons B (7) K mpefeny B L' [s4, s,] mpm 0 — -+ oo, mosryuaem,
wro P yA0BIETBOPSIET CUCTEME (2) Ha [s1, s,], RaKOB OB HE GBI KOMIAKT
[s;, so]. CumemoBaTedbHO, P YIOBJIETBOPAECT CHCTEMO (2) ma R' (mourm

BCIOY)-
B paspHeiimeM f0Ka3aTelIbCTBO PAsBUBALTCH, KAK n B § 9. Tarmm
obpasom, meopema 1 § O cnpasedausa (6 mot dce gopmyauposke) 04

cucmem ¢ 3anadodvéanuem.

e
5 Viajkem Temeph cmoco0, € IOMOMbI0 KOTOPOIO MORHO pPacIpo

cTpaHUTH Ha CHCTEMBI C zamasabpBaEmeM TeopeMy 2 § 9. [Tpenmoaomnm
IMonosxum

0
criepna, 10 &y, Pis € F o |

Z (u, v, u)::X(u—I—u,v—}—u)——X(u, v).

Marpuna Z gis u = U yIOBJIETBOPAET (B CMEICIIE Kapareomopn) cucreme

w—l—A(u)Z(u, v, W +BWZu—h v =

du
—[A W) —A@+wWXutpv+n+
+[B W) —Bu+wlXE+p—h v+
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Kpowme Toro, Z HempephiBHA B TOUKAX U = U U Z (u, v) =0 opn u < v.
Vcnonpsysa sgBHOe TpeCTaBIeHUe PEIeHHI JJS CUCTeM C 3alas/biBa-
HHeM, IojJydaeM TPH U = U

2, vy W) — § X (1) (A () — A (h+ WIX (b + i, 04 ) +

+[B®M) —B @M+ WX (A4 p—h, v+ w)jdh
Tlockomsry X ymoBIeTBopseT CooTHomeHHio (2) § 4, To gua u = v

| Z (w0, ) | << (w—v) e ““ Pesssup | A (R) —A A+ w)]+

AERY

+ b%™ (u—v)e ™ Pesssup |B (M) —B (A4 ).
AER!
[locTymas coBEpIIEHHO TaR ke, KaR M HIPH JOKa3aTeIbCTBE JEMMBI § I,
yCTAHABIWBAEM KOMIAKTHOCTD «IHATOHANBHBIX CJABUTOBY Marpmisr X.
Tlasee, Ha cHCTEMBl ¢ 3amas3fblBAHUEM MOYKHO MEPeHeCTH IIPejloKe-
e W3 § 5, a UMEHHO: ecau Hyaesoe peuierue cucmembt (O) pasHoMepHo
acumnmomuuecky ycmotiuueo, i, Pij € Bop u [ € (L pp), mo cucme-
ma (1) donyckaem eduncmeennoe pewenue Kapameodopu, noumu nepuo-

duueckoe ¢ cmuwcae Bopa; smo pewenue daemcs @opmyaol
t
()= \ X (1,59 ](s)ds.

TeiicTBUTEIBHO, TAK jKe KaK U B IpeAbIAyIIeM IYHKTe, IOKasbiBaeM,
uro 2% siBasgercsa pemenmem Hapareomopu cucremsi (1), a morom, HCIOTD-
3ys1 KOMIAKTHOCTH «HATOHAJHHBIX CHBUTOBY» MaTpuinl X, HOKa3BIBaeM,
KaKk ¥ B JOKa3aTeJIbCTBe IpemJosKeHus u3 § 5, uro x* saBigercsa QyHK-
nueir Hopa.

B cumay Bcero ckazamHHOTO meopema 2 § O HeMeJAeHHO NepeHOoCUmcs
Ha cucmeMmsl ¢ 3ana3dveanuem, ¢ coxrpaHernuem gopmyauposku u Jokasa-
meabcmea.

6. B sTroM m mocleqyommux MyHKTaX HOPERHIOJOKUM, YTO MaTpPHUIBI
A, B mpumajjie;kaT Riaccy 6 U ABIAKTCA UEPUOJUIECRUMH C EPHUO-
mom 2. McecdenyeM CTPYKTYypy IPOCTPAHCTBA IEPHOTMYCCKUX peIeHUH
OTHOPOIHOM CHCTEMBEL

—y' () +y() A +y(s+hHB(s+h =0 (8)
7 CONMPSKREeHHON OMHOPOJHOM CUCTEMBI
W)+ A@z@) +B@z—h) =0 (9)

¢ mepuomom 21 ).

1) Cayuait mepmofmdecKuX peIIeHuid ¢ ITPOU3BOJIBHLIM MEPHOTIOM © (B mpep-
MOJIOMKeHNHT, UT0 A ¥ B MMeIOT TOT jKe MePUoJ] ») CBOAUTCSA K CIydal0 Pemenui ¢ nepuo-
IOM 27T MOXXOMAANIeill 3aMeHOU IePeMeHHBIX.

14
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ITpeamososkuM, 9To 3amas3blBaHNe YAoBIeTBOpsieT yceaoBuio 0 < h <<
< 2m, uTo He HapymaeT o0mHocTH paccy:kaeHuil (ecam h = 2kn -+ hy,
0 < hy << 2m, TO 3aMeHUM TIPOCTO A HA hy; 3afava CyIECTBOBAHUS peie-
HU ¢ epumojjoM 27 JJis CUCTeMHl € 3ala3fbiBaHWeM /i DKBUBAJIEHTHA
3ajjave CYIIeCTBOBAHUS peNieHul ¢ MepuojoM 257 JJis CUCTEeMHI ¢ 3amas-
BIBAHUEM £4).

Kax morxasamo B § 1 mpuiioskeHUs, BCAKOE MEPUOUIECKOE pacIipese-
JeHUMe UMeeT KOHEUHHIN mopAmok. Tark Kark mepuojuyecKoe perieHume
ompejeieHO Ha Bcell BelecTBeHHON ocu, m3 mpepioskenusa 1 ciaexgyer,
uto cucmemst (8) u (9) e umerom Opyzuxr 0600wWenHbL peuLeHUll ¢ Repuo-
dom 21, Epome obwmunwx. HemeniemHo mpoBepsieTcsi, 4To 3TU pPelIeHUS
mpuHajpaekar kiaaccy €7 ma R

YeaosueMm TOro, uTO pemieHue Y, cmereMsl (8), COOTBETCTBYIOIEe
HAuaJIbHOM (YHKIUE 1, omupepedeHHol Ha wnHrtepBaxe [2m, 2m -+ Al
uMeer mepuoyi 21, ABISAETCH paBeHCTBO

n(s) = yo (s — 2m, 2w, ) mpm s € [2n, 2 4 Al. (10)

Bamuiies 9To ycjoBue B Apyroil popme. PaceMoTpum mpocTpaHCTBO
€, [2n, 20 -+ k] mempepmBEHX ¢ymrnumii |27, 2n + k| - C', nage-
JIeHHOe HOPMOI paBHOMepHO cxogumoctu. Ilycts Vi — onepamop cdsuea
Ha nepuod 6doab pewerHull,

Vi €, 12n, 20 4+ k] — €, [2n, 20 + Al,

(VM) (S) = Yo (S - 2”? 23-[" 7])

B cuay (4) omeparop V nunreen u HerpepsiBeH. Tar kak y, (s — 2m, 2m,
m) yaosiaersopsier mpu s € [2n, 2n - k] cucreme (8), To 00pas mpm
oroOpaskenun V;y BCAKOTO OTPaHWYEHHOI0 MHOKecTBa ol < G, [2m,
2n - k| mpepcraBiasier co60if MHOKECTBO (QYHRIWIL, IepBas IPOU3BOJHAS
KOTOPBIX paBHOCTemeHHO orpaHudeHa. Orciofa caemyer, 4T0 QyHKIUN
u3 Vioff paBHOCTENEHHO HETPEePHBHEI, W U3 TeopeMbl ApIiela BLITEKaer,
4TO MHOMeCTBO Vioff oTHOCcHTENbHO KoMmakTHO. (CiemoBaTelbHO, One-
pamop Vi kKomnarmer.

Yeaosue (10), meobxojuMoe U JOCTATOYHOE [JIA NEPUOSUTHOCTH
peIleHNA, COOTBETCTBYIOIEr0 HAYAJILHOW (GYHKIMHM 1), MOKHO, TaKHM
o0pasoM, 3amumcaTh B BUjE

(B — Vy)n=0. (11)

Teopema 1. Cucmemn (8) u (9) umerom 00no u mo xe (Koneuroe)
YUCAO AUHETIHO He3a8UCUMBLL peuenull ¢ nepuodom 2.

NokasarTeabctTBo. UYncio He3aBUCHMBIX HEPHOAUICCKUX
periennii cucteMsl (8) COBIajaeT ¢ YMCIOM HE3aBHCHUMBIX IMePUONYECKUX
pemenuii ypasuenus (11). Taxr kax omepatop V; KOMIaKTeH, 9TO YHUCJIO
KOHEeYHO, cKaykeM paBHo n. Hua m € 6, [2n, 2 -+ k] momommm [ =
= T—ag—pl], Tak  HUTO £ €€, —h, 0l E(s) = m(s+ 2n + h),
s €l—h, Ol. CaBur T_sq_p: M —C ecTh m30MOpPPU3M IPOCTPAHCTBA
6, 12n, 2n + k] ma €,[—h, Ol, upuuem oOGpaTHHIM u30MOpPHU3IMOM
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ABASACTCS CIABUT Tonyp. ClemoBaTedbHO, onepatop Vo = T_ong—pViTogtn
us €,l—h, 01 B €, [—h, O] rmamxe wommaxrten. Dymxnusg v yjoBie-
Topaer yciosuio (11) Torma m ToALKO Torga, Korga { yMOBIETBOpPSET
YCJIOBHIO

(£ — Vy) T = 0. (12)

CiemoBaTejIbHO, YUCJIO0 HE3aBUCUMLIX pPeEIleHUN aBHeHus (12) ToOkKe
I ’
paBuHo n. HememienHo mpoBepsercs, 4To

0
(Vol) (s) =C(—h) X 2m, s+ h) — S C@)B(t+ h) X (¢+ 2m, s+ h)dt
~h
Pemenue xz, cucremsr (9), onpeﬂeﬂﬂeMoe Ha4YaJbHBIM YyCJIOBHEM
£ €, [—h, 0], naerca (cm., mampumep, [31]) dopmymroit

2o (1, 0, &) = X (¢, 0) £ (0) — O_ShX(t, sR)B(s-h)E(s)ds mpu ¢3>0.

Kax w BHIIIEe, MOKHO JOKAa3aTh, YTO Z, MMeEeT MepPHO 27T TOTHA U TOJIBHKO
TOrma, Korjga & yAOBJIETBOpPSIET YCJIOBUIO

(B — V)& =0, (13)

rie Vs €,[—h, 0] —%;[—h, 0] — omeparop cjaBura Ha TepPHOJ
B0JIb pemneHuii cuctemsr (9),

(V8) () = X (1423, 0 B (0) — § X (142, s+ 1) B (s + W E(5) ds

Takum o00paszom, YWCJIO0 HE3aBUCUMBIX IePUOAUYCCKUX pEIIeHUUl CucTe-
MBI (9) coBmamaer ¢ YMCIOM HEe3aBMCUMBIX pelleHud ypasHemusa (13).
JTo UHmCIo, cCKaykeM p, KOHeuHo, 00 omepaTop Vj; TarsKe KOMIAKTeH.
Ocraercs mMoKasaTh, 4TO p = n.

C 9Toii Tesbi0 BBegeM ciaepyiomiyio OounwHeiiHyio omeparuio. Ilycrs
¢, P — mBe ompepenennsie Ha [—h, 0] marpuunbie yHKUEM, KOTOpHIE
MOYKHO YMHOKaTh Apyr Ha apyra. llpepmososkmm, 4ro ¢ u | mMeOT
KOHEUHOE YHCJ0 TOYEK pa3phiBa W 4TO (p HeIpepbIBHA B HYyJe, a \p Hempe-
poiBHA B TOukKe —h. OHpe,IIe.HI/IM VIOMAHYTYI0 OWJINHEHHYTIO Oliepalio
dopmynon

@nw=¢«—><»—5w B (A 1) ¢ (A) dA.

—h
Mu moskem Hamucath

(Vs S): {€@®, X @+ 2n, s+ N1}, (14)
(V3§) — (X (¢t + 2m, s+ k), E(s)}.
YceranoBuMm ciepyioliiee CBOMCTBO:

{Vol, &) = {G, VsE} (15)
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LA TI00HX HempepwBHHIX Ha [—h, 0] ¢ynromii co sHaYeHUAME B C'.
I eiicTBUTEIBHO,

VoL, 8§ ={L(—Rh X (27, s+ h) —
__Shg(t)B(z-g_k)X(t—}—Zn,s+h)dt,E(S)}=

0

— (=M X @2, 0) = J TOB L+ WX (¢4 2, 0)d] §(0) —

— §[E(=M) X (2n, s+ k) —

h

——OSZ;(t)B(z+h)X(t+2n,s+h)dt]B(s+h)g(s)ds:
—h
C(—hy X (2m, 0) & —Sg(t (t 1= h) X (¢ + 2, 0) E(0) dt —
— L C(= X @ s+ 0B (s+MEE ds+

+§ §§ t)B (t 4+ h) X (¢t + 27, s+ h) dt] B (s + h) §(s) ds.

~h —h
Mensiss mopAmoX WHTETPUPOBAHUA U IPYNOUPYS UYIEHBI, IOTyvaeM

{Vol, 8} =C(—R) [X (2w, 0) E(0) —

— (_)g X (2m, s+ h)B (s + h) E(s) ds] —

—h

__S‘h L() B (t+ k) [X (¢ + 2n, 0)E(0) —

— 3 X (t-+2m, s+ h)B(s+h) E(s)ds]dt=
—h
= {{(8), X (¢ + 20, 0) E(0) —
— 5 X (t 4-2n, s+ h) B (s + h) E(s) ds={L, VsE},

4eM U JoKaszaHo cBoiicTBo (10).

Hyers %) [—h, 0] — compssrennoe & mupocrpanctsy 6, [—h, 0],
7. e. mpocrpancTso Mep Ha |—£k, Ol. Bynem oGosmauarp uepes (1]), u)
sHaueHWe MepH | Ha QYHKMUE . B cmiy rommaxTHOCTH omeparopa Ve
uMeeM

dim {p[p €6, [— &, 0], (E—"V) p= 0} =n. (16)
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L3 L3 l
Kasxmoit mempepwisaod Ha [—h, 0] Qynrmun £ co smavenusmu B C
MBI COIIOCTABEM Mepy &, oIpexeisieMyio COOTHOIICHUEM

(W, =, &} maz YEG[—h, O]

Cysxenne oTobpasxenmsa § — & Ha MHOKECTBO pemenuii ypasuenus (13)
ABJIseTcA anredpamyecKUM M30MOP(UBMOM. Il eficTBUTENHHO, TIYCTh &,

¥, — [Ba pelleHus ypaBHEeHU (13). Eciun & = &, 70, KaK JeIr'Ko BU/ETD,
(X (t+2m, s+ h), 89} ={X @+ 2m s+ h) &6}

upn ¢t € [—h, 0], m m3 (14) caegyer paBeHCTBO V&, = V&, Ho rorma
B cuay (13) & = &a. N
Beuny (15) miast Ti00bIX HEHPEPHIBHBIX HA [—%, 0] ¢pyuxmuit &, &

co 3HaueHWAME B €' umeeM
~S F-/

(€, 17,8 = (Vig, §) = {VuL, B} = {L, V&) = (G, V).

3HauuT,
/_-/

'YE = V,E. (17)
[Iycrs Temepsh &j, 1 << j << p,— MakcuMalbHAs CHUCTEMa He3aBUCU-

mbix pemenuii ypasmerua (13). Tax rar cyseHme oTobpaskenus & — &
Ha MHOKecTBO pemmenuii ypasHenus (13) sBisercs ajiredpamdecKum

mzomopdusmom, To Mepsl &; us 6 l—h, O] ramme HesaBMCHMEL. Ho

o~ S— ~

£; = V,&;, mosromy m3 (17) BuITeRaer, 4TO E; o0pasyIioT cucTeMy p Hesa-
pucuMEx pemenmii ypasuerus (E — 'Vy) p = 0, u B cmry (16) p < n.
Mensiz mectamu Vo, u Vg, moiydaeMm, n << p. Takum o0pasoMm, n = p,
I TeopeMa JoKa3saHa.

7. K (meomHopomubiM) HepHOAMYECKUM CHCTeMaM C 3amasfblBaHneM
meTon § 4 HempuMeHuM, XOTS OBl HOTOMY, UTO 3[€Ch MBIl HE pacloiaraeM
$OpMyJIOH AJNA ABHOTO IPENCTABICHUS perieHmii, Kpome ciydas, KoTfia
f ecTh BO3MYyIeHVE THHA QYHKIWH. C gpyroi cTOpOHEI, Jajke B Clydae
BO3MYIIEHN THNIa QYHKIUN METOJ § 4 HaTaJIKUBaeTcsd HA OIpeeJeHHbIe
TPYAHOCTH, IOCKOJIbKY IPOCTPAHCTBO HAYAIBHEIX yCIOBUYA HE MMeeT
KOHEYHOU PpasMEpPHOCTH.

Jlas maydYeHUs] MEPHOAUIECKUX CHCTEM C 3aMasiLIBAHIEM BOCLOJL-
3yeMes CJAeyoIiM 0000IeHneM Te0peMbl Bamaxa (em. [7], [47]), xoro-
poe HazoBeM meopemoi B.

Myems F, G — npocmpancmea Ppewe v U — AUHEUHBI onepamop
F — G. Caedyowue ycaosus sKeUBALEHITHDbL:
(a) onepamop U ecmb 2omomopgusm 1 npocmpancmea F na UF;

1) JIumeitnoe oTo0paskenue U JIOKAIBHO BLITYKJIOr0 HPOCTPAHCTEA F B J0KaQJIBHO
BHIIIYKJIOE MPOCTPAHCTBO G HABHIBAEGTCHA 20MOMOPPHUIMOM, €CIH KaHOHUYECKUIl M30-
MOPYHE3M PaKTOPIPOCTPAHCTBA F/U-Y(0) ma UF sBasgeTcsi TONOIOIMYECKUM H30-
mopdmamom. Jlist sTOTO HEOOXOMUMO ¥ MOCTATOYHO, 106w U OBLIO HEIPepHBHO
1 4TOGHL 06Pa3 BCAKOIO OTKPHITOTO IIOMHOKECTBA B F ObLI OTKPHIT B UF.
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(6) muoxrcecmso UF samknymo ¢ G;

(B) onepamop U nenpepbigen u umeem nenpepuishuiii o6pammuiii cnpasa,
m. e. cywecmeyem Mmakol Henpepuvlenwlil aunelinvil onepamop V us UF
6 I, umo UVy = y 0aa awbozo y € UF,;

(r) onepamop U mnenpepusen, u ypasnenue ‘Uz = f nopmaivro pas-
pewumo, m. e. das awbozo [ € F' ypasnenue Uz = f donyckaem pewenus
(6 G') mozda u moavko mozda, Kozda [ opmoeoraavio Ko écem peusenusn
(6 F') o0nopodnozo ypasnenus Uy = 0.

N3 mpemsiaymnieit TeopeMbl HeMeJIEHHO BHITEKAET KIACCUUECKAS TEO-
pema bamaxa o mempepsiBHOCTH omeparopa, 06paTHOrO K HEKOTOpOMY
obpaTUMOMy HeNpepLHBHOMY JIUHeHHoMy omepaTopy us K na F.

Kax Mbl yBUAUM B ciejyionieM HyHKTe, IPH IPHMEHEHUU DTOH TEO-
peMbl K M3YYeHWIO HEOJHOPOJHBIX MEePUOLUUYCCKNX CHCTEM WCIIOIb30Ba-
HUe anmapara o0001eH X GYHRIUI CYNeCTBeHHO, Jla/Ke eCIH | SABIACT-
CA BO3BMYINEHUeM THIa (GYHKIWH.

8. Bepuemcst k cucreme ypasHeHmii ¢ samasgeBammem (1) m mpegmo-
TO;RUM, 4TO Marpunp A, B npumamiexar Kiaaccy €7 W ImepHoTMIHb
¢ mepmojgoM 2m. 3ajada CyMECTBOBAHUA HePHOIUICCKUX pelteHuii ¢cBo-
AUTCA K 3ajade CyHlecTBOBaHUA pemenuil cucremsl (1) B mpocrpancrse
(&™), BewTOPHHIX pacmpefeneHuii ¢ mepmogmom 21 (M. § 3 mpmimosKe-
HUS).

Pacemorpum omepatop U ms (7' 1), B ($™),;, sagaBaemsrii gopiyioit

(Uy) (s) = =y (s) Ty () A(s) + y(s+ h) B (s + ).

Ouesupro, oneparop U mempepniBer. CoIpsyKeHHBIA K HeMy ormeparop
YU: (') —(&'"+1), ompepensiercss COOTHOINEHEEM

‘Ur=ua + A ()2 + B () 1,2

Onnopogmaa cuerema (8), pacemarpuBaemas B (™), zammmercs
B Buge Uy = 0, a cucrema (1) — B Buge ‘Uz = f.

Teopewma 2. Ilyemo f € (F'"H),. Cucmema ypasnenuii ¢ s3anas-
oneanuem (1) donyckaem pewenus (6 ($'™);) moeda u moavko mozda,
kozda | opmozonaavho Ko ecem pewerusm (6 (™)) o0dnopodwnoii cucme-
mor (8).

HHoxaszarTeancTBo. dTa TeopeMa HeMe/JICHHO CJIEIYeT U3 TEO-
pembl B mpepbiiyniero myHKTa, ecan mokasarh, uto U (1), saMrHEYTO
B (Q(J}bm)l-

Ilycts ¢ € (§"),. Paccmorpmm cucreMy ypaBHeHUii ¢ omepesReHHeM
Uy = ¢. Asnawomeeca ¢ynxnueil pemenue y (s, 2mw, 1) »Toil cucrems,
oTpeneaacMoe HadYaldbHBEIM ycaoBmeM N € €, [2n, 2n + k], 3apmaercs
cooTHOIeHneM (4) (mpu 0 = 2m). YCJI0BUE TOTO, 4TO 9TO pelieHye UMeeT
nepuoy 25, 3aMUCHIBAeTCS B BUIE

N(s)=y(s—2m, 2n,m) nopm s€[2n, 2rn 4 hj,
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1 (s) = yo (s — 2m, 2m, 1) -+ 3 ¢ (£) X (t, s — 2n) dt mpu s€[2n, 20 + h).
§—27

C momolnbio omepaTopa cABUra BAOAL perieHuir V,, BBegenHoro B m. 6,

IpeJbIylllee yCI0BUE MOKHO Teperucarh B BUJLE

271
[(E—=V)nl)= | @@ (ts—2m L (18)
o
Taxum obGpasom, pemenne y (s, 27, 1) UMeeT mepuoj 27 TOTAAa U TOILKO
TOIZA, Korga 1 ygoBiaerBopser yciaoBuio (18). Ecau 1o yciroBue BBIOJ-
HEHO, TO, O4YeBUAHO, Yy € (F™H),.
Ilyers & — obpas mpocrpanctBa €, [2m, 2; 4+ k] mpm oroGpasce-
aunm E — V, n Q — omeparop us (&™), B €, [2n, 2rn + k], ompeje-
JASTeMBI paBEHCTBOM

27
Q) ()= | o)X (t, s—2n)dt,  s€[2m, 2n + h].
§—2T
N3 ckazamHoro BHIIe ciaegyer, 4ro Aas ¢ € (), cucrema Uy = ¢
nomycraer pemenus B (&%), torma m ToJBKO TOTHA, KOIKA

Qp € ¥. (19)
Ho
U, =0 'y, (20)

HeiictBurensro, ecau ¢ € U (M), 1o cucrema Uy = ¢ pomyckaer
pemenue B (&™), m uz (19) Buirexaer, uro ¢ € Q7% . O6parHo, ecin
¢ € Q'Y , 10 ¢ ymoBaerBopser ycaoBuio (19), smauur, cucrema Uy = ¢
pomyckaer pemreHms B (7Y, 1. e. ¢ € U (P,

W3 (20) memennenHO caexyer, 4ro MmuozkectBo U (™), samruyro
B (&™);. [eficTBurenvHo, Tak Kar omepartop V; KoMmmarTeHn, obpas ¥
mpocTpaHcTBa G, [2m, 2m 4 k] upum orobpaskenun E — V, saMRHYyT
B G, |2n, 2 -+ kI, u, mockoanry numelinbii omeparop Q HempepuIBet,
nopmpocTparcTBo Q1Y zamrmyTo B (H7H),.

JamMmeuvuannme. 6) Ecam f — pacupepenenue tuma (QyHKIUM, TO
(cM. § 3 TpPUIOKEHUs) YCIOBUE OPTOTOHAJBHOCTH W3 TEOPEMLI 2 Imepe-
XOAUT B OOBIYHOE YCJOBUE:

T
J ¥ 7 (9 ds=0
—

I BCeX pelneHuil y cucTeMH (8) ¢ mepuomoMm 2.

Teopewma 3. Jlaga moeo umobn cucmema (1) donyckara pewenus
6 (F'™); npu awbom f € (P ™M), neobxodumo u docmamouro, umobvr
odnopodnas cucmema (9) ne Jdonyckara Opyeux pewenuli ¢ nepuodom
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2m, Epome nyaeeozo. Ecau smo ycaosue 6uin0AHENO, MO tU ecmo ancebpau-
weckuli W monosozuveckuii usomopgusm npocmparcmea (™), ma

(#).

IlorasatTedasbcTtso. Ilpegmoroxum, 4T0 CHCTEMA (9) me po-
myckaer ApYTUX peNIeHui ¢ IepuojioM 21, KpoMme HyIlIeBoro. Torga
snpo omepatopa ‘U pasuo mymxo. Ho 910 sgpo ABIAETCS OPTOTOHATDHLIM
nomoanenunem mpocrpancrea U (£, W13 omHOT0 CIEACTBUA TEOPEMBL
Xama — Bamaxa BoiTexaer mopromy, aro U (#™+), miorHO B (#7).
Cnenosareasuo, U (F™Y); = (F™);, ubo U (™), samrmyTo B (9,
o Teopeme 2. C Ipyroit cropoHsI, o Teopeme 1 Axpa oneparopon Un'U
MMEIOT OTMHAKOBYIO pasMepHocTh, sHaumt, U™ (0) = {0}. Cruenosa-
TeapHo, U ecTh ajrebpamvdecKuit m30MopPUM IPOCTPAHCTBA (™),
ma ($™);. Ilo rTeopeme bamaxa oGparamii omeparop U™ (F™); —
—> (§™*1), menpepwiBer. Iloaromy ‘(U™Y) = (‘U)~*, smauur, ‘U ectb
anrefpamueckuié ¥ TOIOJOTHYECKUH n3zoMopdu3M  IPOCTPAHCTBA
(') ma (P ™).

Ilpesmomossum  Temeps, dro ‘U (F7), = (#"*),. Torma mo reo-
peme 2 agpo U paBHO HyI0, 3HAYAT, IIO TEOpeMe 1 agpo 'U raxsxe
paBHO HYJIIO.

Bameuanue. B) s pesyapraro § 1 mpumiiosenus K oM TIaBe
creayer, 9T0 B YCJHOBHAX TEOPEMEI 3 e[[MHCTBEHHOEe HePUOIIECKOe Peire-
uue 2% cucremsr (1) MOKHO IpeACTaBUTH B BULE KOMIO3UIUI x* = awof,
rme 1 = {w,} = (‘U) (ESs). T 6

r s ysert, ws = (PU)71 (EO;). Taxum obpasom, ws ABIACTCHA
pelleHreM MaTPUIHOM MMITyJIBCHOU CHCTEMBI

%+A (t)Z-|—B(t)1:hZ=E63.

§ 7. Ilepmogmyeckme pemieHNs YPABHEHMI THIA CBEPTKH

1. HexoTopwsie OHOPOJHGLE yPaBHEHHS HEUTPAJILHOTO THIIA €CTecT-
BeHHBIM 00pa3oM JONYCKAOT B Ka4ecTBe INepUOJUTECKUX pelneHni pac-
npegenenus. Tak, Hampumep, K YUCAY PeNIeHUH ¢ IEPUOTOM 27T CRAJAP-
HOTO ypaBHEHUA

2 — 12 =0,
rne kh = 2m, k — nenoe uncio >0, OTHOCATCA BCE pacupejeeHusd
¢ mepuomoMm h.

B To yxe BpeMd amlmapaT TeOPUHU paciIpeJelleHuil gBJAETCA eCcTeCTBeH-
HBEIM AIIapaToM [Jf WCCIHeJOBAHUSA HOPMAJbHOU PaspeIlmuMOCTH Ppac-
cMarpuBaeMblx ypaBHeHmW#. Tak, Hampumep, ORHOPOJHOE CRAJIAPHOE
ypaBHeHUe HeHTpaJIbHOTO THIA

y’ - T—hy, - 01
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rme samasgblBaHNe A HeCOM3MepPUMO ¢ 27, He JOMyCKaeT APYIUX mepuo-
IUYeCKUX PeIIeHU! ¢ IepuojoM 251, KpoMe HOCTOAHHBIX, 00 Kodddu-
nuentsl Oypre A060r0 pelmeHus YAOBIETBOPAOT ycaoBuIio ¢, (y) = 0
npu n == 0. CaemoBaTeabHO, eCAU COUpPSIKeHHOe YpaBHeHUe

2 —1x =f

HOPMaJbHO Pas3penmmo, TO OHO JIOJKHO JOIYCKAaTh pelleHUs C Iepuo-
oM 271, KaKkoB OBl HE OBLI 27-iepUOgUYECKUH daeMeHT f (TOTo mpocTpaH-
CcTBa, B KOTOPOM paccMaTpWBaeTCs ypaBHEHWE) ¢ HYJEeBbIM CPeHUM 3Ha-
yepueMm. Y kKodppunuentoB Dypre ¢, (x) penrenuss x MOABAAIOTCS, OTHA-
KO, «MaJible 3HaMeHAaTeJn»:

¢ (/)

in(1 —e "

Cn (J,') —

b

KOTOpBIe MOTYT YXVAIIWUTH CBOWCTBA pPeryJspHOCTH pemenusi. Touwnee,
Kak Oymer mokasamo B § 8 (caywait 6), cymiecTByer Taxkoe h, 4TO Halile
ypaBHEeHWe HOPMaJbHO paspenuMo B &', HO JJIA HEKOTOPHIX HEIPepPHB-
HBIX (QYHKIU#A [ He momyCcKaeT pelleHUN Tuma (QyHKIUHN, a UMeeT JHUIIH
0600imennbie pemenusa. boaee Toro, MHO;KECTBO Tex 3amasjgbBaHU A,
IS KOTOPHIX ypaBHeHHWe He o0JamaeT CBOMCTBOM HOPMaJIbHOM paspe-
mMAMOCTH B &', mmeer 1eGeroBy Mepy HYJIb.

Haxownern, anmapar 0600HieHHBIX (YHKIUIT SABJISETCA €CTECTBEHHBIM
anmapaToM HAJS eQUWHOM TPaKTOBKH 3aJavyd CYIIeCTBOBAHWUA IEPUOIH-
YeCKUX pPeIIeHUN CTaIMOHAPHbIX JWHEHHBIX ypaBHEHWI, paccMaTpuBae-
MBIX KaK YpaBHEHWs TUIA CBEPTKHU.

2. Ilyers U — cranumoHapHBIN HeUPEPHIBHHIN JUHEHHBIN oIepaTop
B mpocTpaHCcTBe (&°®); BEKTOPHHIX OecKoHeUHO mudQepeHIupPyeMbIX
¢yurnuit ¢ mepuogom 2r. Torma (ecm. § 3 nmpunoskenus) U mpegcraBuMm
B BUJe olepaTopa CBEePTKU:

Uy=RXy mua ye(P),

rne R = (rkj) — ORHO3HAYHO' ompepeiseMasa mo U marpuna, djieMeH-
TaMH KOTODO#l ABJAAIOTCA pacupenelenus, r € &, Coups;xeHHBI
onmeparop U omupegenen Ha mpocTpancTBe (J'~); mepUOTUUECKUX pac-
IpeesieHU ¢ MePUOAOM 27T W MPEACTABISAETCA ¢ IMOMOILbIO CBEPTKU CJie-
IyIONniuM o0pasoM:

"Wex=RXz pna z€(F ™).

B srom maparpage MBI mcciexyem 3amady CyIeCTBOBAHHS  pelIeHUH

nas ypasuenus ‘Uz = f B ($'~),. 9r0 ypaBHeHme BKIIoYaeT B cebs
KaK YaCTHRIH caydall cHCTeMB OOBIKHOBEHHHIX mudQepeHnualbHEX
YPaBHEHU! € IMOCTOAHHBIMEU KO3((QUIUEeHTaMU

R = ES§ -+ A8,
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cueTeMBbl C B3alla3[bBaHUEM € TOCTOSHHBEIME KO3(QQUIUEeHTaMU
R = E§ + Ad -+ Béy,
cucTeMBb HefTpalbHOTO THIIA C IIOCTOAHHBIMEM KOY(Q(UIUEeHTAMH
R=E& + Ad + B6,;, + Céy,

nHTerpo-fupdepeHnualbHLIe CUCTEeMbl U T. I.

Mpr yeramoBuM HeOOXOomUMBIE M JIOCTATOYHBIE YCIOBUA TOro, 4TO
omeparop U sBisercs roMoMopQU3MOM, UTO, COTJIACHO Teopeme B §6,
HKBUBAJEHTHO HOPMAaJbHOU pPa3peIIMMOCTH.

ik

3. O6oszmauuM kodpdunumentor Dypve mas R uwepes C, = (cn)-

o i

Ypeaa ¢l sasiores Koddpurumenramu @Dypbe pacmpejeneHus r'
(cMm. § 3 MPUIOKEHNA):

, v 1 ..,
i BTt R O))

Hoaguruentsr @ypne pacnpejeaeHust Pt cyTh
1 1

e (") = (e, P (1) = — (e, P (1) = e (7).
27 27

Otciofia caeayer, uro marpuns (M) = 'C_, asxgorcs xodpPunueH-
ramu Dypre paa R.
Uz gopmyasr (10) § 3 mpmioskeHus BHTeKaeT, 4To s ¢ € (§°);

Up=2n DC,c, (¢) et (1)

a pas € (97)
t . sl N int ;
Uf = 21 Z C—ncn (f) e . (2}
n

fAnpom omeparopa U B mpocrpamctse 7" (ompemesnenue 9T0TO IPo-
cTpaHcTBa CM. B § 3 NPUIOKEHUA) SIBIAETCHA TOANPOCTPAHCTBO TeX
pexrTopon ce'™ ms 7", mus wortophx C,c = 0, a sgpom omeparopa 'U
B IpocTpaHcTse 7 " ABIAETCA TOAIPOCTPAHCTBO BEKTOPOB ce’™, past
xkoropeix C_,c = 0.

YuursBasg (1) u memmy u3 § 3 IPUIOKEHWs, TMOJydaeM, 4TO AAPOM
omeparopa U B (), aABigercs B3aMKHyTas JIHHEHHaA 00009k
B (), (oObequnenus) sgep U B 7. AHaIOIHYHO AAPOM OIEpaToOpa
'U B (§'~), ABngercs 3aMKHyTad JHUHEHHas 00070YKa B (&), Anmep
tg B 7°". Orciona BHITEKAeT

Hpeganomenue 1. Adpa onepamopos U (¢ (&~);) u ‘U
(8 (F'>);) umeom 00nY U MYy KHee PASMEPHOCMb.

I{pyTuME CIOBAMH, YHCIO JAUHEHHO HezaBUCUMBIX pemeHuil (B (5))
ypasaenna Uy = ( coBmajaeT ¢ 4HCIOM JIWHE{HO HE3aBHCHMHIX peile-
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Huit (B ($'~),) ypasmenuss ‘Uz = 0. B caywae, korjga omHO U3 HTHUX
unucen OCCKOHEYHO, NpPETOsKeHNWe YTBep:;Kaaer JWIlb, YTO H IPYroe
qucao 6eckoHeuHo (B § 8 MBI HOKajKeM, YTO TaKas CUTyalus BCTPEUIALTCs
B cHCTeMax HeHTpaJbHOTO THIA).

C momoipio nmpennoskeHus 1 ycTaHOBUM OJMH Pe3yAbTaT, CAY KaIlHil
ellle OHUM NPUMEPOM TOTO, KaK HPUMEHSIOTCH TOMOMOP(HU3MBEL B IIPO-
OneMe CYIIECTBOBAHUS TEPUONUYECKUX pPeIleHuii.

Teopewma 1. IIyemv U — nekomopwviii cmayuonaprbili 20MoMmop-
Pusm. [as mozo umoby ypasmenue 'Ux = f donyckaao pewenus npu
arbom | € ('°);, neobxrodumo w docmamouro, umobs ypasuenue ‘Uz =
= 0 ne donyckaro Opyeux pewenuii, kpome Hyaesozo. Ecau smo ycaosue
sunoansemes, mo ‘U ecmv aszebpauueckuti u mononozuveckuli usomop-
gpusm npocmparncmea (F' =), na (F'=),.

HHorasareaxbcrso. Ilyers ‘U (§'*), = (#'*),. Tar kar
U-'(0) — oproronanbHoe momommenme mommpocTparcTBa ‘U (F'°),, To
U-1(0) = {0}. Wz npepgnosxenus 1 swreraer, uaro (‘U)~' (0) = {0).
Ecmm (*U)~* (0) = {0}, 10 U(0) = {0}, u mo rmeopeme B § 6
U (F'%) = (F'),,

O6partHo, TycTs BLIOJHsETCS ycaoBHe TeopeMmbl. llokaskeM mpese
Bcero, uro U (&), = (&~);. IeiicrBurenavno, (‘U)-1(0) ects opro-
roHaJAbHOE JonorHenne nognpocrpancTBa U (§°),. Tax rar (‘U)~1 (0)=
= {0}, 10 o ogHOMY ciescrTBUIO U3 Teopembl Xama — Bamaxa U (%),
mnotHo B (&*>),. llo Teopeme B § 6 (ycaosue (6)) mommpocTpaHCTBO

U (#>~), samrayro B (), smaunr, U ($*); = ($),. Tarum obpa-
soMm, U — mempepriBHOe amHeitHoe orTo0paskenme (5°~); ma (F),.
Hocromsry U~ (0) = {0}, mm sawmiouaem, uto omeparop U momy-

craer obpatuwii U1, a us teopems Bamaxa ciegyer, uro JImMHENHBIH
oneparop U~' mempeprisern. Ho rTorma u omeparop ‘U Tawske momyckaer
HenpepuBHLIA ob0parubiit u (1U)~1 = (U1,

4. YcTaHOBHUM OJHY JjemMmy u3 numeiinoii anre6prr. Ilycts A: C' —
— C' — Hexotopwit awmeitmbt omepatop =£0, A¥ — COTIPSAYKeHHBI T
oneparop, % (A) — obmacts snauenuit u .J° (A) — sapo omepaTopa A.
Hpocrparerso C' MoskHO ABYMS cmocoGaMu TPeJCTABUTH B BUIE OPTO-
TOHAJIbHOU CYMMBI:

C'= R (A)D 4" (A*) m C'= R (A D S~ (A). (3)

Rak nerxo sumers, 4.7 (4*) = % (A). Iockonsxy % (A%) u % (4) —
NOATIPOCTPAHCTBA OJJHOM WM TOW ;K€ PasMepHOCTH, cy:;kenume B omeparopa
A Ba 7 (A*) aBnsercsa -oGparumem omepatopom. IlycTs u? — HamMeHb-
niee OTIMYHOE OT HyJs coOCTBEHHOe 3HaUeHHe omeparopa A*¥4 u pu —
IOJIOKUTENbHBI KOPeHb U3 Hero (Kak W3BECTHO, BCe COOCTBEHHbIE 3Ha-
JeHusi omeparopa A*A wmeorpunarenbHb).

Jlemma 1. Onepamop B: B (A*) — R (A) obpamum, u ezo
obpamnui B~': R (A) - R (A*) umeem nopmy |B7'| = 1/p.
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okxaszaTedabcTso. Ham Hamo JUIIb HAWTH HOPMY OlepaTopa
B-1. Nmeem

1 —1
|IB~!|= sup 1B =l sup —'y—lz( in '_B—y') :

xEg(a) | x| vegian | Byl \yegqan 1Y
x7=0 y70 y70

CymiecTByeT BEKTOD Yo, [AdA KOTOPOTO A*Ay, = wy,. Ouesugso,
ulyo € % (A*), m, sHaumur, Yo € J? (A*). Iloaromy

| Byo |2 = | Ayo |2 = (AyOa Ayo) = (A*Ayo» Yo) = M2 | Yo 2,

TaR YTO

B
yegy(Aa®) 1Y
y=0

O6parHOe HEPaBEeHCTBO HMOJNYYaeTCs HeMEeIJeHHO, eCH BOCITOJIB30BATHCA
CTIEKTPATBHEIM Pa3loKeHNeM CaMOCOMPSKEHHBIX 0IepATOPOB. I eficTBH-
TeABHO, WYCTH W2, . .., Wk — PABIUIHLIC coOCTBEHHBIE 3HAUEHUA OIe-

patopa A*A. IlpocrpancTBo C! mpemcraBUMO B BHTE OpPTOTOHAJIBHOM
CyYMMBEL

C=C®...0C,

rne € — TOATPOCTPAHCTBO COOCTBEHHBIX BEKTOPOB OMEpPaTOpha A*A4,
OTBEUAIOMUX COOCTBEHHOMY B3HAaYeHHIO wi. Ilyers y € R (A*), y #* 0.
Torma

Y=Ym, + -+ Ym, Ym €CL ) Ym. 0, ptm 0.
J J J J

Nmeem

|By 2= Ay = (Ay, Ay) = (4" Ay, y) =
22 2 . .
== (Mmiyml R + Mmhymhv Ymy T oo - -+ ymh) =
_ 2 I N 2_
= ;umj (Ym > Ym) ijmj | Ym, |
Tar Kak M?nj = n?, moryvaem

1By = u* D ym, P=0"1y 1
J

BHAYUT,
: |By| -
inf l———g—l}pt.
yegpa® |yl

y=70
5. Bepuemcsi ® cranuoHapHOMY HENpPepLIBHOMY JUHeNHOMY oTlepa-
Topy U: (&%), — (&), ompenenseMmomy marpurneii B. BDyngem obosHa-

~

garp uepes C, xoodduruentsr Dypve mis R u uepes A} BHauMeHBIIEe
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OTINYHOE OT Hydd cobcrBenHoe sHauenwe wmarpunsl C;C, (ecam Bce
coOcTBennnle 3Hauenusa marpunbl CxC, paBusl Hyd0, To C, = 0 1 MBI
monaraem A, = 0).

IHpenanomenune 2. [us moco umobs cmayuonaphblli Henpe-
prisnulll aurnelinuii onepamop U: (P); — (F); Ovin 20momopgpusmon,
Heobxodumo u docmamouro, umobsl cyuecmeogaau marue K >0 up = 0,

ymo
Ay >K|n|™? npu n=£0, A, s%0. (4)

IloxaszarteabcTsBo. llogmpocrpancrso e " " MOKHO IBY-
Msl crmoco0aMu MPEeACTABUTH B BUAE OPTOLOHAABLHOM CYMMBI:

eI — B (CEYD S (Cy) m e M = R (C) D S (CF). (9)

Ilycts B, — cysenme omepartopa C, ma % (C}). Us aemmur 1 caenyer,
utro B, saBagercs wusomopdusmom mnpocrpaucrBa % (Cr) ma J2(Ch)
u | Byt | = 1/, ecin B, =~ 0. Ilycrs %y, N1, Fo B N 9 — BaMKHYTHIE
nuHeiiHEe 0060M0YkE B (§~), mogmpoctpancts e™ 72 (CF), e™ 4" (Cy),
e'™ % (Cy) u ™y (CF) coorsercTBenno. Hak GbTo MoKasaHo B 1. 3,
A1 = U™ (0). TlpocrpamctBo (F>); MOKHO AByMA cmocobamu mpe/i-
CTABUTh B BHUE TOIOJOTHYECKON IPAMON CYyMMBI:

)=+ S w (Ph= R+ N (6)
HeiictBuTensao, nycrb @ € (F~);, ¢ = M ocpe'™. M3 BRIOUEHHA

cpet™ € 7™ u u3 coornomenui (5) BHITEKaeT, UTO CYIIECTBYOT €JUHCT-
BEHHOE pa3JI0;KeHue
Cp, —=Cy + Cn,
rIe
I4 g * ” o - v
c, €R(C), cn EN(C)).

”

Hockoabry |c, 2= |cn |2+ | cn [?, pagwm
- r 1 N 7 int
Pr= chemt7 P2 = chem

n n

cxousiress B (9~),. Taxum obpasom, a1060e ¢ € (F>); MOKHO HpeacTa-

BHUTH B BHUJE
Q= @ + @2, THE @1 € Ry @2 €S 1,

W DTO TpeACTaBJICHUE eIMHCTBEHHO (B HPOTUBHOM Clydae CyIIeCTBOBAIHL

Ob Tarme Yy € 74, P € N1, UTO Yy = Py 5= 0 @, 3HAUUT, Cp (P1) =
= ¢, (P»); mo Jemme u3 § O mpuIOsKeHUs TOTAA OB Cp (P1) € % (C3),
¢n (o) € A (Cy), 1 B cuy (5) Ml mmean Ol ¢, (Y1) = ¢n (Y2) = 0 npu
moGoM n, T. e. Py = Py = 0). Uraxr, (§), asnsercs anreGpaudeckoi
OpsAMON CymMMOM HOAIPOCTPAHCTB K, a Sy, T. e. orodpakenue
(91, @s) — @1 -+ @y TONONOIUMYECKOr0 TpOUBBEACHUA JPy X 71 Ha
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(%), ecTh anrefpamuecKmii M30MOPQU3M. Tak Kak 9T0 oToOpasKeHue
HenpepHBHO U %y X Jf 1 — HOJHOe MeTPU3yeMoe IPOCTPAHCTBO, U3 T€O-
pesbl Damaxa BBITeKaeT, YTO 0TOOpajkeHUe (p1, P2) — 1 + Qo sABIAAET-
Cs TOMONOIMUCCKHM HM30MODQUBMOM, YeM U JoKazaHa TepBas u3 (op-
vy (6). Bropag moay4vaercs aHAJIOIHYHBIM 06pasoM.

Ucnonbaya (1) m aemmy u3 § 3 TpUIoKeHUH, cpagy mHolydaeMm, ¥TO

————

U (F7), = TRy (7)
[ycrs Bwmoamserca ycaosue (4). Iloramkem, dTO U (), = .
IleiicTBUTENbHO, TYCTh P € Jy U P = M oc,e™, rak uro ¢, € .72 (Cy),
n
1 .
u mycTh b, = o B;lc,, Tar uro b, € % (C}). Ecan b, 7 0, To

1
e, | <<——inl"|c, |
| I\Z:ruKl " cn |

A

1 1 . _ 1
b, |=— B, en | <—1Bn' | en | <
| 2ﬂl I\2ﬂl | | l\2

n

Tak Kak IocienoBaTeIbHOCTH {c,} ObicTpO yOBIBaeT, TO M IOCIE0-
6 . 11 4 int
BaTeJbHOCTL {b,} obGmajiaer TeM ke CBOUCTBOM. [l09TOMY DN b,e
n

cxonutes B (5°°); K HekoTopoil QyHrmum ¢ € J2;. Hauee,

Up = 2n ECnbneint: 21 ZBnbnei”t: 20,16"”:11;,

spaunt, U (§%), = R, B cuay (7) mmowecrso U (8~); zamrHyTO,
u uz teopemsr B § 6 (ycmosue (6)) caenyer, aro U ecTh roMOMOp(QU3M.

O6parno, gonycrum, uro U sBisiercd roMmoMopu3MoM, U IOKajKeM,
aro torna Bemoaastercs (4). Ilo Teopeme B muo®ecTBO U (F), 3aMEHY-
r0, a B cuny (7) U (&), = Ry Ilycrs & — cyswenme U ma 1.
3 (6) serrexaer, uro K72, = U (§>),, sHaunr, B R, = SR B 1O xe
Bpems omeparop % obparum. M3 reopemn bamaxa caenyer, 4To o0par-
mpii omeparop BV Ry — %1 mempephiBen. Ilpopomxum omeparop
%' 1o omeparopa Q: (F°); — (&), mnomomus Qg = B to puas
@ E Ry Qo =0 paa ¢ € 5. Bsugy (6) omeparop Q mempepHIBeH.
Hamee,

chi”f:iBglcei”t mis c€R(CL),
21
Qeel™ =0 ns c€ M (CR),

spaunt, J°" — wHBapuaHTHHE ToampocrpancTsa aas Q. Ilycrs G, —
cys:xeHne oneparopa 2 Ha 7", Tak 4TO0

Gnceint — —;—-B;lceint ojusa ¢ € A (Cn),
iy

G et =0 nast c€ N7 (C)-
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Torma, o4eBHUAHO,
, 1 —1
|Gn|__——'—an |7
21
3HAYNT,
|Gnl:

1

Coraacno mpemioskeHuio 2 w3 § 3 NPUIOKEHMA, PACIPOCTPAHEHHOMY
Ha omepartopsl (&), — (F*),, Q saABIdgercd o0IepaTopoM CBEpPTKH,
roappunuentss Dypre Kotoporo cyrs marpurs (2m) ' G,. Otcona
caegyer (cM. § 3 mpuao;KeHus), 4To IJAs HeKoToporo p =0

lim [»n|'|G,|]=0.

| nl —>o0

SHaunr, cyuiecrsyer takoe K; > 0, uro

|G, | < Ky|n|" mpm n =0,

%—<2nKiln|p upu n =0,

n

OTKY/la U CIefyer, 9To A, YJOBIETBOpPsieT YCIoBHIO (4).

Bameuanusa a) llycte U — cranuoHapHB TroMoMOpQu3M
njf €U ($ >),. Ecnu sinpo oneparopa U He paBHO HYJIO, TO ypaBHEHUE

Uz = { momyckaer 0eckoHeYHOe MHO;KeCTBO pelneHHil x. Tem He MmemHee
CYIIecTBYeT HeNnpepHBHHI anHeiHbit onepaTop [ —x. VM Gyner cysxe-

Hue omeparopa 'Q ma mommpocrpanctBo (U (F'),; Toumee,
"U'Qf =] paa fE'U(F) (8)

IleiicTBurensno, u3 coormomenuit (6) u u3 pasemcrea 7y = U~ (0)
BHITEKAeT, 4TO

(F )=+ U (0);
3HAauUUT, BCAKoe ¢ € (&), mpeacraBifercss eAMHCTBEHHBIM 00pas3om
B BUIE i
¢ = @1+ @, THE P1 € S, @2 € UT(0).
Tak xar sgpom U CIy:RUT opTOroHanbHoe pomoixHenue k ‘U (&), To
(2, N=0 mna @€U(0), f€UEF )
Hoaromy mist 1I06HX ¢ € (), u f € U ($'~),
(p, ' U'Q) = Uy, '@ = Uy, ‘N = QUey, /) =
:<-%)_1%(Piv f>:<(plv f>=<(P1_|— P2,y f>:<(P, f)v
oTRyna u caemyer (8).

15 A. Xanamaii, II. Bexcaep
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6) Ilpensiymee 3ameYaHHe IHOKasbiBaeT, HUTO HeIpepHBHEL InHEH-
amit  omeparop ‘Q: U ($'°); = (P'~), ABasercH oOpaTHHIM CIpaBa
mas omeparopa ‘U: (%), — ('), Ms (7) caexyer, aro LU raxske
ABJISIETCS TOMOMOP(PU3MOM.

B) Jlerko mnpoBepUTL, YTO YCIOBHE IPEJIOMKCHUA 2 BBHIIIOJIHAETCHA
IS CTAIMOHAPHBIX OOBIKHOBEHHBIX CHCTEM, NJIH CUCTeM C 3alas/iblBa-
mueM (9TO CIEIyeT U3 OJHOTO [OKa3hiBaeMOTO B § 8 pesyxabrara, OTHO-
CSHIIErocsi K CUCTeMaM HeATpalIbHOTO THUIA), & TaK:e Qs CTanuOHAPHBIX
nHTerpo-tudPepeEnmaIbHEX CHCTEM. Marpuis C, TpeicTaBIAaoT coboM
3HAUEHWsI XaPAKTePHCTHYECKOW MaTPHUILHI MPUCOEANHEHHO CHCTeMb
ypaBHEHUH B TEJBIX TOYKAX MHUMOI ocu, W yciaoBue (4) CBOJUT BCe,
TaKUM 00pasoM, K IIOBEIeHHUIO XapaKTepuCTUIeCKOd MaTPUIbl Ha MHI-
MOY OCH.

6. B ciegyiomem IyHKTe MBI NPHUBEJeM elie OJMH KpuTepuil romo-
vmopduoctu omeparopa U. YcraHOBUM HpeaBapUTEJIBLHO CHeYIOIMYIO
aemy. Lyers {v, }p>1 — TOCIE0BATEABHOCTD HEOTPUIATSILIELX HICET,

i KOTOPOM
inf {v, |v, 50, n =1} =0.
ITocTpouM IOAIOCTENOBATEIBHOCTD {Vn,Jr=1 CIERYOIIM oOpasom:
Vy, — TepPBEil OTTUYHHIA OT HyJIA WICH HOCIeOBATeTFHOCTH {Vp frn>1;
V,, — TepBhHi OTIWYHBI OT HYJIHS U CTPOrO MEHBIIMH V,, U3 UIEHOB,
caeayIomux 3a Vp,; Vn, — HepBhIl OTIAMYHBINA OT HYJA U CTPOTO MEHBIITNH
V,, U3 WICHOB, CJAEAYIOMUX 34 Vp,, I T. JL. OueBupHo, {vnk}h>1 — CTpOTo
yORBaoOMasas OANOCIeN0BaTeIbHOCTh HOCHeq0BaATeTILROCTH  {Vy Jn>1,
npuIeMm
lim v,, = 0.

h—>00

Bymem rosopurh, 4TO {vnk}h>1 SABISETCA KAHOHUUecKol nodnocaedosa-

MeALHOCIbI0 TIOCIeTOBATeTBHOCTH {Vy fn>1-
MTycTh  {Vn}n>1 — HEKOTODPAs TOCIEJOBATETLHOCTE HEOTPUIATELb

HBIX Yucelj, o — HEKOTOopoe negaoe HeOTpI/IHaTeJIBHOB qucJao u

inf {n* v, v, 0, n>1}=0.
Torma, ouyeBUIHO,
inf {n®v, |v, %0, n>1}=0.

JHenvma 2. Ecauw {ng*'vy, fp>1 — KanorUleckad nodnoc.iedosament-

+1
woems  nocaedosamenvioemis {n%W bs1, @ {MEVin, Yr=1 — KaHOHULE-

cEas nodnocaedosamesvHocmy nocaedosamesbhocmu {n%v, }n>1, Mo nocae-
dosamenvrocmy UHOerco8 {nytp=1 Aeasemcs nodnocaedosamesbHOCTILbI0

nocaedosamesvrocmu undercos {my fp>1.
JloxkaszaTeuxbcCTBoO. MNugykmueii mo j == 1 DoKaskeM, 4TO
n; € {my}p>1 paa modoro j = 1.
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Ipesxne Bcero ny € {my}r>1, ub0o mo mocTpoeHuio n; = my. Jloka-
JKeM, UTO ecClHu

ni€{melr>r paa 1<<i<<j—1, (9)

TO n; obaamaer Tem sxe cBoiictBoM. [leiicTBuTenbHo, ecau Obl n; He obaa-
HAJI0 DTUM CBOWMCTBOM, TO R OBI0O OBl PACHOJOKEHO MEKIY KaKUMU-TO
OBYMs IOCJHeLOBATEIbHBIMU UYHCIaMU My, CKayKeM my < nj < Mp4q.
Tar Kak nj_y ABAAETCS OJHUM U3 UUCEJ My, COOTHOIEHNE mp < Nj_1 <
<< my,4+1 HeBo3MO3KHO. llosTromy n;_y << my. M3 cmocoba mocrpoeHus
OCJeL0BATeIbHOCTH {7l%+1\7nh}k>1 caeayer, 4To

o+1 o+1
ni—1Vn._, KMy Vi,

N3 cmocoba moCTpoeHUsI I110CIET0BATEIbHOCTH mSv, >1 BLbBITERaeT
k k k= ’
qTo

o o
mhvmh < n;j an1

3HAYNT, m%“v.mh < n;?‘“vnj 1, CJeIoBaTeJIbHO,

o+1 o+1
nj—tVn,_, < nj Vi e

ITocaennee HepaBeHCTBO IPOTHBOPEUNT BLIGOPY WieHa n% ™lv,  u3 mocie-
noBarenapuoctn {n®*v, },>,. Wraw, n; € {my},>1, @ JeMMa JOKa3aHa.

7.llpegaomenne 3. [yemv U: (F>); — (F>); — cmayuo-
HAPHBLL Henpepvlenuill AuHelHll onepamop. Ycaosue (4) oK8usaLeHmMHO
caedyrougemy yeaceuro: ecau | € (§); u ypasnenue ‘Ux = [ donyckaem
karoe-Hubyov peuwenue 8 (F'*);, mo oo donyckaem u pecyaapHoe peuie-
Hue, m. e. pewenue x € (F),.

3aMeTuM, YTO ecJau TMOTPeboBaTh MOMOJHUTENbHO, YTOObI OTHOPOITHOE

ypaBuenue ‘Ur = 0 mmeno B (§'>);, aAumb peryisipabie pelleHus,
TO YKazaHHOEe B IPEIJOKeHUU 3 YCJIOBUE CBEHeTCs K TOMY, 4TO IpH
awboit ¢ymrmum | € (F°~); meogHopommoe ypasHenume 'Uzx = [ nwmeer
JUImb peryiaspubie pemenus B (&'>);. TpebGoanue jxe, 4ToOBI Bce
peleHusi OJHOPOJHOTO0 YpaBHEHWsi OBIIM PEeTyJISPHBIMHU, 9KBHUBAJIEHTHO
TpeGoBaHWIO, YTOOBI OJHOPOJHOE YpaBHEHWE TONMYCKAaJ0 JHINb KOHEYHOEe
9UCJ0 JUHEHHO He3aBUCUMBIX pelleHuH.

IHlorxasaTteasbcTso. Rak M Bupmenn,

"Uee'™ = 2a'C_,ce’™ gna c€C.
15%*
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Ecau A_, 5=0, To A2_, ABIgeTCA HAMMEHBIINM OTIMYHEIM OT HYJIsS €O0-

cTBeHHEIM 3HaueHmeM s 'C* 'C_, Y). Ilogmpocrpancrso e~"™7"" Momx-
HO [BYMs CIIOCOGaMU HpPEACTaBUTH B BHE OPTOTOHAIBHOW CYMMBEL:

MG = A (CE) O S (),
e—lnt%ﬁn — -.%) (tC——n) @ J/’a (tc*_n).
Myers D, — cysxenne} omeparopa 'C_, ma % (‘C*;). Cornacmo mem-
me 1, D, ects msomopgusm mpocrpamersa % (‘C*,) ma 7 (‘C_,), npu-

yem | D7t | = 1/A_,, ecan 'C_, =0, 1. e. ecam A, #= 0
Hyers Rs, N3, Ry m Ny — 3aMKHyTHE JHHEHHBIE 000I0UKH

B (§'*), mopmpocrpancts 7 ('C*), " ('C.), % (‘)C) m A ('CL)
COOTBETCTBeHHO. 3 crazamporo B 1. 3 caegyer, 410 . 3 ABIACTCH
agpom oneparopa ‘U B (&'>),. YunrsBasg (2), moaydaenm

U (F )= A (11)

IlomycTum, u9TO BHINOZHAETCsH yciaosue (4) 1 fE(F®), [ =
= D} c,e'™, TakoBo, UTO ypaBHEHUE tUx = f pomyckaeT pelleHUsA
n

(10)

B ($'~),. Uz (11) crenyer, aro f € J24, U, COTIACHO JeMMEe M3 § 3 mpu-
nomenusi, ¢, € % (!C_y,). Ilyerv b, = (2n)~* Dy'c,, Tax d9ro b, €

€% (!C*). Haa b, 5= 0 umeem

1 1
lcnlgflnll)lcnl’

o < D en | = ——
27 21th—, 2m K

smaunt, QyHRUHA ¢ = X b,e!™ mpumagmesxur (&), [Hamuee,
n

"o =2n ZtC_nbnei”t — 271 1D, b, = Se, et =7,

ciaemoBareibHo, ypasHenue Uz = f momycraer peryifgpHOe pelIeHue.

O6paTHO, IIPEITIOIOKUM, UTO ecim s [ € (§*); ypapHenue W = f
nonycKkaer Kakoe-HUOy/b peurenme B (&), TO OHO JTOTMyCKaeT ¥ perre-
e z € (F~);. I[loraskem, 4T0 TOT[]a BBHIIOIHACTCA YCIOBHE (4).

Nas memxoro g = 0 momoskum

g = inf{|n|%_, |A_p 50, [n|>1}.

1) JleiicTBUTENBHO, A2, — HauMeHbIIEe OTJIUIHOE OT HYJA co0CTBeHHOE 3HAYEHUE
pas C* C_,, BHaYUT, W HAYIMEHBINEE¢ OTIMYHOE OT HyJsA cOOCTBCHHOE 3HAUeHUe A

{C¥,Cy) = IC_, 1C*,. Ocraercs IMOKa3aTh, ITO A*A nu AA* Bcerjga MMeIOT OJHU
I Te ke cOOCTBeHHBIe 3HAueH¥s. Ho, AeficTBATENbHO, ecau A = 0 mpuHa Ie;RUT
cIeKTpy A* A, TO cymecTByeT o 7= U, [ KOTOPOTO A*Axy = Azy; 3HAUUT, TOJaA-
rag y, — Az,, uMeeM yo 7%= 0 m AA¥y, = AA* Az, = Alzy = Ayy, T. €. A mpu-
mare;RuT cuekTpy A A*. Ecam O MpwHAIEKUT CIeKTPY A* A, 1o cymecrByer yo, = 0,
nast koroporo A*y, = 0, smaunr, AA*y, = 0, 1. e. 0 UpUMHAJIEKAT CIeKTPy AA*.
AHAJTOTHIHO COGCTBEHHbIC 3HAYCHIS TIA A A* ABIAOTCA cOOCTBEHHBIMI 3HAYCHUAMU

nnsa A*A.
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TToxazkeM, UTO CYIIECTBYeT Takoe p, 910 Wy, 7= 0. JleiicTBuTenbHO, Ipes-
IOJIO;KUM IIPOTUBHOE:

wg =0 maa ¢q=20,1, 2,

U TIOJI0KUM
py = inf{nh_, |A_, 5£0, n>1},
py = inf{In |y | Aoy £0, n<—1}.

OueBusnno,

pg = min (ug, pg).

Cymecrsyer Takas CTpPOTO Bo3pacTalolmas IOCIeJ0BaTECJIbHOCTH I@JIBIX
yucesa ¢ == 0, 9r0

pqh:(), h=1, 2, ..., uin ”%1:0’ h=1, 2,
Ilyers pus ompeieIeHHOCTH pL;,“h =0, h=1,2,.... Torma
ug =0,¢9g =1, 2, . . U3 rampoit mocaegosarenbaocTu {nA_, },>1

u3BJlleyeM HaHOHI/I‘IeCRyIO TIOJIIIOCJIeIOBATEJIBHOCTD {n By h}h>1 ITo

JeMMe 2 TOoCJIe0BaTeIbHOCTD UHEKCOB {Ng11,p Jr>1 sBIsTETCS To/ImocIe-
[I0BATEJBHOCTBIO IIOCIHEOBATENBHOCTH HWHIACKCOB {Ngy }r>1, SHAUMT,
{Rpptn=1 < {Rgrtr=1 maa h >=gq. Paccmorpum AMATOHANBHYIO TOCIIe-
[IOBATEIBHOCTD {Npy 1. Vcen Rnn € {Rgr}r=1 08 h = q. llocaeno-
BaTEJIHHOCTH {”gh}”—nqk}RZM Oyayun KaHOHUYECKUMHU IIOJIOCIe 0Ba-

TEJIBHOCTAMHI, 00JIaHai0T CBOMCTBOM
lim n 7»_ :O.

kR —> 00

ITosTomy
lim nzhh_nhh = 0 paa moboro mexoro g > 1. (12)

h— o0

Omnpengenum Tenepsb 6eCKOHEYHYIO B 00e CTOPOHBI HOCIEL0BATCILHOCTD
BeKkTOopoB {d,} ciepyiomum o0pasoMm:

dy, €R(CTn ),

hh

=1, 'c*, 'C_, d, =N, d

“Nhh Thh T hh pp " pR’

| d

hh '

d,=0 pna n s£ny,.

1 Zdneint
OueBunuo, g € (F'°), u g & (F);. llyers f='Ug, 1ax uro
]c: ztc——ndneint

n

Honoxrum
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OueBungno,
‘C_,d, =0 npna nsEny,

il
¢ 2 it t L
| C—nhhdnhhl _(C"”hhd”hh’ C_”hhd”hh)_

tox 2 2 2

= ('CX, 'C_, d d = A" =AZ, .
( Y R LY nhh) nhhldnhhl A " hh

Hosromy us (12) caegyer, uro f € (F*);. Ypasrenme ‘Uz = f pmomy-
ckaer B (&'>), pemenue z = g. Tax xax supom omeparopa ‘U B (&#'>);
sBasierca S 3, A1060€ APYTOE peleHre uMeeT BUL g1 = & 1 &2, &2 € S s,
T. €.

g1= Z (dn + d7) e,

n

[To memme us § 3 npmaoskenus dy, € 4~ (*C_,). Yuursas (10), noaygaem
o9 2 2 ’ 2 r 2~
d, +d, P=1d, PId, P=1+]d, [>1.

Buaunr, g, € (#);. Tarum obpasom, f € ($),, u ypasuerune ‘Uz = f
momyckaer pemeHus B (&'°);, HO He [JOIyCKaeT HU OJHOTO DPEIIeHNd
B (&>),;, BOIpPEKN NIPeIIO0J0KEeHUIO.

Nrak, cymecrsyer Takoe tmexoe p == 0, dro pp = 0. Ho Torma

2P hy >y mAR 1, Ay 0,
T. . ycaoBue (4) BHIIIOJTHEHO.

Bameuasnue. r) Ilycrs Bomonusgercsa ycaosue (4). Ilepmommue-
ckag (YHRIHUA f aHaJWTHYHA TOLJA M TOJBKO TOT/a, Korja ee Koadu-
rueETHl @Dypbe YHOBIETBOPAIT CJIeJyoleMy YCIOBHUIO: CYIMECTBYHOT
raxme o, P >0, uro | ¢, | < pe "l mua moGoro memoro nt).

1) JleficTBUTENBHO, €CIN | ¢, | < ﬁe““\”l ,TO NI z = t | is uMeeM | ¢, einz |

L Pe~ Il (assIBAN) - pay g0 pan Ecneinz npefcTaBisier coGOl aHAIUTHIECKYIO
n

$yuxiuio B obmactn | s | < o H, CIeA0BATE]IHHO, HePHOAMYCCKAsA dyarmua f ama-
autuaHa. O6paTHO, ecau IepuofudecKass QYHKIMA f aHAIATUYHA, TO OHA JOIyCKAaer
aHAJNTIHYeCKOe ITPOloibKenne (0603HAYNM ero CHOBa depes f) B HeKOTOpylo obmacrs
Buga —7 — & <t <A+ 8, —Y < s <o (80, Yo > 0). Marerpan or QyHRIUM
f,(z) e"inz 10 TPAMOYrOJbHURY C BepiImHAMM —7, T, —IT -+ iy, -+ iy paseH
Hy110 A 106010 y ¢ | ¥ | << yo. Ho mHTErpas: mo cTopore —It, 7T paBen 27ic,, 8 CyMMa
MHTerpajoB IO CTOPOHAM T, T - iy U —7 - iy, —I paBHA HYJI0, 3HAYNT,

—TT
1 . s )
‘Cnl:—ﬁ‘ S f(t"*‘L'V)e in (117) dt|<{~)’env7
T

rme p — Hexoropas maskopanra gymrmmn f. Jaa n < 0 Gepem y > 0, a naua n > 0
BameHseM y Ha —y. B pesymbrare moaydaem |c, | <[3e‘°‘|”|, rme o = |y |
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CoBepIICHHO TaK ke, KaK B TEPBOil YAaCTH JOKa3aTeIbcTBa MPE/IIO-
JReHUA 3, MOYKHO TIOKasarh, YTO eCJH f — amaauTudecKad QYHKIUS
u ypasmenue ‘Uz = [ gonmyckaer peulenusi B (§'>);, T0 OHO JOUYCKAET
u amajuTHUeckoe pemrenue. 3 reopemsr B § 6 u u3 mpeIoKe it 2 u 3
BLITEKAeT

Teopema 2. Hyemo U: (F%); = (F>); — CMAayuoHaprblli He-
npepulenblil  AUHELRbL onepamop. Caedyrowyue ymeepicoenHus IKeUBA-
AEHIMHL

(a) das | € ('), ypasnenue ‘Uz = [ donyckaem pewenus 6 (F'>),
mozda u moabko mozda, kKozda f 0pmMO20HAAbHO KO 6CeM  peueHUAM
8 (), ypasnenua Uy = 0;

(6) ecau f € (F*), u ypaswenue Uz = f donyckaem karoe-Hubydb
pewenue 6 (&'°);, mo ono Jdonyckaem U pecyripHoe peulerue, im. &.
pewerue x € (F°);;

(8) cywecmsyiom markue K >0, p = 0, umo

A, >K|n|™? das n, A, 5=0.

§ 8. Ilepuoguueckne pelmeHUs CTANMOHAPHBIX CHCTEM
HETPAIbHOIO THIIA

1. B srom maparpage Ml TPEMCHHM Pe3yJIbTaTel § 7 [ mccie/ioba-
pus cucrem HeirpanbHoro tmma. Ilyers A, B, ¢ — MaTpuubl pasmepa
I X! u f€(F~), PaccmorpuMm cucTeMy ypaBHeHHIl HeATPAIBHOTO
TUTIA

Dz + Az + Btz + Ctv;,Dx = §, (1)
[UIA KOTOpoil pemenusi MILyTcA B (&'>);, a TarKe OHOPOAHYIO CHCTEMY
— Dy +"Ay +'Br_y — 'Ct—, Dy =0, 2)

Jis KoTopoi umleM penteHus B (§°);. OGosHaumm depes U omepatop
(Fo=); — (§°~);, oupenelsgemMblii paBeHCTBOM

Uy= — Dy + 'Ay + 'Br_,y — ‘Ct,Dy pas y€(F )

(
Torpa cuerema (2) sanumeress B Buge Uy = 0, a cucrema (1) — B Bue
'Uz = f. Omeparop U siBIAeTCH omepaTopoM cBepTRu ¢ I, re

R= —E§ +'48 +'BS_, —'C8-,,.
Kosppumuenramu Dypre pis R caymar Marpuisl
C. = — ine™ (Eeinh 4 t0) 1A tgpinh
Bamerum, uro C, CyTh 3HAYEHHs XapPaKTePUCTHYECKOH MaTPHUIBI HpU-
coenuuenuoii cucreMsl (1) B Tourax in MEEMOI ocu. Ilycrsb A% — Ham-

MeHbIIee, OTJINIHOE OT HYJsA CcOoOCTBEHHOE 3HAaYeHHe MaTPUIbI CiC,
(A, = 0 wpu C, = 0).
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IIpo6aemy HopMaabHOW paspemmumocTu cucreMbl (1) MosxHO Hecae-
TOBaTh ¢ HmOMOINBI0 TeopeMmsl 2 § 7. B pesyabraTe moaydum ciieqyiolnyio

TeopemMy:

Teopema 1. Cuedyrwwue ymeepiuclenus IK6USALEHNHDL:
(a) daa [ € ('), cucmema (1) donyckaem pewenus 6 (F'>), moeda
w moavko mozda, Ko2da [ opmoeonaavho KO ecem peuwenusm 6 (F);

cucmemvt (2);
(6) ecau [ € (), u cucmema (1) donyckaem karoe-nubydev pewenue

6 ('), mo ona Oonyckaem u pe2yaapHoe peweHue, m. e. peuleHue
x E (Qﬁ/hoo)h

(B) cyujecmsyiom maxue K>0,p>=0,umo
>K|n|"? 0daa n, A, 0.

CoOCTBeHHBIe 3HAYeHUs A, MOTYT BecTH cebGsi caMBIM Pas3HBIM o0pa-
soM. Hak MBl yBHIMM Ha TpuMepe OJHOTO ypaBHEHUA HEUTPaIbHOIO
tuna (I = 1), GeBatoT cayuau, korpa ycaopue (B) Teopemsr 1 me BhImoJ-
HAeTCSA. Y CTAHOBUM OJWH JOCTATOUHBIA MPHU3HAK CIpPaBeJIMBOCTU yCJO-
BUA (B). ITOT IPU3HAK BCETJa BHITOJHAETCA JJIA CHCTEM OOBIKHOBEHHBIX
ypasnenuii (B = C = 0) m pus cumcreM c¢ samasapiBanmem (C = 0).
Ilyers I' — oxpysmuocTh |2 | = 1 B KOMIJIEKCHOHU IINIOCKOCTH.

Teopewma 2. Ecau y mampuybr 'C nem cobemeennvlx snavenull
na I', mo ycaosue (B) meopemvr 1 evinoamnsemcs.

ITorxaszarexnnbcTtBo. Obozmaunm uepes off anrebpy omeparo-
pos C' — C' u monosxum

Q(z)=Ez 1+ 'C.

ITo ycaosuio pas wkampgoro z € I' cymecrByer rtarkoe &, > (0, 4ro Bce
9JIeMeHTH OTKpPHITOTO Imapa S (S, &) C o c¢ meHrpoM B Touke (Q (z)
1 paguycoM &, obparmmbl. Bymem mpepmosararh, 4To €, — HauboJbIiee
yucsio, ofJajamolnee HTUM CBOMCTBOM. B cmiy KOMIAKTHOCTH MHOKe-
crsa I' inf g, 54 0. Ilyctp €, — HeKoTOopoe MOJOKUTEIBHOE YUCJIO,

2ET
LIA KoToporo gy << inf €,, m F — 3aMKHyTas €,-OKPECTHOCTH MHOjKE-
2€T
crea {Q (z) | z € I'}. OueBupHo, Bce omepaTopsl us # obGparumbl. [laiee,

MHOKECTBO % B3aMKHYTO W OTPaHWYEHO B off. Tax RaI{ o/l — mpocTpaH-
CTBO KOHEYHO#l pasMepHOCcTH, To & KomnaktHo. Orobpaskenme M —
— | M~1 | MHOKecTBa # B MHOKECTBO TOJOKUTEJIBHBIX YHCEJ Hempe-

peiBHO. Iloatomy cymectByer Taxkoe Ky, > 0, uro
| M | <Ky nan M€ 7. (3)
OueBugHO, cyiecTByeT Takoe mejoe ng > 0, 4ro

—(in)"'eC, € F  mam |n|>ny.
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Torma masa n > o, matpuna C, obparuma, u B cuxy (3) [n | |3l | <

< K,. CnegoBaTesnbHo,

1

I,C_1|>K|n| s |n| > ng,

rme K = 1/K,. Ocraerca 3ameruTbh, uro, coriacHo Jemme 1 m3 § 7,
A, = 1/ C3' .

3dameuanuasda a)B ycaosusax reopemsr 2 marpuiia C, obpartuma
masa | n | > ny. U3 ckasamroro B m. 3 § 7 ciaegyer, 4TO ORHOPOAHAS

cucrema ‘Uz = 0, mpucoenunennas k cucreme (1), mmeer KOHeUHOe
4ncJo JMHeHHO He3aBUCHMEBIX pemenmii. Kpome toro, ecam f € (F'),
OPTOTOHAJBHO KO BCEM pPeIleHWAM cucTeMsbl (2), To Bce pelleHus ¢ Iepuo-
nom 2m cucteMsbl (1) ABIAOTCA peryisApHBIMA.

6) B ycaoBusx TeopeMbl 2 HOpPMaJbHas pPa3peIIUMOCTh SABJIAETCHA
rpy6siM cBoiicTBOM cuctembl (1) B ToM cMblejle, 4TO OHa COXPaHAETCA
Ipu J0CTAaTOYHO MAaJbIX BosMmymienusix mapamerpoB A, B, C u h.

2. Paccmorpum mopmpoGHee pasianuuHBIe CUTYaluy, BO3HHKAIOMIIE

B caydae OJHOT0 ypaBHeHus HeiirpambHoro tuma (/[ = 1). B pgaapneii-
meM upeamoyo;kuM, uto A, B, C — BelecTBeHHBIC 4YHCJIa, TaKk 4YTO

tA = A, 'B =B, 'C = C. Rosppunuentst Dypre nias R cyrh
C,= —in(14+Ce™) 4+ A 4+ Be"",

a i, = | C, |. llpegmonoxum eme, uro 0 << h < 2m. ITO mpepmoaosKe-
Hue He Hapylmaer obmmoctu, ubo ecaum h = 2kn + hy, 0 < by < 2m,
TO, yYUTHIBag, 4UTO T, = T, B mpocrpaHcrBax (&), m (F'=),, MH
MO;KeM 3aMEHUTH A Ha A,.

1) C = +1. B sT0oM ciiydae BBITOJHEHO YCJIOBUE TEOpPeMbI 2.

2) C = —1 uh cousmepuno c 2. B aTom caydae mocienoBaTeIbHOCTh
{e"""} amnsercs mepmopmueckoil. IlycTh ¢ — ee HAMMEHBIINII IOTOKU-
TeqpHB mepuoxn. Torma C, = A - B pmus n, Kpataeix ¢. [aiee,
cymecrsyer takoe K > 0 u taxoe meaoe ng >0, uto |C, | = K | n |
mas | n | == ng, n == mq. CregoBarenabHo, ycjoBue (B) TeopeMbl 1 BBIIIOJI-
HseTcH. SameruM, 4to, ecan A - B = 0, agpa U u ‘U umeror Gecko-
HEYHYI0O PasMepPHOCTb, 3HAUUT, OMHOPOHOE ypaBHEHHe, IPHUCOCAUHEHHOE
K (1), momycraer o0600ImeHHbIe TMEPUOWIECKUE PpeINeHusd.

3) C =1 u h cousmepumo ¢ 2m. IT0T Cciaydail mcciaemyercs Tak ke,
Kak u cayuait 2). OTMeTuM JuIlb, 9TO €CJU HAUMeHBIIWI Iepuojl ¢ mocie-

TOBATEJIBHOCTH {emh} sBisiercs HedeTHHIM, T0 1 - '™ == 0 mas moboro
IeJ0T0 7 M, 3HAYHUT, cymecTByer takoe K > 0 u Takoe nemoe ny > 0,
gyro | C,, | == Kn pas awboro n, | n | = n,.
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4) C = —1, h necousmepumo ¢ 2n u | A | == | B |. B srom cayuae
C,, MO;KHO 3amucarh B BUJIE
C,=A-+B —Z(Bsm——k-ncos%,-l)sin}%z—l—
+21(B cosjn —nsm%@) sin’;—h, (4)
uIn
C,— A — B—f—Z(Bcosll——nsin?ﬁz)( +zsin’3-i?) (5)
2 2 2
CymecTtByer Takoe 1emnoe no > 0, 910 gaa | n | = n,
2 A —B]| 2 |A 4+ B 2 | A + B |
< , B n|) << , < .
S e nz(l |+ In)) < 5 PSS 9

. nh
Ilyers | n | = ny. Ecau | sin %— | < n2, to, Kak cxaexyer u3 (4),

|1C, >4 +B—2(Bsm~——[—ncos§h)ou ’:LZ— >
2 |

B|. 2
>4 +B|—2(B|+n)>ATE S 2
n 2 7 |n|
Ecan
bln@ >~1— u ‘Bcos—’E —nsmzlé }L,
2 n® 2h ) In|
To u3 (4) ciegyer, 4TO
|Cnl > BCOS—@——nsinz’E sin@ _2_3
2 |n |
Haromnern, ecanm
sin—|>— u |Bcos— —nsin—|<—,
& ||
TO, Kak ciegyer us (o),
1IC,.1>1A—B|—2 Bcosgn—-nsin%}-&>
; 2 A—B 2 2
S R
|| 2 ln]” |n|
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OxoHYaTeJIHHO
2 .
ol > nl>m,
in

u ycaosue (B) Teopemsl 1 BBIIOJIHEHO.
5) C = 1, h necousmepumo ¢ 2n u | A | %= | B |. dror caydair uccie-

Oyercsi aHaJOTHYHO.
6) C = —1, h necousmepumo ¢ 2n u A = —B. B srom ciydae

|C, | = 2 |in -+ B ||sin nap |,
e w = h (2n)7!, rax yro 0 << p << 1. Jlasa KasKgoro meiaoro n CymecT-
ByeT eJMHCTBeHHOe Ilesoe m = m (n), Takoe, 9UTO
1 1

_— — —. 6
2<nu m<2 (6)

Ouesupno, mn = 0. [lazee,
|C, | =2 |in -+ B ||sina (rp — m) |[.
|2i|<|sint|<|t;mmte[—”
(6), moxyuaem
alin+B]||lnp—m|<L|C, | <2 |in+B||np—m|
uinu (piasa n 5= 0)

ITockoanky

T
5 7] , TO, YUYUTHIBasA

ﬂlnllinJrBi‘u—% <l0nl<2ninllin+3|\u—-%- (7)

Taxkum oOGpasoM, MBI HPUNIIX K 33Jade anIpPOKCHMalLU¥W UPPATHOHAIb-
HOTO YHCJIa | panuoHAJIBHBIME umciamMu. bBymem pasamuars gBa mof-
caydas:

6,) Hppayuonasvroe wucao p makoso, wmo Oaa nexomopwxr L >0,

p=0
L
r?

s npu ecex yeanrr ¢q >0, r>0. (8)

Hak u3BecTHO W3 TeOpUHW YWCEJ, MHOKECTBO TAaKUX WPPaI[MOHAJIbHBIX
aucen p € [0, 1] umeer meGeroBy Mmepy epmnuna '), 3HaumT, COOTBET-

1) TIpusegeM ogHO OCOGEHHO IIPOCTOE NOKA3aTeILCTBO HTOTO YTBeD:KHAeHWA [4].
Hyers L > Ou p > 2 ¢uxcuposassl, u nycts £y — MHO:KecTBO Tex Togex w € [0, 1],
KOTOPHIe He YAO0BJETBOPAIOT yciaoBuio (8). MuoskecTBo Ej cocTouT m3 TOYGK BUIA
gr~' (€10, 1]) BMecTe ¢ WX OKpeCTHOCTAMU pagmyca Lr~P. Jlisa QuUKCMpPOBAHHOTO T
41CIIO TOYCK BuUma qr-! pasHo r | 1, U Mepa cOOTBETCTBYION[Ero 00heINHEHN S OKPeCT-

mocreil papHa 2Lr'~P. IlosToMy
oo

mes Er, < 2L 2

r=1

1
ro-1°

(%)
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CTByIOIee MHOKECTBO samasibiBanmii 2 = 2mp mveer mepy 2m. WUs (7)
BBITEKAeT, YTO

i—]——l—g— ——L— nas n =%=0.

1C, | > m —
" n|in’"?

3Haunut, ycaosue (B) Teopemsl 1 BEIIOJIHEHO.

6,) das uppayuonaaviozo wucia W we cyujecmeyem nurarur L >0,
p = 0, 0aa Komopwuz eunoanasoco 6ol (8). MHOKeCTBO TaKMX HPpPaImo-
HaapHbix yucen p € [0, 1] umeer Mepy HyJb, HO He SBISAETCA NMYCTHIM .
B cayuae 6,) gaa awbeix L >0, p == 0 mepaBeHCTBO

7| L
w r 7.p+z

nMeeT OeCKOHeUHOe MHO;kecTBo pemrenuit (¢, r), g¢r > 0. Ouesupno,
MHOKECTBO 9TUX pelleHuil (fjiA QUKCUPOBAHHBIX L M p) COMEPIKUT Haphl
(g, r) co ckoxab yromguo Goupmumu r. Mo;kHO mOKa3aTh, YTO CYIIECTBYeET
fecKoHeTHOe MHOMKeCTBO pemnenuit (¢, r), KOTOpbIe Y/IOBJIETBOPAIOT

Y CJIOBUIO

(l
R

ru —q|<<
|rp —q| 5

CKaykeM pelleHus ¢ = mj, r = nj. Tak Kak OHU yJOBJIETBOPAIOT yCJO-
suto (6), us (7) caexyer, 4TO

L 27 (i BY) L
(i IB)L

)

i+

|1C, [<<2m
J n]

CaemoBateabHo, 1A a06eix K > 0, p = 0 cymecTByoT TaKue rneiasle 1,
aro | C, | << K | n |P. Takum o6pasom, B caydae 6,) yciaosue (B) Teo-
pemel 1 He BHITIONHAETCHA ¥, 3HAYUT, COOTBETCTBYIOIeC ypaBHEHUE Heli-
TpaJbHOTO THHA He MABJIAETCA HOPMaJbHO paspermuMbIM.

7 C = 1, h necousmepumo ¢ 2m, A = B. 9ToT caydair uCCIeyeTCa
aHAJIOTUYHO caydawo 0).

Jlas GUKCHPOBAHHOTO p => 2 MHOKECTBO UHCEN | € [0, 1], gia KOTOpPHIX HE cylie-
CTBYeT HHU OJHOTO L, IJisi KOTOPOTO OBl BBIIOJHAJOCH (8), COAEPKUTCA B KajKIOM
n3 mHOKecTB Er, L > 0, u u3 (%) caegyer, 4T0 dTO MHO}KECTBO MIMeeT MepPy HYJb.
3mavnT, MEOKecTBO Tex umcen . € [0, 1], gas xoropeix Takme L > 0, p > 0, npn
KOTOPHIX BhITIONHAETCA (8), CYyIECTBYIOT, MMeeT Mepy eQuHNIA.

2) Ilocaepmee yTBeD;KIeHNe BHTeKaeT U3 CJENYIOMEN TeOPeMbl TeOpPUH HMCe
(cM. [38]): KakoBa Obl HE ObITA HOJOKUTeNbHAasA PYHRIMA HATYPAIHHOTO apryMeHTa,
CYIIecTBYeT Takoe mppanuonanbHoe quedo o € [0, 1], yTo HepaBeHCTBO la — (q/r)| <<
< @ (r) mMeer GeCKOHEUYHOe MHOKECTBO DeINeHWit B IeJNBIX 4YHCTAX ¢ > 0, r>0.
Ilas Toro uro6sl yOeguThesA, 9TO paccMaTprBaeMoe MHOKECTBO He IIyCTO, NOCTaTOYHO
B3ATH WMPPAIMOHANLHOE UYHCIO, COOTReTCTByIOIee QyHKIHU ¢ (r) = e
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8) C = —1, h necousmepumo ¢ 2n, A = B. B arom caydae mmeem
|C,,|=2|nsin — — Bcos—|.
Huas n 5= 0 noxoyum
B T T
o, =arctg —, ——<la,<—,
n 2 2
TaKk UTO
n nh - . [nrh
[1C,|=2 sin(———ocn) >2|n| sm(r——an) .
cos o, 2 2

onowum 272 = mp, Tag 9To W — WPpPaTNMOHAIBHOE YUCTO U3 HH-
TepBana [0, 1]. Ilaxee, nonomumm o, = nff,. Torma

| Co | =2 0| |sina(pn —B,) | nas n=£0.

CoBepieHHO Tak jKe, Kak W B caydvae 0), NOKassIBaeTCs, UYTO s
RasKkporo mexoro n = 0 cymecTByer Takoe tenoe m = m (n), 49TO

m —+ pn
Ml 3
n

mmnmw—mn>gww

Jlerko mpoBepsercsa caeyoinuii gaxT: ecau maHbl € > 0 U orpaHm-
YeHHas I0CJIe[0BaTeIbHOCTD JeHCTBUTeIbHEIX uncex {y,},=1, | v, | < v,
T0 paa mourm Beex W € [0, 1] cymecrsyer takoe L >0, uro
g+

r

L
> —— A ao0bix neawx ¢, r, r>0. (9)
r

W

HeiicrBurenrsno, nycrs L > 0 ¢uxcupoBano, m nycTh F; — MHOKECTBO
Touek U € [0, 1], me ypomaersopswomux yeaosuwo (9), F, , — MHOKe-
¢TBO, cocTtoamee u3 Touek 0, 1 m desxamux B waTepsaie [0, 1] Touer Buma
(¢ + v,) rY, rne ¢ — nenoe gucao, u Gy, , — Lr -2 ¢-0KpecTHOCTH MHO-

sweersa £y .. OueBupmmo, £, < | Gp,. Haa ¢urcuposammoro r > 1
r>=1

yucao r; touexk Bupa (g - vy, r, aeswamux B umrepsBame [0, 1], —
9TO YHMCJO IEeJBIX YWCeN ¢, YAOBJETBOPAIOIIUX YCIOBUIO
0<qg+vy <r
CuemoBarennHo,
n<t Ayt lr—yv I<t4vybrt iy <142y +r
IToaTomy
mes Gy, , <<2Lr > °(3 42y +7)
n

oo (e o]

mes £}, < Z mes Gy, , < 2L E i e (10)
r

r=1 r=1
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Mzoskectso off Touex p € [0, 1], 1A KoTOPHIX HE CYNIECTBYET HIL ONHOTO
L > 0, npu KoropoM OBl BBHIIOJHAIOCH COOTHOLICHUE (9), comepsxuTcA
B KayKqoM U3 MHORecTB K, L >0, m u3 (10) BHTEKaer, 4YTO 3TO
MHOKeCTBO mMeer jeberoBy Mmepy HYyIb. Ilooromy MHOKECTBO TOYEK
w € [0, 1], mas KoOTOPHIX TaKoe L >0, mp:x KOTOPOM BHITIOJHSIETCH
(9), cymecTByer, mMeeT Mepy 1, mbo oHO mpeicraBiager co0OM MOIOJ-
menme B [0, 1] MmomxecTBa o/ .

WNrak, mag moYTéd Bcex W € [0, 1] cymecrByer Takoe L >0, uro

npu n =£0.

e

L
IC,A>l

Taxum ofpasoM, B caydae 8) yciopue (B) TeOpPEMBI 1 BHIIOJHAETCSA A
nouru Beex 2 € [0, 2m).
9) C = 1, h necousmepuno ¢ 2n, 4 = —B == 0. 9ror caydail ucciue-

[yeTcHa aHaJOrMYHO CIydaio 3).

BamMeuanusa B) V3 crkasammoro BHIIe clIefyer, 9TO JJIA HEKO-
TOPHIX 3amasibBaHuii h € [0, 27), A KOTOPHIX CKRAJIAPHOE ypPaBHEHNE
HEeWTPaJIbHOTO THIIA

Dx -+ Ax -+ Boyx + CopDx = f - (11)

HOpPMaJTbHO paspemumo B ('), CYMECTBYOT Takme HENpEpHIBHLIC
¢ymrmuu f, aro ypasHenue (11) ne mmeer OOBIUHBIX peIeHull, a TOIBKO
0000IIeHHBIE.

r) Ham mpepcraBiisercs WHTEPECHBIM OTMETUTD, CKOJIb Gorato MHO-
secTBO ypaBHenwmit (11), obaajalomux CBOMCTBOM HOpMAaJIBbHOI paspe-
MIMOCTH: COTJIACHO 3aMedaHmio a), B cayuae C = 41 HopManpHaA pas-
PeIIMOCTh ABJSETCA TPYOHIM CBOMCTBOM; W3 IPUBENEHHBIX paccy;KaeHui
caenyer, uro jis C = =1 u PUKCHPOBAHHBIX A, B MHO;eCcTBO 3amas/ibi-
panuii b € [0, 27), A KOTOPHIX ypaBHEHUE HOPMAJbHO DA3PEIINMO,
numeeT Mepy JleGera 2m.

n) B cayuae 6,) Aanpa onepaTopos U u U o6a HyJieBse, HO CYIIECT-
Byer Takoe f € (&'®), uyro ypaBHeHHe tUx = f me uMeeT peleHuin
B (§'~). Boaee Toro, ecanm uppanuoHATILHOE TUCIO [ MOFRET OBITH JTOCTa-
TOYHO XOPOIIO ammpPOKCHMUPOBAHO PAalMOHAJbHBIME THCIAMU (u cyimecT-
BYIOT MPPalMOHAJBHEE YUCIA, KOTOPEIE MOTYT OBITH QNI POKCUMUPOBAHK
¢ m1060il 3ajaHHO TOYHOCTHIO), TO MBI MOKeM BHIODATh Jlaske f € (F)
Tak, 4ToOm ypaBHeEme ‘Uz = [ He mMejo peIIeHHH B (F' ).

BUBJINOTPAOUUECKIE 3AMEYAHNA

Pesynprater § 1, ormocsmuecsa K 0000Me asM TePBOOOPAasHEIM B K METOIy
Bapuanuy TOCTOAHHBIX [IJIsI CUCTeM C 0600MEeHALIMY BO3MYIIEHISIME (Teopema 3),
MBIOMKEHLI B OCHOBHOM To [68]. @opMmyna UpeicTaBIeHHs PeMeHNH [JA CUCTEM
¢ BO3MYIO[eHNAMU-MepPaMu yCTaHOBJCHA B [67]. [TorazaTeabCTBO B TEKCTE TAHO APYTOC.

B § 2 MH caegyeM ¢ He0OIBIIMMY BUJOU3MEHEHUAMMN paGore [67].

Pesyziprarh § 3, Kacaompuecsi olepaTopa BXoxa — BBRIXO/A, npuHaaiexar Kpu-
crecky [14]; MB m3;maraeM mMX ¢ HEKOTOPRIMH MopuuramIAMA, XapaKTepH3amusa
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YCTOMYMBOCTY B TePMUHAX HENMPEPHBHOCTH OollepaTtopa BXOoxa — BeIXofa mama B [97];
5Ta XapaxTepUsanus OCHOBAHA HA pesyibraTax bapbammua [6]. Mbl N3JI0KUIN 37€Ch
JIWIIL CIAYYaid BOBMYIIEHUA-MEPHI, 160 s CUCTeM ¢ IepeMeHHHMH Ko3(pdHuImeHTaMu
ciayyail IPOM3BOJLHEIX OOOOIMIEHHHIX BO3MYINEHUN MPEICTABIsSET OIpPeIeeHHEe

tpynmocta (cM. [97]).
PesyapTaTel § 4 O HEPUOJUYECKUX CHUCTEMAX SBJIAIOTCH KIACCHICCKUMU IS

ciydyasa BO3MYymenuii Tuna Gyurmuid. Cirydaid 0600MEeHHBX BOSMYIIEHUN PAacCMOTPEH
B [92]. PesyabraThl, OTHOCAMWECsS K MHOTOTOYEUHBIM 3a7a4aM, OBIIH IOJYYEHBI
B MB3IIO;KeHHOM 3mech Bume A. XajaHaeM m A. Mopo (COBMeCTHO).

TeopemMa § 5 0 CymeCTBOBAHMM HOYTH-LEPUOUYECKUX pPeMEeHUN [Jd clydas
BO3MYyHmIeHUI Tuna QyHKnui, mpusegeHa B [29]. Ciydait 0600meHHEX BO3MYIMEHNIL
uazjgaraerca mo [92], [93]. 3amena yciaoBus yCTOWYWBOCTH YCIOBUEM TUXOTOMHUHU pPac-
CMOTPeHAa B CBA3W ¢ MPOOJIEMON cymecTBOBAHUA B [49] mias caydas BOSMYIIEHUI TUTIA

QYHKIMIL.
Ilepuogugeckue CHUCTEMBl C 3ala3fblBAIOMUM apryMeHTOM U BO3MYIIEHUSIMHI

rana GyHrnui ucciaemxosaaunch B [30]. Ciaygail cucreM ¢ MOCTOSHHBIMU KO3(QHILIeH-

ramMu paccMorper B [79]. Maroykenme pesyapTaToB § 6 miisa caydas 0600MEHHBIX BO3-

MyIIeHWil, 0OCHOBAaHHOEe HA TMPUHNUIMAJHHO IPYroil miee, maHo B [94].
Pesyaprarel § 7 1 8 B3arel u3 [95] m [96].

IIpuasowernue

HEPNOINYECRUE, HOYTH-TEPHOANYECKUE
I OYPAHUYEHHDBIE PACHIPENEJEHUSA

B sTom mpuio;keHNu mpUBOIATCS ONpeNeJeHUs, a TAK/Ke HEKOTOPHIE
cBoiicTBa pacupenesenuil (0000MEHHLIX (YHKIWK), paccMaTpUBaEMBIX
B ra. Il m IV. Jlnsa o6mero 3HaKOMCTBA ¢ Teopueil JTOKATBHO BEIITYKJIbIX
IPOCTPAHCTB M pacupefeneHuil pexomenayemM Kuumrm [15] m [47]1).
Mbr pacematpuBaeM 3aech JnuUIIb 0G0OIIEHHBIe (YHKIWH OSHOTO eii-
CTBUTENHHOTO II€PEMEHHOTO € KOMILIEKCHRIME 3HavYeHHUAMEH (THOTTA
CO 3HAYEHHUAMHI B [-MEPHOM KOMILIEKCHOM eBKIHMJ0BOM mpocrpancTse C').

§ 1. IpeaBapurenbHbie cBeIEHN A

1. Ilycres T — orkpuiToe HemycrToe MHO;KecTBo B R, OGoszmadum

vepes Pp (wam D7) HpocTpaHCTBO OECKOHEYHO AudPepeHIupYeMbIX

$yurnuit ¢: T — C’ ¢ KOMIAKTHBIM HocuTeleM U depes D (uia P 1)
compsiKeHHoe K HemMy mpoctpancTBo (cMm. [23]). IIpocrpancrBo &7 HasbI-
BaeTcs IPOCTPAHCTBOM KOMINIEKCHEIX pacmpegeseHuin (0000meHHBIX
¢yuruumit) Ha 7T, a Dp1 — OPOCTO MPOCTPAHCTBOM KOMILIEKCHEIX pac-
npefenernnii. llpocrpancTBo Zg1 o6o3Havaerca depes & (mHOTA Yepe3s
D), a D — uepes P’ (uHorma depes Z'~). 3HaueHHe pacipejese-
Hus f € 7 Ba QyERmEE @ € P, Oymem oGosHagate depes (@, f)
(unorpa gepes (¢ (¢), 1 (2))).

Yepes 8, mMer o6osHawaem Mepy Jupakra (wHOTTA OyaeM Ha3HBAThH
ee UMnYLbcoMm), cocpenoToueHHyio B Touke a € It (¢, 0,) = ¢ (a) gus
¢ € Dyp. Mepy 6o Oyaem o6osHauaTh IpocTO Uepes

1y Uum [23]).— I pumn. ped.
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Ilyers T; — oTkpeiroe MHOmectBo, 14 7. IlogmpocTpaBCTBO
$ynrmuit ¢ € D ¢ supp ¢ < Iy, ogesugno, usomoppuo Dr,. ITosTomy
Gymem 0603HAUATH DTO MOAIPOCTPAHCTBO Tak:ke depes Drp,. Cyxenme
BCAKOTO pacupepenenusi [ € Dy Ha Dy, ABIAETCSA pacupeeeHNeM
ga 14 '). Takum oOpasom, pacmpefejeHUA U3 D MOKHO H3YyYaTh
soraabHO. l'oBopsaT, uT0 pacnpedeerue f € D1 pasno HYyal0 Ha OMEDLLITLOM
mnoscecmee Ty — T, ecam cy:keHuUe 9TOTO pacmpefeneHusa Ha D,
sBJIsieTcH HyJeBHM pacmpenernexunem Ha I'y. l'oBopsar, 9ro pacupepese-
Hust f1, fo € Dy pasuwt (cosnadaiom) Ha T4, ecam fi — f, paBHO HYJIO
wa T,. Hocumeaw pacmpenenenus f € P — dro nononnenue B I mau-
6OJBIIEr0 OTKPHITOr0 mogMmHOKectBa B 7, Ha KoTopoMm f paBHa HYIIO
(em. [15]).

[Tpomssoguyio Gymkmuu ¢ € Dy Oynem oGosHauaTh Yepes ¢, do/dt
wan D¢. Kak mssecrno, omeparop gupdeperuuposanus D: Dy — Dy
HempepuiBeH. Onepamop 0606uenno020 Jugeperyuposanius — dTO CONPS-
sreHublit K omeparopy —D: Dy — Dp. Ilpomssopnyio pacupeseseHus
f € D% 6ynem obosnauarh uepes [, df/dt nam Df.

Myavmunaukamopt, 5a D7 — 370 OGecKOHEUHO AUPPepeHnupyeMbie
¢yurnum o ma T (¢ a06sIM HocuTenem); omeparop [ —-af us Dr B Dy
ABJNSETCS CONPS/KEHHBIM K HEIPEeDPHIBHOMY JNHEHHOMY OIepaTopy
¢ —>ap u3 Yp B Dr.

Mycrs h € RY. Cosue T + h muoskecrBa T — R' ABISIEICSH OTKPHI-
teim BMecte ¢ T. laa ¢ € Dy nonoxum (1,9) (t) = ¢ (¢ — k), Tar 970
T,@ € Dpop; omeparop caBura QyHKImM Ha A

Th: D —> Drin

ecTb uzoMopPuaM, 00paTHEIM K KOTOPOMY SBJACTCA T_j. OmnepaTop
cBUTA pacipenenennii Ha h (o0osmadaeMblid TaK:ke 4epes Tp) ompene-
asercst kax omepartop (us Dy B D7rip), CONPMKEHHHIN K 0IEpaTopy
T_p 18 Dryp B Dp. Omeparop cABHra paCIpefeeHHd Tj ABJISETCH
m30MOpQUBMOM, 06PATHEIM K KOTOPOMY CIYHUT T_j,. B dacrmocTn, mms
T = R' umeem ‘@T = ‘@T-I-h =9 n @,T = ‘@%‘I—h = @,.

2. Tlyerp I' — OTKpHTOE HEIycToe MHOKecTBO B ' m m — mernoe
upcao =0. Yepes DT Oymem 0003HaYaTH IPOCTPAHCTBO GyHRIHIA
¢: T — C’ ¢ m HenpepHBHEIMU ITPOM3BOJHEIME M ¢ KOMHAKTHEIM HOCH-
temem. IlpocrpamcrBo D obosHagaercs mpocto depes D™

Ilycrs Q < T. OGosnaunm gepes D™ (()) moAIPOCTPAHCTBO GyHRIUHA
¢ €EDP ¢ supp ¢ < Q. Ecaum BBeCTH HOPMY

l¢llg = max sup [D'e(®)], €D (Q),
0<i<m tER’
To B ciyuae, Korna Q — KommakT, mpocrpaBcTBo D (Q) Oymer paHa-
X0BHIM mpocTpanctBoM. Ecam (), ()2 — KOMIAKTH B T u Q; < Qo

1) CymiecTByIOT, OJHAKO, pacHpeelleHUA Ha T,, KOTOpEIe HE MOIYT OBITH IPO-

OJREHH! 10 pacupejenenns Ha 7. Tak, HanpuMep, QyHKus f (t) = ellt ¢ € (0, 4+ oo)
He MO;KeT OHITh TPOIOJKEHa T0 pacupeneieHnd Ha R
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10 ™ (Q1) sABIAETCA mOFUpOCTPAHCTBOM B D™ ((Q,). 3HAUAT, MOMKHO
BBECTH B J7. TONOJOIMIO CTPOTOTO HHAYKTHBHOTO Mpefeta HOXIpPO-
crpaucts D™ ((Q), rme Q — KoMHAaKTH, comepsramuecs B 7.

MnosxectBo ok < D oepanuneno TOrma m TOILKO TOTJa, KorIma
cymecTByeT Taxoié KoMumakr Q — 7', g@ro ok < D™ (Q) m o# orpanm-
aeno B D™ (). IllpocrpancrBo D% Goprosormgno 1), Ho ne MeTpu3yeMo. -
Jlerko morasare, uro PP cemapabenrpbHO ¥ MOJIHO.

IIpocrpanctBo P, oueBmAHO, comep:xurcs B PP. Tomomorus mpo-
CTPaHCTBA Fp siBAseTcsa Gojee TOHKOW, YeM HHAYIUpPOBAHHAS u3 DY,
HopupocrpanctBo Py mimorHo B DF. JleficTBHTETBHO, WyCTh o EDT
I (o — 3aMKHYTasi £,-OKPECTHOCTH HOCHTeNs (¢, comep:Kamasca B 7.
IIycrs {&, },>1 — mocienoBaTeBHOCTD YHMCeN, YAOBIETBOPSIOWAA YCIO-
pusim 0 < g, << g, &, >0, w p, — moCIEOBATEIBHOCTD QYHKIIH
us & ¢ HOCHTeNeM B [—eg,, e,], Takas, uro

e€n

{ p(s)ds=1?).

—&n
Honosmum ¢ = @k pp, THE ¢ (1) = @ (f) mua t €T, () = 0 gan
teER, t¢Tn

-+ o0
@*pn) ()= § F(Jpa(t—5)ds, t€R"

Jlerko mpomepsercsi, 9ro QyHKOUE @, OGECKOHEYHO nuddepeHIUPyeMbl
U YTO UX HOocHTexb Je:KuT B Q. 13 pasencrna
=+ o0

too N
_:\m(p(s)pn(t—s)ds= S Q(t—9)pn(s)ds (1)

— 00

caexyer, 9To qus t € Q

00
TO =B ()=1_] ($() —F(t —9pa (9 dsi <

en
< T 190 =9 —9)]0n(s)ds<< _ Sup ]n’cﬁa)—zﬁ(t_s).,
—&n scL—¢en, &€,

BHATAT, @ % Oy ) paBHOMepHO Ha Q. Ilamee, B cmiy (1) mmeem
. DJ('(\PI*pn)I(DJ?’S)*pn,
spaunt, D’ ((pa{epn)jD]cp pasaoMepHo Ha @, 0 << j << m. O6o3nauasn

qepes ¢, cy:keHme ¢, Ha I', momyuaem ¢, € Dr, ¢, - ¢ B DB, T. e.
D unotao B DT,

O6osmagum uwepes P7™ mPOCTPAHCTBO, compsykeHHOE K DT, Hame-
JeHHOe CHJIBHOW Tomoxormeii. VI3 ckasaHHOro BEHIIEe BETEKAET, UTO

1) Il moKasaTednCTBA HTOTO YTBEPKICHHS MOKHO UCIOIH30BATD TOT 3Ke MeTo/,
¢ HOMOINBI0 KOTOporo B [15] moxaswiBaercs, 4To Z 06iamaeT HTHM CBOHCTBOM.

?) UsBecTHO, 9TO Tarue GyHKIUA CYmecTBYIOT (cM. [15], riie OHM BBeTEHH B CBA3N
C peryispusanueir Mepsl [[mpaxa).

16 A. Xanamait, II. Bexciep
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cy:xenme Ha P, Besikoro QyHKmuoHana f € D" asasierca pacupegene-
gueM Ha T; TOCKOIBKY Do WIoTHO B DT, PYHKIUOHAI f omHO3HAYHO
ompefenseTcs HTHM pacupegesenumeM. Tarum oGpasom, D7" M30MOPPHO
(arre6pamuecku) HEKOTOPOMY IOAHPOCTPAHCTBY B D, mpudeMm u30-
MOpPQU3M OCYIIECTBJAETCS OIEPATOPOM CYKeHHA. B pganpheiimem MH
oToskmecTBIsseM PD7T" € COOTBETCTBYIONMM IOANPOCTPAHCTBOM B Dr.
TaxuM ;xe 00pa3soM MBI OTOKIECTBISIEM D™ ¢ cOoOTBETCTBYIOIUM IIOJ-
npocTpaHcTBOM B D7t

Jlerxo mokasaTh, 4To mpocrpancrBa Pr, 0 < m <l oo, I DT ABIA-
IOTCSA ITOJIHBIMH.

. Omeparop mudpdepennumposanus D: P — D7 ompepnenserca
Kag COlpsyKeHHE K omepatopy —D: QU 5 PT. Mysvmunaiuka-
mopwl Ha D7 — 910 QyHRIUE (C TOGEIM HOCHTeJeM), IMeIoliue m Helpe-
PHIBHBIX IITPOM3BOJHBIX Ha T. CaoBur ompemenxsercsa, Kak M B II.

. Ecam ¢yurnma o jgomyckaeT m — 1 HeIpepHBHEIX IPOM3BOTHBIX
ma 7T u € D7", To cupaBeliuBa H3BeCTHAA dopmyna puddepenu-

poBaHHA INPOU3BENCHUA
(af) = oa'f + af . (2)

IleiicTutensuo, of € D", Tak UTO (eef)’ . € D1, Ilamee, o'f € DT,
of € D, m pusa aoboit yHKIEE ¢ € PP+ umeem

@, (af)’) = — (@, af) = — (@@, [} = — (@) —a'e, f) =
— (a9), )+ (@, &'f) = (ap, f')+ (¢, a'f) =
= (9, af ) + (¢, a'f) = (@, af 4+ a'f),

orkyma u ciaexyer (2).
DemenTs U3 D — d10 Mepsl Ha 1'; OHE elle HABBIBAIOTCA pacnpe-

deaenusmu na T nopadka 0. ToBopsT, aro pacnpedeaenue f € D umeem
nopadok m, TAE m — HEKOTOPOEe IeJI0e IOJOKUTENBHOe TUCJIO, eCIH
feED™ nfé -1, Tosopsar, 4ro f € Dt ABIAAETCH pacnpedeaeruem
Geckoneunozo nopsadka, ecim f ¢ D" HH IPU KAKOM NEJOM HOTOHAM-
TeIHHOM M.

Hycrs  {Sg}—coch<+o0s {tr} —coch<toos Sn € C!, i, € R',— nBe IBy-
CTOPOHHHE IOCJIe0BATEIBPHOCTH, UPHIEM {¢,} crTporo BoO3pacraer,
lim t, = — oo m lim ¢ = —oo. Jlerko moxasaTh, UTO CEMEUCTBO
R—s—o00 h~—>-{-o0

{skﬁtk}_oo<k<+oo cymmupyemo B P’ m mMeeT B KadecTBe CYMMHl Mepy

d, ompepensieMyo PaBEeHCTBOM
(@, 0= Dsp(ty) mua QD"
h

Pax ) skt 6e3yCIOBHO CXOAUTICS B Z2'°, | ero cyMMou ABJIAETCA
R

mepa .
3. Ilycrs €™, m < co,— HPOCTPAHCTBO ¢yarmmi R — C1 (¢ 1006M
HOCHTeNEeM), MMEIOIIHX M HEIPePHIBHEIX HPOM3BOLHEIX. Ilnst BCAKOTO
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kommakrta Q < R!' paccmorpuMm moayHopmy B G

lollg = max sup|D'e ()], @cB™

oi<m tEQ

Bgemem B €™ n0OKaIbHO BHIOYKIYIO TOIOJOTHIO, ONPEIENSAEMYI0 TOJY-

HopMamu ||-||g, tme Q — woMmmawTH, comep:kammecss B RY. Tomoxoruio

B €' MOKHO OIpeJeJUTh IPU IIOMOIIM CYETHOI'O CeMeiCTBa IOJYHOPM

-3, n=1, 2, ..., coorBercTBytomux rommaktam Q, = [—n, nl.
n

‘Takum obpazom, €™ saBuserca mpocTpanctBoM Operme.
B mpocrpamctBe ©@> GeckoHeuHO agupdepeHIUpPYeMBIX (GYHKIWH
(c mr00bIM HoOCHTEIeM) BBefleM IOKaJbHO BHIIYKIYIO TOIOJOTHIO, OIIpPe-

nenasieMylo cemeiictBoM moayHopMm [|¢|[, Q < R! — kommawkTH, m =
= 0,1, 2, ... . Tomomorua B ¥~ MoKeT GHITH ompeeeHa TPU HOMO-
I({ CYeTHOTO cemelcTBa moxyHopm |[-|[¢., n=1, 2, ... . CmegoBa-

TeIbHO, €™ ABAsgercsa npocrpanctBom PDperme.

IIpocrpascTBO Z™, O0UEBHAHO, CONEPIKHUTCS B NPOCTpaHCTBe G™,
0 << m << oo; Tomomorua B P™ aBngerca Golee TOHKOM, dYeM HHAYIH-
posaEHas m3 €. IlpoctrpancrBa P™ u P nmorust B ™. JleiicTBUTEND-
Ho, iyeThb & € D, a (t) = 1 mput € [—1, 1], 2 () = O upum ¢t ¢ [—2, 2].
Has mo6oit  ¢ymrmum ¢ € € oyErmum ¢ (1) = o (t/k) ¢ (), k =
=1, 2, ..., npmHagne;kar P™, u @, — ¢ B G, 3HauuT, I MIOTHO
B €. YuumTheBasg COOTHOIIEHHE MEKAY TOMONOTHAME, HOJydaeM, UTG
u 9 nnorao B €.

O6osmagum depes '™ mMpocTPaHCTBO, COUPSIIKEHHOE K NPOCTPAHCTBY
€™, HageneHHOMY CUIBHOM Tomoxormei. 13 cxasamHoro BhIme ciexyer,
gyTo cy;KeHme Ha 2P BeAKoro ¢yHKuuoHama f € 6’ upumHALIERUT
Z'™;, rak Kak D™ mroTHO B G, TO f OMHO3HAYHO OLpEIeNseTCS CBOUM
cy:xkennem. Taxum o6pasom, €'™ (anrebpamdecku) M30MOPHHO HEKOTO-
poMy IIOANpOCTpaHCTBY B Z'™ (m, 3HAUMT, HEKOTOPOMY HOAIPOCTPAH-
ctBy B &’), Tak UTO MOKHO cumrTath €™ < P'™. AHAJIOTUYIHO MOKHO
cyuTarh, 4to 6’ <= " uw €' < G’ ~.

IIpocmpancmea €'™, 0 << m < o0, cymev npocmparncmea pacnpede-
AEHUL ¢ KOMRAEMHBM Hocumesem. JlefcTBHTENBHO, ecIU OBl HOCHTEID
pacupenenenus [ € €' He OHI KOMIAKTEH, TO CYmeCTBOBala OH (yHK-
s ¢ € &, Taras, 4ro Qp (8) =0 mua ¢ € [—k, k]l m (¢, f) =0,
k=1,2,.... M moxeMm BHOpaTp @; Tak, 4to0H (g, ) = 1
(ymMHO:®assh B cayuae HagoOHOCTH HA mOAXoasmuil craxsap). Taxum
obpasom, @, —0 B 6™, a umcnmoBas mocaegoBaTeXBHOCTH {{Qg, f)}i
He CTPeMHTCA K HYJI0, YTO IPOTHBOPEYHT IIPEAIONOKeHHmI0 | € €'™.
Ob6paTHO, IpENIONOKUM, 9TO HOCHTEJb pacupepelenus f € '™ wom-
naxteH, supp f < la, bl. Ilyers a € D, a()) =1 gra ¢ € [a — 1,
b+1llma(t)=0nmuatd(a—2, b+ 2). Torna (p — ag, f) =0,
T. e. (@, f) = (ag, ) pna moboit ¢ymxmum ¢ € P. Orcioga cpasy
BU/[HO, 9TO (QYHKUIUOHAN [ HempeprBeH Ha &, HAJENCeHHOM HHAYIIPO-
BaHHOU m3 €™ Tomonormeit. Tark rar P mmotrmo B €™, 10 f € €'

16#
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CupapeiinBO paBeHCTBO
%’OO —_ U %’nl-

ogm <<

JleiicTBUTEIPHO, KAK Mbl BUJEIH BEIIIe, '™ < €' ~. Jlanee, ecam
f € €', To cymecTByeT Taras OKpecTHoCTh Hyns U B €%, 40

| (@, Y1 <1 pna o €U

MosToMy CYyIecTBYIOT Takoil KommarT Q < R', Takoe meioe HeOTpHIA-
TenbHOEe Heao m u takoe A >0, uro uz ¢ € 6=, || ¢ ||§ << A caenyer
@ € 9. Orcoga cpasy BUIHO, ITO (YHKIHOHAI / mempepwiBeH Ha €%,
HaneJeHHOM TOIIOJOTHel, WHAYNUPOBAHHOU U3 ™. Ho tax rarx @*
mxorHO B 6™, 10 f € €'

V3 ckazaHHOTO BHIIIE CIENYyeT, UT0 8cikoe pacnpedeienue ¢ KOMNRAKN-
HBM HOCUMeseM UMeen KOHeUHul nopadok. -

Bee paccysaeHHs 5TON0 IYHKTa OTHOCUTENBHO pacHpefeNeHui
¢ KOMIIAKTHBIM HocmTereM Ha ! ocTarorcs B cuie W JJA pacHpeeneHni
¢ KOMIAKTHEIM HOCHTeJEM Ha HEKOTOPOM OTKphiTom MHOskecTBe I' < R
Opmako MH He GyjgeM paccMaTpUBATh TaKHe pacIpeJeseHus.

4. O6osmaumm depes D™, 0 << m < oo, MOAUPOCTPAHCTBO (PYHKIME
w3 €™ ¢ orpaEmYeHHBIM cIpaBa Hocmrexem. Ilycrb G™ (—o0, al —
IOAIPOCTPAHCTBO (PYHKIME m3 €™ ¢ HocuTedeM (—oo0, al, HamemeHHoE
WMHAYOUpOBaHHOA m3 @™ Tomosoruei. OueBunHo, ecam a << b, TO
@™ (—oo, al = G™ (—oo, b] m TomONOTWA LPOCTPAHCTBA E" (—o0, al
coBHAaeT ¢ TONOJOIWed, HHIYIMPOBAHHOM U3 ™ (—oo, bl. Hauee,

7

GM = |J @™ (— oo, al.

aER!

Bremem B 9™ TOMONOILHIO CTPOTO HHAYKTHUBHOIO IIPe/iesia IOJIIPO-
crpamcrs  ®dpeme 6™ (—oo, al, a € R'. Muoxecrso A — DT oepa-
Huueno TOTIA ¥ TOIBKO TOTAa, KOLja cymectyer a € R, rakroe, 9ro
Ac— €™ [—oco, al w A orpammueHo B € [—oo, a]. IIpocrpamcrso
2™ GopHOJOTUYHO, HO HE MeTPU3yeMo. MosxkHO mOKas3arh, 4ro P cema-
pabeJbHO U IOJHO.

ITpocTpaBCTBO 9™, 0YeBHUHO, MOKHO. BIOKHUTH B D™ Tomodorus
B 9™ ToHbINe, YeM TOIOJOIrusa, MHAynHUpyeMas Wus P™. IIpocTtpaHCTBa
g™y P naorsl B D™ (910 JOKA3HBaeTCA TaK yKe, KaK TO, UTO g™
7 9 nnotHH B GM). -

OGosmaunm depes P, 0 << m < 0o, CUIBbHOE COMPAKEHHO® K .
I3 cra3aHHOTO BHINE CIELyeT, YTo cyskeEme Ha Z™ BCSAKOro (yHK-
umonana f € D" ABNAETCs pacIpeleIeHueM u3 '™, upuuem [ ojHO-
SHAUHO OIpeeldseTcs cBoMM cyskenmem. Tarum obpasoM, D™ (anreb6-
pamdeckn) H30MOP(YHO HEKOTOPOMY HOAIPOCTPAHCTBY B '™ (m, 3HAYUMT,
HEKOTODOMY TONTPOCTPAHCTBY B D). Kpome toro, P'™ < D"

Ouesugao, '™ < D™
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IIpocmpancmea D™ cymv npocmpancmga pacnpedesenuii us D™
¢ 02DAHUYEHHBLM CA€8A HocumeseM. ITO yTBEPsKIeHHEe JOKAa3BIBAeTCsA TaK
JKe, KaK B NPENHIYIIEeM IYHKTe JOKA3HBAJIOCH aHAJIOTHYHOE yTBEPIKIe-
HHe masg G, ¢ TeM OTJIMYueM, 4YTO 37eCh (YHKIUHM (p PaBHLL HYJIIO
ma [—k — 1, —kl, a ¢yErmua o € & rakoma, aro o (¢) = 1 mpm
t€la—1, +o0)mwa(t) =0mnput€(a — 2, +0), THe @ — HIKHAA
TPaHb HOCUTENSI pacupeleaeHus f.

ABayormuneIM 06pa3oM MOKHO HOKazaTh, 4TO mpocrpaHcTBo P ™,
COIps;KeHHOEe K npocTpaHcTBy DT, cocrosmeMy Hu3 (GyHKIMA Karacca
€™ c OTPAHMIEHHEIM CJIEBA HOCHTENEM, €CTh IPOCTPAHCTBO Pacipesese-
Huit 13 Z'™ ¢ orpaHUYEHHBIM CIIpaBa HOCUTEJIEM.

0. Pacecmorpum Temeps Bompocs, CBA3aHHbIE ¢ MOHATAEM KOMIIO3UIIAH
pacnpenenennii, psegennoin Hpmerecky [14] (em. rawske [15]). Ilycre
@, ¥ — nBa m0KaABHO BHIIYKJIKX IIPOCTPAHCTBA, DHIEMEHTHI KOTOPHBIX
cyts ¢yrmun R' —C'1Y), n w = {ws}sem cemeiicTBO PyHKIHO-
HAJIOB M3 CONIpsi;KeHHOTo npocrpancrBa @, obramaromee TeM CBOMCTBOM,
uyro aasA Joboro ¢ € @ GyHRIUA

P (s) = (@ (), ws(?))
opuagae;kur V. CemeiicTBO w0 noOpoKmaeT JHHEWHHI omeparop
W: ® -V, We =1. CemeiictBo ¢ HA3HBAETCA KOMNOSUYUOHHBLM
(6omee Toumo, V' — D'-gomnosuyuonnvim), ecam omneparop W Hempe-
PHIBEH.

W3 menpepoiBHOCTEH W ciemyeT HenpepsBHOCTH COHPSKEHHOI'O OIe-
partopa !W: ¥’ — @', Ilyers f € ¥'. Bynem roBopurb, uro ‘Wf sBuser-
e komnosuyuelt f c cemeiicmeom w, m mmears 'Wf = wwof. Tarum
obpasom, wof € ®' gua f€ W', u aumpeimsliri omepatop [ — wof
HerrpepriBeH. DyHKIUIOBAT 2wof neiicTByer Ha @ caegyiomum o6pasoM:

@, twof) = ((@ (1), ws (1)), f(s)) mna ¢ € D.

O6osuagum dgepe3 O, maubelHH# ¢yEKmuoHax ¢ — ¢ (a) BHa Y.
s Toro 9To0HI dpyHHuMOHaJILI 0,, a € R, ObliM HempepHBHHI, T. €.
nns Toro, 4rodsr &, € V', meobxommmMo M J0OCTATOYHO, YTOOBI BCAKHAUN
furerp F = {F}, CXOILHL[[I/II/ICH B Tomojoruum V¥, cxopgmiacss B moOou
Touke a € R1 2

IIycers 6, € ‘F’ mas Beex a € R, mw nycrs U — HenmpepHIBHBIA JHHEH-
aetii oneparop ® — W, Conpssxennsiii omeparop ‘U: W' — @' rarixe
HempepsBeH. Pacemorpum cemeiictBo w = {w;)scp1, ws = ‘U Haa
¢ € ® ummeem

113 (3) - <(P (t)v W (t)> = ((p (t)v (tUas) (t)> =
(Ug) (1), 65 (1)) = (Ug) (s)-

1) 9nemenramu mpocrpaHcTBa @ MOTYT GHITH KIACCH HKBUBAJIEHTHOCTH JOKAIBHG

CYMMUPYEMBIX (QYHKIHIA.
2) To ectr ur0bHI cemeiicTBO F = {F,}, F, = {9 (a) Yoep 0BIIO 6aZMCOM €XO-

gamerocsi B R! ¢uapTpa mus mo6oro a € RL.
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CremoBarensHo, onepatop W, moposkgeHHBIN CeMeMCTBOM ¢, COBIIAfaeT
¢ oneparopom U, a, smaumr, 'U = 'W. Taxkum o6pa3oM, mMeeT MeCTO

IMMpegnomenne 1. Ecau 6, € ¥’ Oaa awbozo a € R, mo one-
pamop 'U: V' — @', conpascennvli ¥ HenpepuieHOMY AUHEUHOMY One-
pamopy U: © — W, npedcmasum ¢ nomoupld KOMROSUYUU:

tUf = wof 6aa f€ W,
20e w = {tUas}ngl.

Coopmymrupyem Heckoabko cBoiicTB W' — (D’'-KoMmosuium, UCHOIb-
goBasmuxca B ria. 1V. OHu moka3sBaoTCA TOYHO TaK jKe, KAaK CBOMCTBA
7’
D' — D'-womnosunuu B [14].

Ecau cemeiicmeo w' = {wi}scp1 f6asemes @D, — O-Komnosuyuon-
Hon, a cemelicmgo w? = {Wilser1 Asasemca Dy;— D,-KoMNOSUYUOHHBLM,
mo cemeiicmeo w = {w'owi}scm Asasemea O, — D-Komnosuyuonnuin u

w'o(wof)={wowi}cpiof 0ua [ED;

ITpednororcum, umo gynryuu us D, dugdepenyupyemvl u Umo one-
pamop duggepenyuposanus ') D ecmv nenpepwisnoe omobpaxcerie npo-
empancmea ®; 6 Oy, Ecau cemeiicmeo w = {ws}sep asasemea V' —
D, -komnosuyuonnvim, mo cemeticmeo Dw = {Dws}sem Asasemca
Y — D -romnosuyuornnbvin u

D (wef) = (Dw)of oaa feVW'.

ITycmos o — nekomopuii myavmunauramop 2) @y — Oy, Ecau cemeti-
emeo w = {Ws}em feasemes V' — Wi-komnosuyuonnvim, mo cemeu-
cmeo aw = {aws}sr1 Aeasemes V' — D-koMnosUYUOHHBM U

a (wof) = (aw)of daa fE Y.

6. Ilycrs s € R'. Cupur T, Ha s HekoTopoil ¢yHruum ¢ € @ ompe-
mexnsiercss paBeHcTBOM (T,9) (1) = ¢ (¢ — 5). llpeamonosxmm, dto @ —
HPOCTPAHCTBO € HEIpPepHBHHIM caBurom, T. e. T,0 € @ maa ¢ € @,
s € R', u omeparop casura Ts: @ — @ mempepnBen. OmepaTop cABHTaA
Pyrxumonanos uz D' ompemeasieTcss KaK CONPAKEHHBIH 0mepaTopy
T_g © — . Oyarumonan t,f, f € ®, peficrByer Ha ¢Qymrmum u3z @
ciaeqyomuM obpasoM:

(@, Tsf) = (@ (t+ ), (1)) nma ¢ €D

ToBopsar, uto ¢ynxnmonan g € @ ecrs ceprra V' — @', ecam cemeit-
eTBO w = {T,8}scrr ABAsgeTCA ¥’ — D'-KOMIOBUIIMOHHEIM. Bynem o6o-

1) OmepaTop muddepernuposanus Of — @] ¢pyrrnuonanos us dj onpesenaercs
KaK CONpSIKEHHHH HeNpPepHBHOMY JHHeiHOMY omeparopy —D: @5 — @,.

2) To ecTh (YHKHHSA, 06Jamaomas TeM CBOHCTBOM, 4T0 o € Py HIA @ € (OR
| omepatop ¢ — a@ u3 O; B @, menpepnised. MyIbTHINIHKATOP @4 — D] ompeye-
NAETCA KaK OIepaTop, CONPSIKEHHBIA K OepaTtopy ¢ — ag.
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3HAYaTh wWof uepes g * f. Takum oGpazom, g*f € @' nuaf € ¥ mcsepr-
Ka g%/ meficrByer Ha ¢yurmmm u3 O cregyromum obpasoM:

(@, gxf)= (@@ +5s), g(®)) f(9)) nua ¢ €.

Hemegnenno mposepsiercst, 9to ecam P — mpocTpaHCTBO ¢ HeIpe-
pHBHEIM ciBurom u 8, € @' upu ao6om a € R, 10 §, ABIAETCA CBEPTKOM
O — @ u

So*%f = 1of mna fedD.

Ecan B yenoBusax npeguaoskenus 1 @ uw ¥ — npocrpancTBa ¢ Hempe-
peiBEBIM caBurom m omepatop U cmayuomaper (T. e. KOMMYTHDYeT
¢ a06smm caurom: t,U = Ut, gas s € RY), To conpsiyKeHHHIH omepaTop
HPeICTaBUM C IIOMOIIBI0 CBEPTKH

t ‘Uf=g#*f mua fe¥,
rome g = 'UO.

Hak u3BecTHO, BCAKOE pacupefejeHne ¢ KOMIOAKTHHIM HOCHTeJIeM
Aasuaserca cseprroil &' — P’. OTHOCHUTENBHO OOIUX CBOMCTB CBEPTKH
D' — P’ em. [15]; 3gech MBI 0CTAHOBHUMCS JHUIIb HA HECKOJIBKHUX BOIIPO-
cax, KacaoMmHUXcsd HOCHUTENsA CBEPTKH U CBEPTKH C OOHYHBIME (YHK-
MUSAMY.

Ecim g € €'~, f € &', To HOCHUTE]H CBEPTKH YIOBIETBOPSAET COOT-
HOIIIe HIIO

supp (g *f) < (supp g) + (supp /) (3)

(kax o6muHO, cymma A + B aByx muOkectB A, B — R' — 310 MHOMXKe-
CTBO BCEBO3MOKHHEIX dJeMeHTOB Bupma ¢+ s, t € A, s € B). [leiicrBu-
TeJbHO, OycTh A = supp g, B = supp f. YunruBas, 410 MHOKecTBO A
roMmakTHo (0o g mMeeT KOMIAKTHHI HOCHTENH), a B 3aMKHyTO, cpasy
noiydaeMm, 4ro MHO;ecTBOo A -+ B samrryro. Ilyers ©Q — momoamenme
MHO;kecTBa A -+ B, m myctb ¢ € 9 — mwobasg ¢yHKOus supp ¢ < .
Tax kax HocHTeJb pacupemelneHus tgg aeskur B A - {s}, ¢yHrmma

P (s) = (@ (t+3), g) = (9, T:8)

paBHA HYJI0 B HEKOTOPO# (3aBHCALIEH OT ) OKPECTHOCTH MHO:KecTBa B.
CiemoBaTeabHO,

(@, gxf)= (o (t+9), g(t)), f(t)) =0,

T. e. cBepTka g f paBHa Hyno Ha Q. CoorHomeHme (3) JOKa3aHO.
Ecim o € 9™, f€ D'™, 10 o *f ectb HenpepHBHasA (PyHKIUA:

(@xf) (1) = (& (t —9), f(5)) (4)

JleiictBuTenbHO, JETrKO mnpoBepsiercs, uro ¢QyHKIuA (a (¢ — 8), f(s))
HempepHIBHA B Kaykmoil Touke ¢ € Rl. Jlamee, ¢ y4eToM CBSBH MERAY
CBePTKOA ¥ NpAMEIM NpPOU3BeIeHHeM IBYX pacupemenenmit (cm. [15])
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moJy4aeM, 4To aja aoboro ¢ € P

+00
(@, a* = (¢4 5), 2 (t)), f(s))= <_§oo @ (¢ 8) o (2) dt, F(s) =

o0
=<_SOO(P(t)OL(t —s)dt, f(h=a(t—3), o @), ()=

= (o (t—9)@(£) X [ () =(a(t —3), f(s) X ¢(2)=
= (o (t _ S)v f(s»s P (t»: <(P (t)’ (a (t - 3)7 f(S))),

9eM M JOKa3aHo (4).

damernM, 49to ecaum o € D" u f€ D™, 10 axf€E €°, a ecam
ACEDufecD, roaxf€ 6.

U3 (3) cpasy BmmHO, 9T0 ecam ¢ € D, f € 6'~, 1o ¢xf € D. Ilpn
3TOM omepaTop @ — @ *f u3 P B I mnepeBoguT OTPAHUYCHHEIE MHOKE-
CTBA B OTrpaHWYeHHBIE M, CJIEOBATEIBHO, HEIPEepPLIBEH.

OnpepeuM CHMMETPHIO OTHOCHTENbHO Hadana (OymeMm 0003HAYaTh
ee CHMBOJOM ) CIeAyHIuM o6pa3oM: ecidm ¢ — HEKOTOpas (QyHKIWS,
T0 ¢ () = ¢ (—1); ecam fE€ D', 1o pacupeneNeHne | ONpPELedTeTCS
PaBEHCTBOM - : :

(0, H =@, /) max ¢@€ED.

OueBmpgao, (g*f)¥ = g%/ miua Jo06HX gECG >~ fETD.
C yuerom (4) 3BageHue cBepTku g*f, g € €¢'~, f € &', Ha gamHOI
¢yBRIUE @ € &P MOKHO 3amUCATh TaK:

(@, g% =Ue(t+5), 2 [(N=Up(s+ 1), 8@, [(N=(p*xg, D,
W DOCKOIBRY Q% & = g% ¢, TO
(@, g% N =1(g*, J). (5)
CiemoBaTebHO, OmEpPATOP CBEPTHKH f—»gja]ef n3 ' B P’ sasusercs

COLPAKEHHHM K OIIepaTopy CBePTKH ¢ —gx ¢ us I B D.

7. B pToM myHKTE paccMOTPEM BOIPOC O CTPOCHHH pacnpeneﬂeﬂnﬂ
[Ton CBepTHOH OyneMm mnoHHUMAaTh 3Aech oObUHYI0 D' — D'-cBEepTRY
pacupefelieHu, OMHO W3 KOTOPHIX HMEeT KOMIAKTHBIA HOCHTENIb.

[lyecrn
AN

H,(t)= a1 >0,
q (t) (g — 1) A =
H,()=0 pas t<<O0,
g=1, 2, ... . 3ameru™m, uro DHy = H,_4 pnas ¢>=2 u g9ro H,

apasgercsa ¢ynxnumein Xesmcaima, taxk uro DH, = 6. Hych QYHKIIUA
v €2 passa 1 B HexoTopo# okpecmumocmu wuyds, Y () =0 upm
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t ¢ (—1, 1), m myers oy = yH,. Hemocpexcrsenno BumHO, 4T0 Meps
Hupaka 8 MoskeT GHITH HpefCTABIEHA B BUIE

6:anq+ gq’

rae &, — Hexoropas Qymkmua uz P. Hocuresn GyHKOMI oy, E, deskan
B [0, 1]. ITocKOIBKY miIs BCAKOTO pacupenenenus f € 9’ umeem f = 6 * f.
To J1060€ pacipeneseHNe MOKeT OHITh IIPEJCTABIEHO B BHJIE

f=D"(ag*[) + & * . (6)

I3 crasamHOTro B IpeAHAyIeM NYHKTe CJIELYET, YTO Es %[ ecthb
Geckoneuno nuddepennupyemas Qyurnusa. B cury (3) ecan supp f <
< la, bl, To HoCUTeNM pacupenenenuit a, % f, E, % f memar B [a, b - 1).

HHpepnosmenme 2. Pacnpedesernue f umeem nopsdor <m
(2de m komeuno) mozda u moavko mozda, kozda f aeisemes npoussodnol
nopadka m om HeKomopoi Mepul.

HorasarexnscrBo. Ecam f=D™u, rxe n — Mepa, TO
f €2, ubo omeparop D™ m-kpatHOro mumdPepeHIEpoBaHUS Mep
ABJIACTCA COUPAKEHHLIM K pudepeHnmmualnHOMYy omepaTopy (—1)"D™
3 2™ B P°.

O6parmo, myers f € '™ Baugy (6) mocratouHo mokaszaTh, UTo
%m % [ siBIs€TCA Mepoil. dTo GymeT cHesaHO, eCOM MBI TOKAKeM, 4TO
dyHKOmoHAX oy, * f HempepriBeE Ha P, HalEIEHHOM TOIIOJOTUE, WHIY-
nupoBanHod u3 Z° (6o P nmorno B Z9).

Hycrs {@;} — mocregosatensnocts ¢ymrmuit n3 P, Takas, qTo
¢; —0 B Z° Torma HocuTenm Beex QYHKIHI (¢; JIeyRaT B OMHOM U TOM
e KoMmmakre u @; (£) — 0 paBHomeprno Ha RL. Umeem

-+ oo

V; (8) =@; (2 -+ 3), o (1)) = j @; (t—l—rs) O (2) di =

— 00

oo

:E;Z—%T)’ j‘ Qi (t+ 9y ()" dt=
o

:fmi*l)' j Qi) y(t—s)(t—s™ " dt

S

Hemenmenno mposepsercsi, uro ¢; € I™ u y; —0 B ™. Uz pasencrs
(@i m*F) = ((9; (E+98), an (), () = @, )

CIeTyer, 4To 4MCJIOBAs IOCHE[0BATEIBLHOCTH {{(Qj, @, *f)} cTpemurcsa
k myno. CrenoBareqbHO, yHKIMOHAN O, % f HempepsiBeH Ha Z, Haje-
“JeHHOM HHAYNUPOBaHHOU m3 P° Tomosorueii.
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Mpengaoxenne 3. Beakoe pacnpedenenue f € D' npedcmasumo
¢ sude A0KAIbLHO KOHeur020 pada ') 0606weHHBLL NPOU3EOOHBLL Om Henpe-
pUBHBLET PYHKYUL Yy € KOMRAKMHBLM HOCUMENEM:

f= EDthh-
R
okasarteabcTBo. Ilycrs {Q;} — Hexoropoe IOKpPHITHE
apaMoit R! OTKDHTHIME MHOeCTBAMH ¢ KOMIAKTHEIMU SaMbIKaHHAMIH.
He ymenbmas oGIIHOCTH, MOKHO CUMTATh, UTO MOKpEITHE {Q j} JOKAJBHO
KOHEUHO 2) H, cliefloBaTeIbHO, cueTHO. IlycTh {B;} — coorsercrByIOmeEe
pasGuenme emmmmmpl, T. e. P; €D, 0<LP; () <1 paa 1€ RY,
supp f; < Q; u Z B; () =1 mua ¢ € R'. 3amerum, 4UTo IOCIeHUMH
J

pAJ JOKAJbHO KOHEYCH.
OueBugno, [ = ij, rae f; = P;f, mpudem O5TOT PpAX JOKAJIBHO

J
xomeued, ubo supp f; < Qj. Pacupenemenme f; mMmeer KOMIIQKTHHIH
HOCHTEJ b, CIefoBaTeJIbHo (cM. II. 3), f; uMeer KOHEUYHBIA TMOPATOK, CKa-
smeM pj. DyHKIUA Gtp ;+2, PACCMOTPEHHAS B IL 7, TIPUHAJIERAT, 0Ye-

punHo, Pi. B cury crasanHOTO B I 6 Q) 4o % f; ABIAETCA HENPEPHIB-
HOW (yHKIMed, a Epj+z xf; € D. Cormacuo (6),

p+2
f[i=D (Oﬂpj+2*fj) + Epj+2*fja

3HAYMT, f; ABISAETCA CyMMOM HeKoTopoi#l (yHKIUN u3 I u IIPOU3BOTHON
mOpsiEKa p; + 2 0T HEKOTOpO# HempephBHOU ¢yurnuu. aa sasepime-
HUs JTOKAa3aTeJIbCTBa NPEIJIOKeHHA 3 OCTaercA JNMIb 3aMeTUTh, HUTO
Beuny (3) HocmTednm (GPyHKIUH Qp,+2 *fy Epj+2 % f; memmar B 1-OoKpecT-

HOCTH MHOKeCTBa ;.

8. PacmpocTpaEumM pe3yIbTaTH NIpPEAByIero IyHKTa Ha pacipe-
[qeJeHUs Ha OTKPHTOM HHTEpBaje AeHCTBUTENHHON IPIMOM. Il aToOTO
WCTIOMB3YEM 3aMeHy IepeMeHHEIX B 0000MeHHEIX (YHKIUAX.

Ilycrs (@, B), (a, b) — ABa HENYCTHIX OTKPHITHIX HHTEPBAJa mein-
cTBUTeNbHON mpsaMoit m 0 — Geckoneuno guddepeHnupyemoe oTo0Opaske-
aue (o, P) ma (a, b) ¢ 0’ (s) = 0 mua s € (a, B). Torma ¢ymxnusa 6
ABIISIETCSI CTPOTO MOHOTOHHOM M mMeeT 00paTHYIo, TpuIeM 01 — raxxe
Gecromeurno mudepeHnupyeMas M CTPOT0 MOHOTOHHAS (PYHKIHA (BO3-
pacrajomas, ecau 0 Bospacraer, u yOniBaioIlad, eciaHd 0 yOwmiBaer), H

- 1
oY () — ——,

1) TosopaT, uro psa (pyAKnuA HiIn pacupeneseHni) ABIACTCS L0KALbHO KOHEH-
HHLM, CIT HA JIO60M OTKPHITOM MHOKECTBEe ¢ KOMIAKTHBRIM 3aMBIKAHIEM JUIIb ROHET-
HOe YMCJIO YIEeHOB 3TOTO PAMa OTIMYHO OT HYJA.

2) To ecTh JI06O KOMIAKT HMeeT HeIyCToe MepeceueHne JNimb ¢ KOHeTHHM quc-
JOM MHOKeCTB Qj.

t€(a, b).
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B nanpmeitmem kommosumuio & (1 (v)) mByx o6namBIX GymKmui &, 1
O6ynem obosHauath uepes Nef. C mcmoabzoBaHHeM 5TOro 0003HAYEHUS

Opefsgymas ¢GopMyJia 3alUNIETCA TaK:
1

07 = .
© 0 '8’

Ilycts © — omepatop Dy, p) — D(a,v), OUPEETEHHBIH ¢ MOMOIIBIO
paBeHCTBa

Op=[07) 107" o) mit ¢€Dq, p:

Hemengrenno mpoBepsiercs, 410 ©® — menpepHBHEIN JUHEHHE omepaTop
¢ obparaeiMm O~ Dy by > Dy, p), 3aTABAEMBIM PABEHCTBOM

@_11|) = 10| (6 o) maAA 1P E@(a, b)-

OO6paTHBI omepaTop TakKke JUHeeH W HeIpepHBeH, Tak uto O ecTh m30-
MOPQU3M Dy, py HA D (4, b)-

Compssxennrrit omeparop ‘O us mpocrpauctBa P (g, ) pacupeeeHuit
Ha (a, b) B mpocrpaHcTBO Py, py pacupenesiennit na (o, ) HassBaercs
onepamopom samenvt nepemennuix nocpedcmeom 6. Ero sHauenme ma man-
HOM pacmpeneneHun [ € D, 1) Oymem oGosnauarr uepes Oef. Tarum
obpasom, ecau f € D(q, 1), To pacupenenenue Oef uzs D, s 3amaercs
paBeHCTBOM

(,0N=(0O")10"0q), ) mia ¢€Dw,p (7)

Jlerxo -Bugers, 410 ecau obobmenHas QyHRIUA [ uz D, b) €CThb
o0biunaA QyHkuma fi, To pacupeperenmem Oeof uz P, py ABIsETCA
fynknma Oef;. Orcioma caexyer, uro 06oCmeHHAs omepanusa 3aMeHHl
nepeMeHHou (B 0600MEeHHHX QYHKIUAX) JeHACTBUTEIbHO 0000maeT 00bY-
HYI0 OIlepanuio 3aMeHH IepeMeHHHIX (B OOBIYHBIX (QYHKI[HAX).

Ilyers f € Dig,vy. HAasa maoboro P € D, py HMeeM

(P, 06f))=—(,08)=—(O") |0 " ey), =

e
== O 10 e w G5 1)

0-1)’
Tark wak ¢ymrmus L(—)l rnmocTossHHa Ha (a, b), TO MOKHO HAIHUCATh

@’

, 1O 1 g1 ¢ '
(W, B f))=— (0" o), H=
b, 0o ) oy (O oW S

1O [ -1 : TCI e .
—O N lgtey, =8 e tay), r).
a0 e = o O e >
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Ho

O e =107 107 e0) 07 e ) =07 1107 0"
1 MBI IIoJydYaeM

P, (Bef)) = (| (671)" | [0~ e(6 )], /') = (B"), Oef’),
(P, (Bef)") = (b, 0 (Oef’)).

Tarum o6pasoMm, coBepmieHHO TaK jKe, KaK B OOBYHOM cJydae, IPOHU3-
BomHas pacupegesenus Oef ecth mpowsmemenue pacupegenenus Oeof’

HAa QyHKIuo 0’:
(0ef)" = 0 (Def"). (8)

Pacupenenenus f € Diq, 1) u Oef € D, py UMEIOT OAMHAKOBEII IOPA-
mok. [lefictBuTesbHO, mUycTh [ mWMeer mopAmok m. Torma f ABIsgeTca
HeIpepHBHEIM JWHEUHBIM (QyHKIUOHAJOM Ha P 4,1, HAICTEHHOM TOIO-
Jormeit, wHpynmpoBaHHOW u3 D ,1). Cormacro (7), ¢yHKIumonan Oef
HellpepuiBeH Ha D, p), HafeJeHHOM TOIOJOrue#l, HUHIYIHPOBAHHOM
u3 Dy, py- Tar Kak D, g, WIOTHO B D5, gy, T0 Oof € D((}, 6y, 2, 3BHAYUT,
Oef mmeer mopsamok <im. Ecaum 6wl pacupenesnenue g = Oef u3 Dy, p)
OBlI0 TopATKa <m, TO B CHUJY CKRAa3aHHOTO BHIIIEe pacipe/eleHne
0-leg = f mmeno 6Bl MOPAMOK < m, BOUPEKHU HAIIEMY {IPeII0JI0KEeHUIO.
duaunt, Oef ecTr pacupesesieHue MOPsAIKA M.

IToraskem Ttemepn, 9TO Tpeio;keHHe 2 OCTAeTCA CIpPaBeIUBHM
W [IA pacupeeseHuil Ha OTKPHTOM mHTepBajie (a, b) 1): pacnpederenue
f € Da,v) umeem nopador < m (2de m koreuno) moeda u moavko mozda,
koeda | sersemces npouseodnoli nopadka m om Hekomopol mepvl Ha (a, b).

YrBepsxnenue oueBumno niasa m = 0. ITokakeMm, 4To ecau 0HO BEepHO
nig m < p, TO OHO CUpaBeNImWBO u mias m = p -- 1. HefictBurenrHo,
nycts | € Diq,py — pacupenenenue mopagka < p + 1 m 0 — Gecko-
HeuHO auddepennupyemoe orobpaskenme R! ma (a, b) ¢ 0’ (s) = 0 npnu
s € R! (rakue oroOpasKeHUs CTposATCA BechMa mpocTo). Ilomoxkum

1

= . 9
fi (9_1),f (9
OueBunno, fi € @{2%. N3 morasammoro BHIIe ciexyer, u4To Oefy €
€ 2'P+1, B cuny upemioskenus 2 mpegbaymero nynkra Oef; sBisercsa
HpoU3BOLHOM mopsgKa p -+ 1 or HeKoTopoit Mepw Ha R!, T. e. cymecT-
ByeT TaKkas Mepa u € D0, uro Oef; = g’, rme g = DPp. Tak Kak ome-
patop D? p-kpatHOro muddepeHNUPOBAHUSA Mep ABJIAETCA CONPAKEH-
HEIM K jauddepennmanbHomy omneparopy (—1)PD?: 2P — 2° To
g €P'?, rak uro 07 leg € D&, 1y. Coraacuo (8),

(0~"eg)" = (671)" (6-"eg").

1) To 3Ke MOYKHO CKa3aTh W O MpeNIoKeHun 3.
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[TosTomy us Oef; = g’ caenyer f; = O-leg’, n
1
@

f1= (9—1.g)’,

orkyna (cM. (9)) f = (0~'eg)’. Takum oGpasom, f sBIAETCA IPOUBBOTHOI
or pacmpepnenenus 0~'eg na (a, b) mopsanka < p. [lo ungyknuy 6 leg =
= DP?v, rne v — mepa ua (a, b), u, smagur, f = DP+ly,

9. Pacemorpum Temeps BMmecTo mpoctpaHcTB ¢yHENm I —> C1 opo-
crpanctsa ¢ymrnuit I' — C!, conpsskennse K KOTOPLIM CyTh IPOCTPaH-
CTBa BEeKTOPHBIX pacipeneinenuii co 3Hadenusimu B C'. Myl BBemeMm Bek-
TOpHEIe pacupenenenus co sHadenusamu B C' cmocofoM, mpum KoTOpoM
CBOMCTBA DTWX pacIpeeseHnii CBOZATCA K CBOIICTBAM UX CKAJAPHBIX
KOMIIOHEHT.

llycre @ — J0KadBHO BEIIYKJIOE HPOCTPAHCTBO C COIPSKEHHBIM
®" u | — memoe umcno >1. O6osmaunm gepes (D), Tomoiormueckoe
mpousBefieHNe [ sK3eMuIAPOB mpoctpancTBa M. JaeMeHTH HpPOCTPaHCTBA
(D), Gynem 3amMCEBATL KaK BEKTOPH-CTPOKM:

?= (P - - @) 9; €D,

JIIeMeHTH conpsskeHHOr0 mpoctpanctsa (M), MoKHO mpesCcTABIATH
B BHJE BEKTOPOB-CTOJIOI[OB:

f=t(f1,"'7fl)7 ij(D’

(cumBoxr ! oGosmHadaer TpaHCTIOHEpOBaHHE); «CKaJIApHOE IIPOM3BEICHUE)
OIIpeesIsieTCsA pPaBeHCTBOM

!
(g, )= jgi (@, [ mas @€ (D), [E@).

Taxum oGpasom, (D’); m30MOPPHO TOMONOTHUECKOMY IPOUBBEIEHUIO !
9K3eMILIAPOB mpocTpaHcTBa D',

Hpocrpancrso (D’); MoskHO paccMoTpeTh W ¢ APYrolt TOUKU 3PEHHA.
Rampomy f € (D), orBeaer omepatop @ — C!:

(P_>t(<q)1 f1>7 s e <(P7 fl))v (PECD-

Taxkum obpasom, (D); msoMOpPHO mPOCTPAHCTBY HENpEpPHIBHBIX JHHEH-
HEIX omepaTopoB @ — CL.

Tak MOKHO BBECTH IPOCTPAHCTBA BEKTOPHHIX paCIpeleseHHil Co 3Ha-
serusaMu B C!, COOTBETCTBYIIINE IpOCTpaHCTBAM CKaJAPHBIX pacipe-
penenuit. Hanpumep, (™), — 910 mpocTpaHCTBO BeKTOPHHIX (yHKITHIT
R' — (', a ero compsmkennoe (2'™); ecTeCTBEHHO HAZHBATE npocmpar-
cmeom pacnpedesenuii nopadka <<m co smavenuamu ¢ C'; aHagormuHO
(€'™), OymeM Ha3HIBATh NPOCMPAHCIMEOM pacnpedenerull ¢ KOMRAKIMHBLM
Hocumenem nopadra <m co sHauenuamu 6 ™ u T. I.
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CBoiicTBa, yCTaHOBJEHHBIE [JA CKAaJAPHHX pacipefeieHuil, JIEeTKo
pacIpoCcTpaHATCA HAa pacIpefleJeHHsA CO 3HAYEHUSAMU B C' (¢ oueBua-
HEIME BULOU3MEHEHUAMU), W00 BTH BeKTOpHEIE paclpefelieHusi CyTh
IIPOCTO YHOPsAMOUYeHHBIe HAGOPH U3 [ CRaIAPHEIX pacHpeleseHni.

Beakwmit auneitnmit onepatop A: (®); — (V); mpemcraBum ¢ momo-
mplo marpunbi A = (A4;;) pasmepa I X I, rme A;; — IuHEWHBIE oOIe-
patopst ® -V u gaa ¢ € (D),

1 l
A(P —_— (i;1A“(Pi, o .oy Z Ail(Pi )

i=1

Oneparop A HempepsBeH TOTHA U TOJIBKO TOTHa, Korjga Bce A;; Helpe-
puBHE. To ke Bepuo u muas omeparopoB B: (V') —(®');: ecim B =
= (Bi]'), TO

1 l
Bf="'( X Buljs -+ 2 Buly)-

J=1 J=1

Hemenienno mnposepsercs, uro ecau A = (A;;) — HempepHIBHLINA
auneitapit omepatop (P); — (V¥);, TO conps;KeHHEI omepaTop mpen-
cTaBUM ¢ moMombio MaTpuiel ‘A = (14;).

IIycrs w = {w,}sr1 — cemeiictBo Mmarpun, w, = (wi), wi € @',
Bynem rosoputh, uro cemeiictBo @ spisiercs (V'); — (P');-womnosu-
yuonnsm, ecau [? cramspHEx cemeiictB w = {Wi}ep sBIAIOTCA
Y’ — @' -romnosunumonneivu. Has f € (V'); 6ymem o6osHauaTh uepes
wof BEKTOD

!
t(Zw”ofj, —

w' o f;)
=1 J

I~

I TOBOPHUTE, 4TO wof ABIAETCH Komnosuyuel fc cemeiicmeom w. Y 1ol
BEKTOPHOU KOMIIO3MIIUM CBOMCTBA T€ jKe, YTO ¥ y KOMIO3UIUM, BBEJEH-
HOI B I. O. - - :

Ilaa Toro 9roOB PacHpOCTPAaHUTH HA BEKTOPHBIE paclpe/eeHusd
npensoskenue 1, nexecoo6pasHo BBECTH BEKTOPHY0 KOMIIOBUIIUIO [PYTIHUM
IyTeM, IpeNCcTaBIAIOMUM co6oil ecTecTBeHHOe 0000MmieHne OIpefeleHns,
mapaoro B u. 5. [asa ¢ € (D), morxosrum

l l
Y (s)= ( 2 {@: () wi' (1), - -+, i; (p; (), wi' (1)),

=1

rag aro P € (¥),. Ilycrs We = . CemeiictBo w asusercs (¥'); —
— (®') -KOMIIOBUIIMOHHEIM TOTa M TOJBKO TOrJa, KOTJA OIeparop
W: (®); - (V), mempeprisen. Jlerko nposepurs, uro ‘Wf = wof
pas [ € ().

O6osuaunm uepes ZL ((P);, C') mpocTpaHCTBO HEIPEPHIBHHIX JHWHEN-
nuix omepatopos (P); — C'. Taxme omepaTops mpegcTaBEMEI P MOMO-
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mu marpurn F = (f), f¥ € @

! . ! .
Fo=( 2 {ps ' .., _;1<(Pi,fll>)-

=1

Raskpomy menpepmiBHOMy nmmeiinomy omepatopy B = (B;;) us (Y");
B (D’), cooTBeTCTByeT ecTeCTBEHHHIM 00pa3oM JIHHEHHBIN omeparop
(Mpl cHOBa Q603HaumMm ero uepes B) ms £ (V) Ch B L (D), CH:

ecim F = (f), f € ¥, 1o BF =G, tme G = (g,

l
g'= 3 Buf”.
h=1

Ilocne Bcero crasammHoro oGobmenme mpemioykenus 1 0YeBUIHO: eCJn
0s € V' maa mro6oro s € R, to conmpsmennnit 1U: (¥'); — (D), & a1060-
My HenpephBHOMY JuHeinomy omepatopy U: (®); — (¥’); npexcraBum
C IIOMOMbI0 KoMuosunuu [ — weof mas f € (¥'),, rme

w={'U (E8)} -

AHAaJOTHYHKIM 06pa30M MOKHO BBeCTH U (P'); — (D) -cBepTRYy.
Iyers G = (g'') — martpuma pasmepa I X [ ¢ gV € @'. I'oBopum, uro
G sBaserca (V'); — (D'),-ceepruBareneM, ecam g¥ asaaworca V' —
®'-ceprriBatestsivu, u cBeptry f € (¥'), ¢ G ompesesseM GOPMYJIOi

l

l . .
Galéf:t(.;ﬂ“aléfj, con DY)

J=1

§ 2. Ilepuogmueckme pacnpenexenns

1. Bynem roBopurs, uto pacmpenerenue f € P’ nepuoduino ¢ nepuo-
dom ®, ecaun T,f = f (rme T, — CABHT Ha ©).

OTcroa meMemieHHO ciefyeT, 4TO [Jf BCAKOHW MOKAJIbHO CYMMU-
pyeMou (YHKIUM IHEePUOJUYHOCTL B DTOM O0GOGIEHHOM CMEICTEe DHKBH-
BaJICHTHA NEPHOJUIHOCTH B OOHYHOM cMEICIe 1),

Ilyetb  {sp}—cocp<too — ABYCTOPOHHAS MOCHETOBATEIHHOCTD KOM-
IIEKCHHIX YMCeN U {f;} o p<+0o — ABYCTOPOHHASA CTPOTO BOBPACTAIO-
IMas moCJef0BaTebHOCTh MEUCTBUTEJIBHBEIX 4HWCeN, mpumuyem lim ty, =

h——o00
= — oo, lim %, = 4 oco. Kar mokaszamo B § 1, pAn 2 s,0; 0Oes-
B—>-+}oc0 . R k
YCJIOBHO CXONMTCHA, H ero cymma ssiasgerca mepoit. Husxe Gymem mpen-
nojaraThb, 4To S, == 0.

1) JloraxbpEO cymmupyemas GyHRIUA f ABIsETCS NEPHOANYECKOH (B OGBYHOM
CMBICJIE) € TIEPHOAOM ®, ecant f (¢ + ®) = f (f) mouTH Beioxy.
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Mpegaomenne 1. Mepa ) sp0s, Aeasemcs  nepuoduueckoll
3

¢ nepuodom ® >0 mozda u moavko mozda, Ko2da cywecmsyem makoe
yenoe yucao p > 0, umo :

(a) th-l-p :tk"‘l“(l), —00<k<+00;

(6) nocaedosamesvrnocmv {S} nepuoduuna c nepuodom p.

Iloxasarteaxsbcrtso. [lycrs Bunoausoresa yciaosus (a) u (6).
B cury mempepsriBHOCTH omepaTopa caBura T, D' — P’ ummeem

To ZSkéth = Z5hTm6tk = Zskétk+m= 23k+p6t — zskéthv
2 R K K h+p R

1. e. Mepa | skétk ABJIAETCA TEePUOTUIECKON C IePHOIOM .
k
O6paTHO, HpPEeRNON0KHM, UTO Mepa sy0;, mepmopmuHa C IEPHO-
R

I0M ®, T. e.
25101, = Dby 0
% %

[usa rasgmoro Iesoro uducria j BeibepeMm &; >> (0 Tak, 4To0B HHTEpBal
I[; = (tj + © — ¢j, t; + © - &;) comepskaj JWINb ONWH WIEH lj 4 ®
#3 CTPOTO Bo3zpacrapoieil mociemoBareabHOCTH {I - 0},. Cymenuem
pacupeneseHus zsk6,h+w HA IPOCTPAHCTBO HEIPEPHBHHIX (QYHKIWMA
k -
¢ mocurenem B [; Oypmer Sj(Stj_I_m. CiemoBaTelIbHO, CYMKeHHEM paclpe-
qeIeHus ) shé,h Ha 9T0 HPOCTPAHCTBO TaK:Kke OymerT Sj(Stj_{_m. 3HauuT,
3
CYIIECTBYeT TaKoe eIMHCTBeHHoe Ilejoe 4ucio k£ (j), 4ro sk(j)ﬁth(j) =
= Sjatj—{_m. Tak rak s, =0, — oo << k << 4 o0, TO Sy = Sj, Lpj) =
=t; + o. Ilyers p (j) = k (j) — j. IlockoubpKy mocCiemoBaTeIbHOCTD
{t,} crporo Bospacraer, p (j) > 0. Taxum oGpasom, mis J060T0 LEIOTO

j cymecTByeT OAHO3HAYHO OmIpefeienHoe Iesoe umciao p (j) >0, mia
KOTOPOTO

tispy=1; + O,  Si+p() = Sj- (1)
AnamormuabiM  o0pa3oM ©3 pPaBeHCTBA 'c_(,)(; sz0s,) = ; slt,

cjaenyer, 4To

; ey, = RZ Sh6tk—m,

¥, KAK ¥ BBHINE, MH 3aKJI0OYaeM, 9T0 AJsA J000ro LeJoro j CymecTByer
rakoe 1exoe q (j) > 0, 9T0

ti—qty = ti — O, Sj—q(j) = Sj- (2)
ILJIH BaBepIIIeHI/IH JIOH&3&T3JIBCTB& oCTaerTcda mnmorasaTb, HYTO
p(i+1D=p@), —oo<j<+ oo
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Ho peiictButenbHO, €CHU OBl MEEAY Ljtpg) = L + O U Ejiiapi+ty =
= ¢j+1 -+ © Haxommica sieMeHT %, u3 HoclegoBaTeabHOCTH {I1},
10 u3 (2) BHTEKaxo OH, 9T0 fj_gp) = I — O PACHOJNIOMKEH MEKAY Ij

" ljyq, YTO HEBO3MOKHO. BH\a‘II/IT, lj41+p¢i+1) HEIIOCPENCTBEHHO CJelyeT
3a ljyp(, B MocieroBaTexbHoCTH {f1}, T. €.

j+14+pG+1)=j+pQG +1,

rag 4o p (j -+ 1) = p (j)-

2. PaccMoTpum Temeph HECKOJIBKO BOIPOCOB, OTHOCAIIUXCSA K CTpoOe-
HUI0 TepuogmiecKux pacupeneisenuil. llpegBapurenbHO HOKa)keM OJHY
aeMMy.

ITycts f — moranmpHO cymmupyemasa (QyHKIUA, G — OTKPHTOe MHO-
mectBo B R! m § — xapakxrtepuctuueckas QyHKIus MHo:KecTBa G.

dOynrnuio f = Ef Gymem HasuBaTh G-cevenuem pyuryuu f. as Toro

yTOOEl PAaCHPOCTPAHUTH HTO HOHATHE HA pACIIPeleJieHUs, 3aMeTUM, UTO f
ompeyielisieT pacupefelrenue, coBmajaiomee ¢ f Ha G U paBHOe HYIIO

Ha pomoanenuym CG sammikammsa G. Ilycts Temeps f——— HEKOTOpoe pac-
apenesenne. bymem TOBOPHUTH, IT0 pacIpefeseHue f sBusiercs G-ceue-
Huem pacnpedeaenus f, eciu f = f va G uw f = 0 ma CG.

Jlemma. Illyemov f € D' u G — omrpuimoe mnoxcecmeo ¢ R, G %= R*.
Cywecmsyem 6eckoneuroe mHoxcecmeo G-ceuenull pacnpedenenus f; aiobve
06a G-ceuenus omaunaomea Opye om 0pyza Ha pacnpedererue ¢ Hocumerem
Ha epanuye muoxcecmsea G. Ecau f umeem nopsadorx < m, mo cywecmesyom
G-cevenus nopsadra <m.

IloxaszatTeanbcTBo. I3 npegnomenus 3 § 1 caemyer, 9r0
pacupegesenue [ mpeacTaBUMO B BUIE JOKAJbHO KOHEYHOTO ps/a

/= ZDkak
R

0000IMEHHBIX TPOU3BOJAHEIX OT HENPEPHIBHBIX (YHKIIUHA ¥, C KOMIAKT-

upiv  HocureneM. llomosxum Y, = &y, rme & — xaparTepuUCTHYECKAs
Pyurmus mHOKecTBa G. O4eBUIHO, pacipemeseHue

f= 0™,

ABigercsa G-ceueHueM pacupemeseHus f.

Ecau f umeer mopsimor < m, To B cuny upemioskenns 2 § 1 f apiagercs
OPOM3BOMHON MMOpsARAKA m HeKoTopoit mepsl w. Ilycts u — mepa, ompe-
[eJIeHHAS PABEHCTBOM

uw(p)=npEy) pin @€’

Torga u sBIseTCA G-CeUEHMEM [JIA |, a Dm ABiseTca G-cedeHneM MOPAL-
Ka <<m nmusa f.

/

17 A. Xananait, . Bexcaep
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Ecau f sBasierca G-ceuenueM, To f -- g TaKiKe sABJasgercsa G-ceueHHeM
mas gio6oro pacmpeferneHuss g ¢ Hocureiem B Ir G; ciemosareisbHO,

cyIIecTByeT OeCKOHeYHOe MHOKeCTBO G-cedeHmil nja f.
HemocpencTBenHo mpoBepsieTcsi, 9T0 BCAKaA MepHogUYecKas (QyHK-

U f ¢ mepuooM o IpefcTaBUMa B BUIE
+ o0

-+ o0
f= 2 Tnm]?: (n;wanm)*‘ﬁ

n——oo

rme f = Ef, & — xapakrtepmcrudeckas ¢ynkmusa wuarepaia (0, o).
ITocMoTpuM, Kak yCTPOEHHL IepHORWYecKHe pacupeneieHus f.

Ipenaosenue 2. Bearoe nepuoduueckoe pacnpedeaenue f € D’
¢ nepuodom ® umeem koHeunwii nopador. Ecau nopadok nepuoduueckozo
pacnpedesenus f ¢ nepuodom ® cmpoeo Mewvuwe r, mo y pacnpedenenus f

cywecmeyem (0, o)-ceuenue | nopadka < r, makoe, umo

+oo -

n—-—oo
20e ceepmra nonumaemcs ¢ cmuicae €' — D7,

IL OKa3aTeJgdabcCcTBO. HGIIOCpeI_[CTBeHHO nmposepAaeTrcd, 4To Mepa

o0
M 8p0 ecTh Q7 — D'"-cBeprEBaTenn, 0 K7 <L 00, W

N——00

-+ o0 400
(D) 8,0)*kh= 2 Tpoh nan heg’, (4)

rme mocaexumit pax (GesycmosHo) cxogurcs B D7,
IIycts pacupegesenue f € &' mepuoguIHO € IEPUOJOM O U HMeeT
nmopsmok <L r (37lech He IpeAmoJaraercd, 4To r KoHeuno). B cury mpe-

meipymeit demmst cymectsyer (0, o)-cedenme f mopsaara < s f. Ilyers

+oo _
fi = (=2__oo 6n(0)%fa

rjie cBepTKA IoHMMaeTcs B cMuicie G’ — D'7. Vaurmsas (4), cpasy
moJry4aeM, 4To fi IepUOAUYIHO ¢ HepuofgoM o. Ilpu atom f; = f Ha a1000M
unatepBage puma (jo, (j -+ 1) ©), rme j — memoe, ubo mia ¢ € P
¢ supp ¢ < (jo, (j -+ 1) o) numeem

-+ oo

+ 00 _ -+ o0 _
(9, f1» = (o, 2 anﬁ: 2 (@, Thold = 2 (Tero®, 1),

n=—0o n——oo n——0o

W MOCKOIBKY HOCHTeNb T_p, ¢ deskut B ((j — n) 0, (j — n + 1) ), 10

<(P’ f1> - <T—jm(P7 f-> — <T—j0)(P7 f> - <(P7 ijf> - <(P, f>
CiemoBaTelbHO, HOCHTENb pacupepnenenusa g = [ — fy mopsagka <r
geskut B MHoskectBe F = {no},.
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Ilycrs {o,} — pazOuenme efMHUIIEI, COOTBETCTBYIOIIEE LOKPHITHIO

nnrepsasgiamu I, = (n — 1) o, (n + 1) ©), — oo << n << -+ oo, T. €.

o, €D, 0< o, () <1 upu t€ R, suppo,= I, n Mo, () =

npu t € R. Torga g mpefcraBUMO B BHME JOKAJIHHO KOHEUHOTo (Gesy-
CIOBHO cxofAmerocs B &'7) pana g = ) gn, TAe g, = 0,g. OueBnpHo,
n

pacmpeneyienne g, HMeeT NOPANOK <_7 U COCPEeJOTOYeHO B TOUYKE NO.
U3 paBenctBa 1,g = g ciaemyeT, 4TO

+oo +o0
2 Te8n = 2 8n-
n=—0oo n=——oo
Pacupenenenue t,g, cocpenoroueHo B Touke (n -+ 1) w, nostomy B cuiy
IpeabAyIIero pPaBeHCTBA Tyg, = &Zn+1. LaKHM o0pasoM, gn, = TneLo
a, 3HAYWUT,

g= D) Taoko-

n=——oo

U3 (4) BeITexaeT, 4T0
-+ oo

=( Z 6nm)*g0a

n==-—00

Ijle CBePTKA LOHEMaerTca B cmbicae 6’7 — D',

~

Hyers f = f + gy, Tar uro f sBuaserca (0, ®)-cedemmeM HOpALKA
<r giaa f. Torga

. oo
f=h+4+g=( 2} 6no)*/,
. n——oo
Iie CBepTKa MNOHHMaercA B cMmeicle €' — D', IruM sakaHUMBaeTCHd
[IOKAa3aTeJIbCTBO BTOPON YaCTH IIPEJIOKEHUS.
Ocraercst mOKasaTh, YTO NOPAAOK JIO60T0 MEPHOAMIECKOTO pACIpe-

feTeHns KOHeueH. J[efCTBHUTENBHO, pacipejesenue f uMeer KOHeUHBIH
NOPANOK, CKayKkeM m, n00 y Hero KOMIaKTHbIA HocuTedb. [loaTomy cBepT-
Ky B (3) MOKHO mOHMMAThH B cMbicie €™ — '™, trark uro f € D'™.

Coraacuo ¢opmyre (6) § 1, Bcarkoe pacupemeienrme | KOHETHOTO
NOpAAKA M IIPEICTaBUMO B BHE

f=Dm+2(am+2*f) "'_ Em+2*‘f~

Tak ®ar O,40 € D™ u &40 € D, us pesyapratoB § 1 caemgyer, dro
GYHKIEA Oy, 40 % [ HEIpepbiBHA, a QYHKIHA &, 4+, % f OeCKOHEUHO qu-
depenrupyema. Jlerko mpoBepsaercsa, UTO 9TH (YHKIUU ABIAIOTCA LIE€PHUO-
IUYECKUMH C TeM ;xe nepumomom, 4to u f. Tarxum obpasom, écaroe nepuo-
duueckoe pacnpedenenue A6A8eMCL CYMMOU HEKOMOPOU nepuoduueckoll
beckoneuno Ougdbepenyupyemoii gyurkyuu u 0606w eHHOU nPOUBOOHOT
0Om HeKOmopoll HenpepueHol nepuoduueckoli GYRKYUU.

17*
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IIpepsimymuiue mpepo;kennda 0e3 Tpyma pacupOCTPAHAMTCSH -HA BeK-
TOpHEE TepuojuIecKue pacupenenenuda B (P');. 3amerum JIUIIb, YTO

8 ¢opmyne (3) cBepTHIBATeNb 3aMEHAETCHA PANOM > Eb,, toe E —

N=——00

eMMHNYHAaA MaTpuua.

§ 3. Ilepnognueckue pacnpegeneHust (gpyras KOHCTPYKIHS )

1. Jagum Teneph APYTYI0 KOHCTPYKIHMIO MPOCTPAHCTBA IepHOgMIE-
CKUX pachpepesienuil ¢ mepuogoM 27 '), Tme OHO BHICTYNAET KaK COIpA-
JKeHHOEe K IPOCTPAHCTBY uepuopmieckux ¢yunrumii. IlpemmyimecTso,
TAKOTO MOAXO0[a K NIepPUOJUYECKHUM pacupejelleHUAM 10 CPaBHEHUIO
¢ TIONXOMOM, M3JI0KEHHBIM B § 2, 3aK/II0YaeTcA B TOM, YTO HPHU 3TOM MOIK-
HO WMCIIOJIH30BATL HEKOTOPHIE pPe3yJAbTATH U3 TeOpHMHM [BOMCTBEHHOCTH
JOKAJIbHO BHIIIYKJBIX TPOCTPAHCTB.

OGo3uaguM uepes &F™, m < 0o, TPOCTPAHCTBO 2N-IEePHOAMYECKEX
pyurnuin R' — C!, uMelomux m HENPEpHIBHBIX NIPOUBBOJHBIX, U Uepes
P mpocTpaHCTBO GECKOHEUYHO nupdepeHNIUpyeMbX (GYHKUUA ¢ mepHo-
nom 2n. B &™, m << oo, BBejgeM HOpMY \ L

| @lln= max sup [D/g(t)l, @EF™, {

0<i<<m teER!?

a B J° — JOKAJHHO BBIIYKJIYIO TOIOJOTHIO, OIpEeReaAeMyI0 CYeTHHIM
cemeiictrBoM HOPM ||+|lm, m =0, 1, 2, . .. . Jlerko mpoBepuTs, UTO
F" 0 < m< oo, aABIAeTca 0aHAXOBHIM TPOCTPAHCTBOM, a &> —

npocrpaucTBoM Dpetre.

ITpocmpancmeo &> monmeneso.
Tak kar > MeTpH3yeMO, TO [Id A0Ka3aTeNbCTBA ITOTO YTBEDPIJe-

HUA TOCTATOYHO TOKazaTh, YT0 M3 JI000W OIPAaHMIEHHON IIOCJIe/0Ba-
TeIBHOCTHE {(,} B &> MOKHO H3BJIEYb CXOAANYIOCA HOATIOCIEN0BATENb-
gocth. Ho, meficTBUTeNIbHO, NOCKOABRY ¢yuxmuu D¢, paBHOMEDHO
orpaHmders Ha [—, ], TO QYHKIME ¢, PABHOCTENEHHO HEUPEPHIBHBL.
Tak Kak ¢,, KpoMe TOTO, PABHOMEDPHO OTPAHUYEHHI, TO Ha OCHOBaHUH
reopeMbl Aprieia CyIIeCTByeT [OAIIOCJef0BaTeIbHOCTD {®no} moCHETO-
BaTeqbHOCTH {(p}, CXOAAMASACA B g0, Iamee, ¢pynrxnuu D3¢, paBHO-
MEPHO OTPAHMYEHBI, MOITOMY QYHKIHH D¢,, paBHOCTEIIEHHO HeIpe-
PHIBHE, 3HAYUT, CYMECTBYeT IO/IOCIeI0BATENBHOCTD {on1} mocaemo-
BATEJBHOCTH {(Q o}, CXOAAMAsCA B S, u r. n. Takum obpaszom, moOIy-
qyaeM IIOCJTENOBATEIBHOCTH {Qnitn, 7 =0, 1, 2, ..., 1Ia KOTOPHX
TUATOHAJIbHAA IIOCIE[0BATEIBHOCTE {(n,} ABIAETCA, OYEBHIHO, CXO-
qAmeiica B & MOANOCIETOBATEIHHOCTHIO NOCIEN0BATENBHOCTH {on}.

1) Bce pe3ysbTaTH JAHHOTO maparpada, OYeBHIHO, CIPABeNJINBH H AJA pacipe-
[neNeHn ¢ JIOOBIM MEePuOLOM.
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CBeprky nBYX ¢yHRnui ¢ € &, P € #° ompenesnsem dopmyToi

(@ *) () = _Sn @ (t — )P (s) ds.

Hemenienno uposepserca, 4ro ¢y € &, @k = Ppx¢@ H
D' (pxp)=Dg) %y, 0<j<m.

O6osmauum depes K, agpo @eitepa. MsBectno, uro auna ¢ € GO
pyEEIEA O, = @ % K, ABIAeTCA TPUTrOHOMETPHYECKUM MHOTOYJICHOM,
n o, — ¢ pasmomepuo ma R'. CuegoBareinbno, 0, — ¢ B PO, EgJIH
¢ € F", 10

Dic,=D¢)*xK,, 0<Kj<m,

a, sHa4uUT, 0, — @ B &". Caedosameavho, nPOCMPAHCMEO II mpuzoro-
MEMPUHECKUT MHO020uAeH08 naomio 6 &, 0 << m < oo.

2. Ofosmaumm uepes & '™ TpOCTPAHCTBO, CoupsskeHHOE K &,
HaleJleHHOe CHIBHOHW Tomodormei. IIpocrpamcro & '™, m < oo,
ABIAETCH GAHAXOBHIM IIPOCTPAHCTBOM OTHOCUTEJIHHO HOPMBI

1 F I = sup e, D1, feF™

QEP o @l <t

Cymenme Ha &™*' Bearkoro ¢yHrmmonama [ € & nIpUHALIEHKUT
F'™H y f ogHOBHAUHO ompefesigerca cBoum cysxenmeM, uGo Il (u rem
goree F™*) muormo B . ClegoBaTeqbHO, OLEPATOp CYKEHHA yCTa-
HaBJMBAeT ajJrebpamuyeckmii mzomopdusM Merpy &' W HEKOTODPEHIM
mopmpocrpancrBoM B &'™*. Tawum 00pazoM, MB MOKeM CYHMTATh,
g0 P'™ = §'"+'. Hemepgnenno muposepsercsa, dro ecam [ € P,
10 ||f || met < || f |In- CaemoBartemsmo, tomoiormsa B &'™ ToHBIIe,
yeM WHIYIMpoBamHaa u3 & ™t

Omeparop CyMeHHA YCTaHABIMBAET ajre0pamdecKuii M30MOPPU3M
Mesny '™, m << 0o, W HEKOTOPHIM LOANPOCTPAHCTBOM B &°'*; 3HAUMT,
MOMKHO cumTarh, uto '™ P’e. Tomomorua B &' TOHBIIE, YeM
WHAYIMpOBaHHAsg U3 &' .

Tak kKak &'~ ABIAETCA MOHTEJEBHIM IIPOCTPAHCTBOM, TO M’ €T0
COLPSIFREHHOE TaKyKe ABIAETCA MOHTENeBHM IpocTpamcTBoM. MosxHo
moKasaTh, 4T0 J’'° He mMeer CUeTHOH (yHIAMEHTAalJbHOH CHCTEMbI
OKPECTHOCTEeN HYJIA.

Iycers f € &', OueBmmHO, HaleTcA TaKasg OKPECTHOCTH HYJIA U
B &>, 4T0

| (9, ) |<<1 mna o€ U

Ilamee, cymecTByloT Takoe Lexoe uucio ¢ >0 m rmaxoe b >0, uro
MHO3KEeCTBO

{ole€eF”,  loll,<b)
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comepsxurca B 9. Orcrona cpasy ciaegyer, 4yro ¢yHKIuoHaX | Hempe-
pHIBEH Ha &°°, HaJeJeHHOM TONOJOTHel, HHAYIUpOBaHHOW u3 &I,
Tax kax &~ maorao B &, to f € &' Taxum o6pazom, MB TOKa3aIH

Mpegnomenne 1. F'o= |J G'™
0<m<<oo

IIpousBogHasA, CABAT M YMHOJKEHHE HA QYHKIUIO ONPEIeIdIOTCH
o6uYHBIM 0Opasom: omepaTop D auddepeHnupoBannda (YHKIMOHAIOB
u3 &'™ — 210 coupsuKeHHHE K omepartopy —D: P F™ ome-
paTtop T, cABUra QYHKIHMOHAJIOB H3 &' — 9T0 COUpAKEHHHIH K oTme-
paTtopy caBura t_p: &M —&"; myrsrumiauraropamu Ha P'™ ABIAOT-
cA QyHRnmm o € &, M omepaTop YMHOMKEHHA Ha O (QYHKIHOHAJIOB
u3 &' — 5TO COUPAREHHBIA K OmEPATOPy YMHOKeHHS HA o B IPO-
cTpaucree P,

Beakoit noxanpHO cymMmupyemoit 2m-mepuogudYecKoil dyurmyun f

comocraBisgeM GyHKmuoHaX f € &% oupemenseMmbiii paBeHCTBOM

<<P,]73=_§ () f(t)dt pnsa (pE@O.

Ecam ¢ (2) = (2n)~L e=*™, 10 (9, ) cyTp Koapdunuenter Dypre mis f.
@Oynknua [ (Toumee, Kiacc (QYHKIUM f) ONHO3HAYHO OIpeENIETCSH
ceoumu Kodppunuenramu Dypbe, 3HAUUT, [ OMHOBHAYHO OIIpeelsaeTCH

pyrrnumonasom f. Orobpasenne f —f ecTp ajreGpaumveckuii m30MOp-
¢usM mpocTpaHCTBa JOKAJIBHO CYMMHPYEMBIX 27-TIePUOJUUECKHX (YHK-
OMi Ha HEKOoTopoe mommnpoctpanctBo B &'°. B panpmeiimem mur oTo-

JKIAECTBIIACM (QYHKIUIO [ ¢ COOTBETCTBYIOMMM (YHKIIMOHAJIOM [ W IHIIEM

f BmecTO F.

Mosxno mokasaTh, YTO HOANPOCTPAHCTBO pacupepeseHuii mz 2'™,
AMEIONUX Iepuof 27 B cMbicae § 2, mzomopduo mpocTpaHcTBy F'M
U 970 NPHU DTOM H30MOpPH3Me omepanyuu auddepeHnupoBaHns, CIBUTA
U YMHOKeHHMA HA QYHKIUHU mepexondar Apyr B apyra (cm. [68]). IToaromy
9JIeMeHTHl U3 &' GyjgeM Ha3HBATh NEPHOTUYCCKUMH paciIpeeleHHAMI
¢ mepuoaoM 27, a BJIIEMeHTH M3 '™ — pacmpepesenuaMnu mMopAnRKa < m
¢ mepuomoM 2.

3. Ilycrs g € &'=. HemocpencrBenno mposepsercs, 4to [uad @ € Jo

PyHKIUA
P (s) = (@ (2 +9), g(t))

OPUHAJIEIKAT J°° W UTO JHUHEHHHIH omepatop ¢ —\ U3 F* B F
HenpepuiBeH. CienoBaTelbHO, g ABIAETCH &'° — J’'w-cBepTHIBATEIEM.
‘Taxkum obOpasom, cBeprTra g f ABYX pacupefedenmii u3 &'~ Bcerna
UMeeT CMBICH; OHa omnpegexasderca (cm. § 1) paBeHcTBOM

@, g*¥N=Uot+s), e@®), f() mam ¢cF™
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Ceepmra KommymamueHa. [[edcTBUTENTBHO, MIA &, fEP>me(t) =
= ¢!™ nmeem .
(@, (g # 1) (1) = (e, g (), £ () =
— (e, g (1)) &, F(s) = ('™, g (£) (™, f(s) =
— (™, [ () e, g (1) = (™0, F (), g () =

= (", (F*g) (9,

Tag uTo pacupefereHus gxf u f* g COBIANAIT HA GYHKIUAX e'™,
Orcroga CJefyeT, 4To OHU COBIANAIOT HA IIPOCTPAHCTBE TPUIOHOMETPIH-
geckux mojmuoMoB I, a Tak Kak mocjefHee IIOTHO B Fe, 10 f*g =

= g*/.
Jlerko mpoBepserca, 4YTO MJA caBUra H nponaBOJ:(Hoﬁ nMeI0T MeCTO

n3BeCTHBIE (DOPMYJIHI
T (gx)) = (ng) xf, D (g]) = (Dg) *1.

[Mycrs g € &'~. Iloramem, 4ro misa @ € & cBepTa g* ¢ IpH-
HAJIeKAT S U

(g% ¢) () = (o (¢t + ), g(8) (1)

(cumBoa vV o6o3HaYaeT CUMMETPHUIO OTHOCHTENBHHO pagaya). JleiicTBu-
TeIbHO, IYCTh 1) € &~ PUKCHPOBAHO. Jluneiinsie QYyHKIUOHATH Ha P

e—>m(), @+, g@) m ¢—>{n(s), ¢+ M@ (2
oueBmHO, HempepsBHE. Has ¢ (1) = '™ nmeem
(), €™, g () = (9), €)™, g (D)=
— ((7] (S), ein8> eint’ gv(t)> — <<n (3), ein(t-l—s)), é(t)>,

T. . QYHKIMOHAJH (2) COBHAAAIOT Ha GYHKIHUAX @ (t) = ¢'™. Ho Torma
OHH COBHAmaloT Ha IpocTpaHcrtBe 1I, W HOCKOJIBRY TOCJTe[HEe IIOTHO

B J°°, TO
M ($), (@ (£ 5), (N = (M (), p(t+ ), g(®) nua GEF.
CremoBaTesibHO, TJIA 1 € &

M), (@ (t+9), g@ON =N (), @+ 9, ()=
n t+m
=<_Sﬂn(8)cp(t+8)ds,é(t)>=< [ nGs—0e@ds, g@p=

t—

=({ ns—NeE ds g ={nis—1 0 (), £ () =

={(s+ 1), 9(s), g(N==, kg =, g*¢),
geM u pokasamo (1).
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Us (1) cmexyer, uro onepamop ceepmru f —gxf us P'~ ¢ F'=
ABAAEMCA CONPANCCHHVIM K ONEPAmMopy céepmru ¢ — g % ¢ us Joo ¢ P,
4. Uccnenyem remeps pasiossenne B pax @®ypre. [Ipn momomu xopo-

IO WM3BECTHOTO KPHUTEPHA CXOAMMOCTH psanoB MDypre Jerko moxasatsh,
910 paAx DPypbe BeAKOR GyHKIum @ € Foo '

-+o00 a
El cne'™, cn=._1_ j ¢ (2) e " dt,
27
n=-—oo —x

cxompurcd K ¢ B o, Oynrnmu '™ obpasyior Gasuc B J~. Hememmrenno
opoBepAeTcda, 4ro mas ¢ € &P~ xoapduumentst Dypre mpomsBoHOI
OOPAAKA P PpPaBHEI

en (DY) = (in)" ¢, (¢). -

Tax rax ¢, (DP¢) —;»O pu | n | — oo, T0 daa 4106020 yeaozo uucaa p > 0

lim [n||c,|=0. NG

ITocemoBarenpHoCTM € TaKEM CBOMCTBOM HA3HIBAIOTCS bvicmpo  y6ui-
“earwuMu.
Jlerko mOKa3aTh, 4TO ecal 0BYCMOPOHHAL UUCAL08as TNocaedosamens-

Hocme {c,} 6vicmpo y6usaem, mo pad D, c,e'™ (6esycaoero) cxodumes
n

e I,
Rooddunuentas @ypre pacmpegenenus f € &'~ onpegensiorcs dop-
MYJIOH

cn=i(e"i"t,f(t)), n=0, +1, -2, ... .
27

HRosdpdunuentor dypre pacupemerenus 8§ € '~ paBub
1, —int 1
cp (0)=—(e """, 8§ (1)) = —.
(6) o (2) o
. 1 ,
3uaunr, psagom Dypee nusa § cayswur pan o D) e, HememmerHo mpo-
n

BepsAercsa, 4T0 A Ji00od yHRmEEm ¢ € P~ sror paAx (6e3ycIoBHO)
CXOMUTCA K

nzcn ((P) = ¢ (0),

snaumr, pax Dypve gnaa § cuaGo (GesyciaoBHO) cxommress B &' K 6.
Tax kKak mpocTpaHCTBO &’* MOHTEIEBO, TO JTOT PAMN CHIABHO (Gesy-
CI0BHO) cxomurca K 6 B &',
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YunuTeBasg, YTO OmMepaTop CBEPTKU HEIpepHIBEeH, I0JydYaeM, 4TO QAA

fE G
f:f%é:f%(iz e"’”)=—1—2 (f * '™).
21 - 21 ~

B.cuny (1)

_1__(]:% ¢int) =__1_<ein(t+8)’ fv(s)>=i (™79 F(s)y =

2n 21 2n .

=ieint<e—ins, F(s) = e, () ™,
21

3HAYUT,

f= ch (]() eint.

Takum o6pasom, pad Qypve nepuoduueckozo pacnpedeaenus f (6esycrosro)
cxodumes 6 &'~ & f.
Orcroma caexyer, 4To giasa ¢ € o, f € '

<(P7 fi= <ch ((P) eint’ f(t» = Z(eint, f(t» Cn (q))’

<(P’ f>= ;cn ((P) C—n (f) (4)

Qynryuu {e'™} ob6pasyrom 6asuc 6 F'>. JleHcTBUTENHHO, HPEIO-
JOKHUM, 9T0 HapAxy ¢ pasioskenuem f B pag Dypee e (H ei™ yumeer
n

MecTo pasuoxcerue f = Y, b,e'™. Torna
1, _; ' 1 —; ;
c =—(€ zqt’ i)z— e zqt’ bneznt —
R OB O > b

i 21 o 1 —ur sor
_ <e zqt’eznt>b =_<e zqt, elq>b — b
27 : " om ! !
n
ycers f € $'~. U3 upemnoskenuss 1 caemyer, 4ro [ IpUHANJIEHKHT
nexoropomy &'P, rme p romeuno. Iloaromy

1 —in 1 P —in 1 ,
lcn(f)|=5£|<e t,f(t)>|<§ﬂ—{llfllplle ’Hp=£lnlpllfllp_-

Orcloma caemyer, 4To 044 awbozo [ € P’ cyuecmsyem makoe yenroe
p =0, umo rosgguyuenmur Dypve pacnpedeaerus [ ydosesemeopaiom



266 . TI'aasa IV

Yyeaosumn
lim |n]|"?|e,|=0. ()

n| —»oo

IlocnemoBaTeIbHOCTH € TAKHEM CBOMCTBOM HABHIBAIOTCA MEDACHHO
pacmyuum.
O6patHno, ecau Oeycmoponnss uucioeas nociedosamenviwocmsv {c, )

pacmem medaenno, mo pad D) c,e™ (Gesycaosno) cxodumces e P'e.
n

HeiicTBUTeIbHO, ecaHm cymecTByer medoe ducao p == 0, Tarkoe, dTO
HOCJIe0BaTebHOCTE {c,} ymoBierBopser yciaosuio (5), To pdAn

int Cn
Ebne ) bn=W, n =0,

nF0

a0CoOMIOTHO M PAaBHOMEPHO cXopuTcA Ha R! K HEKOTOpO# HelpepHBHOM
Qyuknuu g (mmeromei mepmox 2m). Orcioma ciemyeT, 94To IpejbliyHImi
paAn (GesycmoBHo) cxopures K g B &', Takum obpaszom,
Dp-i-zg: Z cneznt,
n7+0
00
A, 3HAYWMT, pAX Dy cpet™ (6esycaoBHO) cxomuTca B J',

N=-—00

Has g, f € &'~ umeem ‘
cn (8% )= (2m) e T, (g * ) (1) = (2m) T (e 7D, g (1)), f () =
= (2m) " ({7, g (1)) e, F () = (2m) T (eI, g (1)) (eI, F (s)),

TaK YTO
cn (8%1) = 2mc, (8) cn (f). (6)

0. YCTaHOBHM TeIephb OJWH PE3yJbTaT, OTHOCAIMMIACA K oHmepaTopam
Poo 5 Gioo,

IIpepnnomenue 2. ITyemv U — nenpepvlenviii auneiinsii one-
pamop F* — Fo. Caedyowue ymeepicOenus 3KEUSANCHIMHL:

(a) onepamop U cmayuonapern (m. e. nepecmarosouen ¢ 406uM cO8U-
2om, 1,U = Ury);

(6) onepamop U npedcmasum kax onepamop ceepmku, m. e. cyujecm-
gyem r € &', makroe, umo

Up=r*xq¢ 0as ¢EPF™;
(B) onepamop U nepecmamnosouer ¢ onepamopom duggeperyuposarus:
DU = UD;
(r) Pynryuu '™ aeasromes cobecmeenuvmu GYHKYUAMY onepamopa U:
Uel™ = g o™, (7)
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Ecau ewnoaneno ycaoseue (6), mo r = tUS. Ecau evinoaneno ycaosue
(r), mo (2m)~a, cymv kosgguyuenmeu Dypve 0is .

IlokasaTreanbcTBo. (a) = (6). llokasxem cmadaya, 4TO
‘U(g*f)=("Ug)*F. 8)
HewcTurenso, s ¢ € P> umeeM
(@, 'U (g% )= (U, g% ) =L(Ue) (1 +5), g (), F(s)) =
= {(t—sU9) (t), g (), [ () = {(Ut—s9) (£), g (O, f (s)) =
= ((x—s9) (&), (Ug) (&), F () = (¢ +9), (Ug) (1), f (s = (@, (‘Ug) * 1),

oTKyna ® ciaexyer (8).
IMosromy pmaa f € &'

Wf =T (5% f) = (US) %,
a smaumr, ‘Uf = rxf. Ho torga Ug —Tr%@ paa ¢ € P,
(6) = (8). MeiicrBuresnbuo, pasa ¢ € & umeem
DU =D (r * ¢) =r % (D¢) = UDg.
(8) = (r). Hycrs ¢ = Ue'™. Nmeem
Dy = DUe'™ = UDe'™ = Uine'™ = inUe'™ = in.
Pemennem puddepennuanbuoro ypasuenusg Dy = in caysxur | (I) =
— ge'™. Orcioma caegyer, uro Ue'™ = a,e'™.
(r) = (a). HakoBo 0B HE OBLIO £, UMeeM
U’Cheint: Uein(t“h)= Ue—inteinh — e—inhUeint —
—_ e—inhaneint =T, (aneint) =T, (Ueint),
1. e. omeparopsl U u T, mepecTaHOBOYHH Ha dleMeHTaXx Oasmca {e"™}.
Ho rorga t,U = Uty na &,
[Ipepmonozmm, 4ro BHmodHAercs yciosme (T). B cmay (1)
Ueint — ":* eint — <ez'n(t+s)’ r (S)) _— <eins, r (S)> eint —
= (7", 1 (s)) € = 2mey, (1) €,
SHAUAT, a, = 27c, (7).
ggaﬂornqﬁoe npeqJioKeHne CIPaBEMJIUBO JA 0IEepPaTopoB &'« —
— e,

6. PesyapraThl mpembIymiux IYHKTOB 0€3 TPYyAa pacupoCTPaHAIOTCS
Ha Bexropubie pacupegenerua. Ilycrs (§™); — Tomoidormieckoe Ipo-
u3BefieHHe | DK3eMIUIAPOB mpoctpanctBa & m (&™), — Tomosoru-
geckoe IpousBefeHue [ dx3eMIIsApoB upocrpancrBa &', Hax moxa-
3ago B § 1, (#'™); MOKHO OTOKIECTBUTH C COIPAKEHHBIM K IIPOCTPAH-
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ctBy (9);, UpHUYEM «CKAJIAPHOE IIPOH3BEJECHUE» OIPENeNseTcs PaBeH-
CTBOM

!
(@, h= D@;, ;) maa @E(F™), FEE™),

=1
rie Qi, - .., §; — KOMIOHEHTH ¢, a fi, ..., f; — KoMmoueurs f.
Tlamee, cTaBa B COOTBeTCTBHE (yHKIHoHANLY f € (&™), omeparop
F™ - C: :

(P_+(<(P1 f1>7 RS <(P7 fl»?

MBI MO;KeM IpocTpaucTBo (&™), 0TOKEECTBUTEH ¢ IPOCTPAHCTBOM JIMHEN-
HEIX HELpPepHBHHX omepaTopos & — C'. Ilosromy odIeMeHTH IIpO-
crpanctBa (&'™); GymeM HasBIBaTh 27M-NepUodUUECKUMU 6EKMODHBLMU
pacnpedereHusmu nopadka < m co SHAUEeHUAMU 8 c'. .

Besikmit  mempepHBHBEH aummelinmit  omepatop A: (97); = (&)
npemctaBuM upu nomomu Mmatpunel A = (Aj), tme Aj, — HeupepsiB-
HBle JUHeWHBIe omepaTtophl &P — . AHAJOTHYHO BCAKHUI HEIPEPHIB-
HEIH JAuHehHH oneparop B: (#'"); — (9'™), nupencraBuM Lpu IOMOIIH
marpunslt B = (Bj;), roe Bj, — HeupephBHEE JIHMHEMHEE OIEPaTOPHI
(gs./n — @,m.

Ecan asnementsr u3 (&™);, ($"), sanuceBaTh KaK BEKTOPHI-CTPOKW,
a saemeHTH u3 (F'™);, (#'™); — KaK BEKTOPHI-CTOJNOIHI:

(Pz((Pi,"'7 (Pl)’ f:t(fh"-afl),
TO

_ l l
Ap= (D) 4u1%jr - - - i;jAjz(Pj)

J=1

! !
Bf=" (h-—Zi Binfr, - hzzjiBmfh)-

Marpuma compssrennoro omeparopa ‘A: (#'™); - ($'™); ecoBuagaer
B DTOM caydae ¢ marpunein ‘A = ('4;,).

Ouesupuo, »saementl u3 (F");, ("), MOKHO BamHCHBATh U Kak
BeKTOPH-cTOJNONEI. B Takom ciaydae

l l
Ag =t(;__1141k(Ph, sy }éiAlh(Ph )7

a MaTpuIei coupsskennoro omeparopa Oymer ‘A = (‘A,;). B nanxpmei-
IeM TpH WCCIe[0BaHUU CBEePTKH M pasinokenus B paAx ‘Dypbe Oynem
3aMACHIBATH dJeMeHTH U3 (&~); u (F’'*); Kak BEKTOPHI-CTOIOGIHL.
Ecau G = (g") — marpuna pasmepa I X lc¢ g™ € ', 10 cBepTRY
Gxfnmua fE(PF )y =1, ..., f1), [ €', onpenensem paBeH-
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CTBOM

l {
G*fzt(.zigiJ%fj, R .Zig“%fj)'
= i=
Junpeiiasit omeparop f —Gxf us (#'~); B ('), HempeprBeH; oH
SBJISETCA CONPA/KeHHHM K- HEIPePHBHOMY oIepatopy ¢ —>Gx ¢ us
(8=); B (§);, t76 G = (g'"). .
IIpocrparcTBo 7°" BexTOpoB BHma ce'™, rme

c:t(ci, ey Cn)y c,-ECl,

n30MOPPHO KOMILIEKCHOMY eBRJINJTOBY IIPOCTPAHCTBY C'. Mu Bapmensem
mpocTpaHcTBO 7°" eBRJINJOBOA HOPMOM

l
Icelnt|= (Zj;l le2)1/2'
J=

3 ckasaHHOTO B NpeJHAYIIEM NOYHKTe CJIefyeT, 4To JI00o# dJaeMeHT
us ($); (coors. 3 (§'>);) mpepcTaBUM eIUHCTBEHHHIM 00pasoM B BHJe
(6e3yCIOBHO) CXONAINETOCA psAfa, WIeHE KOTOPOro c,e'™ cyTh »IeMeHTH
mpocTpaHCTBA 7°"; BEKTODH ¢, HA3HBAOTCA KOI(PPUImeHTaMH Dypre.
VTBepyKIeHNs, OTHOCAIMECH K IOBOJCHHIO IOCJTET0BATENIbHOCTH KOI(-
punuerToB Pypbe PyHKIUUA #W CHAIAPHBIX pacipefieleHAN, OCTAOTCA
B CHJie W NS BeKTOPHHIX (YHKIUA W paclpefiesieHHil, €CIH TOJBKO 3aMe-
AuTH MOTYIh Ha HopMy (rRoaddunuert Dypwe Temeps — BEKTOp, a He

IHCJI0).

Jdemma. Ecau L, — nodnpocmpancmea e 7°", mo samkrHymas
auneiinas oboaouka 6 (F); (cooms. & ($'=);) (06vedunenus) nodnpo-
cmparncme L, cosnadaem ¢ nodnpocmpancmeom aaemenmos us (F),
(coome. us (P'~);), rosdguyuenmun Dypve Komopu.r ydosaemeopsiom

YCA08UI0
int
cpe’" € Ly.

‘HoraszateaxscTBo. Ilyers ¢ €(F>), n cn (@) €™ € Ly,.
U3 pasenctBa @ = X ¢, (¢) '™ caegyer, 4To ¢ NPHHAJIEKAT 3aMKHY-

n
Toii JauHeiiHo# oGodoukre B (F~); momupocrpaHcTB L,. OGparHo, ecin
¢ NPHHAMJNEKHT HTOH BaMKHYTOH JIMHENHOU 000J09YKe, TO CYIIeCTByeT
0CIeTOBATeIBHOCTE {¢y} NUHEHHHX KoMOWHAIUE 5JI€MEHTOB U3 IPO-
crpancrB  L,, Takag, 4ro @p —>¢ B (&#>);. Orcloma cJiaegyer, 4YTO
cn (pp) €™ € L,. YunreBaa, uro lim ¢, (pp) = cp, (p) mw g10 L)

h—o00

BaMKHYTO (Kak IOJIPOCTPAHCTBO KOHEYHOU pasMepHOCTH), IOoIydaem

int
cn (@) e € L,. '
Cnyuait mpocrpancTBa (J°'®); mcciaegyercda aHAJIOTHIHO.

IIycts G= (g%) — maTpuma pasmepa I X I ¢ g¥ € §'~. Bynem
POBODHTD, UTO uMCIOBEHE Marpuusl C, = (c}), ¢kl = ¢y (g"') sBusiorcs
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koogppuyuenmamu @Pypve mampuyw G. Ilocaedosamervrocmv mampuy
{C.} pacmem medaenrno, m. e. cywyecmeyem maroe yeace uucio p =0,
ymo 1)

lim |[»|7?|C,|=0. (9)

| n| >0

. Obpammno, ecau 08YcmopoHHAA NOCADO8AMEALHOCTNL HUCAOBHLL MAMPUY
{C,} pacmem medaenro, mo cywecmeyem euHCcmeeHHas mampuya pac-
npedeaenuii G = (g’“) gV € P, Kosppuyuenmun Dypve Komopol
pasuu C,,. , .

Hemenmnenno mposepsietcsa, uto mis G = (gV), g € P’ n f€
€ (&'~); umeer MeCTo PaBEHCTBO

C. (G#1) = 2aC, (G) ¢ (). (10)

Ilpennoskenme 2 cupaBemiuBo u aas omepatopoB U: (), —
— () ,;: craJaspHOE pacmpepesieHue r u3 yCIOBUA (6) BameHsercs
MaTpuneii pacmpenenenuii R = (r''), a yciosme (r) — clemyomuMm
YCIOBHEM:

(v') Aas ecakoeo qe./weo n nodnpocmparcmeo ¥'" uneapuaHmmno ommo-
cumeavno onepamopa U, m. e. cyuecmeyem makas uuctoeas mampuya
A,, umo

Uceznt_____Anceznt

Kpome moeo, ecau ewnoaneno ycaosue (r'), mo mampuyn (2m)71 4,

cymv kKoagppuyuenmu, Pypve mampuyvt pacnpedesenuli R.

§ 4. OrpanuueHHble pacmpejelIeHus

1. OGoszmauum, Kar o6buHO, uepes L' mpocTpaHCTBO CYMMHPYEMHBIX
(mo JleGery) (byfmmm Ha R' m uwepes L MpOCTPAHCTBO CYIMECTBEHHO
OTpaHMYEHHHX m3Mepumblx Qynknmit. Ilycrs Dii — mpocTpaHCTBO
paBHOMEPHO HeIpepHBHHX ¢(yHKmuUE ¢: R' — Cl, ymomaerBopsaiomux
yeaosuo ¢, Do € LY; PTh, m = 2, 3, . . .,— mpocTpaHCTBa QYHKITUA
¢: R' - C', obnamaromux m — 1 OOHYHHEIMM NPOU3BOJHEIMH, IPUYEM
D™-1p abcomioTHo HempephiBHa, a D'p € L1, 0 << j < m; D1, (Gymem
nHOTZAa mmcaTh Kopoue D) — MPOCTPAHCTBO OeCKOHEYHO AuddepeH-
NUpyeMblX (QYHKIUHA, BCe ITPOMBBONHEIE KOTOPHIX mnpuHajgiIe;rar L.
Ilna equHoobpasus obo3HaueHUHE OyjeM mmcarb mHorma Pji: BMmecto L.

B mpocrpancrtBe PDTh, m < oo, BBegeM HOpPMY

-+ o0
J m
N @llm= max (| |D'o(®)]dt maz €D,
0jigm —o0
a B Y1 — JOKAJIBHO BBHIIOYKIYIO TOIOJOTHIO, OIpefiesigeMyio ceMeict-

BoM HOPM ||*|lm, m =0, 1, 2, ...

1) B cooTBeTCTBHY ¢ BHIOOPOM €BKJIMIOBOI HOPMBI [IJIsi BEKTOPOB HOPMA YHCJIOBOM
MaTpunsl C paBHA MOJOKUTEIbHOMY KOPHIO 13 HanOO0JbLIIero coOCTBeHHOrO 3HAYCHHA

marpunsl C*C.
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Ecam ¢ € 274, 10, oueBumHO,
t

¢(®= § Dop(s)ds+oc,

—00

rge ¢ — HeKoTopas mocrosHHag. Orciofga ciegyer, utro lim ¢ (1) = c,
{~»—o00

W, TaK Kak ¢ cymmupyema, moiayuaem ¢ = (. Jlerko moxrasars, d9ro

n lim ¢ (¢) =0. Mo Bugum, uwro ecau ¢ € D, mo dynryuu

. I>+too
Do), j=0,1, ..., m, cmpenamca k Hyalo Ha bGeckoneunocmu u
t
Dlo)= { D' (s)ds, j=0,1, ..., m. (1)
Taxum o6pasom, \
sup [ D% () |<I|9lhnss,  J=0,1, ..., m. (2)

IHpegnomenne 1. IIpocmpancmeo D7, 0 < m << oo, bana-
z060, a D, — npocmpancmeo Ppewe.

IlorxaszatTeasbcrBo. [aga m =0, rorga Dy = L', mame
yTIBepsKaeHHe Xopoimo u3BecTHO. IlokaskeMm, 4YTO ecjiu IPoOCTpPaHCTBA
DT non pus m < q, o Pt rarsxe moano. [leiicTBUTeNBLHO, TYCTH
{¢,} — Heroropas mociemoBarearHocTs Homum B Zfi'. Torma {¢,}
ABJIAETCA IOCTET0BATeNbHOCTHI0 Komu B D¢, U 0 MHIYKIHUHE CyImecT-
Byer Tarkoe ¢ € Dii, uro ¢, —> ¢ B Di;.

Paccmorpum Temeps IociemoBaTeIbHOCTH aGCOMIOTHO HETPePHIBHEIX
by {D%, },. B cwry (2

sup | D () — Dop (D I <1 0n — @ llg-,

T. e. mociefoBateasHocTh {DI¢,}, moToueyHo cxomurca Ha R! ® Heko-
tTopo#t ¢yHKmmE P. Ilo mpemmososkeHWI0O mOCIETOBATEIHLHOCTH IIPOM3-
BogHHEX {D?*@,}, cxogurca B L. CaemosarenbHo, | aGcoN0THO Helpe-
puiBHA, {DY¢,}, paBHOMepHO cxomurcsa K P Ha R m, {D!*l¢,}, cxo-
purcsa B L' x ¢’ 1). C gpyroit cropons, eciu ¢, — ¢ B D41, 10 Dig, —

1) Ecam mociefioBaTe bHOCTh AGCOMIOTHO HENPEPHBHEIX QyHKIUil {1, } Ha mWHTEp-
Bane [ cxogurca B Touke £ € I, m;, € L1 (I) ¥ mocaeqoBaTeabHOCTH MPOU3BOTHBIX 1)),
cxogures B L' (1), To mociefoBaTenbHOCTS {1), } PABHOMEpPHO cXopuTcsa Ha I K HeKo-
TOPOH abCONIOTHO HenpeprBHONH ¢yakumn A [ u v}, — W' B L1 (I). JleiicTBUTEAbLHO,
OycTh { — mpefes moclegoBaTedbHOCTH 1), B L (I) u

t
n(O)=k+ [ L(s)ds, k=lim 1y (2).
t

OueBugHO, 1 a06CONIOTHO HeNpPepHBHA HA [, M M3 paBEeHCTBA
- ¢

Nn () =Mn )+ 5 Ny, (s) ds

t
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—~ D4 B L' m, rak jerxo mokasars, P = D%@. Orcioma BniTeraer,
aro ¢ € Dt u ¢, - ¢ B DIt

IIpoctpancTBo D1 MeTpHU3yeMo, TaK KaK ero TOIOJOTHS ompese-
Asercs CYETHHIM cemeiicrBom mHopM. Ilycrs {¢,} — HekorTopasa mocie-
noBarerxpHocTh Homm B ZDri. Torma {¢,} ABIgerca mociegoBaTellb-
HocTpio Kommu B ni06oM PP, m << oo, a 3HaumT, cymecrByer &, € D1,
Takoe, uro lim ¢, = §,, 8 D71, m << oo. Orciofia cpasy ciemyer, 4TO

§0=§1:---,

sHaunT, L0 € DH mw ¢, ->E& B Dri- CaemoBarenpro, P11 ABIAETCA
npocrparctBoM Dpeme.

Mpeganosmenune 2. Ipocmpancmeo D (u mem 6oaee npocmpar-
cmeo D™ naomno ¢ D, 0 < m < oo. Tonoroeus 6 D™ monvure, uem
monozus, urOyyuposaruas ud PDii.

Noxaszareabctso. Ilyers {p,} — gerbra-obpasHaa Imocie-

qoBaTenbHOCTh (eM. § 1), ¢ € v m

+ o0
Pu(=(@*p) ()= § @(pn(t—9)ds

OyErmuE @, O0YeBHWIHO, OeCKoHeYHO auddepeHMAPYyeME (HOCH-
TeJN UX, BoOOIIe roBopsA, He KOMIAKTHE). Tak Kak CBepTKa ABYX CyM-
MApYyeMbX QYHKIUil ABIAETCA CyMMHpyeMoll (yHKIHe#, To QyHKIMH

D', = ¢ *(Dp,), i=0,1, 2, ...,

CYMMHPYeMbl, 3HauuT, ¢, € Dra.
ITorasxem, ato @, — ¢ B Di4. VI3 paBeHcTs

= § 2t—90 0 ds 9= | 90 (ds
cJaeayeT, 4TO
+oo  gp
lon —@lb=§ | | [o(t—9 —o®]pn(s)ds]dl <
+ 00 e€n
< § dt § let—9—e@lon(sds

cJienyer, uTo

t
110 =00 @) | <TK—1n (&) |4 § 1T () =10 () 1 ds.
t

I. e. 1, — 1 pasEOMepHO Ha [. Tar Kak M = §, 10 M5, =M’ B L' (/).
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A TaK KAaK MOKHO IIOMEHATH HOpAOOR HMHTErpmpoBaHUA, TO

€n

-+ 00
lon —@h<< | pn()ds § 1o(t—3) —@(1)]d (3)

[Tycte m > 0 npomsBoxmsno. Ilockonbry mpocrpancTBo Z° mHempe-

PHIBHBIX (DYHKIMIA ¢ KOMIAKTHEIM HOCHTeJeM IJI0THO B L', To cymiecTByer
2° 7 — /3. U3 1

¢ynrmua & € 2° nmaa woropoit || Ello << n/3. U3 Toro daxra, uro

omeparop CIBHWIa T, ABIsAeTcA u3oMmerpmeir B L, BhiTexaer, 4ro ‘

00
j lo(t—38) —@@)|ds=|T9 — @l < ||t — &y +

-} 00
, 2
Hling =i —el<g+ | 1209 —z@ie
Tax rax § — HempephiBHas (QYHKIHA ¢ KOMIAKTHBIM HOCHTEJIEM, TO
cymectsyer a () > 0, raxoe, 4To
-+ o0

jl%(t—8)~§(t)ldt<% nas |s| < a.

— 00

Mer sakmrowaem, uro [j@o, — @llo<<m mia n >N (n), rme N >0 —
TaKkoe 1iejioe YmcJjao, 4To &, < a faa n > NN. CiuemoBaTeibHO, Py =@
B L'. I3 pasencrBa

D’g, = (D) *xp,
BEHITEKAeT, 4TO chpn —>ch1> B L', a, spaunr, ¢, — ¢ B IP.
Taxum obpasom, a0y QyHKRIHI ¢ € DI MOKHO CKOIb YIOTHO
XOpOINO aNmpoKCUMUPOBaTh B P11 pyHKRuuamu u3 F7i. Jlerko BuUIeTs,
910 # 100y ¢yEKNuUI0 P € D1 MOKHO CKOIb YTOTHO XOPOIIO AIIPO-

KeumMupoBaTh B D1 (u Tem Goree B D7) dyuxumavn nz PD. JleiicTu-
TeJAbHO, MycTh QyHKRIUA oo € P TaroBa, 4ro o () = 1 gaa ¢t € [—1, 1],
o(f) =0 gua t ¢ (—2, 2). Iomoxum
M, = max supleoc(t)l, p=0,1, 2, ...,
0<i<p tER!
u P, () = a (¢/n) ¢ (2). OueBugno, , € & u D™, (£) — DP (¢) Ha RY
(maske paBHOMEDHO Ha KasKIOM KoMmmakTe). B To ke Bpems

FY
1 . .
| DP4p, (t)|<2—p—_70“(Dp Tot) (L)IDJ‘PU)|<
<dn n
\! i
<SMp =550 1D (D).

P

J=0
18 A. Xananaii, JI. Bexcaep
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N3 teopemsr JleGera o MaKOPHpPOBAHHOM CXOZUMOCTH 3aKJI0OYaeM, YTO
D", —-D™p 8 L', p =0, 1, 2, ... . CiegoBarenabHo, \p, —p B Dri.
Ilocneqnee yTBepsKAeHHe IPENIOKeHHA 2 OYEBHIHO. -

2. O6o3HaunM depes B '™ coupsureHtHoe K D1y, HafeleHHOe CHIBHOM
ronosorueir. OueBumuo, F'™, m << oo, ecrs 0aHAXOBO IPOCTPAHCTBO
¢ HOpMOH _

4 m
m = sup ¢, N maa @ €D

eI ollm <t

1

Cy:xenme Bcaroro ¢yHKmmoHasma f € $'™, m < oo, Ha D4 npuHam-

aeur %H'™*, m f BHomHe ompegenseTcA CBoMM CyyKeHmeM, u6o P
(zm Tem Gosee PTi') mnorHo B PDTi. OmepaTop Cy;KeHHA ycCTaHABIMBaeT
anrebpamyeckuil nzomoppuam MeRny %™ M HEKOTOPHIM MOIIPOCTPAH-
¢cTBOM B %F'™*l, tmak uro MBI MoKkeM cumrath KM < F'"H. Heno-
cpemcrBeHHOo mpoBepsercsa, uro ecau f € B'™, 1o ||f llmser < | F lim.
CriemoBaTesibHO, TomoJiordss B '™ ToHbINe, WeM HWHAYIHUpPOBAaHHAsA W3
%'™*, Omeparop Cy;KeHHS yCTaHABIUBaeT ajire0pamvecKuii M3OMOP-
¢usm mMe:xrmy F'™, m << 0o, W HEKOTOPHM IONIPOCTPAHCTBOM B %',
TaK YTO0 MOKHO cuuTath F < F'~. Tomomorua B %#'™ Toupiie, ueM
NHIYIUpOBaHHAA U3 % . )

ITycrs f € %'>. Torga HalifjlercA Takas OKpecTHOCTh HYIA 9 B DL,

qToO N
| (p, ) I<<1 mna o €9

OueBuaHO, CYHOECTBYIOT Takoe Iesoe ducio p = 0 m takoe b > 0, uto0
MHOKECTBO

{plo €D, ||l <<b)

npuHagiexur 7/. OTcloma HeMeIJeHHo CJegyeT, 9YTO f HeNpepHBHA
Ha 271, HaJelleHHOM TOIIOJOTHWed, WMHAyNupoBaHHOW m3 Pf:. Tak rak
D71 naotao B D, to f € F'P. Takum obpaszoMm, ME HoKazajn

lIlpeganomenne 3. F'o= |y L™
0Sm<oo

W3 npepsioskenus 2 cieqyeT, 9ro cy:;keHue Ha J™ HEKOTOPOro QPyHK-
nmumoHasa f € %'™ ompenensier pacmpepmenenue B P, npudeM f BmoJime
onpenensercsi cBouMm cy:kenumeMm. CiemoBatenbHO, npocmpancmeo 5™
MONCHO OMOodHCDecmeumbs ¢ HEKOMOPBLM NOONDOCTPAHCIMEOM NPOCMPAHCMEA
D'™ pacnpedesenuli nopadra < m. IAEeMEHTH NpOCTpaHCTBA %' Ha3bI-
BAIOTCA 02DAHUUEHHBIMU pachpedesenuami. 3amernM, uto % '° asigerca
CONpPSKEHHBIM K IpocTpaHcTBY D1 = L' u, smaunr, F'° = L~
ITpegnoskenue 3 MOKA3BIBaeT, 9TO BCSAKOE OTpPaHWMYEHHOE pacipeaeseHne
nMeeT KOHEUHBIM MOPANOK.

N3 (2) memenienHo BETeraeT, 410 €™ < % '™*. Taxkum obpasom,
a1000€e pacmperejenre ¢ KOMIAKTHHIM HOCHTeJIeM orpaHudeHo. Mepa
Hupaxa 8 mpumagmexur %£'! (Ho, oueBmguo, 6 ¢ F'°).
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Tar rax F'° = L~, to awbasa orpaHudeHHass B OOBIYHOM CMEICIIe
¢yHknua orpasnmYeHa u B o6obrmenHoM cmbicie. IlokaskeM, ogHAKO, 9TO
cymecTByT OeckoHeuHOo auddepeHNUpyeMble (QYHKIWH, HeorpaHHYeH-
Hile B OOBIYHOM CMBICJie, HO OTpaHWYeHHbe B 0000IEHHOM CMBEICIe.

Ecnu f € LY, 10 B cuny (2) nasa ¢ € & umeeM

-+ 0o

+oo oo ,
@, P1=1{ e@7@®atI< | le@1fO1dt<lelk § 1f()]dz,

— 00

a, sHauntr, f € $#'!. Takum obpasom, L' < %'

3. PaccMorpum. renepp MyJABTUINIEKATOPH B IpocTpaHcTBax %B'™M.
OGosraunm uepes %#’'! mpocTpaHCTBO a0COJNIOTHO HENPEPHIBHBIX (YHK-
mit ¢: R — C!, rarux, aro ¢, Do € L~. Illycts #™, m = 2, 3, .. .,—
npocTpaHcTBO PyHrmmia ¢: R! — C, obaamamomumx m — 1 0GHYHBIMHI
npousBogHbiME, npudem D™-l¢ abcomoTHO HempepsBHa, a D’¢p € L,
0<ji<m; P> — mpocrpanctBo OeckoHeuHO JuPPepeHIMPYEMBIX
QyBKIUiI, BCe NPOU3BOIHBIE KOTOPHIX INpuHamie:kar L~. lrHorma Mmsl
OymeMm mpocrpaHcTBO L>® oOosmauath uepes F° B #™, m << oo, BBe-
eM HOPMY

Il llln= max esssup|D’'qp ()| musx @€B™,
0<im teER!?
a B #° — JIOKAJbHO BBHIIYKJIYI0 TOIMOJOTHIO, OIpeferseMyio HopMaMmu
HHm- Samermm, dwro F'° = L~ = %° mnpmueM HOpPMBI COBIALaloT.

Jlerko Bumers, uyto mas a € B, ¢ € DTh, 0 << m < oo, mmeer
MeCcTO BRJIOUeHHe o € PTi m urTo OmiamueiiHoe oTobpasxkenue (a, @) —-
— ¢ npousBemeHus K X PTh B PDT1 HempepniHo. llpoumssenenue
of pacupenesienusi f € $'™ ma ¢pymruuio oo € " MoKHO, cIegoBaTeNb-
HO, ONpeneauTh oOBIYHEIM 0OpasoM: pacmpepernenne af € $ '™ samaercs
pPaBeHCTBOM

(@, af) = (o, f) maa ¢€ED7n.

Takum oOpasom, ¢yHEmUE u3 %" HABIAITCA MYJIBTHILIMKATOPAME
B #'". Jlerko mokasaTh, 4TO mIA m < oo OmiumHEHOE 0TOOpaskeHHe
(a, /) > af m3 ™ X F'™ B F'™ nenpepwBHo. lag m = oo 310
6unuHeliHOe OoTOOpajKeHHe fABJAETCA BO BCAKOM Clydae pasgelbHo
HeIPEePHIBHBIM. .
Hupdepennuposanne u cagpur B F '™ onpenesasroTcs oGbITHBIM B TeO-
puu pacupepenenuil o6pasoM u uMe0T o0bYHbIe ¢BOWCTBa. Eean f € #'™,
ro Df € £'™*, umbo omeparop mudepeHITUPoOBaHMA pacIpenedeHNH
u3 '™ ABIAeTcA COUpSIKEHHBIM K omepatopy —D: PP —~ P
dameTnM, 4To AaA o € M, f € B’ cupasegiuBa o0nIHAaA opmyiia

D (af) = (Da) f + a (Df).

Omepatop caBura ecTh ajare6pamdecKUil W TOHOJIOTHYECKUI H30MOP-
pusm B Ha B (mas m << oo 3TO fazke M30MeTpHA, MO0 CABUT ABIIET-
ca uzomerpueit B D).

18%
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4. Jlanum Temeph HECKOJBKO XapaKTepHusarmuil orpaHUYEHHHIX pac-
npenedenuit. [ TMPOCTOTH M3IO0MKEHHSA BBeleM IIpeJBApPHUTENbHO IIPO-
cTpaHCTBa A" MPOCTPAHCTBO A’ — 3T0 HPOCTPAHCTBO Mep € KOMIIAKT-
HBEIM HOCHTeJeM; £l — mpocTpaHCTBO (YHKIHMA orpaHHYeHHOU Bapua-
MU ¢ KOMIAKTHBIM HocHTeleM; 4, m = 2, 3, .. .,— IPOCTPAHCTBO
GYHKLHEA o ¢ KOMIAKTHBIM HOCHTeJeM, o0jamaroliux m — 2 OOBIYHBIMH
npousBoguEME, Tpudem D™ %q abcoxorHo HempephiBHA, a D" lo ecTh
¢yHKRIMA orpaHmYeHHON Bapmarmuu, A4~ — sto Z. I3 pesyibraron
§ 1 ru. 111 caemyer, uro ecau a € A™*1, 1o Do € A™.

Jdemma 1. ITyemv m, q — yeavie uucta, 0 << m, q<<oo, u
o € A™Y,. To20a axf € B! dan awboeo fE R, u onepamop | —
—~axf us B'™e F?! nenpeprisen V). Ecau o € D, mo axf € B> daa
6020 f € $'°, u onepamop f —oxf us H'~ ¢ F> nenpeprisen.

Hoxasareabctso. HKax mssecrmo (cMm., mampumep, [18]),
eciim p, P € LY, 10 uxyp € L' m

N o < N wllo 1 llo;

AHAJIOTHYHO eCIN || — cyMMupyemas mepa Ha R'mp € L', o pxp € L'

-+ 00
Nl <<llvlo § Idul.

— 00

Ilycrs Temeps u € A™. llockoabKy cBepThHBaTedb | HMEET KOM-
HAKTHBI HOCHTeNIb, Halla CBepPTKA CoBmajgaer ¢ obwuHON P’ — P'-
ceeprroii. IlosTomy maa ¢ € L' mmeem

D’ (¥ @) = (D'p) * o,
a, spaunt, wxy € P [Ipu srom cymectsyer takoe M > 0 (3aBmcs-
mee, Mo;keT OBITH, OT W), UYTO ‘
HD'w*elh<Mllely s’ gL, 0<j<m,

e fuk@llm <M @llomaa ¢c L. Ecam pn € &, 10 mua xodoro
neaoro m =0
' fpxe [ <lwlmllollo mpun ¢€L

IIpegmosnoxum cHadala, 4o ¢ = 0, Tak uro o € A™. 3 crazaHHOTO

peme cieqyer, aro omeparop U: L' — DTh, U = a * ¢ HenpephiBeH.
Orcioga BHITEKAeT, 9T0 COMpsyKeHHB omepatop ‘U: F'™ — L rammxe
wenpepuier. s ¢ € D, f € '™ nmeem

(@, 'UP = (U, H = (a*¢,

1y Brech Toj o % f MOHMMAaeTcA obnuHas J’'— Z’-CBePTKA, I/le CBepPTHIBATEN) O
gMeeT KOMTIaKTHBIM HOCHUTEIb.
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1, yunteiBass popmyay (9) § 1, moxyuaem
(@, "UfH = (o, a* .’

CieoBaTe bHO, CONpPSKeHHBIN omnepatop %" — L™ coBuajgaer ¢ oie-
paropom [ —a xf ceeprku ¢ a. Taxum obpasom, fusa g = 0 mmeem
axf € L~ npn mobom f € $'™, m oneparop f —>oaxf us " B L
HellpepHIBeH. S

[lycrs teneps g > 0. Torma D'a € A™, 0 < j << q. B cuay cra-
samnoro Beme (D'a) % f € L~ u oneparopsl f — (Do) xf uz '™ B L,
0 < j < ¢, HenpepHIBHEI. Tak Kak

(D) % f = D (ax * ),

To, oueBWIHO, a %[ € $9 m onepatop [ —axfuz F'™ B F? menpe-
PHIBEH.

Haxomen, nycrp oo € &. Torma omepatop @ —oaxq us L' B DA
HeIpepHBeH M CONMpsyReHHbN omepatop f —axf uz '™ B L> Tarxe
HempephiBeH. 3amenss o Ha Dia, ¢ =1, 2, ..., HeMe[JIeHHO IOXy-
qaeMm, 910 . % f € #> m omeparop f —a xf uz F'* B %> HempepHBeH.

Jlerko npoBepurh, uto ecau o € D u f € F’, 10

e flllg <Nt llmtg 11 1 (4)
1S A00BIX m, q < oo.

Mpepgnoskennme 4 Iyemv g >0 — yeaoe uucao u f€ D",
Caedyrowue ymeepicOeHus IKeUBANEHINHbL:

(a) f € F'™ (20e m < oo);

(6) ok f € B! daa awboeo o € A™;

(B) cywecmeyiom marue € F° u m € F>, umo f=D"L+ 1.

Morasarteasbcrso. To, gro (a) = (06), BHTeKaeT U3 Ipe-
ABINYINeN JIeMMBI.
[Torasxem, uto (6) = (B). [leiicTBurennHo, mo ¢gopmyme (6) § 1

f:Dm+q (am+q*]‘)"|—§m+q*]‘° (5)

Tak Kag Gpiq € A", 10 Qg f € £, a, smauur, QyHKIHUA =
= D% (o, +q*f) mnpuragaexur %°. Jlamee, TOCKOIBKY Em+q €D,
10, pyHEKIMA 1 = E, 44 %/ OeckoHeuHo nudpdepennupyema. Tar Kax
D't 14 € A" muaa aoboro mexoro j, To QyHKIuUs

D= (D’Epiq) * 1

npuHagiae;kuT 5%, a, 3HaunT, N € F>.

Yro wacaercs wmmmiuxarmuu (B) = (a), TO [JOCTATOYHO 3aMETHTD,
aro { € #° Baewer D[ € #'™, ubo omeparTop muddepeHIupPOBAHUA
D™ pacnpenenennit uz F'° = 0 aBagercsa conpsKEeHHBIM K OIe€paTopy
mupdepenmuposanusg (—1)™ D™ D — Dia.
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bynem rosopurs, uro pacupenenenue f € D’ apaserca 0-ozpanu-
uenhvim, ecnm f € B'°, 1. e. f € L>; Gynem roBoputs, uro f € P’ aBuser-
cA r-ozpanudentbim, 1 < r< oo, ecnm f€ B'" m fd #F'"1. Uz npex-
JOKEHUsA 3 ciemyeT, UTo JA060e OrpaHUYEHHOe paclpereleHne SBISETCS
r-orpaHUYeHHBIM I COOTBETCTBYIOIIETO 7.

Ilpemnomenne 5. Ilpoussodnas r-oepanuuennozo pacnpede-
aenus, r =1, aeasemeca (r + 1)-oepanuuennvim pacnpedesernuen.
Hoxasareanscrso. Ecan f r-orpasmueno, r > 1, 1o, oue-
BunHO, Df € #'"*1. Ocraerca moxasars, wro Df ¢ #'". Uz popmyias
(6) § 1 caemyer, uro
‘ —1
f=D""" (a,*(Df) + &, *{.
Ecan 6m1 Df € #'", To mo memme 1 mur mmenn 611 o, % (Df) € $'° u, sHa-
qur, f € £, 9T0 mPOTHBOPEYUT r-OorpaHUYEHHOCTH pacIlpenesieHHs f.

Sdameuanue. @Dyaruua f(f) = sin ¢! Gecromeuno mupdepen-
nupyeMa M orpaHu4YeHa B oOBIYHOM cMEICTe, Tak 4uTo f € £ '°. Ee mpons-
BogHasa Df HeorpaHmueHa B OGBIYHOM CMEICJIe, a Tak kak Df € #'L, to
Df 1-orpanmuena. llpmmenss mpepmoskeHme 5, 3akIodaeM, 4To (yHK-
nusa D'f apaserca r-orpanuvennoit. CiegoBarensHo, 0aa at06ozo r > 1
cyyecmeyiom Oeckoneuno Ougepenyupyemovie GYHKYUW, T-02paHUUCHHbIE
8 0000WeHHOM cMblcae U HeoeDaAHUUCHHbE 6 00LUHOM.

Ilpennomenune 6. Ecau f € B'*, mo mnoiecmso cdeuzos
{vsf}ser1 o2panuueno ¢ D' 1).

HoxaszarTeaxbctTBo. B cuny memmer 1 mas mioboro a € P
umeeM a xf € F~, Tak uro m axf € H~.. CorimacHo paBeHCTBY (4)
u3 § 1,

(OL *]‘) (S) - <CC (t - S): f(t)> = <Ts(x7 f) = <OC, T—sf)-
Orcroma ciegyer, aro caBurd {T,f}scr1 06pasyror ciabo orpaEmYeHHOE,
a 3HAYMAT, OrpaHWYeHHOE MHOKeCTBO B .

0. YKajkeM Teleph CI0OCO0 ANNPOKCHMANUH OTPaHHUYEHHEIX paciipe-
IeJIeHU# OTPAHWYEHHBIMH (QYHKIIMAMH.

ITyctes %! — mogmpocrparcTBO QyHKmU ¢ € $1 ¢ HempepHBHOI
opousBofHO B Dii — compsykeHHoe K %!, HameldeHHOe CHJIHHOMN
Tonosorueii. bymem oGosmadars depes (¢ | f) sHadenme QyHKIUOHATA
[ € D11 va QyHERIUN @ € 95’1.~ch{01‘71 cymmupyemoin Ha R dpyurmun f
comocraBifgeM (YHKIUOHANX f, ompegelisieMblii paBeHCTBOM

~ o 5
@lh=1) o(®)f(9)ds man ¢€F" ()

(o o]

1) MomxuO mOKasaTh, 4YTO M OOGPATHO, €CHN MHOMKECTBO CIBUTOB HEKOTOPOTro
pacnpejenenns f € 2’ orpaunueno B J’, to f € B’ [68]. OnHAKO 3TOT dakrT B qajn-
HeilllleM He HCIOJb3YeTCH.
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OueBunHO, 7 € D, IIycrs 5 — (yHKIHOHAT, OIpe/eJeHHEIN dopmyaon
@H=0¢(0) pia ¢€F".
OueBupso, § € Dth. ) -
Ecan {p,} — meabra-o6paszHas IOCIEZ0BATEILHOCTDH (em. § 1), o
on =0 B PDTi. JleficTBUTEIBHO, AISA @ € Pl nmeeM

@ 8—T01=1e0— | 9@pn@dsi=1 ) 0O —0@loa () ds] <
<e, sup 1Do(®)] | pn()ds=e, sup |Do(0)]
| t1<en —€p I tl<en

O6o3maans HOpMy B D74 wepes |||+]||i, moxydmm

1S —"pn mz——-l sup [, d —pn) | <en

Hellli<t

Bsegem OmimmeiiHoe oTOOpasKeHHe Ph X B'™ > F'™+, roropoe
Taryke GydAeM Ha3hHBATh CBEPTKOH, HO 0003HAYAThH 6ymeM CHMBOJIOM B
B OTIMYME OT «OOHUHONY cBepTKH pacupepeinenmii. HamomuumMm mpeskne
BCEro, UTo, coriacHo jemme 1, nua f € B’ u ¢ € & umeeM @ * [ € B
u, coraacHo (4),

. Mo *Flll I F 1l 11 @ llmta
Hus g € PhufeB™ onpenenum pynknuoHar g@®f ma & popmyioi
(@, 8 ® )= (@p*f|g): (7)

Nmeem
o, g@NI<lligille*xF il <IN gl f 1l @ llm+1e

Orcioga caexyer, 4To (yHKIHUOHAN g/ HempepriBeH Ha IPOCTPAHCTEBE

9, HajeleHHOM TONOJIOTHeH, MHAYNUPOBAHHOA U3 PP, Tark rav P

maotHo B DT, To g®f € '™, Jlaxee,

g ® f bt Il g M 11/ lms

a, 3HaUnT, oToGpaskenue (g, f) —g@f us DY x F'™ s F'™* nempe-
p BIBHO.
Myers o € D u f € B'™ Wz (6) u (7) Burexaer, 4ro AIA ¢ € )
-+ o0

0,5 @ =@ D= § a®)(@*) (1 dt = (o, (9% 7).

— 00

VaureBaa ¢opmyay (5) us § 1 u Tor daxr, 9T0 O %@ = @ % a, TOIyIaeM

(0,5 @ )= (¢ *a, )= (a*p, =
— (@, &k =1, (@*]f) )=, a*f.
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Taxk xax & mnorso B D74, 10
A®f=o*].
Hugs @ € D ufc FB'™ umeem
(0.8 ® 1) = */18) = (¢ % 1) (0).
o dopmye (4) ma § 1
(@ %) () =9t —9), (N =@t +9), f (),
sHaunt, (¢*f) (0) = (¢ (s), f(s)) m, caemoparemsno, §@f = f.

~

Hockonpky p, =6 B D4, 10 0, ®f —F 8 F'"*. Ho raK Mol BUIEIH
BHIIIe, 0, ®f = 0, ®f. Wrar, Mmbl jgokazamn

Hpegnoswenne 7. Ecau f€RB'™ (20 m KOHeuno0), mo
On k[ € B> u ppxf —f e B,
I3 sToro mpexiokeHHA ciemyer, B UAaCTHOCTH, uTo > ILIOTHO
B K™,
6. Paccmorpmm pacupemenenme f = ) sx01,, THe TocienoBaTe k-
R
HOCTH {f}} cocp< 4o CTPOrO Bo3pacraer, lim ¢, = — ocou lim I =

R——o0 k—-|-00
= + oo. llpm srux ycaosmax, kak Obro mokasamo B § 1, ps (Oesy-
CIIOBHO) CXOJ[MTCSI M €r0 CyMMa fABIAETCS Mepoil. 1lokaskem, aro Mepa f
ABJIAETCA 1-OrpaHMYEHHOH, eClIH BEHIOJHEHO OFHO W3 YCJIOBWUIL

(a) pam 2 | s, | exomures;
Rk

(6) cymecrByior Takme A, [ > 0 u rakoe mesoe N > 0, uro [ sn | <A,
— 00 <k < - oo, m n1060#t MATEPBAT HEHCTBUTEIHHOMN IpAMON IIu-
HEl [ comepxur He Goapme N uleHOB mociemoBaTenbHOCTH {f).

- HeiicTBuTensHO, 0 Ppopmyne (6) § 1 mmeem

f =D (o x]) + Esxf,

S3HAYUT, JOCTATOYHO MOKA3aTh, 4TO a4 * f u §; % [ mpuHagaesxar %° Ho

(o %) (D) = zkjskal (t—tn), (Ei*f)()= stk& (_l — Iy)-

Ecanm Brimonrsercs ycaosue (a), To muas ¢ € Rl

Mﬁmm<;m,mﬁmm<M@%n

rae M — maskopanTa ¢pynknun | &, |. CiemoBarensno, oy % f, &y % f € B°.

lpepnososum rtemeps, 4ro BHIOJHsAETCH ycloBume (6). Tak Kak
a4, &1 IMEIOT KOMIAKTHBE HOCUTEIHN, TO cyuiecTByer Takoe mesoe K > 0,
uTo pas jwboro ¢ € R' camoe Gosbmee K 4iieHOB IIOCIEN0BATEIbLHOCTH
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{t — 11} —och<+oo TOMATAIOT B HOCUTENIDb Oy MJIK B HocHTedb £q. [losTOMY

l(“i*f)(t)lg};Iskllaa(t—‘th)l<[f7h

[Ee* ) (O Qs & (E— ) | < KMA,

Rk

u, sHaunr, oy *f, & xf € BO.

§ 5. Houru-nepuoguueckue pacnpegeaeHns

1. Ilycrs #7}, — mogmpocTpaHcTBO QYHKIUA ¢ € $™, CABUTH KOTO-
PHX {T,Q }herr 00pasyoT OTHOCUTENHHO KOMOAKTHOEe B %™ MHOKECTBO.
Ilo reopeme Boxmepa ¢ymrmum uz £, 1 << m << oo, NOYTH-TEPUO-
nuunbl B cMmeciae bopa, Bmecre co cBommMum nepBmiMum m — 1 mpomsBoj-
HBIM.

Hepes %2, 0603HaumM OpPOCTPAHCTBO (YHKIU, MOUITH-HEPUOJHIE-
CKUX B cMbIcie Bopa BMecTe CO BCeMHU CBOMMM IIPOM3BOJHBIMU.

Bynem rosopurs, uro pacnpedeaenue f € H'* noumu-nepuoduuro.
ecin COBUTH {Tf}ncgr 00pa3yoT OTHOCHTEIBHO KOMIOAKTHOE MHOJKECTBO
B %'~ 1). IlpocrpaHcTBO BCEX NOUTH-NEPHOAMUYECKHUX pachpepeseHuii
Oynem obosmawath uwepes %2 (ummorma uepes ).

Paccmorpum npocrpancrso %% mobmmae. Iyers Fp, m << oo,—
moJIpocTpancTBO pacupepesenuil f € #F'", capuru KoTopHX {Tnf}ner
00pasyioT OTHOCUTEJIbHO KOMIAKTHOE MHO:kecTBO B %’". OueBujHO.
Fpp < Bppt B Fyp < Fx. Bamerum, Uro ecam ¢ — GyHKIHA
bopa, T0o ¢ € # 1.

ITodnpocmpancmeo Fpp, m << oo, samrmwymo e '™ 2). IleiictBu-
TeJIbHO, eCau f, € K pp u f, —>f B F'™, 10 paa moboro ¢ > 0 cymecr-
Byer menoe uucao N (&) > 0, Taroe, uro || f — fn |lm << €&, a, 3maumT,

| tnf—wnfn |l <<e musm k€ R.

Orcroga caenyer, uro, KakoBo Ob HEu ObLI0 € > 0, MHO'KECTBO CIBHTOB
{thf}rer1 obiamaer oTHOCUTEIHHO KOMIIAKTHOW €-CeThI0, 3HAUUT, | €
€ B pp-

Ilycrs o € &. 1lo nemme 1 u3 § 4 oneparop cBeprRu [ — a % f U3 H'~
B %>~ mHenpepwsiBeH. Orcroma ciaexgyer, uro giasa [ € % 7y CHBUTH

{th (@ * D} nert = {a& * (Th]) e re

00pasyiT OTHOCHTEIBHO KOMIAKTHOE MHOKECTBO B B>, T. e. o kf €
€ £, llpennoso;KuM KOmONHUTEIBHO, UTO pacupeseseHue f siBIseTCS

1) MoxurOo mokasaTbh, 4TO pacupenenenne f € 9’ aABasgercA NOUYTH-TIEepUOATYE-
CKIM TOTZla W TOJDBHKO TOTHA, KOTHa oTobpaskenue k — Tpf u3 R! B ' mouru-nepuo-
anaHO [68].

2) Jro yTBEP:KAeHUE CIPaBeNINBO W I m = oo,
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- m-orparnuernsM. CorsiacHo mpejmoskenuio 7 us § 4, o, xf —f B B’
IHockoasky % ym*l zamkryTo B B '™H, 10 f € #pptt. Takum obpasom,
MBI JTOKa3aJH

Mpegnomenne 1. (a) Ecau noumu—nepuo@une}:noe pacnpede-

aenue | m-oepanuueno, mo f € Fpptl;
6) Fo= U Fup |
0sm<Too

(B) IIpocmpancmeo #, naomno 6 & . 4

Tak kak omeparTop aupdepeHNEpOBaHEA pacupenelernuir D: F'™ —
— '™+l gempeprIiBeH W TepPECTAHOBOYEH €O CABHUIOM, TO IIPOW3BOJHA
BCAKOTO0, HOYTH-TIEPHOSUIECKOTO pacupeieleHnd ABJIACTCA IOITH-TIePUO-
UUeCKUM pachpepeieHneM. JleficTBuTeNbHO, U3 pe3ylIbTaToB § 2 cie-
_[yeT, 94TO HepUOAMIeCKOe pacupejeieHne f mpencTaBuMo B BH/E

f_——'iDmC + 1,
rne ¢ynkmmm { € €°, n € 6~ mepmommumel. OueBmgHO, , M € & pp
3HAUHUT, paclpefeleHue [ sBIAETCA HOYTH-TIEPHOJUICCKUM.
Ecim oo € B, | € By, 10 of € Bpp, m60, Kak OBHJIO IOKA3aHO
B § 4, OunmEeitHOe oToGpamenue (o, f) —>af u3 £ X £’ B K" Heupe-
PHIBHO (i1t m << 0o).

Dpexgnomenune 2. Hyemv q >0 — yeroe wucro u [ € D"
Cauedywwue ymeepircoenus IK6UBANECHNMHDBL:

(a) f € By (ede m womeuno);

(6) axf € B das awbozo o € A™,

(B) cywecmeyom makue § € Bpp, M E Fgp MO

f=D"C+n.

NMorasaTenbcecrTBo. Bean f€ Fyppuma€ A", T0 no nem-
me 1 § 4 axf€ HL Oneparop ceeprku [f —a *f uz £'™ B £ He-
IpepeBeH, MO09TOMY CHIBHUTH \

{th (@ * N}nert = {a * (tnf) }nert
.00pasyioT 0THOCHTENbHO KOMIIAKTHOE MHO3ecTBO B %1, smadnur, o % fE
€ #%. Taxmm obGpasom, (a) = (0).

[Ipenmomo;xUM Temeph, 9To BhmoAHsieTcs yciaosue (6). B cmmy mpen-

J0KeHuA 4 § 4 f MO}KHO TIpeACTaBUTH B BHUJE

f=D"¢+n,
rie £ € $° m € F~ samarorca opMmyliamu

C=Dq(am+q*f)’ n=§m+q*f'
U3 ycuaosua (6) cuegyer, uro § € Fpp. Ho Tar Kak Enp4q € D, 10
D' € $4, npu awGom mnexom j >0, sHaumr, 1 € Fpp. Taxum obpa-
3oMm, (0) = (B). |
To, uro (B) = (a), oYeBHAHO.
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Bynem roBopurh, uTo pacnpedeserue f sersemca 0-noumu-nepuodu-
yeckum, ecauw f € F'° w r-noumu-nepuoduueckum, 1 < r << oo, ecau
fE By u & $Bpt. Cuemyloliee mpeioyKeHHe [OKA3HIBAETCH COBEP-
MIeHHO AHAJOTHYHO HpejioKeHuo o u3 § 4.

MMpengnomenue 3. [Ipoussodnas r-noumu-nepuoduieckozo pac-
npedesenus, r =1, (r -+ 1)-noumu-nepuoduuna.

2. Mmt pomasasm, uro BcaKasa ¢yHknua DBopa sBasercs mourum-
NepuoANvYeckKoll W B CMBICJe TEOPHWH paclpegesieHuit, 06ojJee TOUHO,
asuasierca O-mouru-mepumoguueckoii. Ilokaskem, uro Sl-noumu-nepuodu-
ueckue @ynryuu 6 cuvicae Cmenarnoea ') npunamiemar % .

HeificTBUTENbHO, TYCTh JIOKAJIHHO CyMMuUpyeMasti QYHKITUS [ ABIAETCA
St-mouru-nepuoguuecroin. U3 ¢opmyant (6) § 1 caeayer, uro

f =D (axf) + & %/,

3HAUMT, [OCTATOUHO TOKA3aTh, UTO Ly % f M &y % f ABIAOTCA QYHKIHAME
Bopa.

Tar xak & € &P, 1o ¢pyHrmus &y xf Geckomeuno muddepeHIEpPyeMa
u, 3Haunt, pysrnus D (o % f) moransHO cymmupyema. B cuny demmsr 2
§ 1 ra. IV oy %f ecrs pynkmua, abCoJIOTHO HempephIBHAS Ha JI060M
KoMmakTHoM wuHTepBase. Ilycts k& > (0 — rakoe mesoe YWCI0, UYTO
ay (1) = 0 gna t = k. Hoxoxum

M = sup [ o, (2)|.

tER?

IIyers € > O mpousBoasbHO. Ilockombry fSi-mourn-nmepuoguamno, cymecr-
ByeT Takoe [ (&), uro B J1000M HHTepBale [eHCTBUTEIBHON LpsaMOH
IJIUHH [ HafieTca Takoe @, 9TO

t+1

&
sup ! |7 (s + ) —f(3)|d3<m-

[HoaTomy

Rk
1@%ﬂ@+®~@ﬁﬁ@bﬂhﬂ%ﬁ+w—$~

~Sa1(3)f(t'—8)d3| MSlf(t—l—(D-S)—f(t—S)ldS—

B t—j+1

—MSU@+w~ﬂmm—Mz &w@+m—ﬂma<a

J=1 t—j

CiremoBarenbno, oy *f aBiserca ¢ynrmmein Bopa. AHamormumo Mo:RHO
mokasaTb, 4ro M &; % f ABagerca ¢ynrnumed Bopa. 3magur, f € F b

1y Cm. mpumeuannme Ha cTp. 149.
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3aMeTnM, UTO M3 CKA3aHHOTO Hamu ciexyer OoJbiree: awobas S*-
NOUTH-TIePHOUUECKAss QYHKIUA ABJISAETCA CYMMOHA HEKOTOPOH (YHKIUH
w3 98¢, ¢ TPOM3BOTHON OT HEKOTOPO# abCOJNIOTHO HeNpPepPHBHON (yHK-
nuu Bbopa.

3. Ilycrs

[y

i (f) = sin

, rme g()=2-4-cost-+ 0051/2 L.
g(?)

Ouesupno, g (¢) > 0 naa scex ¢ € R'. Mosxuo mokasars [40], aro pyHK-
mus [ Sl-mourm-mepuojuuna u me ABJIsAerca QyHriumeir Bopa. CiaemoBa-
TeJbHO, [ € % pp. IlockoabRy f HempephBHA H He sABIAeTCSA (GyHKIUeR
Bopa, to f § #,y, snaunmr, f 1-mourm-nepmopmuna. Tar kak f Oecko-
Heuno guddepeHnupyemMa, T0 3 OpeIosKeHnusT 3 BEITEKaeT, YT0 QyHKIUA
D"-f apiagercsa r-mouru-nepumopuueckoit. Taxmm obGpasom, Karoso Ovl
HU 6va0 r, cywecmeyiom Oeckoneuno OJuggdepenyupyemvie Gynkyuu,
r-noumu-nepuoduieckue 8 cmbicae meopull pacnpedeserHull.

ATOT mpuUMep HmOKa3bIBaeT B TO ;K€ BpeMs, 4To yTBeps;Kiaenue (a) mpe-
doskenusa 1 me Mosker OBITH YCUJI€HO: JedcTBUTENbHO, |-TTouTH-IIepHO-
nuueckasa ¢ynknua [ asiaserca 0-orpanmueHHON.

§ 6. OmuH Kiace MOYTHM-NEPHOTHYECKUX paclpeneaecHuit

1. Myers {fy} —cccr<+o —- CTPOTO BO3PACTAIOIAS IIOCJE/0BATEIb-
HOCTh BeIIECTBeHHBIX umcea ¢ lim ¢, = —oo, lim ¢, = o0

h—>—o0 B—-f-o00
1 {S}, } —coch<+00 — HEKOTOPAsS IIOCJHEA0BATEIBHOCTh KOMIINIEKCHEIX YUCEeJI.
Kax 06p1o mokaszamo B § 2, 9T mpepmosiosKenuss o00eCcIedYnBalOT CXO-

OUMOCTH PATa Y, sk(Sth B P'°. YcramoBum ycaoBusa (Ha IOCJIeT0BATENb-
)

moctu {t,}, {s;}), OpW KOTODHIX pacmpejeseHme ). sx0i, Oyner mourn-
. _ 7

nepPUoOMIECKIM.
Ilaa uwemmx k, j mouoskum &, = {41 — t,. Hemenmenno mpose-
psercs, 4To

pu—) — _h —h — —h —t_h T
thon — th=ty+; — tg, th — = thh (1)

Mycrs > 0 m Q, — MHOKeCTBO /IeHICTBUTEJBHBIX YHCEJI ®, A KOTO-
pPHX CyIIecTByeT XOoTs OBl 0/IHO Ilejloe 4HCio h,, TaKoe, 9YTO

[ —o|<<n,  — oo <hk< 4 co. (2)
IIycrs i.zm — MHOYKECTBO umCeJ Hh,, YIOBJIETBOPAIONUX ycioBuo (2)

(nia ¢uKCHpOBAHHHX 1 U ©) u H, — oObenuHEeHNe MHOKECTB Mg,
» € Q. C momompio mepBoit m3 gopmyx (1) Jerko goKasbBaeTcs
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Jlemma 1. Ecau h ssasemesa m-nowmu-nepuodom, obuwum 0as eécex

nocaedosamenavinocmeii {8} —ccpe ooy j = 0, =1, +2, ..., mo th € Q,
uh €ty ecau h € Hy, mo h ecmv 2n-noumu-nepuod, obwuli 0aa écex

nocaedosamenviocmeil {th} _wcpetoo, j = 0, £1, +2,

Jemma 2. Hycemv Q < Qn, Q=% @ u H - markoe nodmmnoice-

cmeo 006e0uHeHUs MHONCECMms hm, o € Q, umo H N h == f Oaa ecex
o € Q. Muowecmeo Q omnocumeavro naomrno ) mozda u moavko moeda,
kozda Mmuoxcecmeo H seasemcs ommocumenrvho nAOMHBIM.

Ilorkasarexancrtso. llearsie uncaa us H MoHO pacmoyo-
JKATH B CTPOTO BO3pacraionyio nociepoBarenbnocts {k;};. Tar kak
[OCJIe/I0BATeNBHOCTE {f;}, CTpPOTO BO3pacraer, TO IOCJIEL0BATEILHOCTH

— {thi} oGmamaer mem ke cnoficrBom. Hememienmo mpoBepsercs,
9T0 ecam OJHO W3 MHOKeCTB Q, Q' ABiserca OTHOCHTEJHHO IJIOTHEIM,
T0 U ppyroe Takoso ;ke. (CiemoBarelbHO, MOCTATOUHO NOKA3aTh, 4YTO
Q’ orHOCHTENBHO IIOTHO TOTAA W TOJIBKO TOTAA, Korpa /{ OTHOCHTEILHO
mrorHo. MBI foKasKkeM 9T0, €cIU IMOKaKeM, YTO

1. . . h.
1) lim h; = —oo 7rOorga ® TONBKO TOTAA, Korga lim £ =
1—>—00 1-—>—
= —-—-—-oo;
1 1. ~h.
2) lim h; = 400 TOrja mW TOJNBKO ToOrma, kKorjga lim tlg =
i1—-too i—>-}-00
= +oo;

3) mocaemoBarenbrocTs {h;i; — h;}; orpaHWYeHA TOTja M TOJBKO

“h. —h.
TOra, KOIJa OrpaHHYeHa II0CJIe[0BATEJILHOCTH {toll+1 — tol}i.
YrBepsxnenusa 1), 2) HeMeILJIeHHO CJIeAYIOT W3 CBOWMCTB IOCJIeT0Ba-

tenbHOCTEH {1}, {P;}; {t i};. Ocraercsi TOKa3aTh yTBep:;KRIeHUE JI).
C momomipio Bropoi u3 dopmya (1) moxyuaem

l(t(’)l“”—t )_thz+1 hzlzl(tgz+1__ hz) hz+1 hzl_

___'(’igiﬂ_ hl) ( li—i__thl )]glzﬁhi_toll_l_lthlﬂ_ hl“l
[Ipumensa aemmy 1, Haxopum
l(ihi+i__ hz) hz +1 hl,<zn+zn:4n’

OTKy/la B CHJY CBOWCTB IOCJe0BaTeJIbHOCTH {f}, W BEITEKaeT yTBep-
KIeHHTE J).
U3z mpempigymux JgeMM HeMEIJEHHO CJegyeT

Jlemma 3. Cuedyowue ymeepiclenus IKEUBALEHMHBL:

(a) nocaedosameavrocmis {th} —cocnc+oor J = 0, 1, £2, .. ., pas-
HOCMENeHHO NOYMU-NePUOOULHYL;

1) HamoMHUM, 4TO MHOMKeCTBO B [eiilCcTBUTeILHBIX uMCeJ Ha3LIBaeTcss OTHOCU-
TEJIbHO TJIOTHBIM, €CJW CYyI[ecTByeT Takoe I > 0, 4To B J000M HWHTepBaJe KeUCTBU-
TeJbHOU NPAMOU NJAWHK ! "HaligeTcsi mo KpaiiHe# Mepe OqWH dJeMeHT W3 B.
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(0) mwuoxcecmeo H, omuocumesvrno naomruo 0aa awbozo 1 > 0;
(B) mroxcecmso R, omrocumervHo naomrno 0an awbozo m = 0.

ITpuBemem nBa mnpmmepa. llpenmomxoskumm, 9T0 1MOCJEOBAaTEIBHOCTH
{tk}_m<h<+oo nepmopmuHa ¢ mepmogoM p. Ilyers t? = . W3 paBencrsa
tk+p - tk, —oo < k < —)— 00, CJIB,T_[yeT IITO th+1+p — Ly = th—l—p —

— ¢, W, BHAYMT, thyq = lh, TAK 9T0 ty = ®, —oo << k << + oo. Tak
KaK
m—1
= > thijp pass m >0
j=0
n
) i Z thy;p mam m<<O,
==t
TO
P —me maa —oo <k, m<<- oco. (3)

C momomipio mepBoi u3 gopmyd (1) moayuaem
2 Y Py 3P
thip — th=1th+; — t, =0,
._j .
BHAYHUT, MOCJHETOBATENBHOCTH {l1}—cocp<ctoy J = 0, +£1, £2, ..,

MepPUOAUYHEl C IIePUOJOM p.
IIvers {A — IMOUYTH-TIepHUoauUYecKass IocJemnoBaTeJIbHOCTH BeIlecT-
y Rfk

BEeHHBIX UHCEeJ, OpUYeM sup |A, | = a<<27Y, mw oyers &, =k + Ap.

Torga
iy — =1 — 20 >0,

M, CJeJ0BaTeJbHO, TOCIEN0BATEIBHOCTD {l}} _cocp<+oo SBIAETCHA CTPOTO
Bo3pacraiomeit, mnpmuem lim ¢, = —oo, lim ¢, = -}oo. .Ilycrs

k—>—o0 h—--o00
- 4
h — HEKOTOPHI &/2-moYTH-IepHOo]] I0CTe0BaTeIbHOCTH {Ap}y. [liad
JI00BIX IeJHIX j, k mMeem

,Hz—i—h — Hc | = (Magjrn — Mas) — Mnan — M) | <,

3HAYAT, MOCHENOBATENBHOCTH {lk} _—cocpetoo, J = 0, &1, 2, ..,
PaBHOCTENEHHO IOYTH-TIePUOTUIHEI.

JJemma 4 Ecau nocaedosameavrocmu  {th} —cocpctooy j = 0,
-+1, +2, ..., pasHocmenenno noumu-nepuoduursl, mo 0as 4106020
[ >0 cywecmeyem markoe yeaoe N (I) >0, umo 6 awbom urmepsasre
deticmeumenvroll npamol Oaurvl I naiidemcs camoe Ooaviuee N uaenoe

nocaedosamenvrocmu. {ty }. C

NoxasarTeasbcerso. Hyecrs = 1. [lo remme 3 cymecrsyer
TaKoe ® € Qy, 90 © — 1 > [. U3 HepaBeHCTB @ > 1m | Tho — o | <1

ciaeayer, 9ro t?w>0, sgagnr, h, > 1. Homommm N = h,. Ilycrs
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(2, @ + ) — HeKoTOpHII WHTepBaJ [elicTBHTEIBHON NpAMOM ® &), —
MepBHIA uJeH . mocaegoBaredbHOCTH {f;}, Tomajaioluii B MHTepPBAJ

(¢, @ -+ ). 13 HepaBeHCTBa IZZO — o | << 1 BwITEKaeT, 9TO

bhothgy = thg 0 — 1> + >0 4,

JyeM JieMMa N OOKa3aHA.

JLl e m M a 5. [Ipednoaosicum, umo nocaedosamesvhocmis {ti} —coc p<+oor
j =0, £1, &2, ..., pasnocmenenno noumu-nepuoduunvi. Toeda 0dasa-
06020 1 = 0 cywecmseyem maroe L () > 0, umo 0as 1106020 unmepsasra
J Oaunw L (n) ratidymes maroii nodunmepeas I — J daunvt  u makoe
yeaoe uucao q, 4mo

|t —w|<<n Oun — 00 < k<< + oo, o€l (4y

HorxaszarTexbcrtTso. llo temme 3 MHOKECTBO 4/, OTHOCHTETH-
Ho miaotHo. CiemoBareisbHO, CyIIecTByeT Ly (m) > 0, rakoe, uro mus
a06oro mHTEepBaJga Jy OaAuHB L; HAWyTCA TAaKOoe M4 E J1 U Takoe 1ieJoe
9UCI0 ¢, 9ITO

lth—co1|< —o0 < k < Foo. (9)

2 ’
IMyers L = Ly +nmu J = (o, @ -+ L) — HEeKOTOPHII MATEpBAJ jeiicT-
BUTeJIbHOM upamou paumeH L. [uaa marepBana J; = (a + /2, o -+
+ n/2 -+ L) powast Ly cymectsyor o; € Ly ¥ ¢, yZoBIeTBOpAIOLIHe
ycaosuio (5). Bosemem I = (0; — n/2, oy + 1/2). Torga I < J u gus
® € I nMmeem

|t — o |<I|t — o+ o — o<, — oo <k< 4 oo.

Jlemmatb. Il pe@nonoofcum umo nocaedosamenviocmu { tk}_oo R ooy
j =0, x£1, £2, ..., pasnocmenenno noumu-nepuoduunvi. Toz20a 0Oas
1106020 n>0 cywecmeyem maroe L (m) >0, umo Oaa awbozo v,
0 <<y <<m, u daa awbozo unmepsasa J daunvt L (1) natidymea makue
yeavie yucaa q, m, umo my € J u

[th—my | <1m, —00 <k < - oo.

Horasareascrtso. [lycte L (1) ompeneneno coriacHo JeMm-
me o, J — Hexoropuii wmmTepBan muuHsl L () m I, q BuGpanH guas
nHTepBala J coriaacHo Jgemmé 5. OueBHIHO, CYILIECTBYeT Takoe w, € I,
uro o -+ y € /. Ecanm w, He kpatHO y, T0, npubaBIAsa HEKOTOPOE YUCIO,
MeHbIIee, 4eM Y, ImoJy9aeM o = my, KpaTHOe Yy, HpPUYEM, OUYEBMIHO,
my €1. ‘ '

Ucmonrays oOBUHYI0O TeXHHKY HAXOKAeHHS OOIMUX IIOYTH-TIePHO-
OB JIBYX MDOYTH-IEPUOAMYECKUX (YHKIHH, YCTAHOBUM CJEAYyIOIyIo
aeMMy:



\
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d

Jdemma 7. IIyemov nocaedosameavivocmu  {th}_cochetoo, J = 0,
+1, +2, ..., pasnocmenenno noumu-nepuoduursl u gyrryus O noumu-
nepuoduuna 6 cmvicae bopa. Tozda 0asn awboco m >0 cywecmeyem
maxoe [ (n) > 0, umo 0aa aiwboeo unmepsara J Oaunvt () Halidymcsa
maroe ® € J u makroe yeaoe uucao hg, 4mo

o —o|<n, [P+ o) —D@|<n (6)
npu eécex Lpe./Lbe.k u ecex t € R*.

HJoraszarexascrtso. llyecrs L (n/2) Bebpano coriacao JeMme
6. 13 reopum mouTH-mepHOgUUCCKUX QYHKIMHA M3BeCTHO (CM., HAIIPUMEP,
[13]), uro cymecrByer rakoe L’ (n/2) >0, wro mas xioboro y', 0 <
< vy < n/2, u awb6oro unrepsana J' maumn L’ Haiimercs tTaxoe 1eioe
qucgo m’, 4ro

m'y €T m ICD(t—}—m’y')——CD(t)|<g, t € R

[Homosxmm L” = max (L, L'). Torma paa awo6oro marepBana J' miamnbl
L" u mo6oro B, 0 < f << 1/2, maiigyrca raxkwe mexable umcxa m, m’, g,
aro mP, m'p € J" u

M

h—mpl <. [QC+mP—POI<5 (D

npu Bcex meanix k u Bcex ¢ € RY. Tak kar
- |mp —m'B|=|m—m'|pTL,

T0 Pa3HOCTH M — m’ MOTYT NPUHHUMATH JUIIH KOHEUHOE YUCJIO 3HAYEHMUI],
craskeMm n;, 1 << i < p. Jlag RasKgoT0 W3 YmCeNa 7; CYHECTBYIOT TPOUKH
(m;, mi, q;), ynmoBierBopsiomme yciaoBuaM (7). OTH TPOHMKH MOKHO
BEIOpaTh MPOM3BOJIHHO, HO B JjajibHeIimeM Oy/jeM cunTaTh UX GUKCHpPOBaH-~
HBIMT.
Mouoskum «
A= max |m;p|, = L" 1 2\

1<igp

[lycrs J = (o, @ + l) — Hexoropwiii wHTepBad AamHH [. [lua mopma-
tepsana J” = (a + A, & - A + L") nomawr L” HafigyTcs meible UmCIa
m, m’, q, ynosiersopsiomue yciaosuam (7) u ycaosuio mf, m'f € J".
[Mycts mp — m'p = n;P, 7. e.

mp — m'B = mP — mip

u, 3HauuTr, m — m; = m' — mji. loaoxwum © = (m — m;) P, hy, =
= g — ¢;. OueBugHo, ® € J. C momompio BTopoit us doepmya (1) momy-
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gaeM, 9TO OJA I000T0 IMeaoro k
-h —g—as —
15" — o=t ¥ —o|=|t: 1, —o|=

= l —t-g—qi - Egi—qi - mﬁ -+ miB , <

SITeg; —mpl 416y, —miBl <5+ =n.
Hanee, nas t € R umeem
D (4 0) =D @) |=|D(t+ (m—m)P) —D ()| =
=D+ (m —my)f) —D ()| <
<D (t—mf + m'P) —
— D =mP) |+ D) —D(t—mP)| <

n,n_

YeM H 3aBepIIaeTcs MA0Ka3aTeIbCTBO JIEMMEL.

NsBectHO, uTO ecam ¢ynriua @ mouTu-mepuogMIHA B CMBICIE Bopa,
TO MOYTH-MEPUOAUIHA UHCI0BAA MOCIAEN0BATEABHOCTE { D (£)} _ ccne 1o
(cm. [13]). Caemyromas memMa sBisercsa o6oGmeRmeM 5TOro (Qaxra.

Jlemma 8. ITyemv pynryus ® noumu-nepuoduuna é cmvicae Bopa.
Ecau  nocaedosamesvnocmu  { 8h}_cocheto, Jj =0, =41, —+2, ...,
DABHOCMENEHHO NOYMU-NEePUOOUYHbBL, MO YUCA08AA NOCAED08AMENLHOCTLL
{ D (2) }—oochetoo nOUMU-nEDpUOOUUHA.

HoxaszareasbcrBo. Iycrb & > 0 mpomsBoapro. Tak Kag
¢yernua @ pasmomeprO HempepnBHA Ha R!, cymectByer Takoe 1 (&) >
> 0, aTo0

| D () — D (¢ 1<-§- na ¢, 1 €RY, ¥ — ¢ | <.
Bosemem 1 << &/2. CormacHo aemme 7, MHO:eCTBO Q Tex meHCTBHTEIH-
HEIX 9HCeJ 0, I KOTOPHIX CYIMECTBYeT I[eJ0e IHCJIO kg, YIOBIETBOPIIO-
mee ycaosuio (6), apiagerca oTHocuTeabHO WioTHEM. CoTiacHO JTemme 3,
MHO3KeCcTBO H takux gwmcen h,, o € Q, TakKe OTHOCHTEJIBHO IJIOTHO.
Orcioma caemyer, 9ro mjs J000TO eJOTO k

| ® (thiny) = @ (0) | < 1D (trrny) — O (8 + 0) | +
FI1O@G+0) =) <5 +n<e,

yeM JeMMa M NOKa3aHa.
1/, 19 A. Xanana#t, T Bercmep



290 I'maBa IV

Teopewma. Jua mozo umobtr mepa D) shﬁth Ovlaa noumu-nepuoout-
R

na (mounee, 2-noumu-nepuoduuna), docmamouro, 4moowl

(a) nocaedosameavhocmu {th} —cochcioos j = 0, &1, £2, .. ., Obau
DAaBHOCMENEHHO NOYMU-NEPUOOULHDL;

(6) nocaedosamenvrocmov { Sy} —cochcf-00 OBLIA NOUMU-NEPUOTULHA.

Ecau cywecmeyrom marue 6 >0, A > 0, umo

2111267 Iskl>}\‘7 —OO<]{,‘<+OO,
mo ycaosus (a) u (6) u neobxodums das mozo, umobtl mepa V| sp01, Ovlaa
R

e

noumu-nepuoouyra.

IlokxasdarTeaxsnbcTBo. [laa ai00f HempephsBHON (QYHROUH @
¢ KOMIAKTHBIM HocmTeseM moao:kuM D = (Zshﬁth)%(p, TaK 9TO
R

D ()= ; Sep (t—1g).

Bsuny ¢opmyant (6) § 1 (¢ ¢ = 2) m mpepiosxerus 2 § 5 pocraTod-
HOCTh ycaoBui (a) um (6) nisa 2-moYTH-IEPHONUIHOCTH MEPH ZskS,h

OyneT moKasaHa, €CJU MH ITOKaKeM, YTO q)yHHuI/Lq @ mouTH-IepPUOTUIHA
B cMmiicie Bopa paa n000f HenmpepHIBHOR (QYHKIHE (¢ C KOMIAKTHEIM
gocuregeMm. rak, mycth ycaoBus (a), (6) BHIIIOJHEHH U (¢ — HeIpepHIB-
Had (YHKOHA C KOMOAKTHEIM HocuTesaeM, supp ¢ < [—a, al. Ilomoskmm

W:S‘klplsh l, P«zlei-pI(P(t) .

CorsiacHO JeMMe 4, cymecTByeT Takoe mesioe [V, 4To 0001 WHTepBAaJ
nauasl 2a + 1 comepsRuT camoe 60J15mee N 4iIeHOB mTOCJen0BaTEJIBHO-
ctu {in}.

ITycts &€ > 0 mpoumsBoabHO. Tak KaK ¢ paBHOMEPHO HeIpPEpPHBHA
ga R!, to cymecrByer 1 (&) > 0, Takoe, 9T0

€
’ " ’ " 1 ’ l/
lo () —o () 1 <grm mwa ¢, "€R, [t —=t"]<m (9
Py
Bossmem 1 << 27! um oGosmauum dwepes H MHOKeCTBO IeJIBIX YHCeI,
ABIAIOMUXCA B OXHO U TO ke BpeMa ¢&(2u,N) l-mouru-nepumomamu
TI0CJIeI0BATEIBHOCTH {sp} m n-mouTH-mEepmOTAMH HOC.TIeI[OBaTeJIBHOCTeﬁ
{th}—oo<h<—|—oo7 ] = O +1 +2 . . HYCTB = {t ) € H}
CoriacHo JeMMe 2, MHOKECTBO {2 OTHOCHTEJIbHO ILTIOTHO, 1/160 H TaKOBO.
CreqoBaTelbHO, MJIA yCTAHOBIEHUA TOTo gakTa, 4ro @ ABaAeTcAa QyHK-
nueir Bopa, mocTaTo4HO ImOKa3aTh, 4TO YHUCIA —t{;, h € H asasiorca e-
mourm-nepuogamu nas @.
Ilycrs t# € Q u ¢t € R' ¢urcupoBarn. HalimeM sABHBE BHPasKeHHA

mia @ (1) u @ (¢t — ). IlpenmomoxuM cHadaja, 9TO ¢ TAKOBO, UTO
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OJIT HEKOTOPOTO WHIEKCa k
t—th —t, €[—a —m, a + i (9)
Tar xKar gJauHA 3TOTO HHTEPBAJIa < 2a + 1, TO OH He MOKET cofep:HaTh

Gonpime, ueM [N UIeHOB IOCJEIOBATENIBHOCTH {t —th — tp}p, T. €.
coorromenue (9) BHIOAHAETCA He Gosee, 4eM misi [V HMHJEKCOB, CHaKEM
win k=i, i+1,..,i+1—1 1<l N. U3 BRIOICHUA

supp ¢ < [—a, al caegyer, dT0
iHl—1

Ot —) = ;skq) t—h—t) = kZ_Ska (t — & — tn)-

Ilamee, mmeem
D (1) = stkfp (2 —tp) = §3h+h(P (t — tr+n)-

B mocaenmeil cyMMe OTIHYHBL OT HYJIA MOTYT OBITH JIMINb YIEHEI, MHIEK-
cbl k& KOTODHIX Y[OBJIETBOPAIT YCIOBHUIO |? — Iptp | < a. Tar raxr

i — 3 | <,

|t — B — b [ <<m, —o0 < k<< o0,
TO HIpH
| —tr4n | S @

HOoJTy4aeM, CJIOKUB IIOCJIe[HUE [Ba HEPaBEHCTBA,

[t —t— b [ <a+n.
TaguMm 06pa3oM, eCa¥E WHAEKC £ yHOBIETBOPsET YCIOBUIO | t—tptn | <
< a, TO

t —th —t, €l—a—m, a+nl

u k aBIgercda ONHEM W3 mWHiekcoB i, i + 1, ..., i +1—1. Caemo-

BaTeJbHO,
i+1—1

D (t) = Zk3k+h(P (T — tptn) = k2,3h+h(P (2 — tr+n)-

Takum oGpas3oM, ecar ¢ TAKOBO, 9TO [ HEKOTOPHIX MHIEKCOB k BBITIOJI-
Haercsa ycaosue (9), To

i+1—1
D (¢ —t5) — D (8) | =] E [0 (2 — 85 — tn) — Sp4n® (t — tarn)] | =

R=i
i+i—1

:I Z Sh[(P (t ——Zg — tk) — (P(t - tk-l'h)]_l—
s
-+ 2 [sr — Se4n] @ (2 — tagn) | <

k=i
19*
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i+1—1

<Z lsk,,(P(t—ig‘“‘tk)_(P(t'—"‘th+h),+

h=i
i+1—1

+ Z IS — Sptn 1@ (2 — tpyp) | <
pr=;
i1

<M12 lcp(t_-ig—tk)_q)(t—th+h)l+%’

R=i

HMomaras ¢ =1¢ — i —t,, t" =t — t,,,, Haxommm ' — §" — " —
— &}, yaureiBas (8), moaywaem | @ (t—1t)— D) ]| <e.

ITycrs Temeps ¢ € R! TakoBo, 9To

t——%‘—-tk@;[—a—n, a-+m], —oo<<k<<-oo.
Torma w3 cKa3aHHOTO BHIIE CJIELYeT, UTO
t — th+h€ [—Cl, Cl], ——00<k< +007

u, sHaugnr, O (f —#h) = @ () = 0. Takum o0pasom,

| Ot —th) —D@)|<e man tE€RY,
OTKyRa BHUAHO, 4T0 @ sABjsgercs pynrnumeidr Bopa u, caemosarennmo, Mepa
> sx0, 2-nmourm-nepmopmUHa.
) [loraskem Temepp BTOpYI0 4acTh Teopemsi. Ilpemmomoskmm, uTo Mepa
;Shétk AIBJIACTCA HOYTH-HEPUOAUICCKOR M UYTO cymecTByoT 0O > 0,

A>0, rarme, aT0 £, >0, |s, | =N, —oo < k<< 4o0o. Ilycrs e,
1 = 0 ymosaersopsaior ycaoBuam & << A, 1 << 0/2. MzsectHo, 9T0 cyie-
cTByeT GecKoHeYHO nudgepeHnEpyeMad QYHKIU ¢y, Tarag, ato 0 <
< () <1 g1 LERY, ¢q() =0 mum [£]=10 1 g (0) = 1.
Ilomosxum @, = (Zskﬁth)%(pn, TaK 9TO

R

D, (?) = % SpPn (2 — Tp)-

B cuny npemmosxerus 2 § 5 @, apasgercs HOYTH-TEePUOAUICCKON B CMBIC-
ae bopa ¢ymrumeii. CaemoBaTenbHO, MHOKECTBO Q' e-IOYTH-IEPHUOJOB
¢pysruun @, orHocuTenbno mmorHO. Ilyers o € Q’. Torna

lkESk(Pn(t*Fﬁ)“—fk)-;%(Pn(t—th)|<8 g teR'. (10)

IToraskem, 4ro gasa a1060TO MEJTOTO UHUCIA i CYIHECTBYeT TaKoe IeJI0e
qucio h;, 94T0

|t — o] <n. (11)
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IleiicTBuTeILHO, YYWTHIBasL, 9T0 |t; — & | =0 > n gaa k 5= i, u mo-
aaras B (10) ¢ = ¢;, moaydaem

| Zsh(Pn (L + 0 — i) — s | <<e.
Ilockoabry |s; | = ?» > &, TO

D8Py (£ + 0 — ) 0.
%

CiemoBaTeabHO, HJIA JII060TO LEJIOro i HalimeTcda Takoe mejoe [; = i -+
+ h;, 910 @y (¢; 4+ © — tlz) = 0. IlosTomy

[+ o — &, [ <<n,
4eM u JgokaszanHo (11).
AnasormunbiM ob6pasom, moxarag B (10) ¢ = {; — o, saxmioyaewm,
9TO JJA BCAKOTO IEJ0I0 i CYIECTByeT Takoe Iejoe g;, 9TO

128 4+ o] <n. (12)

ITokasxem rtemeps, aro h;yq = h;, —oo << i < -foo. IIpegmomosxum
o0paTHOe, T. €. UTO CYIECTBYeT IeJ0e YUCJIO j, TaKkoe, 4To Aji1 << hj.
TOI‘JI& 1 + h]'+1 < hj, a, 3Ha4uT, tj+1—|—hj+1 < tj+hj n

h, h,
i ER -
by — 8 =tipaen,, — b, — (G — H)S — <=0,

YT0 MPOTHBOPEUUT CJefYOIeMYy HepaBeHCTBY, BhiTekaomeMy u3 (11):

h,
" J-H -7 J+1
[t — & | <t —‘DH-I(D—t |<27]<9-
Iamee, h;1 4 =h;, —oo0 << i< +oo. JleicTBATEIbHO, NPERIIOJIO-

JKUM IIPOTHBHOE: CyIIecTByeT Takoe 1iexoe j, 910 Ajiy > hj. IlycThb
m = j -+ 1 + h;. Torma

JAh<m<j+ldhiy B Gan, <tn<<Iljtien
OTKynma, yuurbiBasi (12), moaydaem
tth — 0 =Nl — 0 NI <<
<lm — O FN<ljrrn, T OFN
B cuay (11)
b, =L+ O =Ny Bipgn, < lits + o+,

a 3HAYHT,

bj— 2N <<tmq,, < b1+ 20
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Ho B mociemoBaTedbHOCTH {t)}_coch<too JHIIb [ABA WICHA I; M fj41

pacmoioskensl B mHTepBaie (t; — 2m, t; + 2n), mbo I} > 6 > 27,
— oo << k << +oo. CuxenoBarenvno, m + q,, = j wauw m -+ q,, = j +
+ 1. B mepsom c.uyqae coraacuo (11) m (12),

h,
7 —J -q
”.H—h“'tml—-lt "l" ml lt]' —®|+|tmm+®l<2ﬂ<e,
a BO BTOPOM
=q it "
| traen,, — tal = 1551 + TP I<IHH — o] + 13"+ 0| <2<,
ar0 HeBO3MOKHO. CiegoBartenbHO, h;yy = h;, —oo << i << + o0, Oxron-
gaTedbHO, AJaA Jdi06oro o € Q' cymecrByer Taroe meioe h,, UYTO
]2?"’—(0]<7], — 00 << i< -} oo.

Tar rax Q' < 2, u Q' oTHOCHTENBHO IIOTHO, 3aKI0YaEM, 9TO Q, TaKKe
OTHOCUTENBHO miIoTHO. W3 jmemmbl 3 caemgyeT, 4TO HOCJIe/[0BATEILHOCTH
{th} —cochetoos ] = 0, =1, 42, ..., ABAAIOTCA PaBHOCTEICHHO HOYTH-
e PUOUIECKUM,

Yro kacaercA IIOCJHENOBATENBHOCTH {Sp}—coch<tow, TO JMOCTATOTHO
3aMeTUTh, UTO

D, (¢;) = gsh(Pn (t; — tp) = si,

1, ClIef0BaTeIbHO, IMOCIe0BATEABHOCTE {S,} HmMOYTH-IEPHOUIHA B CHIY
JeMMBI 8.

2. Ormerum, 9TO

hHi—1
Dt pam j>A,
{=h
B hti
th=— >t pam j<—1.
i=hp—1

C momompio mepBoil m3 ¢opmyxa (1) serko morasbiBaerTcs, 9TO PaBHO-
CTeIeHHAs MOUTH-NePHOAIHOCTD HOCIHEHOBATEABHOCTEH {1} }— oot toos
j =0, 41, +£2, ..., b>KBUBAJEHTHa CJeIYyIOIEMY YCJIOBHIO Ha

HOCIEe0BATEIBHOCTD {fh} —cochctoo: MIA JdIOGOTO 1 >0 cymecTByeT
tTaxoe [ (n) > 0, gro B m1060M wWHTEpBaJe qIUHL [ HafimeTcs mesxoe 4ACIO
h, mas KoToporo

Rth_ R+h
D th— S til<<n npum Beex meumx &, k.
i=Fh i=pg’

IIpencraBiasgeTcss MHTepPeCHHM YKasaTh HEIPEepPHIBHHI aHAJOr IOCIEo-
BaTeabHOCTell {{}} ¢ aTEHM cBoiictBoM. HKak MBI yBuUmmM, 9TOT aHAJOT



Ilpnnoxenne, § 6 295

mpeacTaBiasier co0oit HekoTopoe 0000ImieHUEe NOHATHA NEPHOAUYECKOHU
JyHKIUY.

HamomauM, dro JgoKaAbHO cyMMupyeMmas QYHKIUs [ Ha3bHBaeTcA
epUONIECKOIl ¢ mepuomoM @, ecau

f(t -+ o) =f() nouru BCiOAY.

Bynem roBopurh, 4TO JNOKAaIBRHO cymMMmMupyeMmMasa (QYHKnua [ ABIAETCH
UHmMezpasbiHo nepuoduveckoii ¢ MEPUOXOM ), eCIH

t+o t’'+o
{ f(9ds= § f(s)ds pmam ¢t €R"
t t’
Jlerro IHORa3aTh, YTO 9TH [Ba IIOHATHA 9KBUBAJEHTHEI. ,HeﬁCTBI/ITeJIBHO,
eciau [ mepmofM4YHA C IEPHUOJOM (), TO
t+o t+o

i f(s)ds=°§f(s)ds+ @ ds {169 do=

t o)

= {15 [+ o) dst [16)ds=] 19 ds

3HAYUT, [ ABIAETCA MHTErpajbHO-IepHoAuIecKoil ¢ mepuomom . Ob6par-
HO, ecJau [ WHTeTrpaJbHO-IEePUOAUYHA C IIEPUOHOM M, TO
t+o ®
| 1@ds=[f(9ds,  teRY
0
nuddepeHUPYA, HOJydaeM
f(t+ ) —7(F) =0 mourm Beiony,

T. . [ mepmogu9YHA C HMEPHOJOM .

Pasnuunble ymoMuHABIIMECH [0 CHUX IIOP OIpeNeJeHUs IMOUTH-IIEPUO-
AUYHOCTH IPEACTaBIAIOT 000l 0000meHns omnpegeaeHnus «IPOCTO»
nepuopueHocTH. Husxe Mbl 0000IUM IOHATHE UKHMEZPAALHOL TIEPUOTUY-
HOCTU W, HE 3aHHMAafACH €ro HOAPOOHEIM M3y4eHUEeM, PacCMOTPHM JHIIb
COOTHOIIEHNe MeKIy 9THM 0000IeHrneM W DOHATHEM IOYTU-IePUOLUIHO-
ctu B cmbiciie bopa. Bynem roBopurs, 4ro okaabHO cyMMEpyeMas QyHK-
nusa [ uwmeepasvho noumu-nepuoduuna, ecau mias aioboro &€ > 0 cyme-
creyer takoe ! (g) > 0, aro B a1060M WMHTEepBaje MJIMHL [ HalimeTcs ,
IS KOTOPOTO

t+o t'+o
{ 7(9ds— § f(s)ds]<<e npm ¢t ¢ €R"
t i
Bynem roBopurs, 4ro [ aBuagerca N-urnmeepaivho nowmu-nepuoduueckol,
ecau puas ai00ux € >0 u N > 0 cymecrByer takoe [ (g, N) > 0, uro
B n000M MHTEpBaJie NJIUHH [ HalimeTcs ®, qJIsA KOTOPOTO

t+ow t’+w
| § fds— § f(9dsl<e mpm 4 ¢ ERY, |i—1|<N.

t t’
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Honarue N-uATerpaapHOll HOYTH-TEPHOFUIHOCTH, OYEBHITHO, mupe, 9emM
HOHATHEe WHTErPaJbHOH MOYTU-HePUOTMIHOCTH, KOTOPOE B CBOIO 0Uepeh
oGo0maer mnoEATHe MEPHOAUIHOCTH. B T0 3%6 Bpems HHTETpaJbHASA HOYTH-
HePpUOANIHOCTEL ABJIAETCSA HENPEPHBHHIM aHAJOTOM YCJIOBHA HA IOCIHe-

f0BaTeAbHOCTD  {}} _coch<fow, O KOTOPOM MEI TOBOPHJIE B Hadaje
9TOTO IIYHKTA.

ITycrs
t+y
Fyty= § f(s)ds.
t
Torma
t+o+y t+y t+y t+o+y t+y
Fyi+v)—F0= § —{=04+ § —{=
t+v t t +v tt+y t
t+f§'+v t-§-v t+o t+y+o t-SI‘-v
- t+y t t+y_ t+y t
U, 3HAYUT,

Fy(t +v) — Fy () = Fy (t + y) — F, (1), (13)
OTcroma caexyer

MIpepnnomenne 1. Jaa mozo umobs aokaivho cymmupyemas,
Pynkyus [ 6viia unmeepasvho nowmu-nepuoduueckoti, Heobrodumo u do-
cmamouro, umobu gynkyuu F, (t) 6viiu noumu-nepuoduuni no t (& cumic-
ae Bopa) pasnomeprno noy € RL. Jlaa mozo umobe 4okaivHo cymmupyemas
dyrryus | 6uaa N-unmeeparvho noumu-nepuoduueckoti, HeobroduUMo
u docmamouno, umobu daa aw6ozo N > 0 gynkyuu F, (t) 6uau nowmu-
nepuoduuns no t (¢ cmucae Bopa) pasnwomeprno no y, |y | < N.

13 sToro mpepioskeHUs BEITEKaeT, YTO WHTEIPAIbHO O4THU-IIe PUO-
AudecKue QYHKINM, PABHO Kak W N-HHTErPAJIbHO MOUTH-TEPHOLHTICCKIE
¢yuKImE, 06pasynT JHHEHHOE mPOCTPAHCTBO.

3dameuasnue. Ilycts pyERIUA f TOKAIBHO cyMMEupyeMa u

D () = §f(s) ds.

Ecan @ — ¢ynxnna Bopa, ro f unTerpanbHo mouru-mepmoguana. Heii-
CTBUTEJNBHO, AJIA JIOOHX o U § € R! nmeem

t+o+y t+y

| Fyt4+0)—F, 0= | f(ds— § f(s)ds|=

t+o t
=10+ o+y) —D(l+0)—O¢t+y)+DO)|<
SIPE+o+y)—QE+y)|+|O(E+ 0)—D @),
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T. e. aio6oit e-mourm-nepuoy Gymrnun @ ABIAETCA 2e-HOUYTH-IIEPUOIOM
¢ymxouu 7, (f). 3ameTnmM, O{HAKO, YTO CYIIECTBYIOT HHTEIPaJbHO IMOYTH-
mepuopmuecKue (QYHKIUH, IepBoOOpasHble KOTOPEIX HE ABIANTCA
yurmuamu Bopa; mampumep, Qpynruus f (f) = sin’t, ¢ € R', nepuopus-
Ha, 4 BHAYUT, W MHTETPaJbHO NMEPHOJUIHA, HO ImepBooOpasHbie ee HeOor-
paHUIEHEI.

W3 sToro saMeuaHHA BEITEKaeT CYIieCTBOBaHHWEe HEIPEpPLIBHBIX HHTE-
TPATBHO MOYTH-NEPUOAUICCKAX (YHKIAH, HE ABIAOMUXCA QYHKIUAMH
Bopa. [leiicteutensno, nycts f — ¢ynknua Bopa ¢ mempepniBHO# mpo-
uzBomuoi Ha R!. Torma f’ mETEerpaisbHO modTH-mepmonmuHa. Hax msBect-
HO, CYIIeCTBYIOT Takme f, 9ro [’ He sBJseTCS PaBHOMEPHO HENPEePHIBHOK
ma R, spaumrt, [’ He aBiaserca ¢yHkiueir bopa.

Ipeganosxenue 2. Iycmov gynryua f pasnomepro nenpepvisra
na RY. J[aa moeo umobv gynkyus | 6vlaa noumu-nepuoduina 6 cmblceae
Bopa, neobxodumo u docmamouro, ¥mobu. [ 6viia N-unmeepaivho noimu-
nepuodu4ra.

NlokxasareasbcTsBo. Ilycrs f mourm-mepuopmyHa B CMBICIE
Bopa, m mycts & >0, N >0 mnpomssoabrsl. Torga cymecrByer
[ (e/N) > 0, raxoe, 94T0 B J1060M WHTepBaJe [JIUHE [ Haiijercs ®, A
KOTOPOTO

If(t+w)—f(t)l<% ana L€ R

Iostomy pmasa |y | << N u t € R' nmeem

t+o+y t+y
| Fy (i 4 0) — Fy ()| =]| j f(S)ds—ff(s)dSI=
t+o t

t+y

= | j [f(8+03)—f(8)]d81<|y|%<8,

T. e. [ ABAgeTcsa [N-MHTETPAJIBHO MOYTH-NIEPHOAMYECKOU (QYHKIUE.

IIpexnososxum Temepb, 4To [ /N-HHTerpalbHO HOYTH-LEPUOAUYHA,
a ¢ > 0 mpomsBoabuo. Tak kak f paBHOMepHO HempephiBHa Ha R!, TO
cymecrByer 1 (&) > 0, Takoe, 4T0

7@ =) I<g maa £,10 ER', |t —t <.
Bospmem n << €/3. Ilycrs ! (n?, m) BLIOpaHO COIJIAcHO OIpefeleHHIO

N-maTerpaibHoil mouTH-mepuoaudHOoCcTH. Torma B ai06oM HHTEpBale
InHEE [ Halimerca o, Takoe, 4to mas t € RY

t+n+o tto
> § f@ds— § f@dsl=1Fo(t4n) = Fu(0)]
t4m t

20 A. Xanamait, II. Bekciep
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#, 3HAYUT, B cuay (13)
t+o-+n t+

T+ o) = By O] =] § 1(ds— gnf(ﬂckl==

t+h
=1 ] UG+ o) —fEldsl=nlf(E+0) —f®l,
rge & — Hekoropas Touka mHTepBaka [f, ¢ + m] (3aBucamas, oueBugHO,
or ¢, N m ®). Takum obpasom,

1€+ o) —FE]<n,

TaK 4YTO

F(t+0) = O<If (4 0) —fE+ o) [+ 17 E+0) =/ B+
HIHE—OI<+ +n+ =<,

OTKY/la cleiyer, 4To [ mouru-mepuonuiIHa B cmbiciae bopa.

N3 sToro mpemioskeHUs BBHITEKaeT, 9TO BCSAKAasA pPaBHOMEPHO HeIpe-
PHIBHAS W MHTErPAJbHO MOYTH-HepuomndecKas QyHKus Ha R aBuasercs
¢ynrnueit Bopa. O6paTHoe yTBeps;KmeHWe, OJHAKO, HeBepHO. Tak,

HampuMep, P
DE
LA n?

oo
it
e n’
n==14
PaBHOMEPHO CXOJHTCH, ero CyMMa ecTh yHKIEA Bopa, HO, KaK MOYKHO
HoKa3aTh, [ He ABIAETCA WHTETPAILHO HOYTH-IIePHOLMIECKOIL.

BUBJINOTIPAONYECKUE 3AMEYAHUNA

Béapmasg 4acTh 9TOTO IPHIOKEHUSA MPENCTABIAseT c000H WM3JI0KeHHe OFHOTO
paspgelia TeOpUH pacupeeseHNii, B Toi fopme, B KaKoil oHa Oniia BBefeHa JlopamoMm
IllIBapuem. W3 Momorpaduit, B KOTOPHX 0000meHHbe QYHKIUN CTPOATC 1m0 Jlopamy

[llBapry, yraxem [23], [48], [68] m ma pymbiackoM saswike [15], [47].
Kommosnmug o6obmennanx ¢ynrnuii BeegeHa Hpmerecry [14].-3amena mepe-

MeHHHIX B 000OIMEeHHEBX (YHKIUAX HpeioskeHa B [2].
YciioBusa epuoguIHOCTI MePHI Sk 6tk’ paBHO Kakr U pe3yiasTare § 6, mpum-

Begens B [88], [90].
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